Introduction to Vectors and Frames
A simplified view
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Defining things relative to other things
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Defining things relative to other things
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COMMON NOTATION: Use the notation F,; to represent a
coordinate system or the position and orientation of an
object (relative to some unspecified coordinate system).
Use F, , to mean position and orientation of y relative to x.

600.445; Copyright © 1999-2002 rht

Fe;r‘nur Planned hole Pins

CT image

Tool path

600.445; Copyright © 1999-2002 rht




R
w Tool path

Planned
hole

ﬂA

ssume equal

600.445; Copyright © 1999-2002 rht

600.445; Copyright © 1999-2002 rht




Want these to be equal

Can calibrate

Tool path
(assume known for now)

Can control II [

| I

Planned
hole
Base of robot @

Assume equal

600.445; Copyright © 1999-2002 rht

WT/

F

= [ ]
Tip FWrist

II FWrist //
| /
Question: What value of F,,,
Base of robot will make F, ) =F, . ?
Answer:
-1
FWrist = FTargct ® I ® FWT
-1
= FTarget ° FWT
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Notational Note
We use the notation A e B

Question: What value of K,

rist
- will make K, =F, 7

to represent composition or
Answer:

F F.  eleF,

Wrist ~ * Target

transformation. Where the
context is clear, we may also use
AB for the same thing. =F e ® |
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Question: What value of F;

FWT

will make these equal?

rist

Tool holder
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But: We must find Fo; ... Let’s review some math

Fyiqw =Fer o Fop .I.FWT71

=F. oF, FWT71 /

§ = FHole ® FHP
Base of robot @
K
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Coordinate Frame Transformation

F=[R,p]
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Coordinate Frames
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Forward and Inverse Frame
Transformations

Forward Inverse

F =[R,p] F'v=b
b=R™"e(v-p)
=R'ev-Rep
v=Feb
=[R,p]eb
=Reb+p F'=[R"'-R"ep]
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Composition

Assume F, =[R,,p,], F, =[R,,p,]
Then
F,oF,eb=F ¢(F,eb)
=F ¢(R,eb+p,)
=[R,,p,]*(R, *b+p,)
=R,*R,eb+R, ¢p, +p,
=[R,*R,,R, ¢p, +p,]eb
So
F, oF, =[R,,p,]*IR,,p,]
=|R, *R,,R,p, +p,]
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Frame transformation from 3 point pairs

F rob
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Frame transformation from 3 point pairs
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Frame transformation from 3 point pairs

Vk = Ferk = Rerk +l—irC ﬁ}/‘* B}
Define a b .’
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V=—YYVv, b =—>b b 4
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u =v,-v, a=b-b,

F.a =R a +p,.
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RrCak +prC = RrC (bk _bm )+prC :\\ V*n /ﬁ'i
u Sx7
— — e — \ —
RrCak = Rerk +prC _Rerm _prC “u2
3 l_( _ﬁ_ _V_ _V_ _—5 __________ : ‘X
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Lot " Solve Thesel! | v,
I prC = um _Rer
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Rotation from multiple vector pairs

Given a system Ra, =u, fork=1,---,n the problem is to estimate R.
This will require at least three such point pairs. Later in the course we
will cover some good ways to solve this system. Here is a not-so-good
way that will produce roughly correct answers:

Step 1: Form matrices U=[ui, -+ u,]and A=[a, --- a,]

Step 2: Solve the system RA=U forR. E.g., by R=UA""
Step 3: Renormalize R to guarantee R'R =1.
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Renormalizing Rotation Matrix

Given "rotation" matrix R=[F, | ¥, | . |, modify it so R'R=1.

Step1: a
Step2: b=F xa

b

Iel

Step3: R —li

normalized ~— ||5||

P
rz
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Calibrating a pointer

But what is by, ??
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Calibrating a pointer

tip

Flab 600.445; Copyright © 1999-2002 rht

Calibrating a pointer

For each measurement k&, we have
bpost = Rkbtip +f)k

l. e,
Rkbtip _bpost = _l_jk

Set up a least squares problem
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Another Example

P =Fry *Py
Fry =Fg oFy,
=[R; *Ryy,R; * Py +Pg]
5Tf =R Ry, .5Uf +Ry .5BU +5B
Also
Pr; =F; *pg
Psr =Fay * Py
=Ry, *Pyr +Pgy
ISTf =R; *Ry, 'ISUf +Ry .ﬁBU +5B
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Another Example

Suppose that the track body O AN
to US calibration is not perfect )/
. L FN
Fou =FsuAFg, \

= [RBUARBU’RBUAE’BU +5BU] \'p

AE’Bf = FBUAFBU'_jUf - ISBf
=Fau (AR Py + APg, ) — (RBur)Uf +Psy )
= RBUARBUr_jUf + RBUA‘SBU + ﬁsu - RBU‘SUf - |5BU
= RBUARBUr_jUf + RBUA‘SBU - RBU|5Uf
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Another Example
Continuing ...

AﬁBf = RBUARBUF_SUf + RBUAF_SBU - RBU6Uf
= RBU (I + Skew(&BU ))5Uf + RBUAE)BU - RBU5Uf

:/w{Uf +Ry, * g, XﬁUf + RBUAE)BU _Mw

=Ry, ® g, XPyr + Ry APy
=Ry, *Pys X0y + Ry APy
= RBUSkeW(_ﬁBU )O_ZBU + RBUAISBU
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Another Example
Py + APy, = FoAF, (P + AP, )
AﬁTf = FB (AFBF_jBf + AFBAlssf )_ Fsﬁgf
AF; (Per + AP )= AR, (P, + APy )+ AP,
= (Por + APy )+ AP,

= (5Bf + AﬁBf )+ &B X 5Bf + O_ZB X AE’Bf + AE)B

AﬁTf ~Fy - FBE)Bf
= RB +5B _(RBﬁBf +55)
= RB

A"_jBf = RBU'SkeW(_ﬁBU )&BU + RBUAF_SBU
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Another Example
P, + APy = FAF; (Bgr + APy, )
AP =F,AF, (B, + Ay, ) - Fuby
AF; (P +APg )= AR, (Pgr + APy )+ AP,

=~ (I+skew () )(Pgr + APy )+ AP
= (Por + APy )+ 0lg X Py, + g X AP + AP
=Py + APy + G XPgy + AP,

APy =Fy (Prr + APy + 0 Py + AP, )~ FgPg
=F, (APg; +0ig XPg; + AP; )

APgr = RpySkew (-Pg,)0sy + RoyAPsy
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