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Topics

• Essence of PSPACE-Completeness 

• Savtich’s Theorem 

• NL-Completeness



Recall: TQBF is PSPACE-hard
• ΦM, x  =ψ0 => ψ1 => … => ψm = ψ. 

• ψi(C, C’)= ∃ C”  ψi-1(C, C”) ∧ ψi-1(C”, C’) 

• Use additional quantified variables to save on the size, and rewrite the above 
formula as follows: 

• ∃ C” ∀ D1 ∀ D2((D1 =C ∧ D2=C”) ∨(D1 =C” ∧ D2=C’))=> ψi-1(D1, D2)



A Closer Look at the QBF
• ∃ C” ∀ D1 ∀ D2((D1 =C ∧ D2=C”) ∨(D1 =C” ∧ D2=C’))=> ψi-1(C, C”) 

• The form of the final QBF is the following: 

• The ∃ and ∀ quantifiers are alternating.

ψ =∃ x1 ∀ x2 ∃ x3 ∀ x4… Qn xn  Φ(x1, x2, … xn)



A Closer Look at the QBF
• Why is ψ of this form? 

• ψ =Q1 x1 Q2 x2 … Qn xn  Φ(x1, x2, … xn) 

• If all Qi = ∃, then what is ψ?  

• If all Qi = ∀, then what is ψ? 
Answer: ψ=SAT  ∈ NP

Answer: ψ=¬ SAT  ∈ coNP

Both NP and coNP are subsets 
of PSPACE and believed to be proper.



A Closer Look at the QBF
• The form of the final QBF is the following: 

• The ∃ and ∀ quantifiers are alternating. 

• Essence of PSPACE-completeness: whether there exists a winning strategy in a two 
player game with perfect information (e.g., chess, go…).

ψ =∃ x1 ∀ x2 ∃ x3 ∀ x4… Qn xn  Φ(x1, x2, … xn)



A closer look at the proof
• The proof only uses the properties of the configuration graph. 

• So does it still work if the TM is non-deterministic? 

• Answer: Yes! 

• Implication: TQBF is also NPSPACE-hard. However TQBF∈ PSPACE, this implies 
PSPACE=NPSPACE.



Generalization
• We can generalize the previous observation. 

• Savitch’s Theorem (1970):  

• For any space constructible function S: N->N with S(n) ≥ log (n), 

• PSPACE=NPSPACE is a corollary of Savitch’s Theorem.

NSPACE(S(n)) ⊆SPACE(S(n)2). 



Savitch’s Theorem
• For any space constructible function S: N->N with S(n) ≥ log (n), 

• Proof: similar to the proof of TQBF is PSPACE-complete. 

• Let L ∈ NSPACE(S(n)) be a language decided by an NDTM N with space O(S(n)).  

• Show a DTM M that decides L in space O(S(n)2).

NSPACE(S(n)) ⊆SPACE(S(n)2). 



Savitch’s Theorem
• Let L ∈ NSPACE(S(n)) be a language decided by an NDTM N with space m=O(S(n)).  

• For any input x, the configuration graph GN, x has at most 2m vertices, and deciding if x 
∈ L  is equivalent to deciding if ∃ a path from Cstart  to Caccept. 

• A recursive algorithm Reach(u, v, i) that decides if ∃ a path from u to v of length ≤ 2i. 

• Finally, output R(Cstart, Caccept, m).



Savitch’s Theorem
• A recursive algorithm Reach(u, v, i) that decides if ∃ a path from u to v of length ≤ 2i. 

• Observation: Reach(u, v, i) =1 iff ∃ z s.t. Reach(u, z, i-1) =1 and Reach(z, v, i-1) =1. 

• So just try all possible z and compute Reach(u, z, i-1) and Reach(z, v, i-1) in the 
same space. 

• Let Si be the space used by Reach(u, v, i). Si = Si -1+O(m)=> Sm =O(m2)=O(S(n)2).



NL vs L.
• Savitch’s theorem shows that NL ⊆SPACE(log2 n).  

• However, whether NL=L is still an open problem. 

• To study NL vs L, similarly we can try to find NL-complete problems. 

• However, need to modify the reduction.



NL vs L.
• We know that L ⊆NL ⊆P, so poly time reduction is more powerful than both classes, 

hence useless. 

• The reduction should not be more powerful than the weaker class 

• Need to define logspace reduction.



Logspace reduction
• Tricky issue: a logspace machine does not have enough memory to store the entire 

output. 

• Fix: only require the reduction to be able to compute any desired bit of the output in 
logspace. 

• Say the reduction f is implicitly computable in logspace.



Logspace reduction
• Definition: a function f:{0, 1}* -> {0, 1}* is implicitly logspace computable, if  

•  Lf={<x, i> | f(x)i=1}: can compute each bit of f(x). 

•  L’f={<x, i> | i ≤ |f(x)|}: can first check if the index i ≤ |f(x)|.

1. f is polynomially bounded, i.e., ∃ a constant c s.t. ∀ x, |f(x)| ≤ |x|c.

2. the languages Lf={<x, i> | f(x)i=1} and L’f={<x, i> | i ≤ |f(x)|} are in L.



Logspace reduction
• A language B is logspace reducible to C, written B ≤l C, if ∃ an implicitly logspace 

computable function f:{0, 1}* -> {0, 1}* s.t.  

• Lemma: 1. if B ≤l C and C ≤l D then B ≤l D. 2. if B ≤l C and C ∈ L then B ∈ L. 

• Pf: follow by showing if f, g are two implicitly logspace computable functions, then so 
is h(x)=g(f(x)).

∀ x ∈ {0, 1}*, x ∈ B iff f(x) ∈ C.



Logspace reduction
• If f, g are two implicitly logspace computable functions, then so is h(x)=g(f(x)). 

• Only show can compute each bit of h(x) in logspace, the other condition can be 
checked similarly. 

• Suppose Mf and Mg are the logspace TMs that compute the mapping <x, i>-> f(x)i 
and <y, j>-> g(y)j. 

• Construct Mh that computes mapping <x, i>-> g(f(x))i.



Logspace reduction
• Suppose Mf : <x, i>-> f(x)i  uses space S(n) and Mg  : <y, j>-> g(y)j uses space S’(n). 

• Mh : pretend that it has an additional fictitious input tape where f(x) is written, and simulate 
Mg  on this input tape (needs space S’(|f(x)|)). 

• To implement this, Mh maintains the index of the cell on the fictitious input tape that Mg  is 
currently reading (needs space log(|f(x)|)).  

• One step: if Mg needs to know f(x)i, then Mh  temporarily suspends simulation of Mg, and 
uses another S(|x|) space to compute f(x)i, then resume simulation of Mg.



Logspace reduction
• Total space used by : S’(|f(x)|)+O(log(|f(x)|))+ S(|x|)=O(log|x|) since  |f(x)| ≤ |x|c. 

• Definition: Say a language C is NL-hard if for any language B ∈ NL,  B ≤l C. 

• Say C is NL-complete if it is NL-hard and C ∈ NL.



NL-completeness
• Theorem: PATH={<G, s, t>: G is a directed graph and ∃ a directed path in G  from s 

to t.} is NL-complete 

• Already shown PATH ∈ NL. 

• Now show that for any language L ∈ NL,  L ≤l PATH.



NL-completeness
• For any language B ∈ NL,  B ≤l PATH. 

• Let N be the NDTM deciding B in space m=O(log n).  

• ∀ x ∈ {0, 1}*, the reduction f will compute f(x)=< GN, x, Cstart , Caccept>. 

• It is clear that x ∈ B iff f(x) ∈ PATH.



NL-completeness
• ∀ x ∈ {0, 1}*, the reduction f will compute f(x)=< GN, x, Cstart , Caccept>. 

• To see f is implicitly logspace computable, first note Cstart  and Caccept are easy to compute in 
logspace. 

• GN, x is represented by the adjacency matrix, so computing each bit is equivalent to 
checking if there is an edge C->C’ for two configurations. 

• This can be done in logspace since both C, C’ are O(log n) bits and we can check every 2 
by 3 window as in the proof of Cook-Levin.


