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The zero modes of a Yang—Mills instanton in a self-dual spacetime are related to the solutions of the zero mass Dirac
equation in the adjoint representation. The index theorem is used to determine the number of parameters of instantons in
such spacetimes. The result is illustrated by a calculation in Taub—NUT spacetime using the instanton constructed by the

Charap and Duff prescription.

In a recent paper [1] Charap and Duff have given
a prescription for constructing an SU(2) Yang—Mills
instanton in any Ricci-flat spacetime. In the present
paper we will assume the existence of an instanton of
arbitrary group ¢ and Pontryagin integer number n
and derive an expression for the number of parameters
characterizing it in a self-dual spacetime. Recent work
by Hawking and Pope [2] suggest such spacetimes may
be important in a quantum theory of gravity.

In the adjoint representation the zero mass Dirac
equation is written as
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where M is a vector of Dirac 4-spinors, the C; ik are the
structure constants of the Lie group and Ak is the instan-
ton field.

This can be written in the 2-component spinor form
as

where M4 is the positive helicity part of N. There is

a similar equation for ¥4’ the negative helicity part,
but this will have no normalizable solutions. One way
of seeing this is by considering the curvature compo-
nents of the Yang—Mills and gravitational fields. These
can be split up into self-dual and anti-self-dual parts
which are ¢! «‘LB and & 4’ for the Yang—Mills and

V¥ gcp and Wy g ooy for the gravitational field. The
self- duahty of the instanton and the spacetime will
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will have some non-zero components. Thus only the
positive helicity states “see” the fields and so there
are only positive helicity bound states.

We can operate on the'left-hand side of eq. (1) by
v(V,8;; — Clim A} ) and express the result in spinor
form as
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In a self-dual spacetime ¥ 4+ g~y = 0 which im-
plies the existence of a pair of covariantly constant

primed spinors. These satisfy the equations
Vppa?' =0.

)

Now the zero mass perturbations B /fi 4> of the in-
stanton obey the equation
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and can be chosen to satisfy the gauge condition

Hence if we have 7\1’;1 satisfying egs. (2) and _(3) and
a4 satisfying eq. (4), their product B 4+ = 7\A oy

~will satisfy egs. (5) and (6). Converseley if BY 4 sat-

isfies eqs. (5) and (6) and o a?’ satisfies eq. (4) then
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Ky =By &’ will obey egs. (1) and (2). Thus
the number of zero mass perturbations of the instan-
ton is twice the number of solutions of the Dirac equa-
tion in the adjoint representation.

In a curved spacetime with boundary the Index
Theorem for the zero mass Dirac equation in the ad-
joint representation generalizes to
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where Rabcd abefRe cd\/—g_’ *Falb = %eabcd

X F¢4\/g n, n_ are the number of positive and nega-
tive helicity zero modes, respectively, and C(G) is the
Casimir operator of G. n(s) = Z, (sign A)|A|~$, where
the A’s are the eigenvalues of the Dirac operator on the
boundary oM. The integrand Q contains terms involv-
ing the curvature, the second fundamental form of the
boundary in M and the Yang—Mills potential.

Thus with #_ = 0 because of the self-duality of the

gravitational and Yang—Mills fields the number of
parameters is
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It is unclear exactly how many of these solutions
correspond to infinitesimal gauge rotation. For the
unique compact self-dual manifold K.3 these will be
of form D*A‘ and the gauge condition D, DHMAT=0
will mean none exist. For non compact mamfolds it
seems reasonable to assume that there will be 3m
where m is the number of distinct subgroups of SU(2)
in G. This agrees with known results in Schwarzschild,
Taub—NUT and flat spacetimes.

For the special case of flat spacetime and SU(2) this
reduces to the well known formula 8n — 3, where n is
the Pontryagin number of the instanton.

We will now check the result by an explicit calcula-
tion in Taub—NUT spacetime with the SU(2) instan-
ton constructed by Pope and Yuille [3] using the
Charap and Duff prescription.
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The self-dual Taub—Nut metric is [4]

ds? = (:i%)d +4M2( )(dxp+cosﬁd¢)2
+(r2 — M?)(d6? + sin0 dg?) (9)

withM<r<ee 0< Y <47, 0<¢<27,0<0< 7.
The instantion solution is
am?
=11 —}(dy + cos 0 dg) ,
(r+ M)
1. (r=M) .,
A (r+M)(sm0sml1/d¢+cos¢/d0),

A= —(L——)(smﬁcosxpdqb—smx,l/dé)) (10)

It follows from the Charap and Duff prescription
that when there are no boundary terms the Pontryagin
number Py of the instanton is given by

Pyy =5x*3bPg (1n

where x is the Euler number and P,; the volume inte-

gral contribution to the Pontryagin number of the mani-

fold. For Taub—NUT x = 1, P;; = 2 and hence Py = 1.
For Taub—NUT

RY, ,R¥Pgdtx =15,
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n®=-1/6, [ 0=0. (12)
oM

So the Index Theorem predicts n, —n_ =4 but
n_ =0 by the previous argument so n, = 4. We solve
the equations in the Kinnersley tetrad

16M3 13 8Mi 9
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with p2 = 16M? [(r — M/)/(r +M) | and a dyad basis
(o*, A w1thl"=o oA nt= A4 e =0T
m?=1"%0

With respect to these bases the solutions of eq. (2)

are found to be

H
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(r+ M)
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K/11 +iK§1 =0,
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The basis (04, t4 ) is not regular at » = M, however we
can define a regular basis by

reg (p/4M)el\/J/2 ip/2 A

(p/4M) 1 —1\L‘/2 —ip/2 A

reg

and it can be seen that the solutions are regular at
r = M with respect to this new basis.

We now solve eq. (4) to obtain the constant covari-
ant primed spinors

a4’ = sin 0/2 el0/2 gA’ ++/2 cos 8/2 elo/2 oA’ ,
- L)
—\/2sin 8/2 &l¢/2A

Then taking the product of these with the solutions
(14), (15), (16) and (17) will give us the eight zero-mode
perturbations.

The three modes corresponding to isospin rotatlons
are found to be >\A°‘A ”ABA and )\ABA MAOIA
An interesting mode is ﬁAA = )\ABA' + ,uAaA which
can be written as

EAI =cos 8/2 e—i0/2 A

r—
(r+M)

B3=_ (dd/ +cos 8 dg) ,

Bl = =M (sm 6 sin ¢ d¢ + cos Y df),

(r+ MY

gr="1= (sm 8 cos ¥ do — sin  d8) . (19)
(r+ M)

These can be found in another way as the zero mode
corresponding to a one-parameter family of solutions
to the self-dual Yang—Mills equations found by Pope
[5].

The family is given by
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Thus the result found in the first part of the paper is

3 _I— M M illustrated by the calculation in the second half.
A r—+M{1+r+a}(d¢/+cosf)d¢),
u I would like to thank S.W. Hawking and C.N. Pope
r— . .
gl = _(r - )(sin 0 sin g do + cos Y d6) , for helpful discussions.
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