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Abstract

In the popular computer game of Tetris, the player is given a sequenceof tetromino pieces
and must padk them into a rectangular gameloard initially occupiedby a given con guration of
lled squares;any completely lled row of the gameloard is clearedand all piecesabove it drop
by one row. We prove that in the oine version of Tetris, it is NP-complete to maximize the
number of cleared rows, maximize the number of tetrises (quadruples of rows simultaneously
lled and cleared), minimize the maximum height of an occupiedsquare,or maximize the number
of piecesplaced before the game ends. We furthermore show the extreme inapproximabilit y of
the rst and last of these objectives to within a factor of pt *, when given a sequenceof p
pieces,and the inapproximabilit y of the third objective to within afactor of 2 ", for any " > 0.
Our results hold under seweral variations on the rules of Tetris, including di erent models of
rotation, limitations on player agility, and restricted piecesets.

1 Intro duction

Tetris [13] is a popular computer gamethat was invented by mathematician Alexey Pazhitnhov in
the mid-1980s. By 1988, just a few yearsafter its invertion, Tetris wasalready the best-sellinggame
in the United Statesand England. Over 50 million copieshave beensold worldwide. (Incidentally,
She [12] givesa fascinating accourt of the tangled legal debate over the prots, ownership, and
licensing of Tetris.)

In this paper, we embark on the study of the computational complexity of playing Tetris. We
considerthe o ine versionof Tetris, in which the sequencef piecesthat will be droppedis speci ed
in advance. Our main result is that playing o ine Tetris optimally is NP-complete,and furthermore
is highly inapproximable.

The game of Tetris. Concretely, the game of Tetris is as follows. (We give precisede nitions

in Section 2, and discusssomevariants on these de nitions in Section 6.) We are given an initial

gamelwmard, which is a rectangular grid with somegridsquares lled and someempty. (In typical
Tetris implementations, the gameloard is 20-by-10, and \easy" levels have an initially empty
gameboard, while \hard" levels have non-empty initial gameloards, usually with the gridsquares
below a certain row lled independertly at random.)

A preliminary version of this paper appears in the proceedingsof the 9th Annual International Conference on
Computing and Combinatorics (COCOON '03). Comments are welcome.
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Figure 1. The tetrominoes Sq (\square"), LG (\left gun"), RG(\righ t gun"), LS (\left snake"), RS
(\righ t snake"), |, and T, with ead piece'scenter marked.

A sequenceftetrominoes|see Figure 1|is generated,typically probabilistically; the next piece
appearsin the middle of the top row of the gameboard. The piecefalls, and asit falls the player
can rotate the piece and slide it horizontally. It stops falling when it lands on a lled gridsquare,
though the player hasa nal opportunity to slide or rotate it beforeit stops moving permanenly.
If, whenthe piececomesto rest, all gridsquaresin an entire row h of the gameloard are lled, row
h is cleared: all rows above h fall one row lower, and the top row of the gameloard is replaced
by an entirely unlled row. As soon as a pieceis xed in place, the next piece appearsat the top
of the gameboard. To assistthe player, typically a one-piecelookahed is provided|when the ith
piecebeginsfalling, the identity of the (i + 1)st pieceis revealed.

A player loses when a new piece is blocked from ertirely entering the gameboard by lled
gridsquares. Normally, the player can never win a Tetris game,sincepiecescortinue to be generated
until the player loses. Thus the player's objective is to maximize his or her score(which increases
as piecesare placed and as rows are cleared).

Our results. In this paper, we introduce the natural full-information (o ine) version of Tetris:
we have a deterministic, nite piece sequenceand the player knows the identity and order of all
piecesthat will be preseried. (Games Magazine has posed seweral Tetris puzzles based on the
oine game[9].) We study the oine versionbecauseits hardnesscaptures much of the dicult y
of playing Tetris; intuitiv ely, it is only easierto play Tetris with complete knowledge of the future,
sothe dicult y of playing the oine version suggeststhe di cult y of playing the online version.
It alsonaturally generalizesthe one-piecelookaheadof implemented versionsof Tetris.

It is natural to generalizethe Tetris gameloard to m-by-n, since a relatively simple dynamic
program solvesthe m n = O(1) casein time polynomial in the number of pieces. Furthermore,
in an attempt to considerthe inherent dicult y of the gameland not any accidertal dicult y
due to the limited reaction time of the player|w e initially allow the player an arbitrary number
of shifts and rotations before the current piece drops by one row. (We restrict to realistic agility
levels later.)

In this paper, we prove that it is NP-complete to optimize any of sewral natural objective
functions for Tetris: (1) maximizing the number of rows cleared while playing the given piece
sequence;(2) maximizing the number of piecesplaced before a loss occurs; (3) maximizing the
number of times a tetris [the simultaneous clearing of four rows|o ccurs; and (4) minimizing the
height of the highest lled gridsquare over the courseof the sequence.We also prove the extreme
inapproximabilit y of the rst two (and the most natural) of these objective functions: given an
initial gameloard and a sequenceof p pieces,for any constart " > 0, it is NP-hard to approximate
to within a factor of p* * the maximum number of piecesthat can be placedwithout a loss,or the
maximum number of rows that can be cleared. We also shaw that it is NP-hard to approximate
the minimum height of the highest lled gridsquareto within a factor of 2 ".

To prove theseresults, we rst show that the cleared-rov maximization problem is NP-hard,
and then give extensionsof our reduction for the remaining objectives. Our initial proof of hardness
proceedsby a reduction from 3-Par tition , in which we are givena set S of 3s integersand a bound



T, and asked to partition S into s sets of three numbers ead so that the sum of the numbersin
eadt setis exactly T. Intuitiv ely, we de ne an initial gameloard that forces piecesto be placed
into s piles, and give a sequenceof piecessothat all of the piecesassaiated with ead integer must
be placedinto the samepile. The player can clear all rows of the gameloard if and only if all s of
thesepiles have the sameheight. A key di cult y in our reduction is that there are only a constart
number of piecetypes, so any interesting componert of a desired NP-hard problem instance must
be encaded by a sequenceof multiple pieces. The bulk of our proof of correctnessis dewvoted to
shawing that, despitethe decouplednature of a sequenceof Tetris pieces,the only way to possibly
clear the ertire gameloard is to placein a single pile all piecesassaiated with a particular integer.
Our reduction is robust to a wide variety of modi cations to the rules of the game. In particular,
our results continue to hold in the following settings: (1) with restricted player agility|allo wing
only two rotation/translation movesbefore ead piecedrops in height; (2) under a wide variety of
di erent rotation models|including the somewhatnon-intuitiv e model that we have obsened in
real Tetris implementations; (3) without any losses|i.e., with anin nitely tall gameloard; and (4)
when the piecesetis restricted to LG, LS;I; Seg or f RG RS I; Sag, plus at least one other piece.

Related work: Tetris. This paper is, to the best of our knowledge,the rst consideration of the
complexity of playing Tetris. Kostreva and Hartman [10] consider Tetris from a control-theoretic
perspective, using dynamic programming to choosethe \optimal" move, using a heuristic measure
of con guration quality. Other previous work has concerrated on the possibility of a perpetual
loss-avoiding strategy in the online, in nite version of the game. In other words, under what
circumstancescan the player be forcedto lose,and how quickly? Brzustowski [2] has characterized
all one-piece(and sometwo-piece) piecesetsfor which there are perpetual loss-avoiding strategies.
He has also shawn that, if the machine can adversarially choose the next piece (following the
lookahead piece) in reaction to the player's moves, then the machine can force an eventual loss
using any piecesetcontaining fLS;RSy. Burgiel [3] has strengthened this result, showing that an
alternating sequenceof LSs and RSs will eventually causea lossin any gameloard of width 2n
for odd n, regardlessof the player's strategy. This implies that, if piecesare chosenindependertly
at random with non-zeroprobability masson both LS and RS there is a forced evertual losswith
probability one.

Recenly, Breukelaar, Hoogeloom, and Kosters [1] have given a signi cant simpli cation of our
reduction and proof of the NP-hardnessof maximizing the number of rows clearedin a Tetris game.
By using a more restrictive construction to limit piece placemen, they are able to give a much
shorter proof that all piecesassaiated with a particular integer must be placedin the samepile.
(They have many fewer casesto consider.) The extensionsto our reduction that we presen in
Sections4, 5, and 6 can also be applied to their reduction to achieve the sameresults regarding
di erent rules/objectivesand inapproximabilit y.

Related work: other games and puzzles. A number of other popular one-player computer
gameshave recertly beenprovento be NP-hard, most notably the game of Minesweeper [8]|or,
more precisely the Minesweeper \consistency" problem. Seethe survey of the rst author [4] for a
summary of other gamesand puzzlesthat have beenstudied from the perspective of computational
complexity. These results form the emerging area of algorithmic combinatorial game theory, in
which many new results have beenestablishedin the past few years, e.g., Zwick's positive results
on optimal strategiesfor the two-player block-stacking game Jenga [14].



2 Rules of Tetris

Here we rigorously de ne the game of Tetris, formalizing the intuition of the previous section. For
concretenesswe have chosento give very speci c rules, but in fact the remainder of this paper is
robust to a variety of modi cations to theserules;in Section 6, we will discusssomevariations on
theserules for which our results still apply.

The gamelmard is a grid of m rows and n columns, indexed from bottom-to-top and left-to-
right. The h;jith gridsqua is either un | led (open, unoccupied) or | led (occupied). In a legal
gameboard, no row is completely lled, and there are no completely empty rows that lie belov
any lled gridsquare. When determining the legality of certain moves, we considerall gridsquares
outside the gameloard as always-occupied sentinels.

The sewen Tetris piecesare exactly those connectedrectilinear polygons that can be created
by assenbling four 1-by-1 gridsquares. The center of ead pieceis showvn in Figure 1. A piece
state P = h; o;h;ji;fi consistsof: (1) a piecetypet 2 fSq LG, RG LS, RS I;Tg; (2) an orientation
02 f0 ;90 ;180 ;270 g, the number of degreesclockwise from the piece'sbase orientation (shown
in Figure 1); (3) a position h;ji 2 f1;:::;mg f1;:::ng of the piece'scerter on the gameloard;
and (4) the valuef 2 f xed;un xedg, indicating whether the piece can continue to move. (The
position of a Sqis the location of the upper-left gridsquare of the Sq, sinceits certer falls on the
boundary of four gridsquaresrather than in the interior of one.) In an initial piece state, the piece
is in its baseorientation, and the initial position placesthe highest gridsquaresof the pieceinto
row m, and the cernter into column bn=2c, and the pieceis un xed.

For now, rotations will follow the instantaneous rotation model. (We discussother rotation
models in Section 6.) For a piece state P = h; o;h; ji;un xedi, a gameloard B, and a rotation
angle = 90, the rotated piecestate R(P; ;B) ish; (o+ ) mod 360 ;h;ji;unxedi aslong as
all the gridsquaresoccupied by the rotated pieceare unoccupiedin B; if someof thesegridsquares
are full in B then R(P; ;B) = P and the rotation is illegal.

Playing the game. No movesare legal for a pieceP = h; o;h;ji; xedi. The following moves
are legal for a piece P = h; o;h; ji;unxedi, with current gameloard B: (1) a rotation, result-
ing in the piece state R(P; 90 ;B); (2) a translation, resulting in the piece state h; o;hi |
1i;un xedi, if the gridsquaresadjacert to P are openin B; (3) a drop, resulting in the piece state
h; o;h 1;ji;unxedi, if all the gridsquaresbeneath P are openin B; and (4) a x, resulting in
it; o;h; ji; xedi, if at least one gridsquare belov P is occupiedin B. A trajectory of a pieceP
is a sequenceof legal moves starting from an initial state and ending with a x move. The result
of this trajectory on gameloard B is a new gametoard B as follows:

1. The new gameloard BPis initially B with the gridsquaresof P lled.

2. If the pieceis xed sothat, for somerow r, every gridsquarein row r of BCis full, then row r
is cleared. For eah r® r, replacerow r®of BOby row r°+ 1 of B2 Row m of Bis an empty
row. Multiple rows may be clearedby the xing of a single piece.

3. If the next piece'sinitial state is blocked in B® the gameendsand the player loses

For a game hBo; P1;:::;Ppi, a trajectory seguen®@ is a sequenceBo; 1;B1;:::; p;Bp sothat,
for eadh i, the trajectory ; for piece P; on gameboard B; 1 results in gameloard B;. However, if
there is a losing move 4 for someq p then the sequence terminates at B instead of B.
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Figure 2: The initial gameboard for a Tetris game mapped from an instance of 3-Par tition

The Tetris problem. For concretenesswe will focus our attention on the following Tetris

that clearsthe erntire gameloard of G? (We will consider other Tetris objectivesin Section 4.)
Membership of Tetris in NP follows straightforwardly.

3 NP-completeness of Tetris

We de ne a mapping from instancesof 3-Par tition  [7, p. 224]to instancesof Tetris . Recall the
3-Partition problem:

Giv en: A sequenceas;:::;ass of non-negative intggers and a non-negative integer T, so that
T=4< g < T=2forall1 i 3sandsothat 3= a = sT.
Output: Canlgl;:::;3sg be partitioned into s disjoint subsetsAq;:::;Agsothat, foralll | s,

we have ;5 a = T?

We chooseto reduce from 3-Par tition  becauseit is NP-hard to solve this problem even if the
inputs a and T are provided in unary:

Theorem 3.1 (Garey and Johnson [6]) 3-Partition is NP-completein the strong sense. 2

Given an arbitrary instance P = haj;:::;ass; Ti of 3-Partition , we will produce a Tetris game
G(P) whosegameloard can be completely cleared preciselyif P is a \y es" instance. (For brevity,
we omit somedetails; see[5].)

The initial gameloard is showvn in Figure 2. The topmost 3s + O(1) rows form an empty
staging area for rotations and translations. Below, there are s buckets ead six columns wide,
corresponding to the setsAz;:::;As for the instance of 3-Par tition . Each bucket has un lled
notchesin its fourth and fth columnsin every sixth row, beginningin the fth row. The rst four
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Figure 4: Unprepped buckets.

rows of the rst and secondcolumnsin ead bucket areinitially lled, and the sixth column of each
bucket is entirely lled. The last three columns of the gameloard form a lock, blocking accessto
the last column, which is unlled in all rows but the second-highest. Until a pieceis placed into
the lock to clear the top two rows, no lower rows can be cleared.

The piecesequenceconsistsof the following sequenceof piecesfor eat a;;:::; aszs: oneinitiator
H; LG, Sg, then a; repetitions of the | ler LG, LS, LG, LG, Sg, and then one terminator hSqg Sg.
After the piecesassaiated with asi;:::;ass, we have the following additional pieces: s successie

I's, one RG and 3T=2+ 5 successie I's. (Without lossof generality, we can assumeT is even by
multiplying all input numbers by two.)
The Tetris instance G(P) hassizepolynomial in the sizeof the 3-Par tition  instance P, since

Lemma 3.2 (Completeness) For any \yes" instance P of 3-Partition , there is a trajectory
sguene that clears the entire gamelpard of G(P) without triggering a loss.

Proof. In Figure 3, we show how to place all of the piecesassaiated with the number a; in a

sothat ,, & = T. Place all piecesassaiated with ear i 2 A; into the jth bucket of the
gameloard. This yields a con guration in which only the last four rows of the third column of each
bucket are un lled. Next we place one of the s successie I's into ead bucket, and the RGinto the
lock; the rst two rows are then cleared. Finally, we place the 3T=2+ 5 successie I's into the last
column. Each of the I's clearsfour rows; in total, this clearsthe entire gameloard. 2

The proof of soundnessis somewhat more involved; here we give a high-level summary and
somesuggestiwe details only. Call a trajectory sequencevalid if it completely clearsthe gameloard
of G(P), and call a bucket un| lable if it is impossibleto Il all of the empty gridsquaresin it



using arbitrarily many piecesfrom the setfLG,LS; Sq lg. Also, we say that a con guration with
all buckets asin Figure 4 is unprepped.

Prop osition 3.3 In any valid trajectory sequene:
1. no gridsquark alove row 6T + 22 is ever | led;

2. all gridsquares of all pieces preceding the RG must all be placed into buckets, | ling all empty
bucketgridsquares;

3. no rows are cleared before the RGin the sequene;

4. all gridsquares of all pieces starting with (and including) the RG must be placed into the lock
columns, | ling all empty lock gridsquares;

5. no con gur ation with an un | lable bucketarises.

6. in an unprepged con gur ation, all piecesin thesqquen& I;LG; Sg r h LG, LS; LG, LG; Sg ; Sq Sq,
for any r 1, must be placed into a single bucket, yielding an unprepped con gur ation.

Proof. For (1), there are only enoughpiecesto |l and clearthe gameloard if every lled gridsquare
(from the initial gameboard or from piecesin the sequence)s placedinto the lowest 6T + 22 rows.
For (2) and (3), placing any pieceother than RGasthe rst pieceto erter the lock columnsviolates
(1), and no row can be cleared until somepiece erters the lock. We have (4) from (1,2) and the
fact that there are exactly asmany gridsquaresfollowing the RG asthere are empty gridsquaresin
the lock columns. Finally, (5) follows immediately from (2,3).

The (tedious) details for (6) can be found in [5]; here we give a high-level overview. Call a
trajectory sequencedeviating if it doesnot place all the piecesinto the samebucket to yield an
unprepped con guration. We rst catalogueten dierent classesof buckets that we show to be
un llable. (For example, a bucket with a disconnectedregion of un lled gridsquaresis un llable.)
We then exhaustively considerthe tree of all possibleplacemerts of the piecesin the given sequence
into the gameloard, and shav that an un llable bucket is produced by every deviating tra jectory
sequence.The overwhelming majorit y of deviating trajectory sequencesreatean un llable bucket
with their rst deviating move, while somedo not createan un llable bucket until up to v e pieces
later. 2

Lemma 3.4 (Soundness) If there is a valid trajectory sequene for G(P), then P is a \yes"
instance of 3-Par tition

Proof. If there is a valid strategy for G(P), then by Proposition 3.3.2, there is a way of placing
all piecesprecedingthe RGto exactly Il the buckets. By Proposition 3.3.6, we must place all of
the piecesassaiated with a; into the samebucket; by Proposition 3.3.1, we must have exactly the
samenumber of lled gridsquaresin ead bucket. De ne A; := fi : all the piecesassaiated with
a; are placedinto bucket j g. The total number of gridsquaresplacedinto eadt bucket is the same;
becauseewery a; 2 (T=4;T=2), we have that ead jA;j = 3. Thusthe A;'s form a legal 3-partition,
and P is a \y es" instance. 2

Theorem 3.5 Maximizing the number of rows cleared in a Tetris gameis NP-complete. 2
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Figure 5: Gameboard for the hardnessof maximizing tetrises.

4 NP-hardness for Other Ob jectiv es

In this section, we sketch reductions extending that of Section 3 to establish the hardness of
optimizing seeral other natural Tetris objectives. It is easyto conrm that Tetris remainsin
NP for all objectivesconsideredbelow.

Theorem 4.1 Maximizing the number of tetrises (the numkber of times that four rows are cleared
simultaneously) in a Tetris gameis NP-complete.

Proof. Our gameloard, shovn in Figure 5, is augmerted with four new bottom rows that are full
in all but the sixth column. We append a single | to our previous piece sequence. For a \y es"
instance of 3-Par tition , (6T + 20)=4 + 1 tetrises are achievable. For a \no" instance, we cannot
clear the top 6T + 22 rows using the original piecesand thus we clear at most 6T + 22 total rows.
This implies that there were at most (6T + 20)=4 < (6T + 20)=4 + 1 tetrises. (Recall T is even.)
Therefore we can achieve (6T + 24)=4 tetrises exactly when the top 6T + 22 rows exactly when the
3-Partition instanceis a \y es" instance. 2

A di erent typeof objective|considered by Brzustowski[2] and Burgiel [3], for examplelis that
of survival. How many piecescan be placed beforea lossmust occur? Our original reduction yields
someinitial intuition on the hardnessof maximizing lifetime. In the \y es" caseof 3-Par tition ,
there is a trajectory sequencdhat lls no gridsquaresabove the (6T + 22)nd row, while in the \no"
casewe must Il somegridsquarein the (6T + 23)rd row:

Theorem 4.2 Minimizing the maximum height of a | led gridsquare in a Tetris gameis NP-
complete. 2

However, this does not imply the hardnessof maximizing the number of piecesthat can be
placed without losing, becauseTheorem 4.2 only applies for certain heights|and, in particular,
doesnot apply for height m, becausethe trajectory sequencedrom Lemma 3.2 requires spaceabove
the (6T + 22)nd row for rotations and translations. To showv the hardnessof maximizing survival
time, we needto do somemaore work.

Theorem 4.3 Maximizing the number of pieces placed without losing is NP-complete.

Proof. We augmernt our previous reduction asshown in Figure 6. We have createda large reservoir
of r rows lled only in the rst column, and a secondlock in four new columns, which prevents

8
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Figure 6: Gameboard for hardnessof maximizing survival time.

accesdo the resenwir until all the top rows are cleared. We append to our piece sequencea single
RG (to openthe lock) and enoughSds to completely Il the reserwoir. Chooser sothat the un lled
area R of the reserwir is more than twice the total area A of the remainder of the gameloard.
Obserne that the gameboard has odd width, sothe unlled block of the resenoir has even width.

In the \y es" caseof 3-Par tition , we can clear the top part of the gameloard as before, then
open the lock using the RG and then completely Il and clear the resenwoir using the Sgs.

In the \no" case,we cannot ertirely clear the top part, and thus cannot unlock the resenoir
with the RG No number of the Sds can ever subsequetly clearthe lower lock row. We claim that
a losswill occur before all of the Sgs are placed. There are an odd number of columns, so only
rows that initially contain an odd number of lled gridsquarescan be cleared by the Sds. Thus
ead row in the top of the gameloard can be clearedat most once;this usesfewer than half of the
Sqs. The remainder of the Sds cover R=2 > A area, and never clear rows. Thus they must cause
a loss. 2



5 Hardness of Appro ximation

Theorem 5.1 Given a gameconsisting of p pieces, approximating the maximum number of rows
that can be cleared to within a factor of p * for any constant " > 0 is NP-hard.

Proof. Our construction is asin Figure 6, with r > a®" rows in the resenoir, where there are a
total rows at or above the secondlock. As before,we append to the original piecesequenceone RG
followed by exactly enough Sgs to completely Il the resenwir. As in Theorem 4.3, in the \y es"
caseof 3-Partition , we can clear the ertire gameloard (including the r rows of the resenoir),
while in the \no" casecasewe can clear at most a rows. Thusit is NP-hard to distinguish the case
in which at leastr rows can be clearedfrom the casein which at mosta < r =2 rows can be cleared.

Note that the number of columns c in our gameloard is xed and independen of r, and that
the number of piecesin the sequencds constrainedby r < p< (r + a)c. We alsorequire that r be
large enoughthat p< (r + a)c< rZ2 "), (Note that r, and thus our game, is still polynomial in
the size of the 3-Par tition instance.) Thus in the \y es" casewe clear at leastr > p' =2 rows,
and in the \no" casewe clear at most a < r' =2 < p=2, Thus it is NP-hard to approximate the
number of clearedrows to within a factor of (p* "=2)=(p~=2) = p! ". 2

Using the construction in Figure 6 (with appropriate choice of r), similar argumerts yield the
following inapproximabilit y results [5]:

Theorem 5.2 Given a game consisting of p pieces, approximating the maximum number of pieces
that can be placed without a lossto within a factor of p* * for any constant " > 0 is NP-hard. 2

Theorem 5.3 Given a game consisting of p pieces, approximating the minimum height of the
highest | led gridsquare to within a factor of 2 " for any constant” > 0 is NP-hard. 2

6 Varying the Rules of Tetris

Becausethe completenessof our reduction does not depend on the full set of allowable movesin
Tetris|nor soundnesson all limitations|our  results continue to hold in somemodi ed settings.

In real implementations of Tetris, there is a xed amourt of time (varying with the dicult y
level) in which to make manipulations at height h. We considerplayerswith limited dexterity, who
can only make a small number of translations and rotations beforethe piecedrops another row.

We de ned alossasthe xing of a piecesothat it doesnot t entirely within the gameloard.
Other models also make sense:e.g., we might de ne a lossas occurring only after rows have been
cleared|that is, a piececan be xed sothat it extendsinto the would-be (m + 1)st row of the
m-row gameloard, solong as this is not the caseonceall lled rows are cleared.

Finally, we consider a broad classof reasonable models for piecerotation.  Three models of
particular interest are: (1) the instantaneousmodel of Section 2; (2) the continuous (or Euclidean)
rotation model|the natural model if one pictures piecesphysically rotating in space|whic h ex-
tends the instantaneous model by requiring that all gridsquaresthat a piece passesthrough during
its rotation be unoccupied;and (3) the Tetris rotation model, illustrated in Figure 7, which we have
obsened in a number of actual Tetris implementations.

In this model, the position of a piecein a particular orientation is determined as follows: within
the pictured k-by-k square(xed independertly of orientation), the pieceis positioned sothat the
smallestrectangle bounding it is certered in the square,shifted upwards and leftwards asnecessary
to align it with the grid. (Incidentally, it took us sometime to realize that the \real" rotation in
Tetris did not follow the instantaneous model, which is intuitiv ely the most natural one.)
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Figure 7: The Tetris model of rotation. Each piececan be rotated clockwise (respectively, counter-
clockwise) to yield the con guration on its right (respectively, left).

Theorem 6.1 It remains NP-hard to optimize (or approximate) the maximum height of a | led
gridsquare or the number of rows cleared, tetrises attained, or pieces placed without a losswhenany
of the following hold:

1. the player is restricted to two rotation/tr anslation moveshefore each piece dropsin height.

2. pieces are restricted to fLG;LS;I; Sg or f RG RS I; Sag plus one other piece.

3. lossesare not triggered until after | led rows are cleared, or no lossesoccur at all. (In the

latter case, the objective of Theorem 4.3 is irr elevant.)
4. rotations follow any reasonablerotation model.

Proof. For (1), note that completeness(Lemma 3.2) requires only two translations (to slide a
LG into a notch) before the piece falls; soundness(Lemma 3.4) cannot be falsi ed by restricting
legal moves. For (2), obsene that our reduction usesonly the piecesfLG;LS;|; Sq RG. For the
other piecesets,we can take the mirror image of our reduction and/or replace the RG and the
lockjour solerequiremert on the lock is that that it be openedby a piecethat doesnot appear
elsewherein the sequence.Claim (3) follows sincewe do not depend on the de nition of lossesin
our proof: the completenesdrajectory sequencadoesnot approad the top of the gameloard, and
the proof of soundnessrelies only on un llabilit y (and not on losses). Finally, for (4), our proof
of Lemma 3.4 assumesan arbitrary reasonablerotation model [5]. Completenessfollows even with
the reasonability conditions, since the only rotations required for Lemma 3.2 occur in the upper
staging area of the gameloard. 2

7 Future Directions

An essetial part of our reduction is a complicated initial gameloard; it is a major open question
whether Tetris can be played e cien tly with an empty initial con guration.

Our results are largely robust to variations on the rules (see Section 6), but our completeness
result relies on the translation of piecesasthey fall. At more dicult levels of the game,it may
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be very hard to make two translations beforethe piecedrops another row in height. Supposeeadt
piececan be translated and rotated asmany times asthe player pleasesand then falls into place[2];
no manipulations are allowed after the rst downward step. Is the gamestill hard?

It is also interesting to consider Tetris with gametloards of restricted size. What is the com-
plexity of Tetris for an m-by-n gameboard with m = O(1) or n = O(1)? Is Tetris xed-parameter
tractable with respect to either m or n? (We have polynomial-time algorithms for the special cases
in which m n is logarithmic in the number of piecesin the sequencepr for the caseof n = 2.)

We have reduced the piecesetdown to v e of the sewen pieces. For what piecesetsis Tetris
polynomial-time solable? (E.g., the piecesetf Ig seemspolynomially solvable, though non-trivial
becauseof the initial partially lled gameboard.)

Finally, in this paper we have concerirated our e orts onthe o ine, adversarial versionof Tetris.
In areal Tetris game,the initial gameboard and piecesequenceare generatedprobabilistically, and
the piecesare preseried in an online fashion. What can be said about the di cult y of playing online
Tetris if piecesare generatedindependertly at random accordingto the uniform distribution, and
the initial gameboard is randomly generated? Some possible directions for this type of question
have beenconsideredby Papadimitriou [11].

8 Acknowledgmen ts

We would like to thank Amos Fiat and Ming-wei Wang for helpful initial discussions,Chris Peikert
for commerts on an earlier draft, and Josh Tauber for pointing out the puzzlesin Games Maga-
zine [9]. This work was partially supported by NDSEG and NSF Graduate Researt Fellowships.

References

[1] Ron Breukelaar, Hendrik Jan Hoogeloom, and Walter A. Kosters. Tetris is hard, made
easy Tednical report, Leiden Institute of Advanced Computer Science,Universiteit Leiden,
February 2003.

[2] John Brzustowski. Can you win at Tetris? Master's thesis, University of British Columbia,
1992.

[3] Heidi Burgiel. How to loseat Tetris. Mathematical Gazette pages194{200, July 1997.

[4] Erik D. Demaine. Playing gameswith algorithms: Algorithmic combinatorial game theory.
In Jir Sgall, Ales Pultr, and Petr Kolman, editors, Proc. 26th Sympsium on Mathematical
Foundations in Computer Sciene, volume 2136 of Lecture Notes in Computer Scien®, pages
18{32, August 2001. Full version available at http://arxiv.org/abs/cs.CC/0106019

[5] Erik D. Demaine, SusanHoherberger,and David Lib en-Nowell. Tetris is hard, evento approx-
imate. Technical Report MIT-LCS-TR-865, Laboratory for Computer Science Massatusetts
Institute of Tednology, Septenber 2002. Available as cc.CC/0210020.

[6] Michael R. Garey and David S. Johnson. Complexity results for multipro cessorsdeduling
under resourceconstraints. SIAM J. Comput., 4:397{411,1975.

[7] Michael R. Garey and David S. Johnson. Computersand Intr actability: A Guide to the Theory
of NP-Completeness W. H. Freemanand Compary, New York, 1979.

12



[8] Richard Kaye. Minesweeper is NP-Complete. Mathematical Intel ligencer, 22(2):9{15, 2000.
[9] Scott Kim. Tetris unplugged. GamesMagazing pages66{67, July 2002.

[10] Michael M. Kostreva and RebeccaHartman. Multiple objective solution for Tetris. Tednical
Report 670, Department of Mathematical SciencesClemsonUniversity, May 1999.

[11] Christos Papadimitriou. Gamesagainst nature. Journal of Computer and System Scienes
31:288{301,1985.

[12] David She . Game Over: Nintendo's Battle to Dominate an Industry. Hodder and Stoughton,
London, 1993.

[13] Tetris, Inc. http://www.tetris.com

[14] Uri Zwick. Jenga. In Proc. 13th Symposium on Discrete Algorithms, pages243{246, 2002.

13



