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Abstract

Much algorithmic research in NLP aims
to efficiently manipulate rich formal struc-
tures. An algorithm designer typically seeks
to provide guarantees about their proposed
algorithm—for example, that its running
time or space complexity is upper-bounded
as a certain function of its input size. They
may also wish to determine the necessary
properties of the quantities derived by the
algorithm to synthesize efficient data struc-
tures and verify type errors. In this paper, we
develop a system for helping programmers
to perform these types of analyses. We apply
our system to a number of NLP algorithms
and find that it successfully infers types, dead
and redundant code, and parametric runtime
and space complexity bounds.

O https://github.com/timvieira/dyna-pi

1 Introduction

The goal of this work is to further the pursuit of
declarative programming for NLP (Pereira and
Shieber, 2002; Gémez-Rodriguez et al., 2009). The
promise of declarative programming is that it en-
ables the programmer to specify their algorithm in
a high-level language without worrying about low-
level implementation details and instead focus on
the correctness of the algorithm itself. This paper
focuses on Dyna (Eisner et al., 2005), a declarative
programming language that was designed to appeal
to NLP researchers. Dyna is a concise language
for implementing dynamic programs, which have
long been the workhorse of structured prediction
in many NLP problems. Specifically, NLP makes
heavy use of probabilistic models based on rich
linguistic formalisms, e.g. finite-state transduction
(Mohri, 1997), context-free parsing (Goodman,
1999), dependency parsing (Eisner, 1996) and
mildly context-sensitive parsing (Vijay-Shanker
and Weir, 1989), in which inference requires
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dynamic programming. Such algorithms are often
difficult to implement correctly and efficiently.

Now we turn to static analysis of these declara-
tive programs—e.g., type analysis, runtime com-
plexity analysis, and space complexity analysis
(Cousot and Cousot, 1977; Pierce, 2002). Such
analysis is important for understanding the space
of possible program behaviors on unknown input
data.” Automated program analysis aids program-
mers because manual program analysis may be
tedious and error-prone. In the context of NLP,
automated program analysis of dynamic programs
(for instance, as specified in Dyna) has the poten-
tial to help NLP algorithms researchers correctly
and speedily analyze their creations. Indeed, the
NLP literature provides examples where such au-
tomated analysis could have been of use. For ex-
ample, Huang and Sagae (2010) derive a projec-
tive dependency parsing algorithm with a stated
complexity of O(n”); subsequent work (Shi et al.,
2017) improved the analysis to discover the com-
plexity is actually O(n%). Our automated system
correctly gives the O(n6) analysis. As another ex-
ample, Kuhlmann et al. (2011, §5.4) discovered
a surprising property of their tabular dependency
parsing algorithm. Their initial naive analysis gave
time complexity of O (n5) and space complexity of
O(n?), but they were able to tighten this analysis
to a time complexity of O (n3) and space complex-
ity of O (nQ) , after noticing that the objects built by
their transition system always had two equal vari-
ables (which could be proved inductively). They

'These classical NLP algorithms are still often used for
deep structured prediction, when the score of a structure de-
composes into local terms that are computed by neural net-
works (Durrett and Klein, 2015; Rastogi et al., 2016; Lee et al.,
2016; Kim et al., 2017; Qi et al., 2020; Rush, 2020).

2 Although we do not explore it in this paper, we also men-
tion that static program analysis is essential for compiling ef-
ficient code. Type inference, for example, allows the compiler
to synthesize efficient data structures for representing internal
objects and efficient code for pattern-matching against them.
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then revised their program formulation to eliminate
the redundant variable. Our system automatically
discovers the redundancy and the tighter analysis
when run on the relevant program.

Eisner and Blatz (2007) noted that Dyna pro-
grams can be automatically transformed in various
ways that preserve their semantics but might af-
fect their worst-case runtime. To automatically
search for sequences of transformations that im-
prove worst-case runtime, we would need to ascer-
tain what that worst-case runtime is, e.g., by obtain-
ing an asymptotic bound that is as tight as possible.

This paper provides a theory for the automated
analysis of Dyna programs as well as a working
system for performing that analysis. Again, in
the context of NLP, our automated analysis yields
big-O bounds on runtime and space complexity—
the sort of bounds that were obtained manually
by many NLP authors. Concretely, this paper
makes the following contributions: (i) a notation
for specifying and reasoning about types (§3),
(ii) a novel algorithm for type inference for Dyna
programs (§4), (iii) a notation for specifying input
size, (iv) a time and space complexity analyzer (§5)
that automates and refines the prevalent runtime
and space analysis technique in the NLP literature,
which is based on McAllester (2002). Our paper
also contains numerous examples from the NLP
literature rewritten in Dyna and presents them in
a unified manner in order to demonstrate that our
proposed algorithm arrives at the same analysis as
attested in the literature.

2 Dynamic Programming in Dyna

Dyna is a high-level, domain-specific language for
concisely expressing dynamic programs as recur-
rence relations. We briefly describe the language
here, but refer the reader to Eisner et al. (2005) for
a proper presentation. We will start with simple or
familiar computations as examples.

Example 1. Matrix—matrix multiplication plus the
identity matrix.

1 a(I,K) += b(I,J) * c(J,K).
> a(l,I) += 1.

This program defines a collection of derived items
a(I,K) in terms of other items b(I,J) and c(J,K),
which may themselves be derived from similar ex-
pressions or inputs. For any (I,K) pair, the pro-
gram defines the value a(1,k) to be (Y5 b(1,7) -
c(J,K)) + 1[1 = k]. The rules’ use of += means that
the value is being defined as a summation. The first

rule contributes one summand for each possible

value of 7, since J appears only on the right-hand

side of that rule. The second rule contributes the

additional summand 1 in the case where I = K.
Dyna rules may be recursive:

Example 2. Minimum-cost path in a graph.

B(J) min= stop(J).
. B(I) min= cost(I,J) + B(J).

This program defines p(I) to be the cost of the
minimum-cost path in a graph from the node 1
to any terminal node J. Here stop(J) must first
be defined to be the cost of stopping at 7 when J
is a terminal node (and should be left undefined
otherwise). Also, cost(I,J) must first be defined
to be the cost of the directed edge from 1 to J (and
should be left undefined if there is no such edge).

Example 3. Weighted context-free parsing with
CKY (Cocke and Schwartz, 1970; Younger, 1967;
Kasami, 1965), or, more precisely, the inside algo-
rithm (Baker, 1979; Jelinek, 1985):

B(X,I,K) += v(X,Y,2) * B(Y,I,T) % B(Z,7,K).
6 BX,I,K) += y(X,Y) * B(Y,I,K).
7 BCX,ILK) += y(X,W) * word(W,I,K).
g goal += B(s,0,N) * len(N).

This program expects the vy, word, and len items
to encode specific things. The vy items should be
the weights of the corresponding productions in
the context-free grammar (e.g., y(np,det,n) = 0.8

encodes the production np 95, det n). The item
word(W,I,K) should be 1 if w is the word at position
K of the input sentence and I = K— 1, and should be
left undefined otherwise. Lastly, len(N) should be 1
if the sentence has length N. Given such inputs, the
item p(x,I,K) will represents the total weight of all
grammatical derivations of the nonterminal X over
the substring spanning positions (I,k]. Addition-
ally, goal will be the total weight of all grammatical
derivations of the entire input sentence.

More formally, a Dyna program P serves to
define values for items. Each item is named by
an element of the “Herbrand universe” H—that is,
a nested named tuple such as f(g(z,h(3))), which
is a 1-tuple of type f whose single element is a
2-tuple of type g. The elements of H are known as
ground terms because they contain no variables.
The program P itself is an unordered collection of
rules, typically of the form h &= b; ®... R bg.
We call h the head, and b1, ..., b the body of the
rule. Each by, in the body is called a subgoal.

The operations @ and ® manipulate values
from a set V and may be any pair of operations



that form a semiring (Goodman, 1999; Huang,
2009). Let @ and @ denote the semiring’s ad-
ditive and multiplicative identity elements, respec-
tively. If an item’s value is left undefined or has
no @-summands, then this is equivalent to say-
ing it has value @, which means it cannot af-
fect the values of any other items; in effect, it
does not exist. Common semirings include total
weight (R>, +, *), boolean ({false, true},V, A),
minimum cost (R U {oo},min,+), and Viterbi
(R>g, max, x). The distributive property of the
semiring ensures an important interpretation of the
value of each item as the sum over all proofs of that
item, where each proof’s value is the product of the
values of its axioms. In this paper, we assume that
all rules in the program use the same semiring.>>*

Rules do not have to name specific items. The
terms in a rule may include capitalized variables
such as x that are universally quantified over H.
This allows them to pattern-match against many
items. Let X1, ..., X denote the distinct variables
in arule 7. Then a grounding of r is a variable-free
rule r[x; — v1,..., Xy — vy] (that is, the result
of substituting v; for all copies of x; in r, for each )
for some vy, ...,v, € H. I'(r) denotes the set of
all groundings of r. Including a nonground rule in
‘P is equivalent to including all of its groundings.

Dyna allows logical side conditions on a rule,
e.g.,goal += f(X) for X < 9. This is syntactic sugar
for goal += f(X) * lessthan(x,9), where the
value of each lessthan(a,b) item is @ if a < b or
© otherwise. The logical expression 7z has value O
if  has any proofs, and @ otherwise. The lessthan
is an example of a built-in constraint or builtin
for short. Other builtins include z is x+v, which
desugars to plus(X,Y,z). Builtins are items that do
not need to be defined in the program as they are
part of Dyna’s standard library.

Input data D is represented as a collection of
axioms—i.e., rules of the form (h ®=v) where
v€eV. Adding these special rules to P results in a
new program P’.

Semantics. A valuation v : H — V is a map-
ping from ground terms to their values in the semir-
ing. Typically, v assigns non-©@ values to only a

3We leave the extensions of Dyna 2 (Eisner and Filardo,
2011), which relaxes this restriction, to future work.

“We make one exception: boolean rules may be added to
the program in addition to rules in a different semiring. When
converting from a boolean into the other semiring, we map
false and true to @ and (. Going from the semiring into
the space of booleans requires the ? operator (described later).

finite subset of H. The step operator Tp for a
program P is a mapping from a valuation v to a re-
vised valuation v/, Essentially, T computes a new
valuation by using the rules of P. More formally,
for any h € H,

|:T7)(I/):| () EPr(b)) @ @v(bg) (1)
(hd= b1®r~§g7bx)€1“(r)

To run P on data D, we define P’ to be the con-
catenation of P with D and seek a fixed point v* of
the T'p/ operator.’ In other words, v* is a solution
to a certain system of nonlinear equations given
by v* = Tp/(v*). We then often write the value
of an item z as [z] £ v*(z). The system may
admit multiple fixpoints or none at all. In practice,
a suitable fixpoint v* is computed by some type
of forward chaining. We will focus in this paper
on the naive bottom-up algorithm, which simply
initializes v to the constant (§) function, and repeat-
edly updates v to T'p/ (1) until it converges to some
v*.> We will write P(D) as a shorthand for the fi-
nal valuation v*="Tp/(Tp/(--- Tp/(©) - - -)) that
is approached in this way. The intermediate val-
uations essentially represent the evolution of the
memo table (e.g., the parse chart in the case of
parsing) as the dynamic programming algorithm
runs. In the boolean semiring, there is always a
unique minimal fixpoint v*, and for each item =,
v(x) reaches v*(z) in finite time. However, there
are programs where there is no finite time by which
all items have converged.

Utilities. Lastly, we define some additional ter-
minology and utility functions that will be use-
ful later. Let nz(v) denote the support of v, i.e.,
the set of items in v with a non-@ value. Let
head(r) and body(r) denote the head and body
of the rule r. Let vars(-) denote the set of vari-
ables contained in a (possibly nonground) term,
e.g., vars(f(g(x),4,x)) — {x}. Terms can be
equated with other terms through structural equal-
ity constraints, which are denoted by the equal-
ity operator, e.g., f(X) = f(3). Such constraints
can be solved efficiently using a unification algo-
rithm, unify (e.g., Robinson (1965); Martelli and
Montanari (1982)), which returns a substitution

>Since D includes rules of the form (k ®=v.) where v €
V is a constant, we must interpret v(v) in (1) as returning v.

®This may be improved to the semi-naive bottom-up algo-
rithm (Ullman, 1988; McAllester, 2002; Eisner et al., 2005),
but the difference is not important for our purposes.



mapping 6, which may equal () if no solution
exists. For example, unify(£(Y, 4), f£(g(x),z)) has
the solution {Y  g(x),z +— 4}.” When we apply
the substitution to both sides (using the function
subst), the terms become equal, subst(£(Y,4),0)=
subst(f(g(x), z), 8). On the other hand, f(x,g(x))
= f(3,g(4)) is unsatisfiable. The notation 8; re-
turns the sub-map for the variables in a set ¢. The
notation (x) returns the value of the variable x
in the mapping (or x itself if no value exists in ).
Lastly, we use a function fresh, which renames all
variables within a term, rule, or entire program to
avoid variable name clashes.

3 Type Analysis

A type is a subset of H—that is, a set of ground
terms. In this paper, a type will be represented as a
union of finitely many simple types. Each simple
type is specified via a nonground term, whose vari-
ables may themselves be constrained to have par-
ticular types or be constrained in other ways. For
example, f(3,5) is a ground term, but {f(3,7) } is an
infinite set of terms specified using a variable, and
{f3,7) | g, 3 <J}or {f(1,7) |1 < J}isan in-
finite set whose specification involves a constraint.
Each of these sets (simple types) can be conve-
niently specified by a single restricted Dyna rule
(in the boolean semiring), as we will see below.

Reasoning about program behavior without actu-
ally running the program on concrete data is known
in the programming languages community as ab-
stract interpretation (Cousot and Cousot, 1977).
Subsequent generation of compiled code can take
advantage of any proof that an object manipulated
by the code will have a particular type, both to
represent the object efficiently as an instance of
a class specialized to objects of that type, and to
speed up tests such as pattern-matching. If the
program stores and iterates over a collection of
distinct objects of a particular type, then knowing
the cardinality of the type on the concrete data can
yield bounds on the program’s space and runtime
requirements (§5).

This section explains what abstract interpretation
looks like for Dyna programs. Rather than com-
puting the valuation P (D), we compute an upper
bound on its support. In other words, we infer a
type that is guaranteed to contain all items that have

"We allow unify to take a substitution mapping as an op-
tional third argument, which enables algorithms to chain to-
gether the results of unification calls.

anon-@ value. Indeed, we will infer this item type
without fully knowing the input D: the user will
provide a type for the input items, using a notation
we describe in this section, and from this guarantee,
we will infer a type that is guaranteed to include all
derived items as well.

This section describes our type specification lan-
guage and how it is used to reason about possible
items. Continuing with the CKY example, we pro-
vide the specification of the input data. However,
as we are interested in the possibility that an item
may have a non-@ value, rather than finding its
specific value, we first transform the program as
illustrated below.

Example 4. Recall, the program to analyze is
9 params: word; len; Y.

0 BOGILK) 4= y(X,Y,2) x B(Y,I,T) * B(Z,T,K).
0BG ILK) 4= y(X,Y) * B(Y,ILK).

2 BOGILK) 4= y(GW) * word(W,T,K).

13 goal += B(s,0,N) * len(N).

Because no rules have been specified to define the
word, len, and vy items, one might think that these
items receive no+= summands and thus have value
0. However, the params declaration says that these
items will be defined by the program input.?

The CKY program P above can be automatically
“booleanized” to yield the type program P below.’
The : - and , symbols traditionally denote the G=
and ® operations in the Boolean semiring.

14 params: word; len; ¥.

5 BOGTLK) i- FOK,Y,Z), BCY,I,T), B(Z,T,K).
6 BOGILKY i= FOGL,Y), BCY,I,K).

17 BOGILK) i= (X, W), word(W,T,K).

15 goal :- B(s,0,N), len(N).

The intention is that p(x,I,k) will have value true
in the type program for all X, 1,k such that p(x,1,K)
has a non- @ value in the CKY program. Of course,
each program needs input: if P is run on data D,
then P must be run on a booleanized version D.
The valuation P (D) now effectively specifies an

inferred type of items that might be derived by the

program. '*

8Eisner and Filardo (2011) provide input to a Dyna pro-
gram using a “dynabase extension” mechanism that can aug-
ment a program with arbitrary new rules, but in this paper we
take the simpler approach of regarding a Dyna program as
specifying a function of some semiring-weighted relations.

°The translation additionally maps any constant values
to false or true as if we had applied the ? operator (§2).
Additionally, the ?-operator may be dropped because the type
program is already boolean-valued.

For example, P(D)(B(np,3,5)) =
P(D)(B(np,3,5)) #  (@—and possibly

true if
even if



In order to abstract away from the specific input
data D, users may directly specify the booleanized
input data D from the previous paragraph. This D
may be any upper bound on nz(D) and serves as
a type declaration for the unknown input D. The
type defined by (D) then continues to include all
items in nz(P (D)), for any and every dataset D for
which this upper bound holds. For example, P (D)
still gives value true to p(np, 3,5) if p(np, 3,5) could
possibly have a non-@ value.

An example of an input type declaration for CKY
is the following boolean program D, in which each
rule separately specifies a simple type:
19 params: k; w; n.

20 word(W:w,I:n,K:n) :- I <K.

21 len(N:n).

2 Y(X:k,Y:k,Z:k).

23 y(Xik,Y:k).

14 y(Xik,Waw).

Lines 20-24 specify 5 sets
types) whose wunion is a type that con-
tains all input items. The notation
word(W:w,I:n,K:n) :- I < K in line 20 is shorthand
for word(W,I,K) := w(W), n(I), n(K), I <K,
indicating that items in the set
{word(W,I,K) | w(W), n(I), n(K), I <K} may
have non-@ values in the input data D. The
predicates such as n could be defined by additional
lines like n(1) :- @ < I < 20, which defines the
possible sentence positions for sentences of length
20. However, to abstract away from any particular
sentence length, we omit such a definition, leaving
n as a parameter. Thus, the above program D
actually defines a parametric type, justas List[a]
in many programming languages is a parametric
type that depends on a concrete choice such as
a = string. It depends on three other relations,
which specify the allowed terminals, nonterminals,
and sentence positions. The concrete input type
would have the form D(k,w, n).

Note that while D is written as a union of sim-
ple types, P is not. Our lifted forward chaining
algorithm (§4) will derive the following rules that
do specify simple types for the derived items of
P(D(k,w,n)):

25 E(X:k,I:n,K:n) - I <K.
% goal.

(simple

Adding these rules to D (which declares the type
of input items) yields the desired description of
P(D)(B(np,3,5)) =@, for example, if @ can result from

adding non-@ values under @. Such overestimates can arise
because the boolean program does not track actual values.

a type that covers all non-@ -valued items. This
augmented program uses the same parameters as
D and provides an upper bound on P(D(k,w,n)).
The bound implies that we will only build g items
where X is a nonterminal (has type k), and the I and
K variables are sentence positions (have type n) with
I < K. Additionally, the bound says (reassuringly)
that it may be possible to build a goal item. If goal
were impossible, we would have detected a mistake
in the code. Similarly, if the bound had included
B(X:k,I:k,K:n), it would be a suspiciously loose
upper bound, since I should never be a nonterminal.

In summary, our type analyzer is given the pro-
gram P together with a parametric input type D,
and computes a parametric item type such as lines
25-26 for the items derived by P. In effect, it
runs the booleanized program P on the input up-
per bound D. However, as the item type is only
required to be an upper bound, we will permit the
analyzer to “round up” as it goes, as needed to keep
the type simple.

4 Abstract Forward Chaining

We now develop our type inference algorithm,
which generalizes ordinary forward chaining (§2)
in the boolean semiring. In ordinary forward
chaining, the valuation v at each step is a finite
collection of ground items. Our generalization
allows v to be a finite collection of simple types
at each step (and so is *). This generalization is
necessary because we no longer have any finite
upper bound on the input data with which to
initialize forward chaining: the n parameter is an
unknown relation, and the < constraint is an infinite
relation. Instead, we specify parametric simple
types that upper-bound the unknown and possibly
infinite input data. Forward chaining derives new
simple types, which may also refer to relations like
n and <. Indeed, these relations may emerge in the
result %, as we saw in line 25.

We provide the abstract forward chaining algo-
rithm in §4.1. We address the challenges arising
from constraint accumulation in §4.2—4.5.

4.1 Type Inference Algorithm

To generalize forward chaining in the boolean
semiring, we generalize our representation of the
valuation map v from §2. For this semiring, v
would normally be represented as an explicit col-
lection of ground items that have value true. This
representation will not work for our purposes be-



cause we need to represent unknown and infinite
sets. Hence, we will represent v as | J ses S» the
union of finitely many simple types. An example
S for the CKY example from §3 is the collection
of simple types on lines 20-26, which gives v*.

In some sense, lines 15-24 already describe v*,
but indirectly and not as a collection of simple
types. Recall that a simple type is an expression
of the form h :- ci,...,c)r where each c,, is exter-
nally defined as either a built-in constraint or a
parametric constraint, and may contain variables.
Note that h cannot appear in the body of any other
simple type. This form ensures that each simple
type is self-contained and can be implemented as
an object-oriented class.

The pseudocode below implements the step oper-
ation (1) on a finite collection S of simple types:!!

> Recall that the utility functions unify, fresh, and subst were

defined in §2.
> Abstract step operator; Expands all rules of P (e, P

and D) against the current estimated type S. Returns a

set of simple types that denotes a type O S.
def step(S):

return | J, .5 step_rule(S, )
> Expand the subgoals in r against the simple types in S.

Returns a set of simple types.
def step_rule(S, r, k=1,0={} ,C=0):

> k: index of the current subgoal in r

> C: set of delayed constraints from subgoals < k

> @: substitution map

(R :- By Brc) 7

> Base case; no more subgoals

if k = K+1: return {subst((h :-C),0)}

> Recurse on remaining subgoals

’
return U step_rule(S,r, k+1,6',C'UC)
(6’,C’)Elookup(S,by,0)

> Return the set of simple types in S who's heads unify with

b(with the substitution mapping ).
def lookup(S, b, 0={}):

if b is a param or builtin: return {(6, )}

e (7 T / /
return {(unify(b, h ,0),{ci, .., /1)
- . / /
for (" :-ci,..., chy) € fresh(S)}

Type inference is performed by fixpoint itera-
tion on the step operation (code given below). This
should be viewed as a “lifted” version of the for-
ward chaining algorithm from §2: it derives simple
types from other simple types, rather than deriv-
ing ground items from other ground items. The
constraints that appear in these simple types are

"'Notice that the code uses a set of rules. In our implemen-
tation, this set replaces rules with their most general version,
i.e., if there is a pair of rules r, v’ such that »’ C r, we keep 7.
This ensures, among other things, that rules that are equivalent
under variable renaming do not both appear in the set. It can
also help to achieve convergence.

passed around during execution. Such constraints
are known in the constraint logic programming
literature as “delayed constraints,” in contrast to
constraints like 3 < 2 that can be immediately eval-
uated and replaced with true or false.

However, the challenge that arises from the re-
peated application of step is that constraints may
accumulate. They can accumulate indefinitely in
the case of recursive rules since they effectively
unroll an infinite chain of recursive calls, as will be
illustrated in §4.2. To prevent divergence, we pro-
pose the following strategies: constraint relaxation
(relax; §4.2), and constraint propagation (propagate;
§4.3). We discuss termination in §4.5. We give the
overall algorithm below:

1. def step*():
2 S« 0
while true:
4 S’ «+ relax(propagate(step(S)))
5. if S’ = S: return S
6. S+ 8

4.2 Relaxation

Consider the following input type D for Example 2.
27 params: n.

2 B(S) :- stop(S).

29 @ - edge(S,S"), E(S').

30 stop(S) :- n(S).

31 edge(S,S') :- n(S), n(S").

Applying the step operation once, which renames
variables to avoid conflicts, we derive the following
simple type for g items (other types not shown):

2 B(S1) - n(S1).

Applying step a second time, we derive

55 B(S1) - n(S1).

3 P(S1) = n(S1), n(S2).

Notice in the second rule that n(S.) is lingering as a
constraint from the recursive call. In keeping with
the (Prolog-like) semantics of boolean programs,
the variable s, is existentially quantified since it is
a “local” variable that appears only in the rule body.
After applying step k times, we derive

35 E(Sl) M n(Sl).
36 B(S1) :- n(S1), n(S2).

w0 B(S1) - n(S1), n(S2), n(Sz), ., N(SK).

This procedure is diverging by elaborating the type
to describe paths of every length, rather than con-
verging to a fixpoint (i.e., a type that describes all
vertices that can reach a terminal state on paths of
any length). Our strategy for eliminating constraint
accumulation from previous levels of recursion is



to drop (i.e., relax) any constraint that refers to
local variables:

Definition 1 (relax). Let h :- ci,...,cp be a sim-
ple type. The operation relax drops each de-
layed constraint c., that refers to a variable
that does not appear in h. In other words,
we obtain a new simple type with the same
head, but with the following subset of constraints
{cm | vars(cm) C vars(h),m € {1,...,M}}. To
relax a set of simple types, we simply map relax
over the set.

Applying relax to the second application of step
(lines 33-34), we see that it would drop the second
constraint of the second simple type because it
depends on the non-head variable s, yielding:
w0 B(S1) = n(s1).

40 PB(S1) = n(S1).
We may merge these rules because they are dupli-
cates. We now have the following type

0w B(S1) - n(S1).

We now have a fixpoint: this iteration’s type (after
relaxation) is equal to the previous iteration’s type
(line 32).

Why is relax valid? In general, dropping con-
straints from a simple type simply makes the type
larger, raising the upper bound. Dropping con-
straints that depend on non-head variables is simply
a convenient choice.

We now consider an example where relax leads
to an overly loose type. Recall CKY (Example 4).
The simple types from D are added to S on the first
step, such as

2F0GW = kOO, ww).
5 word(W,I,K) = w(W), n(I), n(K), I <K.

On the next step, line 17 from P

u BOGTLK) t- TG W), word(W,T,K).

gives us an initial type for :

s BOGLK) i- kOO, w(W), n(D), n(K), I <K.
After relax, we have

w6 BOGILK) - k(X), n(I), n(K), I <K.
However, on the next step, line 15 from P

v BOGILK) i- Y(X,Y,2Z), B(Y,I,T), B(Z,T,K).
will expand S to the following type:

48 E(XrIyK) T k(X)) k(Y)) k(z)y
19 n(I), n(J), nK), I <17J, J<K.

relax will drop all the constraints on local variables:

50 BCX,ILK) = k(X), n(I), nK).

Unfortunately, relaxation resulted in the ordering
information (<) being lost. In the next section, we
will see how to combine I < J and J < K (before
relaxing them) to deduce that I < K. Since I < K
only constrains head variables, it will survive the
relaxation step. This will allow the analyzer to
deduce that p(x,1,K) items al/l have property I < K
(rather than the first generation having I < K, the
second having I < J, J < K, the third having e.g.
I<7J1, J1 <J2, J2 <Js, Jg <K,etc.).

4.3 Constraint Propagation

Constraint propagation rules (Friihwirth, 1998),
are commonly used in constraint logic program-
ming, such as ECLiPSe (Apt and Wallace, 2007),
computer algebra systems, such as Mathematica
(Wolfram, 2003), and theorem provers, such as Z3
(de Moura and Bjgrner, 2008). In our setting, they
provide a mechanism for users to supply domain-
specific knowledge about type parameters and built-
in constraints. They are used to derive new con-
straints during inference, such as 1 < K above.

Below, we give motivating examples of con-
straint propagation rules and how they are useful
for our running examples.

* In Example 3, the grammar start symbol s is an
element of the parametric nonterminal type k,
and o is an element of the parametric sentence
position type n:

51 k(s) <== true.
52 n(@) <== true.

To assert that the k and n types are disjoint:
fail <== k(X), n(X).

Here fail is a special constraint that is never
satisfied (a contradiction). If k(x) and n(x) ever
both appear in the body of a simple type, the sim-
ple type is empty and can be deleted. Notice that
lines 51-53 are sufficient to derive a contradic-
tion from either n(s) or k(@) (i.e., both are false).

To assert that a type d is a subset of a type c:
54 c(X) <== d(X).
To assert that < is a strict partial order:
(I <K)<=(I<17J), (J<K).
56 fail <== (I < I).
This addresses the problematic example in §4.2.

* To define a recursive type, such as a list'?> of

"”The bracket-pipe notation is a shorthand (borrowed
from Prolog (Colmerauer and Roussel, 1996)) for work-
ing with lists. A list such as [1,2,3] desugars to
cons(1,cons(2,cons(3,nil))). The notation [X,Y|Rest]
would match as X=1,Y=2,Rest=[3].



nonterminals (i.e., type k):

57 ks([]) <== true.
58 k(X) <== ks([X|Xs]).
50 ks(Xs) <== ks([X]|Xs]).

The propagate method used in abstract forward
chaining (step*) runs a standard constraint propa-
gation algorithm (Frithwirth, 1998)—which is just
another forward chaining algorithm—to deduce
all transitive consequences of the constraints in
the body of a simple type. The propagation rules
should be chosen to be sound and reasonably com-
plete, while still terminating in reasonable time.

4.4 Removing Redundant Simple Types

We may remove a simple type s from S if there
exists a supertype t € S, thatis, s C t. Below is
an (incomplete) method for testing such subtype
relationships that leverages propagate.
def subtype(s, t):
D(sCt)e (sNt)=s
T < intersect(s, t)
R «+ propagate(r)
S < propagate(s)
return R = S
def intersect(s, t):
0 < unify(head(s), head(t))
s’ « subst(s, 0)
t' + subst(t, 0)
return (head(s’) : - body(s’), body(t'))

> equal up to renaming

Note that this test may fail to detect the subset
relation if the rules for propagate are incomplete.
(For example, to ensure termination, we may omit
the sound rule ks([X|Xs]) <== k(X), ks(Xs) that re-
verses lines 58-59.) Future systems might use more
powerful theorem provers, such as Z3 (de Moura
and Bjgrner, 2008), to test the subset relation.

4.5 Termination

To prevent abstract forward chaining from build-
ing infinitely many simple types that correspond
to ever-larger terms, we can truncate them to an
optional user-specified depth limit D. This depth
limit will rewrite a simple type in the following
way: any subterm that appears in the head at depth
D is replaced with a fresh, unconstrained variable.
This strategy ensures that only a finite number of
relaxed simple types can ever be built. Thus, it is
sufficient to ensure convergence. However, trunca-
tion generally leads to large overestimates, as the
free variable has type H.

S Automatic Space and Time Analysis

Now we develop an automated method for ana-
lyzing the space and time complexity of a Dyna
program P given data D. Given the types S asso-
ciated with P, the key is to find parametric upper
bounds on their cardinality. We will then use these
to predict a parametric O-bound on the running
time of forward chaining execution of P (D).

5.1 Space Analysis

We will use |s| to denote the true cardinality of a
set s and [s| > |s| to denote an upper bound.

To bound the space complexity of P (D), it
suffices to bound the total size of the item type
v = Uses s (§4). Our high-level approach is
W] £ Y cs 18] > Daes |s] > |v],* where the
size |s| of a simple type s counts the number of
satisfying assignments to its variables, and [s] is
an upper bound on this.

It is well-known that counting the variable as-
signments that satisfy a set of constraints can be
computationally expensive. However, the more im-
portant issue in our case is that we do not even
know how the parametric constraints are defined.
The remainder of this section considers how to
construct a bound [s] from some user-supplied
information about the parametric constraints.

5.2 Input Size Specification

Consider the simple type ¥(X,W) :- k(X), w(W).
A straightforward upper bound can be found:
[FOGW) = kOO, won| < [keo] - Jwewy] = k- w
where & and w are user-specified size parameters.
(We will explain shortly how size parameters are
specified.) However, things become more compli-
cated when there are multiple constraints on the
same variable. Consider the simple type

w0 BOGIKY = k(X), n(I), n(K), I <K.

It is clear that at most % - n - n assignments can
satisfy the first 3 constraints. Additionally, im-
posing the fourth constraint I < K can only reduce
that number—even though the fourth constraint

If simple types in S overlap considerably, then the last
inequality will be loose because summation double-counts
the overlapping regions. Removing subtypes (§4.4) addresses
the most egregious case, but future work may consider
transforming S into a partition of simple types as follows.
Replace any overlapping pair of simple types s and ¢ with
sNt, s\t and ¢t \ s. Repeat until no pairs s and ¢ overlap.
Set difference . can be implemented using negated versions
of the elementary constraints.



in isolation would have infinitely many satisfying
assignments (|1 < k| = oo).

We will describe how to derive an upper bound
from the sequence of constraints cq, ..., ca inthe
body of the simple type s (including any constraints
added by propagation, as they may improve the
bound). Reordering the constraints does not affect
the number of satisfying assignments; however,
each of the M! orders may give a different upper
bound, so we will select the tightest of these.

The idea is to use conditional cardinalities. Let
V be any set of variables. While c may be satisfied
by many assignments to its variables, only some of
these are compatible with a given assignment to V.
In fact, suppose the user supplies a number [c | V']
such that no assignment to V' can be extended into
more than [c | V'] assignments to vars(c). The case
[c| V] = 1is of particular interest: this is neces-
sarily true if vars(c) C V and asserts a functional
dependency otherwise.

For a simple type s of the formh :- ci, ..., c,
we can obtain an upper bound on the cardi-
nality of s: |s| < [IM_, [cm | V], where
Vem = U vars(c;).* More generally, an
upper bound on the conditional cardinality of s,
given an assignment to some set of variables V,
is TTM_, [em | V U Voy,]. Minimizing this over
all orderings gives our final upper bound [s | V']
(with [s] = [s | 07).

But where do the bounds [c | V| come from?
Consider the built-in constraint times, which is an
infinitely large relation on three integers. Because
times has functional dependencies, we can take
[times(X,Y,2) | V] = 1 whenever V contains at
least two of {x, v, z}. We allow a user to declare this
conditional cardinality with the following notation:
61 |times(+X, +Y, Z)|
62 |times(X, +Y, +Z)|
63 |times(+X, Y, +Z)|

1.
1.
1.

ININIA

For example, the third line says that given values
for x and z, the times(X,Y,Z) constraint will be sat-
isfied by at most one value of v.

Given all such declarations, we obtain [c | V']
as the min of the upper bounds provided by condi-
tional cardinality declarations that unify with c and
whose variables marked with + are all in V. This
includes an implicit declaration that [c | vars(c)| <
1. (Another implicit declaration is [fail] < 0.)

“Provided that all variables in the head h are constrained
somewhere in the body. If not, |s| = co.

The same notation is useful for bounding input
relations, such as the word relation in Example 4.
64 |Jword(W, +I, K)| < 1.

6 word(W, I, +K)| < 1.
66 |word(W, I, K)| < n.

The first declaration says that there is at most one
word W, paired with a single end position K, starting
at each position 1. The second declaration is the
mirror image of this. The third says that there are at
most n words overall in the input sentence—where
the symbol 7 is a size parameter.

We may also use size parameters to bound the
cardinality of type parameters:

o kOOl < k. In(D] < n. wW| < w.

which bounds the number of nonterminals by £,
sentence positions by n and terminals by w. Here
k, n, and w are interpreted as symbols. We will
combine these symbols to form a parametric ex-
pression that upper bounds the cardinality of the
items in the program. For example, as we saw ear-
lier, [B(x,1,)] = kn?. After adding up the sizes
of simple types, our system can compute an asymp-
totic upper bound on the resulting expression, e.g.,
kn? + kn + k*n = O(knmax(n, k)).

A final trick is to specify the cardinality or
conditional cardinality of a composite constraint,
which can be matched against a subsequence of
c1, ... cu when constructing an order-dependent
upper bound. For example, |even(X),prime(X)| < 1
says that there is only one even prime, while
I¥(X,Y), k(Y)| < g says that no nonterminal sym-
bol x can rewrite as more than ¢ different nonter-
minal symbols v. (It may also be able to rewrite
as many more terminal symbols v, but these would
fail the k(Y) constraint.)

5.3 Time Analysis

Suppose that the Dyna program is executed by the
forward chaining algorithm of Eisner et al. (2005).
This maintains two indexed data structures: the
chart and the agenda. The chart represents the
current estimate of v as a data structure that maps
from ground terms in H (specifically, in the item
type (J,cs 5) to values in V. (Any item not in the
chart is taken to have a value of ©.) The agenda
(or “worklist”) is a queue of updates to be applied
to the values of ground terms. When an update to
b is popped, its value is updated in the chart. This
change is then propagated to other items h. The
updates to these h items are placed on the agenda
and carried out only later. Crucially, the affected h

Forward ref-
erence: See
also Eisner
(2023)



items are found by matching b (the driver) to any
subgoal of any rule h &="-- -, and then querying
the chart for items (passengers) that match that
rule’s other subgoals.

Propagating an update from a given driver b
through a rule r requires us to find all the satisfy-
ing assignments to body(r) that are consistent with
binding the driver subgoal to b. Although r is not
a type, a subgoal in its body, such as y(x,Y) does
impose a constraint on x and y—namely the con-
straint ¥(x,Y) from our type analysis (§3), which is
true only if y(x,Y) could have a value in the chart.

Suppose we have matched a driver b against a
subgoal of r and have already matched 0 or more
other subgoals to passengers retrieved from the
chart. These matches have instantiated some vari-
ables V in the rule. For each subgoal match, we
also know from our static type analysis (§4) that
the variables involved in that match must have sat-
isfied certain constraints C. If we decide that y(X,Y)
is the next subgoal that we will match against the
chart, we will get at most NV « [C,y(,V) | V]
answers. Our methods from the previous section
can compute this upper bound even though ¥ is not
a built-in or parametric constraint: simply refine
the item type S by unifying the heads of all simple
types s € S with y(X,Y), and then upper-bound the
conditional cardinality of this refined type S’.

Thanks to indexing of the chart, the runtime
of getting and processing N answers is only
O(1 4+ N) (with the 1 representing the overhead of
attempting the query even if there are no answers).
For each answer, we must then proceed to match
the remaining passengers in all possible ways.

The following pseudocode makes this precise.
Two subtleties are worth pointing out. First, S is
disjunctive. The constraints C that we accumulate
from previously matched passengers depend on the
particular simple types that cover those passengers,
so we must iterate through all possibilities. Second,
while the driver subgoal is chosen by the agenda,
the order in which to instantiate the other subgoals
is up to us. The pseudocode always chooses the
next subgoal that will minimize the upper bound on
runtime, given the simple types of the previously
matched passengers. In other words, instead of
following the fixed subgoal order stated in rule r
(Eisner et al., 2005), we are using our static analysis
to generate more flexible and efficient code.

Let us assume that no item is popped more than
once. This can be arranged by topological sorting,
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if no item transitively depends on its own value
(Goodman, 1999). Then our final runtime bound is

Zrep Ebebody(r) [31 ’ runtime(r? {b})

> This recursive function (which should be memoized for
efficiency) tells us the optimal “suffix runtime” for a
rule given that certain subgoals (the unordered set prefix)
have already been grounded, with C being the set of
conjunctive constraints thereby accumulated.
def runtime(r, prefix=0,C=0,0={}):
> Base case: all subgoals have been grounded out
if body(r) = prefix: return 1
best <— oo
V' < vars(prefix)
> Optimize over the choice of next subgoal pfrom the set of
remaining subgoals
for p € body(r) ~ prefix:
t < 0 > accumulate total suffix runtime (given choice p)
’ — . .
for <0 7C/> € |OO|(Up(S7 D, 0) > lookup from §4
C" + propagate(C UC")
if fail in C”: continue
q < [C/,? | V-I > Maximum number of passengers
D> Recurse on the remaining subgoals

t += q-runtime(r, prefix U {b} ,C", 0")

best min=¢
return 1+best

> Variables bound by earlier subgoals

6 Conclusion

Many NLP algorithms can be expressed in Dyna;
our proposed analyzer can automate much of
the algorithmic analysis found in NLP papers,
including deriving precise big-O bounds on
runtime and space complexity. We have applied
our system to a diverse set of algorithms in addition
to those detailed in the paper.!> We have found
type analysis to be invaluable in implementing
and debugging structured prediction algorithms
for NLP. As we mentioned in §1, our system is
capable of recovering some interesting cases that
we found published in the NLP literature (Shi
et al., 2017; Huang and Sagae, 2010). In particular,
we are able to recover Shi et al. (2017)’s improved
analysis of Huang and Sagae (2010) using our
runtime bound inference, and Kuhlmann et al.
(2011)’s time and space optimization of their exact
arc-eager parsing algorithm. We believe that this
demonstrates a need for tools to facilitate the
analysis and development of NLP algorithms.

5These programs include several variants of dependency
parsing (Huang and Sagae, 2010; Kuhlmann et al., 2011; Eis-
ner, 1996; Johnson, 2007; Eisner and Blatz, 2007), context-
free parsing, including Earley’s algorithm (Earley, 1970),
Viterbi decoding (Viterbi, 1967), hidden Markov models (Ra-
biner, 1989), semi-Markov models (Sarawagi and Cohen,
2004), edit distance (Levenshtein, 1966), Bar-Hillel’s algo-
rithm (Bar-Hillel et al., 1961), and many variants of shortest
path in directed graphs.
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