
Quantity ke kroot Final
Expectation 〈pe, pere〉 〈Z, r〉 r/Z

Entropy re
def
= log pe, so ke = 〈pe, pe log pe〉 〈Z, r〉 log Z − r/Z

Cross- 〈qe〉 〈Zq〉 log Zq − r/Zpentropy re
def
= log qe, so ke = 〈pe, pe log qe〉 〈Zp, r〉

Bayes risk re
def
= Le, so ke = 〈pe, peLe〉 〈Z, r〉 r/Z

First-order 〈pe,∇pe〉 〈Z,∇Z〉 ∇Zgradient
Covariance 〈pe, pere, pese, perese〉 〈Z, r, s, t〉 t

Z − r sT

Z2matrix
Hessian 〈pe,∇pe,∇pe,∇2pe〉 〈Z,∇Z,∇Z,∇2Z〉 ∇2Zmatrix
Gradient of 〈pe, pere,∇pe, (∇pe)re + pe(∇re)〉 〈Z, r,∇Z,∇r〉 Z∇r−r∇Z

Z2expectation
Gradient of 〈pe, pe log pe,∇pe, (1 + log pe)∇pe〉 〈Z, r,∇Z,∇r〉 ∇Z

Z − Z∇r−r∇Z
Z2entropy

Gradient of 〈pe, peLe,∇pe, Le∇pe〉 〈Z, r,∇Z,∇r〉 Z∇r−r∇Z
Z2risk

Table 3.4: A summary table of the quantities that can be computed using first- and
second-order expectation semirings. For each quantity, the table specifies the weight
(i.e., ke) for each hyperedge e, the weight (i.e., kroot) returned at the root node after running
the inside algorithm of Figure 3.1 (or the inside-outside speedup of Figure 3.3), and the
final value we should use for the quantity. In the column of “Quantity”, we boldface those
quantities that are general, while the quantities not boldfaced are specific examples of the
general quantity above (e.g., entropy is an example of expectation). The form of pe and
∇pe depends on the particular parameterization of the model. For example, in a log-linear
model, pe

def
= ef(e)·θ and thus ∇pe = pef(e), where θ is a parameter vector and f(e) is a

feature vector depending on the hyperedge e.

To use a semiring to compute a quantity, we need to at least implement the inside algo-
rithm of Figure 3.1, which works for any semiring (including the expectation and variance
semirings). If we need to compute expectations and use the speed-up trick described in
Section 3.2, we also need to implement the outside algorithm of Figure 3.2 (which requires
the inside algorithm), and the inside-outside algorithm of Figure 3.3 (which will call both
the inside and outside algorithms as sub-routines).

In terms of semirings, if we do not use the inside-outside speedup, we need to imple-
ment the operations both for expectation semiring (see Table 3.1) and for variance semiring
(see Table 3.2). In contrast, if we use the speedup, we just need to implement the opera-
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