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Abstract. This article studies the following question: “When is it possible to decide, on the basis of images of
point-features observed by an imprecisely modeled two-camera stereo vision system, whether or not a prescribed
robot positioning task has been precisely accomplished?” Results are shown for three camera model classes:
injective cameras, weakly calibrated projective cameras, and uncalibrated projective cameras. In particular, given
a weakly calibrated stereo pair, it is shown that a positioning task can be precisely accomplished if and only if the
task specification is invariant to projective transformations. It is shown that injective and uncalibrated projective
cameras can accomplish fewer tasks, but are still able to accomplish tasks involving point coincidences.

The same formal framework is applied to the problem of determining the set of tasks which can be precisely
accomplished with the well-known position-based control architecture. It is shown that, for any class of camera
models, the set of tasks which can be precisely accomplished using a position-based control architecture is a
subset of the complete set of tasks which can be decided on the set, but includes all positioning tasks based on
point coincidences. Two ways of extending the idea of position-based control to accomplish more tasks are also
presented.

Keywords: vision-based control, uncalibrated visual servoing, geometric stereo vision, weak calibration

1. Introduction automated driving (Dickmanns and Graefe, 1988),
flexible manufacturing (Chaumette et al.,, 1997;
Guiding a robotic system using information acquired Seelinger et al., 1997), and tele-operation with large
from cameras has been a central theme of vision time delays (Fagerer et al., 1994) to name a few.
and robotics research for decades. In particular, feed- In order to perform any vision-based control task,
back control systems employing video cameras as sen-two prerequisites must be satisfied. First, it must be pos-
sors have been studied in the robotics community for sible todeterminavhen the task has been accomplished
many years (cf. a recent tutorial on visual servoing using what is known—namely camera measurements
(Hutchinson et al., 1996), a review (Corke, 1994), of and models of the camera and actuator. Practically
past work, and a recent workshop (Kriegman et al., speaking, this amounts to being able to define a mea-
1998)). Demonstrated applications of vision within surable error signalwhich, if zero, indicates the task has
a feedback loop—often referred to as visual servo- been accomplished. Second, there must be a control
ing or, more generallyision-based contrelinclude algorithm, driven by this error signal, whose purpose
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is to move the robot so as to achieve a configuration a perfectly calibrated system, but cannot accomplish it
where the error signal is zero, thus accomplishing the on a miscalibrated one. Although some of the obser-
desired the task. vations just made are implicit in work extending back
An especially interesting feature of vision-based more than 10 years (Weiss et al., 1987) as well as more
control systems is that the first requirement can of- recent work (Hager, 1997; Samson et al., 1992), to
ten be satisfied even when camera and actuator modelsiate there has been little formal study of the attributes
are themselves imprecisely knowrs a result, it is of avision-based control system capable of performing
possible to position a robot with high accuracy with- precise positioning in the presence of calibration error.
out relying on an accurate hand-eye calibration. This  The aim of this paper is to address the questions
property, which has been observed in several specialraised above. Specifically, our goalisto determine con-
cases (Wijesomaetal., 1993; Hollinghurst and Cipolla, ditions underwhichitis possible to decide, based solely
1994; Hager et al., 1995; Hager, 1995; Kelly, 1996; on the observation of point-features by an imprecisely
Hutchinson et al., 1996; Hager, 1997; Jagersand et al.,modeled two-camera vision system, whether or not a
1996; Skaar et al., 1990), follows from the fact that prescribed positioning task has been accomplished. By
often both the position and orientation of the robot in a positioning task is meant, roughly speaking, the ob-
its workspacendthe features defining a set of desired jective of bringing the pose of a robot to a target in the
poses can be simultaneously observed througsethee robot’s workspace, where both the robot pose and the
camera system. This observation has motivated a greattarget are described in terms of observable features or
deal of research on solving the algorithm design prob- constructions thereof. Positioning tasks are formally
lem for imprecisely calibrated or uncalibrated camera- defined as equations of the foff( f) = 0 wheref is
actuator systems (Jagersand et al., 1997; Chang et al.a list of observable point-features in the workspace of
1996; Yoshimi and Allen, 1994; Hollinghurst and arobot (Samson etal., 1992). We consider a task to be
Cipolla, 1994; Hosoda and Asada, 1994), and related accomplished when the physical configuration of the
research on choosing feature configurations to maxi- robot in its environment is exactly consistent with the
mize accuracy in the presence of noise (Nelson and given task description.
Khosla, 1994; Sharma and Hutchinson, 1997). How- In order to address this question, we introduce the
ever, little is known about general conditions under formal notions otask encodingndtask decidability
which the accomplishment of a given task can be de- The concept of a task encoding is discussed briefly in
termined in the presence of camera model uncertainty, (Rizzi, 1995), which contains further references. An
even though this is a necessary attribute of any vision- encoded task is simply an equation of the fdefy) =
based control scheme. 0 wherey is a list of observed point-features akds
Supposing that the first prerequisite is fulfilled, the a function which does not depend on knowledge of
form of the control error signal must then be chosen. In the calibration of the underlying two-camera system.
a traditional set-point control system, what to choose A given task is “decidable” if there is an encoding of
foracontrol erroris usually clear. Incontrast, invision- the task which can be used (in a sense which will be
based systems there are many choices for a control er-made precise later) to “verify” that the task has been
ror, each with different attributes. In particular, it is accomplished.
possible to demonstrate that two control systems using We consider task decidability with respect to three
different control errors, both able to perform theeme classes of two-camera models. It is first shown in
positioning task when the camera system is accurately Section 2.4 that, for two-camera models which are
modeled, can lead wifferentresults when the camera injective (but nothing more), precise conditions can
system is poorly modeled, even when the camera mea-be stated under which a given task is decidable and
surements are themselves error-free. A simple examplethat there is a “non-trivial” class of tasks which can
is the problem of moving a point on a robot manipu- be accomplished by such systems. We then consider
lator to a position collinear with two reference points two-camera systems modeled using projective geom-
in the environment. It is known that, in the absence of etry. For such systems it is well-known (Faugeras,
measurement noise, this task can be performed with ab-1992) that, in the absence of measurement noise,
solute precision with a miscalibrated hand-eye system. by calibrating just using images of point-features,
Yet, it is not hard to exhibit very natural and intuitive it is possible to exactly reconstruct the positions of
control algorithms which could accomplish thistask on point-features “up to a projective transformation” on
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the three-dimensional projective space. These findings Recall that the elements &M are calledpoints lines
clearly suggest that, for a so-called “weakly calibrated” in P™ are two-dimensional subspaces®f*!, and,
two-camera model class, there ought to be a close re-for m > 2, planes are three-dimensional subspaces of
lationship between the decidability of a given task and R™?. A point p € P™ is said to beon a line ¢ (re-
the invariant properties of the associated task function spectively plang/) in P™ if p is a linear subspace of
under projective transformations. Theorem 1 of Sec- ¢ (respectivelyy) in R™1. For each nonzero vector
tion 3.3 shows that a given task is decidable on aweakly x € R™, Rx denotes both the one-dimensional linear
calibrated two-camera clagand only ifthe task is pro- span ofx, and also the point ii?™ which x represents
jectively invariant. Finally, we consider two-camera The line inP™ on which two distinct pointg,, p, € P™
models where weak calibration is not known and show lie, is denoted byp; & p,. Thekernelof a linear or
that, in this case, Theorem 1 also provides necessarynonlinear functionTl, with codomainR, is defined to
conditions for a task to be accomplished. be the set of pointsin T's domain such thak (x) = 0.

The immediate implication of this resultis thata sys- As usual, thémageof a functionH : Z — W, written
tem designer, faced with a particular problem to solve, Im H, is the set of point§H (z):z € Z}. The spe-
can now directly determine whether in fact the problem cial Euclidean group of rigid body transformations is
can be solved without demanding precise calibration. denoted by SE(3). We use to denote the non-strict
Moreover, these results provide a basis for evaluating subset relation.
the effect of miscalibration on different control archi-
tectures used for performing tasks. In particular, inthe 2. Task Decidability
robotics literature two approaches to vision-based con-
trol are common:position-baseaontrol which com- This paper is concerned with the problem of achieving
putes feedback from estimates (computed from mea- precise control of the pose of a robot which moves in a
sured data) of geometric quantities (pose, feature po- prescribedvorkspaceéV ¢ SE(3) using two cameras
sition, etc.) in the Cartesian space of the robot and functioning as a position measuring system. The data
image-basedontrol which computes feedback directly available to control the robot consists of the projections,
from measured image data. In this article, these two onto the cameras’ image planes, of point-feattices
approaches and a third more recently introduced idea— the robot as well as point-features in the environment.
the modified Cartesian-based approach proposed inAll such features lie within the two-camerasint field
(Chang, 1997)—are discussed from the point of view of viewV. Typically V will be taken to be either a
of task encodings. As a result, we are able to state nonempty subset &2 or of P°.
conditions under which these architectures are able to  For the purposes of this article, “precise control”
achieve precise positioning with poorly modeled cam- is taken to mean that it is possible for a control sys-
era systems. tem to determine, using only measured data (and in

The remainder of this article is structured as follows. particularwithoutprecise knowledge of the underlying
The next section sets out basic nomenclature and defi-two-camera configuration), and in the absence of noise,
nitions needed to formally address the task decidability that the physical configuration of the robot system con-
problem and derives conditions for a task to be decid- forms exactly to the specified pose. In the remainder
able for camera systems which are injective, but noth- of this section, we formalize the notion of positioning
ing more. In Section 3 two-camera systems modeled tasks and proceed to develop results which state gen-
using projective geometry are discussed and the decid-eral conditions under which it is possible to achieve
ability results are specialized to this case. In Section 4 precise control for very general classes of two-camera
the implication of these results for two well-known vi-  systems.
sual servoing architectures and a recently proposed ar-
chitecture (Section 4.2) are discussed. Thefinal section2.1. Tasks
recapitulates these results and outlines some directions

for future research. By a positioning task or simply a “task” is meant,
Notation: Throughout this paper, prime denotes roughly speaking, the objective of bringing the pose
matrix transposeR™ is the real linear space of- of a robot to a “target” (a set of desired poses) in

dimensional column vectors, afil" is the real pro- W. The target set is in turn specified by defining
jective space of one-dimensional subspaceR"®f!. a set of desired geometric constraints on a list of
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Figure 1  Onthe top, three schematic examples of tasks specified using point geometry. On left, connecting an electrical connector is specified
by making the points P, S, and T coincident with the poirftsPand T (a conjunction of 3 “point-coincidence tasks”). In the center, a
screwdriver is aligned with a screw by making P, §,dhd 3 collinear (a conjunction of two “collinearity tasks”). On the right, a board is

moved to a point where it can be inserted into a rack by first making P, 3, @h& 3 be coplanar and then adding the constraint thaind S

coincide with P and S. Note this does not imply that the board is parallel to the rack. Such a constraint could also be specified in terms of point
geometry, by using the fact that the sides of the enclosure are parallel to the rack yielding thé.pDimtfie bottom are physical realizations

of these three tasks showing the visual information used to perform them (taken from (Hager, 1997)).

simultaneously observed point-featuresyin Meth- Asin (Hutchinson etal., 1996; Hager, 1997; Samson
ods of defining tasks are implicit in the work of several et al., 1992), tasks are formally represented as equa-
authors including ourselves (Castano and Hutchinson, tions to be satisfied. In this article, the term “task func-
1994; Chaumette et al., 1997; Rizzi, 1995; Samson tion" refers, loosely speaking, to a function which maps
et al.,, 1992; Hager, 1997). Figure 1 depicts exam- ordered sets (i.e., lists) of simultaneously appearing
ples of how several robotic positioning tasks can be point-featureg| f1, f2, ..., f} in V into the integet
expressed in terms of such feature constraints. set{0, 1}. We use an unsubscripted symbol such as
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f to denote each such list and we henceforth refer to We often refer to the task specified By, as thecopla-

f as afeature In some cases only certain features or narity task Note that all of the tasks depicted in Fig. 1
lists of point-features are of interest (e.g., foe= 3, have been constructed by appropriate conjunctions of
one might want to consider only those lists whose three these task functions.

point-features are collinear). The set of all such lists is
denoted byF and is a nonempty subset of the 38t

the Cartesian product of the joint field of viedwith
itself n times. In the sequel we calf theadmissible
feature spaceA task functioris then a given function

T from F to {0, 1}. The taskspecified byT is the
equation

2.2. Problem Formulation

Point-features are mapped into the two camejaat
image spacé@’ through a fixed but imprecisely known
two-camera model Lwa: V — Y where, depending
on the problem formulatior)y may be eitheR? @ R?
or P? x P2. Typically several point-features are ob-
served all at once. Ifi; is theith such point feature
in V, then f;'s observed position i/ is given by the
In case (1) holds we say that the taskascom- ~ Measured output vectgf = Cacwaf fi). We model
plished at f Examples of tasks defined in this manner Miscalibration by assuming that the actual two-camera
can be found in (Samson et al., 1992; Espiau et al., M0d€lCacwals a fixed but unknown element of a pre-
1992; Chaumette et al., 1994; Chaumette et al., 1997; SCribed set of injective functior which map)’ into
Hutchinson et al., 1996; Hager, 1997; Robert et al., V- In the sequel is called theset of admissible two-
1995). camera models

Some examples oftask functions which are used later ~ FOr the present, no constraints are placed on the ele-
in this article are described below. We refer the reader Ments _OfC other than they be injective fun(_:tlons map-
to (Hager, 1997; Hager and Dodds, 1997; Toyamaetal., pingV into ). Thus, the results of this section apply to
1996) for examples of these tasks implemented within & Wide variety of camera projection models including,

T(f)=0. 1)

a visual servoing framework.

Let V be a subset oP*. Ty, designates tAhpoint-
to-pointtask functioywhichiis defined otF,, = V xV
by the rule which mapg$ = {f;, f,} according to

; 0 f; andf, are the same point iB®
—
1 otherwise

In the sequel, we refer to the task specifiedTRy as
the point-to-point task

Tapt is a task function defined afizy ZYxyxy
by the rule which mapg = {f;, f,, f3} according to

0 thefi’s are all collinear irP3
1 otherwise

We often refer to the task specified g, as the
collinearity task Finally, T, is a task function de-
fined onFg, ZYXxVxVYxV by the rule which maps
f = {fq, fp, f3, f4} according to

-

0 thef;’s are all coplanar ifP®
1 otherwise

for example, projection models with lens distortions,
spherical projection, and various types of panoramic
cameras.

In order to complete the problem formulation, it is
helpful to introduce the following nomenclature. For
eachC in C, letC denote the function fronF c V" to
the set)", the Cartesian product of joint image space
Y with itself n times, which is defined by the rule

{f1, fo, ..., fn} > {C(f1), C(f2),...,C(fn)}

We call C the extensiorof C to F. The aim of this
paper is then to give conditions which enable one to
decide on the basis of the a priori information, namely
C, T, V, and the measured data

y = Cactual ) @)

whether or not the task (1) has been accomplished.

2.3. Task Encodings

Clearly, if C4cruarWere precisely known, a strategy for

determining whether or not a task as defined by (1) had
been accomplished would be to evaluate (1) using fea-
ture locations computed from observed data. However,
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Cacalls Not known precisely and, as a result, there are whereEr o C is the composition oEr with C. From
many positioning tasks whose accomplishment cannot this and the definition of verifiability, it follows that
be determined from measured data without reliance on T (f) = 0 is verifiable orC with Et(y) = 0 justin the

an accurate camera calibration, e.g., tasks involving case that for eacB < C, the set of features which
metrical quantities or direct comparisons of Euclidean maps into zero is the same as the set of features which

distances. On the other hand, it is not hard to show E;oC mapsinto zero. We can thus state the following.
that the accomplishment of tasks which involve only

point-coincidences can be determined with absolute | emma 1 (Verifiability). Let T, C and E; be fixed.
precision in the presence of camera calibration error Then T(f) = 0is verifiable orC with the encoded task

(cf. _Secti_on _2.4). _ _ Et(y) = 0if and only if
It is this dichotomy which motivates us to charac-
terize the nature of tasks whose accomplishment can KerT =KerEr oG, VCeC (5)

be determined with imprecisely calibrated two-camera
systems. However, in order to make this question pre-
cise, we need to first formalize the notion of making
decisions as to whether a task has been accomplishe
using only measured data. Toward this end, let us call
afunctionE : Y" — R anencoded task functioWith

E so constructed, the equation

For example, the tasK,,(f) = 0 can be verified
don any set of admissible two-camera models by the
encodingEp(y) = 0, specified byep, defined or) x
Y, with Y = P? x P?, by the rule mapping = {y1, Y-}
according to
E(y) =0 3) yis { 0 y; andy, are the same point i ®)

1 otherwise

is said to be arencoded taskr simply an encoding.
In case (3) holds we say that the encoded tasicis In fact, for any two-camera model on a given
complished at y In an image-based feedback control set of admissible two-camera modélsa pair f 2
system,E(y) would thus be a logical choice for a po- {f;, f,} € Fpp belongs to KerEp, o C justin case
sitioning error (Hutchinson et al., 1996).

In general, the goal is to choose an encoding so that Epp({C(f1), C(f2)}) =0,
the accomplishment of the task under consideration at
a particular feature configuration is equivalent to ac- \,hich is equivalent te( f,) = C(f,) because of (6).
complishment of the encoded task at the correspond- SinceC is injective, this is equivalent té; = f, and
ing two-camera measurement. Formally, we say that 4 o refore tOTp( ) = 0. We have shown that Kep,
ataskT(f) = 0 is verifiable onC with an encoding & _ ker Top. The verifiability onC of Thy(f) = 0
Er(y) =0if, Vf e F,¥C e, by Epp(y) = O then follows from Lemma 1.

At the end of the next section, we define a much
richer class of “point-coincidence” tasks and describe
the structure of encodings which verify them.

T(f) =06 Ex(YVly—¢r) =0. 4)

In other words,T(f) = 0 is verifiable onC with a
given encodinger (y) = O, if for each featuref € F
and each admissible two-camera madéh C, the task 2.4. Task Decidability

T(f) = 0isaccomplished 4t justin case the encoded

task Er(y) = 0 is accomplished ay = C(f). In With the preceding definitions in place, our original
short, in order to verify a given task, an encoding must question can be stated more precisely: “When, for a
be able to detel’min(ﬁven in the face of two-camera given set of two-camera mod@s can a task be veri-

model uncertaintywhether or not the encoded task has  fied?” Here C represents the extent of the uncertainty
been accomplished. Moreover, the encoding must have gphout the actual two-camera model.

this property for all features in the joint field of view. To address this question, let us call a given task
Another characterization of Ver|f|ab|||ty can be ob- decidable orC if there exists an encodinET (y) =0
tained by noting that for which (4) holds. Thus, the notion of decidability

- singles out precisely those tasks whose accomplish-
Er(Wly=cry = (Er 0 C)(F) ment (or lack thereof) can be deduced from measured



data without regard to a particular encoding which they
might be verified with.

The following technical result, whichis provenin the
Appendix, is useful in further characterizing decidable
tasks.

Lemma 2 (Decidability). A giventask Tf) =0is
decidable orC if and only if for each pair ¢, C, € C
and for each pair fg e
Ci(f) = Ca(g) = T(f) = T(g). (7
That is, a given task is decidable @nf, when we
fix two two-camera models i@, T is constant on any

pair of features where the measurements of the two

two-camera models agree.

Lemma 2 thus ties the notion of decidability to the
properties of the task and the class of admissible two-
camera models upon which an encoding of the task
would be constructedyithout requiring the construc-
tion of such an encoding

Point-Coincidence Tasks:As an example of how this
lemma may be used, we show here that the family of
“point-coincidence tasks,” defined below, is decidable
(and therefore can be performed with absolute pre-
cision) onany family of injective two-camera mod-
els. To specify what we mean by the family of “point-
coincidence tasks” we need to define a few task con-
struction primitivest Given a taskT (f) = 0, we call

the task—T (f) = 0 specified by

—T(F)21-T(f),

theAcompIemenbf T(f) = 0. Given a permutation
7 ={r1),n7(2),...,7(n)} of the set{1,2,...,n},
we call the taskr T (f) = 0 specified by

aT(f) 2 T(xf)

with = f é {frr(l)» fn(z), Cey frr(n)}y the T-permu-
tationof T(f) = 0. Also, given two task3;(f) =0
andTo(f) = 0, we call the taskT; v To)(f) = 0
specified by

(TLv To)(f) = Ti(HTa(F)
the disjunctionof Ty(f) = 0 andT,(f) = 0. The
following result is straightforward to verify.
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Proposition 1. Given any set of admissible two-
camera model§, the following statements are true

1. The complement of a task decidable®is decid-
able onC.

2. For any permutationz of {1,2,...,n}, the n-
permutation of a task decidable @his decidable
onC.

3. The disjunction of two tasks that are decidabledon
is decidable orC.

The family of point-coincidence tasks af c V"
can then be defined as the smallest set of tasks that
contains the tasK,c(f) = 0, specified by

0
1

fi= 1

8
f1# o ®)

{fla f27"'a fn}H{

and that is closed under task complement, permuta-
tion, and disjunction. In short, the family of point-
coincidence tasks oW" contains any task that can be
fully specified by point-coincidence relationships on
then point-features. For example, 0¥,

T(fy, T3, f3) = Tpp( 1, f2)Tpp(fy, f3)

specifies the task that is accomplished wHetis co-
incident withat least one of for f3.

Let now C be an arbitrary set of admissible two-
camera models and take a pair of featufeg € F
and a pair of two-camera modéls, C, € C such that

Ci(f) =Cu(9) )
Suppose first thafpc(f) = 0 and therefore that; =
fo. In this case (9) implies tha,(g;) = Ci(fy) =
C1(f2) = Ca(g2). This and the injectivity ofC, guar-
antee thag; = g, and therefore thaf,.(g) = 0. Sim-
ilarly one can conclude thafp,.(g) = 1 whenever
Toc(f) = 1. Thus, by Lemma 2, the tadk(f) =0
is decidable or€. The following lemma follows from
this and Proposition 1.

Lemma 3. Any point-coincidence task is decidable
on any family of admissible two-camera models.

Although we can prove the decidability of the class
of point-coincidence tasks without recourse to encod-
ings, the constructive definition of the class of point-
coincidence tasks makes it simple to define encodings



72  Hespanha et al.

for every member of the class. We first defiig.(y)
on )" by the rule

sider cameras simply as maps fréthto P?. To do so
would introduce models with singular points (points
at which injectivity breaks down) as well as points in
IP® which have no rendering in terms of the underly-
ing physical system that we are modeling (Faugeras,
1993).

Thus, we proceed as follows. For any reak 3
full-rank matrix M, let P3, denote the set of all points
in P2 except for KerM. We call the functiorM from
P}, to P? defined by the rul®x +— RMx theglobal
camera model induced by Isihd we call KerM the

0 yi=¥y

10
1 yi#y (10)

{y17y27"~7yrl}H{

It is simple to verify thatE,c(y) = 0 verifiesTpc(f) =

0 on any familyC of admissible two-camera models.
Furthermore, if we define complement, permutation,
and disjunction of encodings in the same manner we
defined these operations for tasks, then one can ob-~"=" s
tain an encoding that verifies a given point-coincidence °Ptical centenf M.

taskT(f) = 0 onC by applying the same construc- Consider now a pair of global camera modeis,

tion to the encoding that was used to build the task andN, whose optical centers are distinct. We define
T(f) = 0from the tasKie( f) = O (starting now with thebaselineof the two-camera system to be the line in

the encoded task functioBpe(y) = 0). This gives IP2 on which the optical centers df andN lie, namely

A 3 ;
a systematic procedure to build encodings that verify ¢ = KerM @KerN. Letl; denote the set of all points

s . .
any point-coincidence task on any family of admissible N~ exceptfor thoes’e thatlie an We call the fémcu;)n
two-camera models. G = {M, N} from P; to the image spac¥ = P* x P~,

defined by the rul®x — {RMx, RNx} the global
two-camera modélinduced by{M, N}.

As a consequence of these definitions, it is straight-
forward to show that any global two-camera model
so defined is injective oﬁ’?. However, as suggested
The results of the preceding section apply to two- above, the domaif#? is still larger than we might de-
camera model classes whose elements are assumed teire. For example, if we took the field of view of the
be injective but nothing more. In this section we spe- cameras to b&3 for some line¢ in P3, then the set of
cialize tothe case when the two-camera models of inter- two-camera models consistent with this field of view
est are pairs of projective camera models which map would be reduced to only those two-camera models
subsets of?® containingV, into P? x P2. Projective whose baseline is precisely In fact, it will turn out
models of this type have been widely used in computer later (specifically Lemma 5 of the next section) that we
vision (Boufama et al., 1998; Mundy and Zisserman, need to exclude froi¥ at least the points on one plane
1992; Faugeras, 1993; Hartley, 1997; Hartley, 1998; in P2. Although the choice of this plane (or any larger
Maybank, 1998) in part because they include as special set for that matter) is arbitrary, we will specifically re-
cases the perspective, affine, and orthographic cam-strict our attention to two-camera models whose fields
era models. By restricting our attention to projective of view are a given subseét c P2 of the form
models, we are able to provide a complete and concise

{R[ }: weB }

characterization of decidable tasks in terms of their in-
variance under the group of projective transformations

whereB is a nonempty subset &°. Under the canon-
ical mapping betweeRR* andP?, we exclude by this

(Mundy and Zisserman, 1992).
construction the points in the “plane at infinity,” namely
In order to formalize the notion of a camera as a sen- points inP2 which have no corresponding point[R?.

3. Task Decidability for Projective
Camera Models

A

= w

1

3.1. Uncalibrated Stereo Vision Systems

sor, we need to delineate both the structure of the cam-
era mappingand the domain over which it operates.
Although the general structure of a projective camera
model is well known in computer vision (Mundy and
Zisserman, 1992; Faugeras, 1993), it is important to
realize that it is not sufficient, for this analysis, to con-

Inthe sequel we say that the baseline of a global two-
camera modeb lies outside ol if there is no point on
the baseline o6 whichis also inV. For each sucks it
is possible to define arestricted function frdito ) by
the rulev — G(v). We denote this function b | V
andrefertoit as thevo-camera model determined by G



on). Bythe set of alluncalibrated two-camera models
on V, written Cynca[ V], is meant the set of all two-
camera models which are determined by global two-
camera models whose baselines lie outsid¥.ofor

the remainder of this article, any stereo vision system
whose cameras admit a model which is known to be
in this class but is otherwise unknown, is said to be
uncalibrated

3.2. Weakly Calibrated Stereo Vision Systems

It is well-known that, given measurements of a suf-
ficient number of points in “general position” by a
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contains all two-camera models that are injectiveldn
and have the same fundamental matrix as G

One implication of Lemma 4 is that for a camera
pair with known fundamental matrix, the two-camera
model is known up to a right-composition with a (suit-
ably restricted) projective transformation. Therefore,
reconstruction done with such a system can only be
correct up to a projective transformation on the point-
features as was reported in (Faugeras, 1992). For com-
pleteness we include in the appendix a compact proof
of Lemma 4. Finally, the following technical result
will be needed:

stereo camera system, it is possible to compute a one-

dimensional constraint on the (stereo) projection of
any point-features in the two-camera field of view
(Longuet-Higgins, 1981; Faugeras, 1993; Ponce and
Genc, 1998; Zhang, 1998). A stereo camera system
for which this information, the “epipolar constraint,” is
known is often referred to aseakly calibratedRobert

and Faugeras, 1993).

It follows that we can view weak calibration as a re-
striction on the class of two-camera models which can
be characterized as follows. Let us write GL(4) for the
general linear group of real, nonsingularx 4t matri-
ces. Foreach such matix A denotes the correspond-
ing projective transformation defined &3 — P2 by
theruleRx — RAXx. Foreach fixed global two-camera
modelGo whose baselinélies outside ol letC[Gg]
denote the set of two-camera models defined to be

{Goo (AV):AeGLMA),AWV) C PP},  (11)
whereA |V is the restricted functiow — P2, v
A(v). This function is well defined—in that the domain
of Gy is sufficiently large to always contaf(v)—for
any A € GL(4) such thatA(V) c P3. Itis easy to
verify that for anyGg in Cynca[V], C[Gg] is contained
within Cyncal V.

The definition of the se€[Gg] is designed to in-
clude all two-camera models which are indistinguish-
able fromGg based on observed data—that is, all those
that have the same weak calibration@g Alterna-
tively, C[Gq] could also have been defined as the set
of all global two-camera models that are injective on
VY and have the same fundamental matrix (Faugeras,
1993) ak5. As is stated in the following lemma, these
two definitions are, in fact, equivalent.

Lemma 4. Let Gy be a given global two-camera
model whose baseline lies outsitte The setC[G]

Lemma 5. Let Gy be a given global two-camera
model whose baseline lies outsitle For any matrix

A € GL(4), there always exists a global two-camera
model G such thatboth G|V and G, o (A |V) arein
C[Gq].

The proof of this lemma (also included in the ap-
pendix) depends on the fact that there is at least one
plane inP? which is not inV—hence our definition of
the field of view as excluding at least one plan@

3.3. Decidability for Weakly Calibrated Stereo
Vision Systems

As noted above, it has been shown that, with a “weakly
calibrated” stereo system, it is possible to reconstruct
the position of point-features in the two-cameras’ field
of view from image measurements. However, this re-
construction is only unique up to a projective transfor-
mation (Faugeras, 1992). These findings suggest that
there should be a connection between the decidability
of ataskT (f) = 0 on a weakly calibrated two-camera
class and the properties ©f f) = 0 which are invari-
ant under projective transformations. To demonstrate
that this is so, we begin by defining what is meant by
a “projectively invariant task”. For eachA € GL(4),
let A denote the extended function frof?g" to (P3)"
defined by the rule

{P1, P2, ..., pPn} = {A(PL), A(P2), ..., A(Pn)}
where P3)" denotes the Cartesian productRfwith
itself n times. We call two point§ andg in F pro-
jectively equivaleritif there exists am in GL(4) such
that f = A(g). AtaskT(f) = 0 is said to bepro-
jectively invariant onF if for each pair of projectively
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equivalent pointsf, g € F,

T(H) =T (12)
In other words,T (f) = 0 is projectively invariant on
F,justin caseT is constant on each equivalence class
of projectively equivalent features withif. It follows
thatT is a projective invariant (Mundy and Zisserman,
1992).

The main result of this section is the following:

Theorem 1 (Weak Calibration). Let Gy be a fixed
global two-camera model whose baseline lies outside
of V. Atask T(f) = 0is decidable orC[G(] if and
only if it is projectively invariant.

In short, with a weakly calibrated two-camera sys-
tem, any projectively invariant task is verifiable with at
least one encoding. Moreover, any task which is not
projectively invariant isnot verifiable with any type
of encoding. In Section 3.5 we will see how to con-
structively generate all projectively invariant tasks for
certain feature spaces.

Not coincidently, all the tasks defined in Section 2.1
are projectively invariant, and therefore decidable on
any set of weakly calibrated two-camera models. Sup-
pose however that we change the collinearity tagk

by demanding that the task be accomplished only when

the point featurefs is collinear andequidistantfrom
f, and f,. Here, equidistance refers to the Euclidean
distance between the corresponding point&n(cf.
Note 2 on page 83). This new taSkqi(f) = 0 is
no longer decidable on sets of weakly calibrated two-
camera models. This follows directly from Theorem 1

because projective transformations do not preserve Eu-

clidean distances, and therefofgy(f) = 0 is not
projectively invariant. In practice, this means that, in
order to decide whether or notthe tagk( f) = O has

been accomplished, one needs a stereo vision system

for which more than weak calibration is available.

In the proof which follows, for each global two-
cameraG : P2 — ), G denotes the extended function
from (P3)" to V" which is defined by the rule

{P1, P2, ..., pn} = {G(p), G(P2), ..., G(pn)}.

Here (P3)" denotes the Cartesian product®f with
itself n times.

Proof of Theorem 1: Suppose that (f) = 0is pro-
jectively invariant. To prove thaf (f) = 0 is decid-

able orC[Go] let f, g € F be any pair of features such
thatC,(f) = C,(g), whereC, andC, are extensions of
some two-camera modely, C, € C[Gg]. By Lemma
2, itis enough to show that(f) = T(g).

SinceC,, C, € C[Gg], there must be matrices; <
GL(4) such thaC; = (Ggo Aj) | V,i € {1, 2} and

AWV cP: ief{l2 (13)

where ¢ is the baseline ofGo. ThusCi(f) = Go
(A1(f)) andCa(g) = Go(A2(9)). HenceGo(A1(f))
= Go(A2(g)). Now each point feature in the lis ()
andinthe lisfA,(g) mustbe iP% because of (13). Thus
A1(f) andA,(g) must be points in3)". It follows
thatA,(f) = A,(g) sinceGy is injective. This means
that f = {A;! o Ay)(g) and thus thatf andg are
projectively equivalent. Hencg(f) = T (Q).

To prove the converse, now suppose théaf) = 0
is decidable o€[Gy). Pick two projectively equivalent
featuresf, g € F and a matrixA € GL(4) such that
f = A(g). By Lemma 5 there are two two-camera
models inC[Gg] that can be written a€; = Gg o
(B|V) andC, = Ggo (Bo A|V), with B € GL(4).
Then, it follows thatC;( f) = C,(g) and therefore that
T(f) =T(g), because of Lemma 2 and the hypothesis
of decidability onC[Gy]. O

3.4. Decidability for Uncalibrated Stereo
Vision Systems

As it stands, Theorem 1 applies only to stereo vision
systems which are weakly calibrated. However, since
being projectively invariant is a necessary condition for
the taskT (f) = 0 to be decidable of[Go], projective
invariance must also be a necessary condition for the
taskT (f) = 0 to be decidable 06ynca[V] D C[Go].

We can thus state the following.

Corollary 1. If T(f) = Ois decidable orCynca[ V],
then T(f) = Ois projectively invariant.

The reverse implication, namely that projective in-
variance of a task implies decidability @Qncal )], is
false. One counter example is the collinearity task
Tap(f) = O defined in Section 2.1. Clearly, the task
Tapt( f) = Oiis projectively invariant because projective
transformations preserve collinearity. Yet, this task is
not decidable o€ nca[V]. Indeed, there are pairs of
two-camera model€1, Co € Cunca[V] and pairs of
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Figure 2 Ambiguous configurations for the collinearity tabi( f) = 0 with an uncalibrated stereo vision system. The black dots represent
point-features and the white dots optical centers of the two-camera mBgelad Cy. All points are on the same plane. The solid lines
represent the intersectionAof the image planes of the cameras with the plane where all the point-features lie. For these configurations we have
C1(f) = Ca(g) and yetf = {f, f,, f3} accomplishes the coplanarity task lgpﬁ {01, 02, g3} does not. This task is therefore not decidable
onCyncal V] because of Lemma 2.

featuresf, g € F at whichC, () andC,(g) are equal trol algorithms simpler. Second, weak calibration aug-
(i.e., f andg “look” the same) and yet the task is ac- ments the class of decidable tasks.

complished atf but not atg. This happens in certain
configurations for which all point-features in the list
and the optical centers of the global two-camera mo
els that determin€; are coplanar i3 and also when
all point-features in the lisy and the optical centers
of the global two-camera models that determhere
coplanar irP3. Figure 2 shows one such configuration.

d- 35 Classes of Tasks

One way of viewing our results to this point is as fol-
lows. Fix afield of view) and a feature space C V".

Let 7,c denote the set of all point-coincidence tasks on
In geometric terms, the task fails to be decidable 7 @S defined in Section 2.4, I&kn denote the set

because of configurations in which the point-features ©f &ll projectively invariant tasks of, and letZunca
and the cameras’ optical centers all lie in the same 21d7Zwkcal denote the set of tasks which are decidable
epipolar plane. Practically speaking, the task can be " CuncalV] @andC[Go] for someGo & Cuncal V], res-
accomplished with uncalibrated cameras provided such PECtively. Then from the preceding analysis, we know
configurations can be avoided (Hager, 1997).

Another example of a projectively invariant task

that is not decidable using uncalibrated two-cameras Toc C Tuncal C Twkeal = Tpiny
is coplanarity—that is the task,,(f) = 0 is not de-
cidable onCynca[V]. It is interesting to note that the One might now reasonably ask how rich these sets

collinearity task fails to be decidable because there is a are. In particular, we were able¢onstructivelydefine
“small” set of configurations where the task is not ver- the set of point-coincidence tasks, and as a result were
ifiable using any encoding. Thus, it is still possible to also able to construct an encoding for any task in the
verify the accomplishment of this task, without weak class. Is this also possible for the s&}gca andZpin,?
calibration, provided the problem can be constrainedto  The structure of the sefp),, has been studied in
avoid such configurations. On the other hand, there is (Hespanha, 1998) with some generality. Here, we take
nosituation (without introducing additional constraints  from (Hespanhaetal., 1998) a characterizatiorTigy,
on feature sets) where coplanarity could be decided us-for the special cases whene {2, 3,4}. For a given
ing uncalibrated two-cameras. set of tasks7, let us say that the task(f) = 0 can
These results also clarify the value of performing be generated by7 if it can be obtained by applying
weak calibration. First, weak calibration removes (vis- any number of the three task construction primitives
ually) singular configurations from the robot work- defined in Section 2.4 to the tasksZn The following
space and in turn makes the problem of designing con- is taken from (Hespanha et al., 1998):
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Theorem 2. Given the feature spacE= V", the fol- tasks, the constructiveness of these definitions makes it

lowing statements are true: straightforward to construct encodings for every mem-

ber of each class of tasks.

1. Forn=2any projectively invariant task can be gen-
erated by a set consisting of exactly one taskmely
the one specified by the point-to-point task function
Top

2. Forn=3any projectively invariant task can be gen-
erated by the set of tasks specified by the two tas
functions f— Typ({ f1, f2}) and Ty

4. Implications for Vision-Based Control

In the introduction we described two commonly used
K control system architectures for accomplishing vision-
based tasks: position-based control and image-based

3. for n=4 any projectively invariant task can be control. Following the generally accepted definitions

generated by the set of tasks specified by the threed€veloped by (Weiss et al., 1987) and summarized in
task functions > Top({f1. f21). f > Tap({ 1 (Hutchinson et al., 1996), a position-based control ar-

chitecture is one in which there is an explicit conversion

fo, f3}), and Tgp, together with the family of tasks ) )
2: fa) op: 109 y of measured image features to task-space coordinates

specified by of those features. The control problemis then solved in
0 fy. fy, f3. f4 0n the same line @3 task space. In_contr_ast, an injage-base_zd_ control a_rchi-

with cross ratio (Mundy and tecture is one in which there is no explicit conversion
fi> Zisserman, 1992) of measured image features to workspace coordinates
1 otherwise of those features. Instead, a control signal is generated

directly from measured image information. It should
be noted, however, that even when such an estimate is
not used in the encoding, a reasonably good (but not
necessarily perfect) estimate Gfcq iS often neces-
sary in practice. For example, such an estimate may

wherep takes values iiR.

To illustrate this theorem consider the tagl(f) =

0 defined oo = V x V x Vwith = {f1, f, fa}, be necessary to construct a feedback controller which
by the rule provides (at least) loop-stability and consequently a
) ) guarantee that the encoded task can be accomplished
0 thefi’'s are all collinear inpS in practice. In practice, the non existence of an explicit
f but no two are coincident reconstruction of workspace coordinates is difficult to
1 otherwise formalize in a precise way. Therefore, here we take the

. _ position that all architectures can be regarded as image-
The accomplishment of this task corresponds to a based whereas only those architectures that exhibit an

stronger condition than the accomplishmentgf( f) explicit reconstruction of workspace coordinates shall
= 0, since we exclude degenerate cases in which thepe called position-based.
collinearity is due to two of the points being coincident. In general, control architectures are designed so as

The taskTcq(f) = O is projectively invariant and, be-  to drive to zero a specific “control error,” which is a
cause of Theorem 2, itis not surprising to discover that function E of the two-camera measuremegtsThus,

it can be written as E can be regarded as an encoded task function. The
dichotomy between position-based and image-based

—(=Teot V Top Vit Tpp vV T Tpp) (f) =0 architectures is directly related to the form of the en-
coding used to generate the control error. Specifically,
where 7 and 7 denote the permutationdl, 3, 2 image-based architectures do not necessarily commit

and {2, 3, 1}, respectively. Note, in particular, that to any particular structure of the encodings whereas
(Top vV Tpp v Tpp) () =0 corresponds to a task that  position-based architectures employ encodings that in-
is accomplished whenever any two of the three point- clude an explicit conversion of measured image fea-
features are coincident. In practice, Theorem 2 is tures to workspace coordinates of those features.
quite useful because it allows one to “enumerate” all ~ From the results of the previous section, we know
tasks that are projectively invariant by applying all that an image-based control architecture can, with
task construction primitives to the generators of each the proper choice of encodings, precisely accomplish
class of tasks. As with the family of point-coincidence the widest possible range of tasks, namely those that



are decidable. However, what of position-based archi-

tectures? Inthis section, we explore some of the encod-
ings that are used to generate control errors in position-
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to encodeT (f) =0 in this manner, even aft€.shas
been chosen.
In practice, the appeal of Cartesian-based encodings

based architectures and point out some of the potentialis that, in the ideal case of perfect reconstructiéy;

limitations of this approach.

4.1. Cartesian-Based Encoding

The position-based control architecture is, in a sense
motivated by the heuristic idea of “certainty equiva-
lence” as used in control (Sastry and Bodson, 1989;

Hespanhaand Morse, 1998). Inthe present context, cer-

tainty equivalence advocates that to verify a given task
T(f) =0, one should evaluaig( fes) = 0 for some es-
timate fegcof f with the understanding thdt;is to be
viewed as correct even though it may not be.

This idea leads naturally to what we refer to as a
Cartesian-based task encodinggain, the idea is to
embed an “estimation procedure” in the encoding itself.
The construction of such an estimate starts with the
selection (usually through an independent calibration
procedure) of a two-camera models;in C which is
considered to be an estimate Gfcw,a Then, fest is
defined by an equation of the form

fest= Cok(y)

whereCgg is one of the left inverses @es:. Note that

such a left inverse can always be found becabge

is injective. In accordance with certainty equivalence,

the Cartesian-based encodiraf T (f) = 0 is then
T(Cout(y)) =0 (14)

The encoded task function is this 270 Cea. In

light of Lemma 1, itis clear that a given ta3kf) = 0

will be verifiable onC by a Cartesian-based encoding
of the form

(ToC)y) =0
justin case

KerT =KerToCggoC, VCeC (15)

Itis worth noting that, to encode a given task in this way,
it is necessary to pickotha modelCegs; from C and a

left inverse of its extension. Because such left inverses

are generally not unique, there are in fact many ways

is a metrically accurate representation of feature loca-
tions in the world. With such a reconstruction, one can
phrase any task, even atask relying on an absolute mea-
surement such as “move 3 centimeters along the line
joining featuresf; and f,.” Clearly, however, such a

'task is not projectively invariant. Therefore, based on

the results of the previous section, in practice it is not
possible to provide guarantees on the accuracy with
which such a task would actually be accomplished by
using a weakly calibrated two-camera system.

More importantly, there are projectively invariant
task that are not verifiable on a weakly calibrated two-
camera system, using an arbitrary Cartesian-based
encoding—the collinearity task is one of these. To see
why this happens suppose we pick a featureflisbn-
sisting of 3 collinear points and an estim&g;; of the
actual two-camera model belonging to a set of weakly
calibrated two-camera modeaf$G,] that is known to
containCyeruar Incasethe measureme;né Cactual f)
is not on the image o€, the value ofC g (y) is ba-
sically arbitrary. In fact, the left inverse of an injec-
tive but noninvertible function—like the two-camera
models considered here—is not uniquely determined
outside the image of the function and it depends on
the algorithm used to compute the left invefsm
such casefesté C;S%(y) will, in general, not consist
of 3 collinear points and thereforé € Ker Tz but
f & Tapt © Cagt © Cactuas Which violates (15). We shall
see in Section 4.3 how to build an encoding that is guar-
anteed to verify the collinearity task on sets of weakly
calibrated camera models.

The following statements can then be made:

1. There are projectively invariant tasks whichn-
notbe verified on any set of weakly calibrated two-
camera systems using an arbitrary Cartesian-based
encoding.

. Any member of the previously defined class of
point-coincidence task3,., can be verified by a
Cartesian-based encoding on a given set of admissi-
ble two-camera mode(, provided that fory € )"

Codty) = [Cadyn). Cod(y2), ..., Coym)}

for some left invers€,o of Cesifor whichCggt o C
is injective for evenyC € C.
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To prove the second statement it is enough to verify
thatthe tasK,c( f) = Ois verified by a Cartesian-based
encoding orC. This is because the task construction
primitives used to generaté,: carry through to the
corresponding encodings (Hespanha et al., 1998). To
checkthall,(f) = Ois verifiable orC by a Cartesian-
based encoding, pick in arbitrary two-camera model
C € C. Alist of point-featuresf = {f1, fo, ..., fn} €
F C V" then belongs to KeTpe o Ceqt o C just in case

Too({(Cod 0 C)(f1), ..., (Cok 0 C)(f)}) = O,

which is equivalent tgCot o C)( f1) = (Coat 0 C)(f2)
because of (8). SincC4 o C) is assumed injective,
this is equivalent taf, = f, and therefore td,(f) =
0. We have shown that Ké,. o Cogt o C = Ker Ty
The verifiability onC of Ty(f) = 0 by the Cartesian-
based encodingTp o Caa)(y) = 0 then follows from
Lemma 1.

4.2. Modified Cartesian Encoding f fz
o

Suppose, for a fixed set of projective two-camera mod- ‘ ‘

els C, we let 7cpaseqand Tihased denote the set of all ;
tasks which can be verified éhwith a Cartesian-based
and image-based encodings (as defined above), respec- ’

tively. The results of this section thus far demonstrate
that Zcpaseqis a strict subset ofpaseq A specific ex-
ample of a task which cannot be performed with an
arbitrary Cartesian-based encoding is that of position-
ing a point at themidpointof four coplanar points as
illustrated in Fig. 3. This task fails to be verified by  of Cartesian-based encodings to encompass a richer set
a Cartesian-based encoding for the same reason thesf tasks.

collinearity task fails to be verified by this type of en-  The central idea in modified Cartesian-based encod-
coding (cf. Section 4.1). In fact, this task can be re- ings is to reformulate a positioning task, initially de-
garded as the “Conjunction" of two COIIinearity tasks: fined on some feature s¢t C V", on a new feature

one that is accomplished whefi, fs, and frew are  spaceFnewC V™. In what follows, letFney be fixed
collinear and another that is accomplished wifignfs, and writeCpey for the extension o€ € C to Frew. We

and fyey are collinear. say that a functiom : F — Fnew factors througlc if
One of the motivations for the use of Cartesian-based there is a functiorK such that

encodings is the fact that they use estimates of features

(i.e., fes) taking values in Cartesian space which, in Crewo H=KoC, VCeC (16)
turn, is the natural space for specifying robot position-

ing tasks. One might now reasonably ask if there is a Intuitively, H is a construction on the feature space
way of “enriching™Zcpases0 that one mightgainthead-  which results in “new” featureK is a construction,
vantage of using more intuitive position-based control based on observed data, which results in a “new” mea-
while retaining the robustness of image-based control. surement inFe,. For example, Fig. 3 illustrates the
The “modified” Cartesian-based encoding, introduced geometric construction of the midpoint of four copla-
in (Chang etal., 1997), is one way of extending the idea nar points. In this caseimiqy: Would be the function

Figure 3  On the top, a midpoint placement task to be performed.
On the bottom, the midpoint construction used to describe the task
in a manner which permits accurate task performance.



which maps lists of four feature${through f4 in the
figure) into a single feature—the midpoint.(y in the
figure). Kmigpt would be the function which does the
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whereTew is a factor of T in a formula of the form
T = Thewo H, H is a surjective function which factors

throughC with K, andCegg., is a left inverse of the

same construction on the pair of camera images. Thatextension of an estima@.g; € C to Fpew. The form of

is, for each camera of the two-camera mod&hiqpt
maps lists of four points if?? to the intersection of the
two lines defined by the four points. Since projective
cameras preserve collinearitimiqp factors through

any set of projective two-cameras provided that the four

a modified Cartesian-based task function is thys=
Thewo C(_;Stew o K. Note that

(Tnew © C_Ze;tew) (Ynew) = 0,

point-features are not coplanar with the optical centers g 5 cartesian-based encodingTda( frew) = 0. Thus

of any of the cameras. Note that when the four point-

a modified Cartesian-based encoding¢ff ) = 0 can

features and the optical center of a projective camera pe thought of as a transformed version of a Cartesian-

are coplanar the four points appear collinear in the im-
age plane and therefore their intersection is not well
defined.
Suppose thal is a given task function which can

be factored as

T =Thewo H @an
where Ty is @ new task function anl is a surjec-
tive function which factors throug for someK. Let
frew and ynew denote new feature and output vectors
respectively, defined by the equations
(18)

fnewé H(f), ynewé K(y).

The tasksl (f) = 0 andThew( frew) = O areequivalent
in the sense thatf € F,

T(f) =0¢& Thew( fnew)|fneW=H(f) =0. (19)

It is also easy to see that because of (16) and (18),

Ynew = Cnew( fnew) (20)
whereCpey is the extension o€actuato Fnew-

Suppose thaEr,,,(Ynew) = 0 is an encoding that
verifiesThew( frew) = 0 ONC. Then, because of the sur-
jectivity of H and the equivalence Gfen( frew) = O
andT (f) =0 noted above, it must be true that verifi-
ability of Thew( frnew) = 0 on C with Ex,,,(Yhew) = O
implies verifiability of T(f) = 0 onC with (E,,, ©
K)(y)=0. The converse must also be true; that is,
if T(f) = 0is verifiable onC with the encoded task
(Efpewo K)(Y) = 0, thenTyew( frew) = 0 is necessarily
verifiable onC with the encoded taskr, ., (Ynew) = O.

Formally, amodified Cartesian-based encodioia
given taskT (f) = 0 is then any encoding of the form

(Tnewo C_e_stew o K)(Y) =0

based encoding Ofen( frew) = O.

Continuing with the example above, we can now
specify the task of determining if a fifth point is the
midpoint of four coplanar points using the task function

Tmidpt = Tpp © Hmidpt
and the corresponding task encoding
Emidpt = Tpp © Cogoy, © Kmicpt
whereHnmigpt is defined by

{f1, T2, f3, T4, f5} — {Hmigpe({ f1, T2, f3, fa}), fs}.

The functionHmigpt factors throught with

{Y1, ¥2, ¥3, ¥4, ¥5} = {Kmiapt({Y1, Y2, Y3, Ya}), ¥s}

and thereforeEnmigpi(y) = 0 verifies Tpigpi( ) =0 on
any set of projective two-camerésvhose optical cen-
ters are never coplanar with the first four point-features
of the lists inF.°

A Cartesian-based encoding is a special case
of a modified Cartesian-based encoding in which
Frew=F, H is the identity onF and Thew=T.
Thus every Cartesian-based encoding of a given task
T (f)=00nC is a modified Cartesian-based encoding,
whereas every modified Cartesian-based encodingis an
image-based encoding. In other words, for any given
class of two-camera models we have the ordering

TCbasedC TMCbasedC ﬁbased

where Tucbhased denotes the class of all tasks that
can be verified o€ using modified Cartesian-based
encodings.
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4.3. Partial Calibration

In this section we introduce a new form of encoding,

for some two-camera modél € C such thay € ImC,
i.e., for some two-camera modele C that could have
produced the measuremant For example, with pro-

which is inspired by the Cartesian-based encoding, but jective cameras, we would never try to estimate the

that can be used to verifgnydecidable task. The key
to achieving this property is to build a form of online
calibration into the encoding—namely, a calibration
that is consistent with the measured data.

Suppose that (f) = 0 is a decidable task on some
fixed set of two-camera models Then the assignment

. (22)
1 otherwise

{ T(CY(y)) yelmC forsomeC eC
whereC~! denotes any left inverse @&, specifies a
well-defined functiorer : " — R. Infact, the value
of Et(y) computed by (21) isindependent of the choice
of C (provided thaty € Im C) and the choice of its left
inverseC~1. This is because, if there are two-camera
modelsCy, C, € C such thaty € Im C;nIm C, and
thereforey = Cy(f) = Cy(g) for somef, g € F,
then

T(CHy) =T(H) =T =T (S (y)

Here we have used Lemma 2.
By construction, the encoding specified by (21) has
the property that, for ever@ < C,
ErWly—eir =T(f), feF
ThereforeEr oC = T, C € C. From this and Lemma

1, one concludes thdt(f) = 0 is verifiable orC with
Er(y) = 0. The following can then be stated:

Lemmaé. Ifthetask T(f)=0is decidable on some
fixed set of two-camera models then the encoding
specified by21) verifies T(f) = 0onC.

true feature list using a two-camera mo@sdfor which
y would violate the epipolar constraint. In fact, such
model could have never producgd

In practice, this means that for different measure-
ments in)" one may have to compute the estimated
feature feg UsSing left inverses of distinct two-camera
models. We can therefore regard the encoding speci-
fied by (21) as a form of Cartesian-based encoding that,
for each measuremeyt restricts the set of admissible
two-camera models to those mod€lthat are compat-
ible with y, in that this measurement could have been
produced byC. In this sense, this encoding includes
a form of online calibration. However, this calibration
is often only “partial” because the observed data may
not be enough to perform even a weak calibration of
the stereo camera system.

4.4. Continuous Encodings

The results so far were mainly concerned with the ex-
istence of encodings, and little was mentioned regard-
ing desirable properties of encodings, other than veri-
fiability. A popular approach to developing a control
algorithm is to view the encoded task function as a con-
tinuous error function that is driven to zero by a feed-
back control algorithm (Samson et al., 1992). While
the choice of encoded task functions, taking only the
values 0 or 1, was often convenient for the preceding
analysis, one might reasonably argue that, because of
their discontinuous nature, such encodings have little
practical application.

It turns out that under mild technical conditions on
T andC, and the assumption that(f) = 0 is decid-
able, it is always possible to veriffy(f) = 0 with an
encoded task whose task function is continuous. To

What distinguishes the Cartesian-based encoding inillustrate this, suppose that is a compact subset of

(14) from the one specified by (21) is that in the lat-

RS, that) is R2 @ R?, that|| - || is a norm onY, that

ter, reconstruction is always done using a two-cameraC is of the formC = {Cp: p € P} whereP a com-
model that could have produced the measured data.pact subset of a finite dimensional linear space, that

This is because, in (21), for a givene ),
ET (y) = T( fest)
with the estimated featur&g; given by

fest: C_l()’)

{p, f} — Cp(f) is a continuous function o x V,
that the kernel off is compact, and thak(f) = 0 is
decidable or€. Set now

T2 C*P xKerT),

whereC* : P x F — )" is the function defined by
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where the second subset relationship is strict. Second,
we have shown that, for a given admissible class of
two-camera models,

the rule(p, f) — Cp, and consider the encoded task
functionEt : J" — R defined by
inf|ly — z|. 22
y= IzeI ly =zl (22) Toc C TchasedT ImcbasedC Zibased
Finally, for the specific case of weakly calibrated cam-
eras, we have shown that

The following lemma (proved in the appendix) states
that Et has the desired properties.

Lemma 7. Under the above conditionshe task Tivasea= Teinv
T (f) = Ois verifiable orC with the encoding E(y) =

' . i i Thus, we have established, in general, a “lower bound”
0. Moreover E+ is globally Lipschitz continuous Qy.

on what tasks can be accomplished with two impre-
cisely modeled cameras, and in the specific case of
The assumptions stated above are very mild. The weakly calibrated projective cameras, we have estab-
compactness of basically demands that the region of  |ished an “upper bound” (and indeed, have shown that
space on which the point-features lie be bounded. The it can be attained). Furthermore, we have shown that
requirements on the set of two-camera models hold, for the form of the encoding used to verify a task does
example, if the actual two-camera model depends con- affect what can be accomplished.
tinuously on an-vector of parameterg (e.g., contain- Practically speaking, one way to view these results
ing the intrinsic and extrinsic parameters of a pin-hole are in terms of what they suggest about system design
camera (Faugeras, 1993)) that is known to belong to in the area of vision-based control. In particular, they
some bounded and close g&t R™. Finally, thecom-  provide a means to determine how much information
pactness of the kernel @fholds for most tasks consid- s really needed about a camera system in order to ac-
ered here, e.gTpp(f) = 0, Tap(f) = 0, Tep(f) =0, complish a given task. In brief, some conclusions are:
etc. However, this requirement does not hold for the
complement of these tasks. For example, it is violated e It is possible to verify that a robot positioning task
for the task—Typ(f) = O that is accomplished at all has been accomplished with absolute accuracy using
featuresf = {fy, fy} € F 212 for which f1 £ fo. aweakly calibrated, noise-free, stereo vision system,
In fact, an encoding that verifiesT,,(f) = 0 must be if and only if the task is invariant under projective
equal to zero at every measuremgnt {y;, y»} for transformations of®®. Thus, if a system designer

which y; # y» and nonzero on the set of measure zero
for which y; = y,. Since it is not possible to construct
a continuous function that is equal to zero everywhere,

can phrase the task in a way which is projectively in-
variant, there must be a task-encoding which, given
loop stability, will lead to accurate performance in-

except at a set of measure zero, we actually conclude dependent of the accuracy of the underlying system

that there is no continuous encoding for such atask. In  models.

practice, that is not really a limitation because one is e In some cases, it is possible to verify that such a

not usually faced with the problem of accomplishinga  robot positioning task has been precisely accom-

task that is accomplished almost everywhere. plished using amncalibratedstereo vision system,

One should emphasize that Lemma 7 is essentially thus obviating the need to rely even on an accurate
an existence result. Although a continuous encodingis “weak” calibration of the two-camera system. Point-
actually proposed, in practice, it may be very difficult coincidence is an example of such a task.

to use this encoding to design a control system that ¢ Even within the family of projectively invariant

accomplishes the task. tasks, there is no need (and indeed a certain danger)
to using a Cartesian-based control architecture.

e If such an architecture is to be used, the impact of
calibration inaccuracy can be lessened or even elim-
inated through the use of modified Cartesian encod-
ings, or some form of online calibration.

5. Concluding Remarks

The results of this paper can be summarized as follows.
First, we have shown that

More generally, the issues addressed in this paper

Tpe C Tuncal C Tukeal = Tpiny suggest a broader line of inquiry within the area of
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vision-based control. The central question would seem specifies a well-defined functider : " — R which,
to be something like this: Given a set of one or more for everyC e C, satisfies

imprecisely modeled cameras and a task which might

be positioning, tracking or something else, under what ErWly—cry =T(F), feF
conditions can a task be accomplished with absolute

precision using available images of features observed Therefore,Er o C = T, C eC. It follows that (1) is
at one or more times? This question is, in a sense, trye. Thus, by Lemma I[ (f) = 0 is verifiable orC
concerned not with details of the specific image pro- with E;(y) = 0. ThereforeT (f) = 0 is decidable.

cessing and contrallgorithmswhich might be used 0O

to accomplish the task, but rather with @uehitecture

of a vision-based control system, thguctureof its Proof of Lemma 4: First note that a global two-
camera systems, and the levelotcertaintyabout that camera modeG has the same epipolar geometry as
structure. G just in case ImG =1Im Gg. This is because it is

Arelated set of questions has to do with further char- the epipolar constraint—and therefore the fundamental
acterization of task encodings and their relationship to matrix—that determines which points in the codomain
robot tasks. For example, in developing a vision-based )) x ) of a global two-camera model are actually in
control system, it would be useful to define a “cal- its image. On the other hand, it is well known that
culus” of tasks such that the definition of the task in given any two functionsGy : P2 — Y x ) and
turn defines an encoding for that task. The beginnings G:IP’?1 — Y x Y, the fact that InG = Im G
of such a calculus can be seen in the constructive re-is equivalent to the existence of an injective function
sults related to point-based tasks and projectively in- X : P} — P2 such thatG = Go o X. Moreover, if
variant tasks. Providing a complete, constructive char- G and Gy are global two-camera models, their lin-
acterization of projectively invariant tasks would thus ear structure requires the functidhto be of the form
form a design tool for practitioners in vision-based Rx +— RAX for someA € GL(4).
control. The two equivalences stated above allow one to con-

Findings contributing to the answering of these and clude that a global two-camera modglhas the same
related questions should serve to strengthen our under-epipolar geometry a6 just in case there is a matrix
standing of basic issues within the emerging field of A € GL(4) such thatG = Ggo (A | ]P’fl), where?;
computational vision and control. denotes the baseline & andA | P} denotes the re-

strictionP} — P}, v — A(v). Lemma 4 then follows
. from this and the fact thaBg o (A | IPZ) is injective on
Appendix Vjustin caséA (V) C P3. 0

Proofof Lemma2: Supposd (f) = Oisdecidable.  proof of Lemma5: Let ¢; be a projective line con-

;mecrt]i,ortl))llz L?(;Tr]:/nvﬁiclﬁ there must be an encoded taSktained inSN AS,withSéspan{el, €, €3} Where each

T g denotes théth column of the 4x 4 identity ma-

_ trix. Such an¢; exists becaus& and AS are two

KerT =KerEroC, CeC (1) three-dimensional linear subspacesifand so their

intersection is a linear subspaceRsf with dimension

Fix C1, C, € C and consider an arbitrary pair of feature no smaller than 2. Note that no pointihis a linear
lists f, g € F such thatCy(f) = Cx(g). ThenEr o subspace af in R*.

C1(f) = Et o Co(g). From this and (1) it follows that Let ¢ be the baseline dby andB a matrix in GL(4)
T(f)=0if and only if T(g) =0. ThereforeT (f) = such thatB¢; = ¢. We show next thaB()) C ]P’f and
T(g). Hence (7) holds. {BoA}(V) C ]P’? and therefore that, 2 Gpoo (B|V)

Now suppose that (7) is true. Thdn(f) = T(g) andC, = Gg o ({B o A}[V) define two-camera models
whenevelC, C; € C and f, g € F are such thay(f) in C[Gg]. This will finish the proof sinc&C; = Gy |V
= C2(9). Hence the assignment andC, = G1o(A | V) with G; = Goo(B | P?), because
- V C P3 . Suppose then th&()) is not contained it
o { T(f) y=C(f)foranf e FandCeC and therefore that there is a point V such thaB(v)
1 otherwise is on{. From this and the definition d@, v must be on



£1 and therefore it must be a linear subspacs f R*.
This contradicts the fact that no point inis a linear
subspace af in R*. To demonstrate thaBoA}(V) C

P2 we proceed similarly. By contradiction, suppose that
v € V and thatB(A(v)) is on £. From this and the
definition of B, A(v) must be on¢; and therefore it
must be a linear subspaceAs$ in R*. Thusv must be

a linear subspace f in R* and we arrive at a similar
contradiction as before. O

Proof of Lemma 7: We claim thatZ is compact. To
prove that this is so, we first note thBtx Ker T is
compact because bofh and KerT are compact sets.
Now the definition ofC* together with the assumed
continuity of{p, f} — C(f), implies thatC* is con-
tinuous. Thereforel must be compact since it is the
image of a compact set under a continuous function.
To establish the Lipschitz continuity &, lety; and
y> be any two vectors id". Assume without loss of
generality thaEr (y1) < Et(y2). SinceZ is compact,
inf,cz|ly1 — z|| must be attained at some poiyite Z.
In view of (22), Er(y1) = [lys — Y*l and E7(y2) <
Ily2 — y*||. It follows that

|ET(Y2)—Er (Y| < IY2=Y* I=lIya=Y* Il < lly2—Wll

ThusEy is globally Lipschitz continuous as claimed.
In view of Lemma 1, to prove that(f) =0 is veri-
fiable onC with Et (y) = 0, itis sufficient to show that

for eachp € P,

Ker(Er o Cp) = KerT

Toward this end first note that, becalsies a compact
set, the kernel o is exactly the sef. Next note that
because of the definitions @fandC*, Z can also be
written as

Z=JCpKerT)
peP

(@)

Thus for anyf e Ker T, it must be true tha€,(f) €
Z,peP. ButZ = KerEr, soCp(f) e KerEr, p e
P. Thisimplies thatf € Ker(EroC,), p € P and thus
that KerT c Ker(Et o Cp), pe P.

Forthe reverseinclusion, fixe Pandf € Ker(Ero
Cp). ThenCp(f) e Ker Et. ThereforeCp(f) e Z. In
view of (2) there must be sonpe P andge Ker T
such thatCy(f)=Cq(g). Because of Lemma 2
this means thatT(f)=T(g). But T(g)=0, so
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T(f)=0orequivalentlyf € Ker T. Hence KerEr o
Cp) CKerT, peP. ]
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Notes

1. This result is in many ways analogous to a conventional set-
point control system with a loop-integrator and fixed exogenous
reference.

2. Throughout this article, the term “feature” always refers to sets
(points, lines, etc.) that are observed by cameras. The obser-
vations themselves are referred to as “measured data.” A “point
feature” may be represented by either a poifitiror a point inP3
(i.e., a one-dimensional subspacédy. In the examples which
follow, points inR™ are related to points iB™ by the injective
functionx > RX wherex is the vector ¥’ 1] in R™?. With
this correspondence, geometrically significant point&3rsuch
as a camera’s optical center can be unambiguously represented
as points irP®.

3. Inthe literature a “task function” is usually defined to be a map-
ping to the real line or real vector space with additional properties
needed to implement a control system (e.g., continuity, differen-
tiability) using it as an error signal (Samson et al., 1992). This
corresponds most closely to aemcoded task functiantroduced
in Section 2.3. As shown later, a task as defined here, when it can
be accomplished using measured data, will have an encoded task
function which can, in most cases of interest, be “converted” into
a task function as defined by (Samson et al., 1992).

4. These and other task construction primitives are of interest on
their own and they will be the topic of a future paper. See also
(Hespanha et al., 1998).

5. When itis possible to writ® in the form

M=[H —Hc]

whereH is a nonsingular & 3 matrix, andc is a vector inR?,
thenM models a projective camera with center of projection at
¢ (Faugeras, 1993). In this case the kernelMbfs R[ i] which
justifies calling it the optical center 8. One special case occurs
whenH = R, whereRis a 3x 3 rotation matrix. In this cas®/
models a perspective camera with unit focal length, optical center
atc € R®, and orientation defined b. On the other hand, it is
also possible foM to be of the form

R —Rc
M =
Ol><3 1

whereR 2 [ 2 2JR andR is a rotation matrix. In this case,

M models an orthographic camera whose coordinate frame is
defined by the rotation matriR. The kernel oM isR[ 'g] where



84  Hespanhaetal.

r3 is the third column ofR’. This model also can be regarded
as a perspective camera model with optical center at infinity and
“orientation” defined by the-axis of the coordinate frame.

6. Henceforth, the term “two-camera model” is taken to mean a
projective two-camera model.

7. Projective equivalence is an equivalence relationFdmecause
the set of extensions @°)" of all projective transformations on
IP3, is a group with composition rul@1, Ay) — A1 o Ap.

8. This can be illustrated with the following example: Consider
the function f : R — R? defined byf(a) = [a a]’. The func-
tion f admits two left inversesy, g2 : R — R? defined by
oi1([a b)) =aandgi([a b)) = (a+b)/2, respectively. Both
01 andgy are valid left inverses becauggo f andg; o f are
equal to the identity map iR. However, although the values of
the two left inverses match over Ih = {[a a]’:a € R}, they
differ outside this set.

9. SinceTmigpt(f) = 0O is projectively invariant on any feature
spacefF, thistask is decidable on any set of weakly calibrated two-
cameramodels. However, it may not be verifiable with a modified
Cartesian-based encoding if the above condition regarding the
optical centers is not met.
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