LECTURE NOTE #9

PROF. ALAN YUILLE

1. KERNEL TRICK

Note that the final classifier of an SVM depends on z only by dot products. The final
classifier is §(Z) = sign(d_, c;y;@; - . This depends on Z only by: (i) the dot product
x - z,, and (ii) the a’s depend on solving the dual problem (maximizing the dual) which
again depends only of the dot products of the data @; - Z;.

This motivates the Kernel Trick

Compute features p(z) and reformulate the problem in feature space — i.e. seek a
classifier of form:

sign(c- ¢(z) +b)
Replace z by () everywhere in the primal & dual formulation. Then the classifier only

depends on the dot product of the p(z)’s:
Le. on the Kernel K(z,z') = p(z) - (')

2. WHY DOES THIS HELP?

First, using features ¢(.) can make it possible to classify data by hyperplanes, which we
could not classify in the original space.

Example
Logical X-OR, & = (21,22),2; € {£1},w € {1}
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The X-OR (exclusive or), see figure (1), requires a decision rule

az) s.t
a(l,1) = a(-1,-1) =1
a(l,~1) = a(-1,1) = —1

5 /

FiGURE 1. Data for the logical X-or problem. It is impossible to separate
the positive and negative examples by a straight line (i.e. to classify them
correctly by a linear classifier). But we can find features which will enable
us to do this.

It is impossible to find a linear classifier to do this. But define feature p(z1,z2) =
(1,2, z172). Now the classifier sign {(0,0,1) - ¢(z1,z2)} can separate the data.

Moral : increasing the dimensionality of the data by features, makes it possible to find
separating hyperplanes.

Second, we do not need to specify the features ¢(z) explicitly, we only need to specify
the kernel

K(z,2') = p(z) - p(z)
Remember: the dual problem reduces to maximizing

Lallonh) = o= 5 3 opnsnlz,) - £(a.
I

Il



LECTURE NOTE #9 2

1
= Z =g Z apowuw, K(z,, 2,,)

) v
The solution is G = Zu Quwuf@u)
a-p(z) = Zu G wup(z) - plz,) = MQHWNK(Q:’L‘)

(Can solve for ¢ as before)

3. WHAT KERNELS TO USE?

There are many choices of kernels. The difficulty is knowing which one to use. As al-
ways, cross-validation is useful for checking whether a kernel can generalize.

K(z,2') = tanh{Cz - 2’ + Cy}
Choice of best kernel is problem dependent.
Some kernels— e.g. {1+ z - 2/} naturally generalized the idea of hyperplanes.

£_£/|2

_1 - .
Others — e.g. e = are similar to nearest neighbors.

4. WHEN DO KERNELS CORRESPOND TO FEATURES?

Suppose we specify K (z,z'), is it equal to p(z) - ¢(2’) for some features ¢(x)?
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FIGURE 2. One type of kernel, e.g. {1+Z-2'}¢, corresponds to using curved
surfaces to separate the data. The other type of kernel, exp{—|% — #'|?} is
like nearest neighbour.

Theoretical results can be obtained.

e.g. Mercer’s Theorem
Compute eigenfunctions of K (z,z')
[ K(z,2')p(z')dz’ = () with [{y(z)}de finite.

Provided K (z,2') is positive definite, then the features are ¢*(z) = /A ¥u(x)

Similar to linear algebra expansion of a symmetric matrix in terms of eigenvectors.

Ay =3, )\Mefe? , where ) Aije? = Ael
If A;; is positive definite.

2 1/2
Ay = S AN Ny =3 ol o

5. KERNEL PCA
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The kernel trick can be applied to an quadratic problem - e.g. PCA

C =130 (2 — ) (z), —z)"

wlog =157 2,=0

Go to feature space

—

z — o(z)
- 0= % Iy f@k)ﬂT@k)

All non-zero eigenvectors e of C' are of form

e=3 1" ajp(x;), for some {a;}

Substituting: Ce = Ae
= o e Pl {e(zy) - e} = Ae

= >y () Yy agf{e(ay) - o(z;)} = Aaje(z;)
Equating coefficients of ¢(z;) gives new eigenvalue equations.
=3 Ky, i) oy = Aay,

Index M\, o/kf

%Zj K@kaﬁj)a? =Map p=1tom
Solving this, gives us the eigenvectors.

et =" afg(gj), eigenvalue M. (depends on )
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But the projections e/ - p(x) of the data are
et pla) =300 of K(z;, z)

which is independent of ¢ and depends only on K(.,.)).

Hence:

The projection of the data onto the eigenvectors requires only knowing the kernel K (z;, gj)
(i.e. not knowing )

Knowledge of the kernel is used twice :
(1) to compute the {a;‘}

2) to compute the projections e* - p(x
N



