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Move structure

Takaaki Nishimoto and Yasuo Tabei. Optimal-Time Queries on BWT-Runs Compressed Indexes. In 
48th International Colloquium on Automata, Languages, and Programming (ICALP 2021). Leibniz 
International Proceedings in Informatics (LIPIcs), Volume 198, pp. 101:1-101:15



Putting it together

we discussed 
the first one

Gagie, T., Navarro, G., & Prezza, N. (2020). Fully functional suffix trees and optimal 
text searching in BWT-runs bounded space. Journal of the ACM (JACM), 67(1), 1-54.



r-index critique 1

 Time Spaceo 

Full match & 
locate r-index 

query

O(m + occ)

O(r)O((m + occ) ⋅ log log(σ + n/r))

O(r ⋅ log log(σ + n/r))

r-index has a tradeoff:

Can we instead have "best of both worlds"?



r-index critique 2

Structures for 
count queries

Structures for 
locate queries

pred B rank1 S

select1 C

select1 B'

Wavelet tree

Jacobson's rank

chunk-level ranks

sub-chunk 
relative ranks

within-sub-chunk 
relative ranks

r-index query accesses many locations in many disparate structures 
poor locality  many cache misses  lower speed→ →

rank1 bitvector

r1 bv r1 bv

r1 bv r1 bv r1 bv r1 bv



Move structure

When  is repetitive, BWT  is “runny”T (T)

row_row_row_your_boat 
row_row_row_your_boat 
row_row_row_your_boat$

BWT

trrrwwwwwwwwwooo___bbbyyyrrrrrrrrruuutt$______aaaoooooooooooo___



Move structure

LF[ ] is also “runny”i

trrrwwwwwwwwwooo___bbbyyyrrrrrrrrruuutt$______aaaoooooooooooo___

$____________aaabbbooooooooooooooorrrrrrrrrrrrtttuuuwwwwwwwwwyyy

L

F



Move structure

LF[ ] is also “runny”i

trrrwwwwwwwwwooo___bbbyyyrrrrrrrrruuutt$______aaaoooooooooooo___

$____________aaabbbooooooooooooooorrrrrrrrrrrrtttuuuwwwwwwwwwyyy

L

F

If , then BWT[q] = BWT[q + 1] LF[q + 1] = LF[q] + 1
Two positions in the same BWT run move through 
LF in a parallel fashion 



Move structure

LF[ ] is also “runny”i

trrrwwwwwwwwwooo___bbbyyyrrrrrrrrruuutt$______aaaoooooooooooo___

$____________aaabbbooooooooooooooorrrrrrrrrrrrtttuuuwwwwwwwwwyyy

L

F

If , then BWT[q] = BWT[q + 1] LF[q + 1] = LF[q] + 1
Two positions in the same BWT run move through 
LF in a parallel fashion 



Move structure

trrrwwwwwwwwwooo___bbbyyyrrrrrrrrruuutt$______aaaoooooooooooo___

$____________aaabbbooooooooooooooorrrrrrrrrrrrtttuuuwwwwwwwwwyyy

L

F



Move structure

Specializes in representing & applying 
runny permutations

 space,  query timeO(r) O(1)
Takaaki Nishimoto and Yasuo Tabei. Optimal-Time Queries on BWT-Runs Compressed Indexes. In 
48th International Colloquium on Automata, Languages, and Programming (ICALP 2021). Leibniz 
International Proceedings in Informatics (LIPIcs), Volume 198, pp. 101:1-101:15



Move structure

Let  be a bitvector marking run heads in P L

trrrwwwwwwwwwooo___bbbyyyrrrrrrrrruuutt$______aaaoooooooooooo___

$____________aaabbbooooooooooooooorrrrrrrrrrrrtttuuuwwwwwwwwwyyy

L

F



Move structure

Let  be a bitvector marking run heads in P L

$____________aaabbbooooooooooooooorrrrrrrrrrrrtttuuuwwwwwwwwwyyyF

P
trrrwwwwwwwwwooo___bbbyyyrrrrrrrrruuutt$______aaaoooooooooooo___ 
1100100000000100100100100100000000100101100000100100000000000100

L



Move structure

Let  be a bitvector marking run heads in P L

$____________aaabbbooooooooooooooorrrrrrrrrrrrtttuuuwwwwwwwwwyyyF

P
trrrwwwwwwwwwooo___bbbyyyrrrrrrrrruuutt$______aaaoooooooooooo___ 
1100100000000100100100100100000000100101100000100100000000000100

L

Let  be a bitvector marking positions in  
where the run heads from  map

Q F
L



Move structure

Let  be a bitvector marking run heads in P L

P
trrrwwwwwwwwwooo___bbbyyyrrrrrrrrruuutt$______aaaoooooooooooo___ 
1100100000000100100100100100000000100101100000100100000000000100

L

Let  be a bitvector marking positions in  
where the run heads from  map

Q F
L

1100100000100100100100100000000000100100000000110100100000000100 
$____________aaabbbooooooooooooooorrrrrrrrrrrrtttuuuwwwwwwwwwyyyF

Q



Move structure

P 1100100000000100100100100100000000100101100000100100000000000100

1100100000100100100100100000000000100100000000110100100000000100 Q



Move structure

P

012345678101234567820123456783012345678401234567850 
|         |         |         |         |         | 
1100100000000100100100100100000000100101100000100100000000000100

1100100000100100100100100000000000100100000000110100100000000100 
|         |         |         |         |         | 
012345678101234567820123456783012345678401234567850 

Q

Forget “LF” for now; we’ll call the permutation π

π(46) = 13
π(47) = 14
π(48) = 15



Move structure

P 1100100000000100100100100100000000100101100000100100000000000100

1100100000100100100100100000000000100100000000110100100000000100 Q

Structure is an array of records, 1 per -runP

Record consists of:  ⟨ p, ℓ, π, ξ ⟩

 : Offset of run 
 : Length of run 
 :  
  : ID of -run covering offset  

p
ℓ
π π(p)
ξ P π(p)



Move structure

P 1100100000000100100100100100000000100101100000100100000000000100

1100100000100100100100100000000000100100000000110100100000000100 Q

 : Offset of run 
 : Length of run 
 :  
  : ID of -run covering offset  

p
ℓ
π π(p)
ξ P π(p)

⟨ p, ℓ, π, ξ ⟩run



Move structure

1100100000100100100100100000000000100100000000110100100000000100 Q
P 1100100000000100100100100100000000100101100000100100000000000100

⟨ p, ℓ, π, ξ ⟩

0 0 1

run

 : Offset of run 
 : Length of run 
 :  
  : ID of -run covering offset  

p
ℓ
π π(p)
ξ P π(p)



Move structure

$____________aaabbbooooooooooooooorrrrrrrrrrrrtttuuuwwwwwwwwwyyyF

trrrwwwwwwwwwooo___bbbyyyrrrrrrrrruuutt$______aaaoooooooooooo___L



Move structure

⟨ p, ℓ, π, ξ ⟩run

P 1100100000000100100100100100000000100101100000100100000000000100

1100100000100100100100100000000000100100000000110100100000000100 
|         |         |         |         |         |         | 
012345678101234567820123456783012345678401234567850        60 
789012345678901234567890123456789 

Q

 : Offset of run 
 : Length of run 
 :  
  : ID of -run covering offset  

p
ℓ
π π(p)
ξ P π(p)

0 0 1 46



Move structure

⟨ p, ℓ, π, ξ ⟩run

P 1100100000000100100100100100000000100101100000100100000000000100

1100100000100100100100100000000000100100000000110100100000000100 
|         |         |         |         |         |         | 
012345678101234567820123456783012345678401234567850        60 
789012345678901234567890123456789 

Q

 : Offset of run 
 : Length of run 
 :  
  : ID of -run covering offset  

p
ℓ
π π(p)
ξ P π(p)

0 1 2 3 4 5 6 7
10

118 9 12

0 0 1 46 12



Move structure

⟨ p, ℓ, π, ξ ⟩run

P 1100100000000100100100100100000000100101100000100100000000000100

1100100000100100100100100000000000100100000000110100100000000100 
|         |         |         |         |         |         | 
012345678101234567820123456783012345678401234567850        60 
789012345678901234567890123456789 

Q

 : Offset of run 
 : Length of run 
 :  
  : ID of -run covering offset  

p
ℓ
π π(p)
ξ P π(p)

0
1

0 1 46 12
1 3



Move structure

⟨ p, ℓ, π, ξ ⟩run

P 1100100000000100100100100100000000100101100000100100000000000100

1100100000100100100100100000000000100100000000110100100000000100 
|         |         |         |         |         |         | 
012345678101234567820123456783012345678401234567850        60 
789012345678901234567890123456789 

Q

 : Offset of run 
 : Length of run 
 :  
  : ID of -run covering offset  

p
ℓ
π π(p)
ξ P π(p)

0
1

0 1 46 12
1 3 34



Move structure

⟨ p, ℓ, π, ξ ⟩run

P 1100100000000100100100100100000000100101100000100100000000000100

1100100000100100100100100000000000100100000000110100100000000100 
|         |         |         |         |         |         | 
012345678101234567820123456783012345678401234567850        60 
789012345678901234567890123456789 

Q

 : Offset of run 
 : Length of run 
 :  
  : ID of -run covering offset  

p
ℓ
π π(p)
ξ P π(p)

0 1 2 3 4 5 6 7 8

0
1

0 1 46 12
1 3 34 8



Move structure

⟨ p, ℓ, π, ξ ⟩run

P 1100100000000100100100100100000000100101100000100100000000000100

1100100000100100100100100000000000100100000000110100100000000100 
|         |         |         |         |         |         | 
012345678101234567820123456783012345678401234567850        60 
789012345678901234567890123456789 

Q

0
1

 : Offset of run 
 : Length of run 
 :  
  : ID of -run covering offset  

p
ℓ
π π(p)
ξ P π(p)

2

0 1 2 3 4 5 6 7
10

118 9 12 13

0 1 46 12
1 3 34 8
4 9 52 13



Move structure

⟨ p, ℓ, π, ξ ⟩run

P 1100100000000100100100100100000000100101100000100100000000000100

1100100000100100100100100000000000100100000000110100100000000100 
|         |         |         |         |         |         | 
012345678101234567820123456783012345678401234567850        60 
789012345678901234567890123456789 

Q

0 0 1 46 12
1 1 3 34 8

 : Offset of run 
 : Length of run 
 :  
  : ID of -run covering offset  

p
ℓ
π π(p)
ξ P π(p)

2 4 9 52 13
3 13 3 19 5

0 1 2 3 4 5



Move structure

P
1100100000100100100100100000000000100100000000110100100000000100 
|         |         |         |         |         |         | 
012345678101234567820123456783012345678401234567850        60 
789012345678901234567890123456789 

Q

 : Offset of run 
 : Length of run 
 :  
  : ID of -run covering offset  

p
ℓ
π π(p)
ξ P π(p)

0123456789012345678901234567890123456789 
1100100000000100100100100100000000100101100000100100000000000100

0 
1 
4 

13 
16 
19 
22 
25 
34 
37 
39 
40

1 
3 
9 
3 
3 
3 
3 
9 
3 
2 
1 
6

46 
34 
52 
19 

1 
16 
61 
37 
49 
47 

0 
4

12 
8 

13 
5 
1 
4 

14 
9 

13 
12 

0 
2… … … …

⟨ p, ℓ, π, ξ ⟩

0 1 2



Move structure

0 
1 
4 

13 
16 
19 
22 
25 
34 
37 
39 
40 
46 
49 
61 

1 
3 
9 
3 
3 
3 
3 
9 
3 
2 
1 
6 
3 

12 
3 

46 
34 
52 
19 

1 
16 
61 
37 
49 
47 

0 
4 

13 
22 
10

12 
8 

13 
5 
1 
4 

14 
9 

13 
12 

0 
2 
3 
2 
6

⟨ p, ℓ, π, ξ ⟩

TODO

How to query?

Clearly  so far 👍O(r)

How to prove  time 
queries together with ?

O(1)
O(r)


