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Wheeler graphs

Can we represent a Wheeler graph with bitvectors?

D



Wheeler graphs

ldea 1: Encode in- and outdegree
of each node in unary




Wheeler graphs

ldea 1: Encode in- and outdegree
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#
ldea 1: Encode in- and outdegree 0|1
of each node in unary 1 101

2 |001
ldea 2: Concatenate in order by node 3 0001

Outdegree bitvector O =
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#
ldea 1: Encode in- and outdegree 0|1
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Outdegree bitvector O = 91010010101011010101
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Nodes:



Wheeler graphs

Idea 3: Encode edge labels corresponding to Os in O

O = 01010010101011010101

I =



Wheeler graphs

Idea 3: Encode edge labels corresponding to Os in O

O = 0101001010101160160101
[ A
L=t tcggaa ata



Wheeler graphs

Idea 3: Encode edge labels corresponding to Os in O

O = 010100101010116010101
[ O O e
ttcggaa ata

L= ttcggaaata



Wheeler graphs

[ = 10010101010101010101

O = 01010010101011010101
L= ttcggaaata

How long is 1? (# edges) + (# nodes) bits
How long is O? (# edges) + (# nodes) bits

How long is L? (# edges) chars



Wheeler graphs

At ~Na~Cc~a~t
G:6 6L 65 CE0E0L0=0C0F0
alog
1: 10010101010101010101 1: 10101010101010101
O: 01010010101011010101 O: 01010101011010101
L: ttcggaaata L: ttcgaata

BWI(T) = ttcga$ata

L is like BWT; I & O are specifically for graph structure



Wheeler graphs

How to find indegree of nodei = 3 ?

[ = 10010101010101010101



Wheeler graphs

How to find indegree of nodei = 3 ?

[ = 10010101010101010101

N\

I.selecty(3) - I.select;(2) - 1

Similar for outdegree



Wheeler graphs

How to get labels of edges outgoing from nodei = 2 ?

L= ttcggaaata
O = 01010010101011010101
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How to get labels of edges outgoing from nodei = 2 ?

L= ttcggaaata
O = 010100101016011010101



Wheeler graphs

How to get labels of edges outgoing from nodei = 2 ?

L= ttcggaaata
O = 010100160101011010101

/N

O .selecti(1) =3 O.selectj(2) =6



Wheeler graphs

How to get labels of edges outgoing from nodei = 2 ?

L= ttcggaaata
O = 010100160101011010101

/N

O .selecti(1) =3 O.selectj(2) =6

/

Extract L{ranky(3) = 2 : rankyg(6) = 4] =cg



Wheeler graphs

How do we use these bitvectors for matching?

D
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P=aba $ do

do bo

FM Index match query loop: a b
a2 ai

ds3 S

bo d2

b ds3

Skip: C[c] +LF: L.rank.(...)

\J
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P=ab S do
do bo
FM Index match query loop: a b
- ) ai
as S
bo a2
oF as
Firstc = f‘\
Skip: C[c] +LF: L.rank.(...)

\J
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Wheeler graphs F L

P= $ do

do bo

FM Index match query loop: a b
a2 ai

ds3 S

bo d2

b ds3

Skip: C[c] +LF: L.rank.(...)

\J



Wheeler graphs

Wheeler graph match [ :10010101010101010101

query loop: O :01010010101011010101
[ :ttcggaaata

Find range of characters in L.:

/“ L.rank.(...) 4—\

Skip: C]c] Find outgoing edges in O:

K O . ranky(O . select(...))
Follow incoming edges in I: j

[.rank;(/.selecty(...))



Wheeler graphs
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F: aaaacggttt

I1: 10010101010101010101
O: 010100101010116010101

L: ttcggaaata

/"L.rankc(...)\

Clc] O .ranky(O .select;(...))

k‘ I.rank (/. selecty(...)) J
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F: cggttt

I1: 10010101010101010101
O: 010100101010116010101

L: ttcggaaata
First c =

/"L.rankc(...)\

Clc] O .ranky(O .select;(...))

k‘ I.rank (/. selecty(...)) J



Wheeler graphs

F: aaaacggttt

I1: 100160101010101010101

—A——

O: 01010010101011010101
L: ttcggaaata

/-L.rankc(...)\

Clc] O .ranky(O .select;(...))

I.rank;(1I.selecty(...)



Wheeler graphs
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F: aaaacggttt
I1: 10010101010101010101

—A——

O: 010100101010116010101

]

L: ttcggaaata

/“ L.rank.(...)
crel

K‘ I.rank;(/.selecty(...))




Wheeler graphs

F: aaaacggttt

I1: 10010101010101010101
O: 010100101010116010101

L: ttcggaaata

Next ¢ =‘\

Clc] O .ranky(O .select;(...))

K‘ I.rank (/. selecty(...)) J



Wheeler graphs
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F: Qaaacggttt

I1: 10010101010101010101
O: 010100101010116010101

L: ttcggaaata

/"L.rankc(...)\

Clc] O .ranky(O .select;(...))

k‘ I.rank (/. selecty(...)) J
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F: aaaacggttt

I: 10010101019101010101
O: 010100101010116010101

L: ttcggaaata

/-L.rankc(...)\

Clc] O .ranky(O .select;(...))

I.rank;(1I.selecty(...)
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F: aaaacggttt

I: 100101010101010160101
0: 01010010101011010101

L: ttcggaaata

/“ L.rank.(...)
crel

K‘ I.rank;(/.selecty(...))
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F: aaaacggttt

I1: 10010101010101010101
O: 0101001010160116010101

L: ttcggaaata

Next ¢ =‘\

Clc] O .ranky(O .select;(...))

k‘ I.rank (/. selecty(...)) J
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F: aaaacggttt

I1: 10010101010101010101
O: 010100101010116010101

L: ttcggaaata

/"L.rankc(...)\

Clc] O .ranky(O .select;(...))

k‘ I.rank (/. selecty(...)) J



Wheeler graphs

p—ata OEOLOLOLT, SO0

Final answer: 1 match, corresponding to

/"L.rankc(...)\

Clc] O .ranky(O .select;(...))

k‘ I.rank (/. selecty(...)) J



Wheeler graph

Given character ¢ & next character ¢, one step of matching process:

FM index: Wheeler graph:
Fiop < Clc] L, L) Py < Clc+1]
Tpor < Cle+1] lop < 1. selecty(ry,)) i, < 1.selecty(r,,, — 1)
My, BWTI(T). rankc(rmp, c’) E i jtop 1. rankl(lmp) Jpor < I.rank (@) + 1
my,, < BWT(T) .rank(},, c') kiop < O .selecti(jy,, — 1) ky,, < O .select;(jp,, — 1)
o rop < O - ranko(ky,,) £ < O .ranko(ky,,) I

my,, < S.rank (&, ¢) my,, < S.rank. (¢, ')

op’



Wheeler graph What takes space?

Top < Clcl

o < Cle+1]

My, < BWIT(T) . rank.(7,,,, ¢)
My, < BWI(T) . rank (1, €)

C array: clogn
WT(BWT) rank: nloge + d(nlog o)

(units are bits)



Wheeler graph

What takes space?

Wheeler graph:
Fop < Clc] Iy < Cle+1]
o < 1. selecto(r,,) i,,, < I.selecty(r,,, — 1) |
Jiop < 1. 1anki (i) Jpor < L -ranki (i) +1 |
kiop < O .selecti(j,, — 1) ky,, < O .select;(j,, — 1)|:
rop < O .1anko(k,,,) £ < O .ranky(ky,,)
my,, < L.rank(¢,,,, ¢’) my,, < L.rank.(&,,, C)

C array: clog|E|
[ rank+select: |E|+ |N|+o(|E| + |N])

O rank+select: |E| + |N| + o(|E| +|N])
WT(L) rank: | E|logo + o(| E|log o)

(units are bits)



Wheeler graph

What takes space?

FM index: Wheeler graph:

. C array: olog|E|
I rank+select: |E| + |N
. O rank+select: |E| + |N

C array: ologn

+ O(
+ O(

E
E

_|_
_|_

N
N

WT(BWT) rank: nlogo + d(nlog o) WT(L) rank: | E|logo + o(| E|log o)




Wheeler graph What takes time?

FM index: Wheeler graph:
Iiop < Clcl Iop < Clcl Thor < Cle+1]
1y, < Cle+1] L1 | iy < 1. selecty(r,,) ipor < 1. selecty(r,, — 1) |
my,, < BWI(T) .rank(r,,,, ¢') Jiop < 1. rank;(i,,,) Jpor < I -rank(i,,,) + 1
My, < BWI(T) . rank (7, €°) kigp < O .selecti(jy,, — 1) Kk, < O . select;(ji,, — 1)
| £, < O rankg(k,,,) £y < O . ranky(ky,,) \
= my,, < L.rank(Z,,,, ) my,, < L.rank.(&,,, C)
Ranks on wavelet trees: O(log o)

Ranks and selects on bitvectors: O(1)



