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Abstract— We analyze the problem of finding the optimal
placement of tracked primitives for robust vision-based con-
trol of a mobile robot. The analysis evaluates the properties
of the Image Jacobian matrix, used for direct generation of
the control signals from the error signal in the image, and
the accuracy of the underlying sensor system. The analysis
is then used to select optimal tracking primitives that ensure
good observability and controllability of the mobile system
for a variety of sensor system configurations.

The theoretical results are validated with our mobile robot
for system configurations that use standard video cameras
mounted on a pan-tilt head and catadioptric systems.

I. MOTIVATION

Localization is a fundamental task on mobile systems.
Knowledge about the current position relative to land-
marks in a local area is essential for planning and task
specification. In many cases it is not necessary to use
sophisticated models of the environment to specify the
path of a mobile system. Many systems merely need to
follow pre-specified paths learned in a teaching phase
to fulfill their tasks, e.g. mail delivery robots, storage
management robots, sentry robots, etc. This is in fact our
goal: to develop a system that can be walked in a teaching
phase through the environment. During this phase it learns
the path based on position of identified tracking primitives,
like color blobs, gray-scale patterns or disparity regions. It
uses this knowledge later to repeat this path by generating
the control signal directly from the error between the
expected position in the image for the tracked primitives
and their actual position during the replay step.

A standard localization method is to measure angles
between landmark positions and to compute the pose
from intersections of the circles that represent the possible
positions from each possible pair of bearing measure-
ments [14], [10], [6], [2]. We extend this idea by mea-
suring both azimuth and elevation angles of a landmark
to represent its position on a sphere instead of a circle
(Fig. 1).

There have been a number of papers on the process of
selecting useful features points or natural markers in image
data [7], [8], [9], [11], [12], [13], [15]. These approaches
select optimal landmarks based on their appearance in the
image. In this paper we analyze the problem of finding

the optimal placement of tracked landmarks based on their
3D position in the world.

In [3] we presented a system that allows vision-based
control of mobile robots in a local path segment with pre-
selected tracking primitives (features). The system directly
uses the input from a sensor that provides measurements
of the angular directions of the incident light rays to
navigate in a local area (Fig. 1). This ideal sensor can be
approximated with a variety of sensor configurations such
as omnidirectional cameras or standard cameras mounted
on pan-tilt heads, to give just a short list of possible
configurations.

a
b

Fig. 1. Ideal generic sensor system measuring the horizontal α and
vertical β angle of incidence.

Theoretical considerations presented in this paper are
validated in multiple experiments. They show that varying
landmark configurations do significantly influence the
quality of the generated control signals. Finding optimal
landmark configurations is essential for several areas of
work with mobile systems. The correct selection depends
partly on spatial resolution of the used sensor system. The
results from this paper help to choose an optimal sensor
system for a specific room structure with pre-specified
artificial landmarks. In on-line landmark selection process
during the initial phase of operation in a local path
segment, the results of this paper help to choose landmarks
allowing best control signals in a given segment.

Our goal is to investigate the properties of the Jacobian
matrix used to map deviations in the 3D space onto
changes in the perception of the ideal sensor (Fig. 1).

The remainder of this article is structured as follows.
The next section describes the geometry of the vision-
based control problem. Section III describes the evaluation

Proceedings of the 2003 IEEE 
International Conference on Robotics & Automation 
     Taipei, Taiwan, September 14-19, 2003 

0-7803-7736-2/03/$17.00 ©2003 IEEE 3917



of the system sensitivity to changes in the input parameters
and the expected input sensitivities of the camera systems.
Section IV presents numerical evaluation and experimental
results from a real system. We close with a discussion of
future work.

II. VISION-BASED CONTROL SYSTEM

As already described in [3] in more detail, the presented
navigation system operates in two steps. In a teaching
phase the user takes the robot for a walk. The robot
saves the image positions of selected tracking primitives
(e.g. color blobs, gray-scale patterns, etc.) to identify
positions in the world that later are used to repeat this path
autonomously in the replay phase. The control signals are
generated directly from the error signal in the image using
the Image Jacobian matrix described in Section II-B.

A. Spherical Image Projection

We assume a non-holonomic mobile system with unicy-
cle kinematics throughout the article. The system operates
in the (x, z, Θ) coordinates (Fig. 2).
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Fig. 2. Coordinate system used in the system.

We describe the imaging properties of the generic
sensor system depicted in Fig. 1 in spherical coordinates
(α - azimuth angle, β - elevation angle). The origin of the
robot coordinate system is assumed to be at the center of
rotation of the mobile system, the optical z axis points in
the “forward” direction of the robot motion, and the x axis
points to the “right” of the robot orientation (Fig. 2). A
point in space relative to the robot can then be described
by the triple (xi, yi, zi).

We define the spherical coordinates (αi, βi) in the
camera projection of an observed point Pi to

αi = arctan
xi

zi

∧ βi = arctan
yi

√
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i + z2

i

(1)

B. The Image Jacobian

Now, assuming holonomic motion in the plane, we can
compute the following Image Jacobian that relates the
change of angles in the image, (αi, βi), to changes in
position in the (x, z)-plane from (1):
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The dependency on the unknown position (xi, zi) of

the robot relative to the tracked landmark can be avoided
considering the geometry of the system to:
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Note in particular that the Image Jacobian is a function
of only one unobserved parameter, yi, the height of the
observed point. Furthermore, this value is constant for
motion in the plane. Thus, instead of estimating a time-
changing quantity as is the case in most vision-based
control, we only need to solve a simpler static estimation
problem. We refer to [3] for a detailed description of the
yi-estimation.

In the following text we assume that the system already
learned the positions of the tracked objects as columns
in a matrix Mp in the teaching phase [3]. In the replay
phase the values Mp[t][i] representing the stored positions
for the tracker i at the time stamp t together with the
estimations of yi are used to calculate the position error
of the robot ∆wt = (dx, dz, dΘ)T .

For each tracked landmark we can write the dependency
of the observation error in the image ∆et

i on the position
error ∆wt using (2) to

∆et
i = J t

i · ∆wt, with ∆et
i = Mp[t][i] − pt

i. (4)

Since all observations depend on the same position error
∆wt and we are interested in estimation of the position
error ∆wt from the error in the camera image ∆et

i , we
need to invert the equation (4). It is not possible to estimate
all three values of ∆wt from one landmark (αi, βi) in the
image. We compute a “stacked” observation vector ∆et

using (4) to

∆et = J t · ∆wt, with

J t = (J t
1 , . . . ,J t

N )
T ∧ ∆et = (∆et

1, . . . , ∆et
N )

T

(5)
From (5) we can estimate ∆wt using the pseudo-

inverse (J t)−1 of the “stacked” Image Jacobian matrix
from (2) to
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∆wt = (J t)−1·∆et, with (J t)−1 = (J tTJ t)−1J tT

(6)
The value ∆wt describes the error in the 3D position

that we use to generate the control signals for the robot.

III. SYSTEM ANALYSIS

The relative error in the solution caused by perturbations
of parameters can be estimated from the condition number
of the Image Jacobian matrix J. The condition number
is the ratio between the largest and the smallest singular
value of the matrix J.

The condition number estimates the sensitivity of solu-
tion of a linear algebraic system to variations of parame-
ters in matrix J and in the measurement vector b.

Consider the equation system with perturbations in
matrix J and vector b:

(J + εδJ )xb = b + εδb (7)

The relative error in the solution caused by perturbations
of parameters can be estimated by the following inequality
using the condition number κ calculated for J (see [5]):

||x − xb||
||x|| ≤ κ

(

ε
||δJ ||
||J || + ε

||δb||
||b||

)

+ O(ε2) (8)

Therefore, the relative error in solution x can be as large
as condition number times the relative error in J and b. The
condition number together with the singular values of the
matrix J describe the sensitivity of the system to changes
in the input parameters.

In the following subsections we investigate the observ-
ability and accuracy of the output parameters (x, y, z)
from the input stream of the camera system (sec. III-
A) and the influence of the real sensor on the achievable
accuracy of the system (sec. III-B).

A. Optimal Landmark Configuration for the Image Jaco-
bian Matrix

The singular values can be obtained as positive square
roots of the eigenvalues of the matrix JT · J . With
yi∈{1,...,N} as heights of the tracked objects, αi∈{1,...,N}

as azimuth angles to them and βi∈{1,...,N} as their eleva-
tion angles. The resulting matrix for N landmarks has the
form shown in (9).

The system estimates three parameters (dx, dy, dΘ)
from the image positions (ui, vi) of all tracked primitives
(features) i ∈ {1, . . . , N} (4). Therefore, at least two fea-
tures are necessary to estimate all 3 position parameters.

Each feature contributes a measurement of a distance
∆ri from the robot to the feature in the ground plane and

an orientation ∆Θ relative to it. The equation (3) can then
be written in this case as:
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From the equation (10) we learn that an error ∆Θ is
directly forwarded to the output value αi, while the value
∆r, the error in the distance to the feature, is scaled with
the value

κr =

[

y ·
(

1 +

(

ri

yi

)2
)]−1

(11)

Since in our case the measurement error is in the image
space, the resulting errors in the world are dependent on
the reciprocal values.
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Fig. 3. Dependency of κr on yi and ri.

We deduce from the above equation that the optimum
placement of the feature should maximize the above
expression to allow good observability of the position error
∆r. The optimal value can be estimated to

dκr

dyi
= − 1

xi
2
(

1 + ri
2

yi
2

) +
2 · ri

2

yi
4
(

1 + ri
2
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2

)2 = 0

⇒ yi = ±ri ⇒ βi = arctan
yi

ri

(12)

that corresponds to an angle |βi| = 45◦.
It is shown that any linear system has at least one

solution component whose sensitivity to perturbations is
proportional to the condition number of the matrix, but
there may exist many components that are much better
conditioned [4]. The sensitivity for different components
of the solution changes depending on the configuration
of the landmarks and the relative position of the robot to
them.
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Figure 4 shows that the sensitivity to perturbations
in image coordinates is highest when close to the two
landmarks selected for this evaluation. The two peaks in
Figure 4 indicate this. The sensitivity to changes in the
x-coordinate are slightly better (left) than the sensitivity
to the changes in z direction (right in Figure 4).
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Fig. 4. Sensitivity (Y) to changes in x (top) and z (bottom) coordinates
for two landmarks at (3,2,5) and (0,1,10).

This result could be validated in the result section with
a real sensor system (section IV-B).

Figure 5 shows the expected uniform sensitivity to
angular errors dΘ (10). The visible singularities are at
the positions of the tracked landmarks, where a simulta-
neous measurement of the horizontal components of both
landmarks is not possible.

B. Angular Resolution of the Sensor System

We assumed so far in this paper that the used sensor
system meets the requirement from Figure 1 of uniform
angular resolution in the α and β directions.

This ideal sensor can only be approximated with real,
physical sensor systems. In our experiments we used two
different sensor configurations that approximate this ideal
sensor (Fig. 6).
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Fig. 5. Sensitivity (Y) to changes in Θ.

Fig. 6. Two implementations of the ideal sensor from Figure 1:
(left) combination of a pan-tilt head with standard camera; (right)
omnidirectional camera.

The standard video camera has a limited field of view. A
camera equipped with an 8mm lens has a field of view of
approximately 50◦. The angular resolution of this camera
varies depending on the distance from the optical center
and is highest around the center. The resolution of this
camera εp around center can be estimated to

εp = arctan
px

f
, px − pixelsize, f − focal length (13)

This type of camera is very sensitive to coordinate
changes in the world, especially around the optical center.
However, the limited field of view restricts the possible
configurations of the landmarks to just a narrow field in
front of the camera. Considering the requirement for the
landmarks to be visible over a long path segment, this
kind of camera gives poor control results at the beginning
of the segment, when the landmarks are still far away.
Objects at larger distances away appear closer to the center
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where the resolution is higher than in the periphery. The
characteristics of the angular resolution for this type of
camera slightly compensates the decrease in the sensitivity
of the Jacobian matrix for larger distances from the robot.

Fig. 7. The geometry used to derive the resolution of a catadioptric
sensor (from [1]).

According to the derivation in [1] the resolution of a
catadioptric camera (i.e. omnidirectional camera) dA/dν
with a hyperbolic mirror relates to the resolution of a
standard camera dA/dω as (see Fig. 7):

dA

dν
=

r2 + z2

(c − z)2 + r2
· dA

dω
(14)

where (r, z) is a point on the mirror being imaged and c is
the distance between the viewpoint of the mirror-camera
configuration and the focal point of the lens. Using simple
properties of hyperboloids it follows that the factor in (14)
increases with r. This system has the highest resolution
around the periphery. In the configuration depicted in
Figure 6 objects in the periphery are in the largest distance
from the robot. Here again the imaging properties of the
camera system compensate for the flaws in the sensitivity
of the control system. The omnidirectional camera has the
advantage to track features over a larger azimuth range
of 360◦ compared to the 50◦ of a standard camera. This
allows landmarks to be much closer to the robot during the
initial landmark selection. Additionally, it allows them to
stay visible over the same path length since the robot can
pass between them without losing track of any of them.
Since the sensitivity of the system decreases quadratically
with the distance ri to the landmark (11), reducing the
initial distance results in a high sensitivity gain of the
system observed on our mobile system.

IV. RESULTS

A. Sensitivity of the Jacobian Matrix

Based on the considerations in Section 3 we conclude
that the system tries to minimize the distances to the
tracked features to keep κr maximal (see (11) and Fig. 3).
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Fig. 8. Distribution of the condition number values for 2 similar
landmarks:(left) surface plot; (right) contour plot.
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Fig. 9. Distribution of the condition number value for 3 similar
landmarks: (left) surface plot; (right) contour plot.

The plotted examples for two and three landmarks in
Figures 8 and 9 confirm this assumption. Each landmark
results in a cavity in the plotted surface representing the
condition number.

The influence of a single landmark on the condition
number can be evaluated by choosing two landmarks with
extreme different impacts on the shape of the surface. In
the following example we have chosen two landmarks at
the coordinates (3,4,5) and (0,0.1,10). We follow from
equation (11) that the influence of the second landmark
(y2 = 0.1) is several magnitudes lower than that of the
first landmark (y1 = 5). This assumption is verified in
Figure 10.
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Fig. 10. Influence of a single landmark on the condition number: (left)
perspective view; (right) projection from one side.

B. Overall Sensitivity of the System

As mentioned already in Section III, the error of the
system output consists of the error in the system input
projected by the Jacobian matrix onto the output data
space. For the sensor configuration consisting of an omni-
directional sensor that measures the angles of the incident
rays, we measured the input error in the image space
(Fig. 11).
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Fig. 11. Standard deviation of the error in the estimation of α (solid) and
β (dashed) angles (in radians) from the tracking process vs. displacement
as system moves away from tracked features.

As already predicted in Section III-A, the x-coordinate
estimates better follow the changes in the image coor-
dinates than the z-coordinate estimates (Fig. 12). The
sensitivity for the x-coordinates is higher and allows for
a higher accuracy of control in this direction.
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Fig. 12. Standard deviation of the error in the estimation of the
displacement for x (solid) and z (dashed) as system moves away from
tracked features. Experimental and simulated results shown.

Fig. 12 validates the correctness of the used system
model. The predicted error for both coordinates (x, z)
matches the actual measurements on our mobile system.

V. CONCLUSIONS

Our work is part of a system for sensor based navi-
gation in which natural landmarks are used as markers
or landmarks. In this system, a set of natural landmarks
is used for navigation in a given path segment. The sets
change each time any of the landmarks disappear due to
occlusions or limited field of view of the conventional
camera system. This defines the boundaries between the
path segments. The landmarks can be selected manually
by the user in a teaching phase or they are selected
automatically by the system.

We have discussed the optimal selection of landmarks
to obtain the best control results for a given environment
based on the sensitivity of the sensor system used to
model the ideal sensor with uniform angular resolution
from Figure 1 and based on projection properties of the
Image Jacobian matrix used to generate the control signals
from the image data.

The presented results can be used for optimal config-
uration of catadioptric and standard camera systems. A
correct selection of the imaging properties of the camera
can compensate some of the insensitivities of the control
system such as for landmarks at larger distances from the
robot.

In the future, the system will be extended to automati-
cally select new landmarks for omnidirectional navigation
based on the results from this paper.
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