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Abstract

Weinvestigatechoosingpointsamplesonamodelcomprisingpara-
metricpatchesto meetauserspeci�edbudget.Thesesamplesmay
then be triangulated,renderedas points or ray-traced. The main
idea is to pre-computea setof sampleson the surfaceandat the
renderingtime, usea subsetthat meetsthe total budgetwhile re-
ducingthescreen-spaceerroracrossthemodel.We have usedthis
algorithmfor interactive displayof largesplinemodelson low-end
graphicsworkstations.Thisis doneby distributingthepointsonthe
surfaceto minimizesurfaceerror. Thesepointsarethendrawn as
screen-spacesquaresto �ll thegapsbetweenthem. Our algorithm
workswell in practiceandhasa low memoryfootprint.
Keywords: Pointsampling,Splinesurfaces,Adaptive tessellation

1 Intro duction

Curvedsurfacemodelsareusedin applicationsrangingfrom com-
puteraideddesignandmedicalvisualizationto entertainment.For
examplesubmarines,airplanes,automobiles,etc. are commonly
modeledassplines.Our overall goal is to rendercomplex models
consistingof tensof thousandsof spline patches,and be able to
exploreandinteractwith themin real time on a graphicsworksta-
tion with limited resources.Although the algorithmdescribedin
this paperis broadlyapplicableto any parameterizablesurface,we
focusonsplinemodels.

1.1 Related research

Raytracing[Whitted1979;Kajiya 1982;Nishitaetal. 1990],pixel
level subdivision [Catmull 1974; Shantzand Chang1988], and
scan-linebasedalgorithms[Whitted 1978;Blinn 1978;Laneet al.
1980] have beenusedfor displayingspline models. Thesetech-
niques,althoughnot as ef�cient as triangulationbasedmethods,
generatemoreaccurateimagesbecausethey computetheposition
andcolorof eachpixel. In contrast,atrianglebasedtessellationhas
accuratepositionandcoloronly at theverticesof thetriangles.One
compromiseis to decomposethesurfaceinto nominallycurved`el-
ements',which follow thesurfacemorecloselythana trianglemay
[Szeliski andTonnesen1992;Witkin andHeckbert1994;Kalaiah
andVarshney 2002]. Suchelementsarenot easilymadeC0 con-
tinuousastriangularapproximationsare. Nonetheless,if they are
smallenough,they canbeshadedwell to produceaccurateimages
[KalaiahandVarshney 2002;AdamsonandAlexa2003].

Recentresearch[Zwicker et al. 2001; Kalaiah and Varshney
2002;AdamsonandAlexa 2003]shows how to performthis shad-
ing well. Oneaspectthat hasnot received suf�cient attentionis:
how to selectthe locationsof theseelementson the surface,spe-
cially whenthe total numberof samplesis bounded.This is pre-
ciselywhatweaddressin thispaper.

Computergraphicssystemstraditionally use triangles to ap-
proximate surfaces since triangle rendering may be hardware-
accelerated. View-dependentuniform [Abi-Ezzi and Shirman
1991;Kumaret al. 1996;Kumaret al. 1997]andadaptive triangu-
lation[Filip 1986;Vlassopoulos1990](aswell asacombinationof
the two [Chhugani andKumar2001])have beenemployedto ren-
dersplinemodels.Alternatively, onemaygeneratea largenumber
of trianglesandlaterperformview-dependentsimpli�cation of the
triangles[Hoppe1996;RossignacandBorrel1993;Xia etal. 1997;
Schroeder1997]. Recently, the two methodshave beencombined
into a singlealgorithm[Chhugani andKumar2001].However, ex-
perienceshowsthatin orderto guaranteeasmallscreen-spaceerror,
weareforcedto usemany trianglesthataresmallon thescreen.

For trianglessmallerthanapixel,point-basedrenderinghasbeen
gaining popularity. The ideaof usingpointsasdisplayprimitives
for continuoussurfaceswas introducedin 1985 by [Levoy and
Whitted 1985], andrecentlyhasbeenexploredfurther in [Gross-
manandDally 1998;Rusinkiewicz andLevoy 2000;P�ster et al.
2000;StammingerandDrettakis2001]. Thesetechniquesusehi-
erarchicaldatastructuresandforwardwarpingto storeandrender
the point dataef�ciently . Wandet al. [Wandet al. 2001] present
anoutputsensitive renderingalgorithmthat rendersa dynamically
chosensampleof sub-pixel triangles.Algorithmsthatcombinetri-
angleandpoint renderinghave alsobeenproposed[Cohenet al.
2001;ChenandNguyen2001].

Thefocusof thispaperis onallocatingabudgetof total number
of samplesamonga numberof surfacepatchesof a model.This is
similar in spirit to theproblemsolvedby [FunkhouserandSéquin
1993].However, thegranularityof primitiveselectionin ourappli-
cationis much�ner andhencetheknapsackformulationis tooslow.
We assumeasinput: f Fig, a setof surfacepatches,andC, thetotal
numberof elementsthatcanbedisplayed(or otherwiseprocessed)
in a singleframe.We �rst allocateCi to patchFi sothatå Ci = C,
ensuringfairness.Fairnessimplies that all patcheshave approxi-
matelythesamemaximumscreen-spaceerror. (We measureerror
in termsof geometricdistancebetweensurfaces.)Further, for each
patchFi we determinewhichCi pointson thedomain(samples)to
choosesothatthedeviationof thesesamplesfromtheactualsurface
is minimized.We alsoproducea sizeparameterfor thesesamples:
theelementsmustbedrawn largeenoughso thatno holesareleft
betweenneighboringelements.

Our goal is to limit the overheadof the sampleselectionalgo-
rithm at the renderingtime, as the CPU is often requiredto pro-
cesstheelementsthemselves.Hence,weperformmostof thecom-
putationbeforethe renderingstarts. This pre-computationphase
choosesa list of sampleson the surface,sortedby their `impor-
tance' in reducingdeviation. This resultsin moresampleschosen
in theareasof high curvature.At therenderingtime,we �rst com-
puteCi for patchFi andthensimply selectits Ci most important
samples.

We demonstrateour algorithm by employing it in a surface



renderingsystem. In our systemwe have usedpoints (OpenGL
GL POINT) as screen-primitives for simplicity. (Hencewe will
usescreen-primitive andpoint-primitive interchangeably.) We also
chooseto let theprimitivesoverlapin objectspace(in thespirit of
point-basedrendering)and thusdo not needto maintainor man-
ageany topologicalinformation.Sincethesepointsaredistributed
uniformly in the screenspace,they may alsobe usedto speedup
surfaceray intersectingfor ef�cient ray-tracing. One might also
similarly chooseto, instead,triangulatethesamplesandobtainuni-
form screentriangles.

1.2 Main contributions

Ouralgorithmhastwo parts.It pre-computesasetof samplepoints
oneachsurfacepatch,computingmoresamplesin highlycurvedar-
eas.At therenderingtime, a view-dependentsubsetof thesesam-
ples is selectedandassociatedprimitivesaresentto the graphics
pipeline.Its mainnovel componentsare:

� An algorithm to pre-computesampleslocationsin the de-
creasingorderof importance

� An algorithmto fairly allocatetheoverallbudgetto individual
patches,which distributescreen-spaceerroruniformly across
themodel

� A systemimplementingthe above algorithmsdemonstrating
ef�cient splinemodelrendering

In thispaperwepresentanovel errordiffusingbudgetallocation
of samples.It is importantto notethatweconsiderthecurvatureof
theunderlyingsurfaceto determinewhich samplesto pre-compute
andwhich subsetto useat run time; otherrecentpoint-basedren-
deringalgorithms[Zwicker et al. 2001;StammingerandDrettakis
2001;Fleishmanet al. 2003]do not. As a resultof thesestrategi-
cally placedsamples,we areableto generatefewer pointsfor sim-
ilar errorbounds.We do not needto maintainany expensive data
structureof selectedsampleseither. We alsoguaranteea hole free
tiling of surfacepatches;some[StammingerandDrettakis2001]do
not.

In asystemwheretherenderingspeedis important,apoint-based
schemeneedsto becombinedwith trianglebasedtessellation[Co-
henetal. 2001;ChenandNguyen2001]for largely�at areasonthe
screen.Furthermore,richer primitives insteadof point-primitives
may be usedas in [Kalaiah and Varshney 2002] to improve im-
agequality. We do not addresspoint �ltering or anti-aliasinghere
but recenttechniques[Zwicker et al. 2001]couldbeappliedat the
costof hardwarerenderingperformance.Ourmethodis well suited
for smoothshading. In fact, applicationsrequiring texturesseem
to necessarilyrequirericher primitives (or much smallerpoints).
Another limitation of our techniqueis the needto pre-computea
�x edsetof samples.However, thedatastoredpersampleis small
andhencemany maybestored.Further, on therareoccasionwhen
evenmoresamplesareneeded,extrasamplesmaybecomputeddy-
namically. This maybeacceptableif only few patchesneedextra
samplesonaverage.

1.3 Organization

In thispresentation,weassumefamiliarity with NURBSandBézier
surfacesandDelaunaytriangulation. We elaboratethe basicidea
behindour approachin Section2. This is followed by the details
of the algorithm in Sections3 (pre-sampling)and4 (rendertime
sampleselection).Section5 describesour implementationandre-
portstheresultsobtained.Finally, conclusionsaredrawn andfuture
directionslistedin Section6.

2 Background

In orderto ensurethattheelementsat thechosensamplescover the
surface,we mustdraw themlargeenoughto �ll thegapsbetween
them.We have chosenspheresto boundthesizeof theelementsin
theobjectspace.Wegeneratetheminimumradiusof thesespheres
so that they cover the patch. Thus,if the elementsdrawn at each
samplecover the sphere,we eliminateholes. In our systemwe
displaythesamplesasGL POINTs.Wedescribehow to form cov-
eringspheresnext.

2.1 Spheres as elements

Imaginespheresatthesampledpointsonthesurfacesuchthatevery
point on thesurfacelies insideat leastonesphere.In otherwords,
whenthesespheresareprojectedon the imageplane,the ellipses
thusformedwould have no gapsbetweenthem(Figure1). As we
show later, the spherescenteredon our sampledpoints have the
propertythat the actualsurfacedoesnot deviate by more than r
from thesurfaceof thespheres,wherer is theradiusof thelargest
sphere.Wechoosethesamplepointssothatthey locally reducethe
deviation of the surfacefrom the approximatingsurface(i.e. the
surfaceof thesphere)andhencereducetheradiusof thesphere.

Spheres on the patch in 
Object Space

Image Plane

Projection of Spheres
   with no holes

Figure1: Projectionof surfacesampleson imageplane

To renderanindividual sphere,wecomputethecenter, Q, of the
projectedellipse(by projectingthesamplepoint). Wenext compute
the maximumdeviation (say d) of the elliptical surfacefrom Q.
Now if we rendera squaresplat of dimension2d centeredat Q,
thesurfaceof theprojectedellipsoid is covered(Figure2). At the
renderingtime, we needto computeQ andd. Assigningthesame
value of d to all sphereson a spline patchgreatly simpli�es the
problemwithout increasingby much the total numberof spheres
neededfor a given error bound. We will prove that the screen-
primitive's size, d, that we assignto eachpatchis optimal up to
an integer. In otherwords,thevalueof d we computeis lessthan
onepixel away from the optimal value. Thusfor eachpatch,we
choosesamplesthatwhenprojectedaspointson thescreen,do not
leave any holes,andalsoobey the deviation bounds.To compute
the samplesand their point sizesfor a given patch,we just need
logM table lookupsfor a patch,whereM is the total numberof
pre-computedsamples.
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Figure2: Squaresplatcovering the projectionof a sphereon the
imageplane



2.2 Overall algorithm

Ouralgorithmhastwo mainsteps:

Pre-sampling: Weprogressively computeanorderedlist of sam-
ple pointson the domainof eachsplinepatch. Thesesamplesare
associatedwith spherescenteredat them. Eachnew samplemini-
mizesthe deviation of the resultingspheresfrom the original sur-
face(acrossall pointson the domain). The point alsostoresthis
deviationvalue.Notethatthesevaluesarenon-increasing.As sam-
plesareadded,old spheres'radii change.

View-dependent point selection: At the renderingtime, we
startwith the list of pre-computeddomainsamplesfor eachpatch.
We �rst computethescreen-spaceerrord(F) thatmustbeincurred
for eachpatchto remainundertheoverall budget. For a patch,F,
we �rst computeD(F) (the requiredobject-spaceerror) = gd(F),
whereg is thescalingof thelongestprojection(detailedin section
2.3). We now searchfor D(F) in the sortedlist of error values
stored for patch F. By construction,adding the corresponding
sampleandall its predecessorsguaranteesD(F).

2.3 Scale factor computation

The allocationacrossthe patchesis entirely view-dependentand
performedonline.Theallocationwithin apatchusessurfacederiva-
tivesandis slower. In orderto performthisallocationfast,wehave
decidedto choosesamplesfrom a list of candidates.This list must
bepre-computed.This meanstheerrorat thesamplesmustbepre-
computedin theobjectspace.However, we measurethe�nal error
asthe distancebetweenthe renderedprimitive andthe actualsur-
facein thescreenspace.Weusethescalefactorto transformerrors
betweentheobjectandscreenspacesandshow how to computeit
in this section.

We de�ne the scalefactor of a point p in object spaceas the
lengthof the smallestvectoranchoredat p that projectsto a unit
vectorin thescreenspace(Figure3). As shown below, this mini-

mumvalueequals( f + z)2

f L whereL is the lengthof thevectorfrom
theeye to thepoint p, and f is the focal length,and( f + z) is the
lengthof the projectionof the vectorfrom the eye to the point p,
alongtheprincipleviewing direction.

Eye Image 
Plane

Viewing
Direction

having a unit
projection on the
Image Plane

p

q

p'

q'

pq is the shortest
f

L

 
  

  2
 

. L
  f

f

z

 zlength vector   (   +   )

Figure3: Scalingof aunit vectorin screenspace

We �rst compute the maximum deviation of the perspec-
tive projection of the surface of a spherefrom the projection
of its center. Let p = (x;y;z) be the center of the sphere
and let (r;q; f ) be the local sphericalcoordinatesof the vec-
tor rooted at the center of the sphere that has the projec-
tion of maximum length. So the Euclidean coordinatesof
the tip of the vector (say q(r;q; f ) are (x + r sin(q) cos(f );y +
r sin(q) sin(f );z+ r cos(q)) . Let XY plane be the image plane

andlet (0;0; � f ) be thecameracenter. Projectionof p on the im-
ageplane= p0= ( f x

f + z; f y
f + z;0) andprojectionof q = q0(r;q; f ) =

( f (x+ r sin(q) cos(f ))
f + z+ r cos(q) ; f (y+ r sin(q) sin(f ))

f + z+ r cos(q) ;0). So maximizing the pro-

jection is equivalent to maximizing the length of p0q0 over all q
andf , which yields jp0q0j = f L2

( f + z)
�
( f + z)

r �
L2

r2
� 1

�
�

p
x2+ y2

� where

L =
p

x2 + y2 + ( f + z)2

This givesthe ratio (g) of lengthof the vectorto its projection
length= r

j p0q0j . In particular, the scalingat a point is given by an
in�nitesimally smallvectorrootedat thepoint, i.e., r ! 0:

g = lim
r! 0

r
j p0q0j

=
( f + z)2

f L
(1)

3 Pre-Computation

Recall that we precomputea list of `important' samplesfor each
patch,aswell astheradii of coveringsphereat thoselocations.

3.1 Pre-sampling

We would like to producethebestapproximatingsetSn of n sam-
plesfor eachvalueof n. Let ussay, we cover samplesSi with the
setOi of objectprimitives(spherein our example). Sincewe do
not wantto storea differentsetfor eachn, we mandateSn � Sn+ 1.
Givenn centersandradii, weneedto �nd then+ 1st centerandthe
new n+ 1 radii that minimize the deviation of the resultingOn+ 1
from thesurface.To save time andspacewe have chosento com-
putea singleradiusrn+ 1 thatmaybeusedfor all objectsin On+ 1.
Thefollowingalgorithm,though,is ableto generateradii incremen-
tally so thatonly a smallnumberof samplesin Sn needto change
their correspondingradii in Sn+ 1. Thelocationof samplesin patch
domainsarechosenasfollows:

1. Startwith a minimal sampleset(e.g. thefour corners)in the
domain.

2. Generatethe (2D) Delaunaytriangulationof this minimal
set. (Othergoodquality triangulationmay be usedaswell.)
Now computethecenterandtheradiusof thecircumscribing
spheresfor eachof thetrianglesobtained(seeSection3.2).

3. While the spherewith the maximum radius has a radius
greaterthanauserspeci�ederrorDu:
Appendto S, (Q;rmax), thecenterandtheradiusof thelargest
circumsphereof all triangles(in domainspace).Also addQ
to theDelaunaytriangulation.

At the endof the process,we have an orderedlist, S, of domain
samplesfor eachpatchand their radii. We only storethe largest
radiusfor eachSn, thusoverdrawing somesamples.

Claim 1: Maximumdeviation of a surfacepatch from the ap-
proximatingsphereis equalto theradiusof thespherethatencloses
thatpatch.

Justi�cation : We guaranteethis by makingsurethat thesphere
boundsthe surfaceelement(more in section3.2). Clearly, every
point insideasphereof radiusr is atadistancelessthanor equalto
r from thesurface.

Claim 2: At anyinstantof thedomaintriangulation,let rmax be
themaximumradiusof thecircumspheres.If wedraw sphereswith
radius= rmaxonall thesampledpointsonthesurface, noholesare
left on thesurface.

Justi�cation : Supposetheradiusof thecircumcircleof a trian-
gle, t, is r. If we draw threecircleswith radiusr andcentersat the



threeverticesof t, no pointon thetrianglewouldbeleft uncovered
(Figure4). Hencedrawing sphereswith a radiusrmax, rmax> r, at
eachvertex wouldcoverall triangles.

A

B

C 

A

B

C

r

r

r

r

Figure4: Coveringsurfaceby drawing spheresat thevertices

Moreover, the maximum deviation of the surface from these
spheresstill remainsthe same,becausefor eachcircumscribing
sphereof a triangle,eachsurfacepoint is at mostat a distanceof
radius from the centerandeachof the threesubstitutingspheres
passthroughthecenterof theoriginal sphere.Hencethedeviation
criteriaandthecriterionfor noholesaresimultaneouslysatis�edby
selectingpointsin theabove fashion.Also with eachsamplepoint,
we getthemaximumobjectspacedeviation Di (for theith selected
point), betweentheapproximationandthesurfaceif all thepoints
Sj , j � i areconsideredon the surfacefor point rendering. Note
thatDi+ 1 � Di andDjSj � Du, wherejSj is thetotalnumberof sam-
plespre-computedandDu is the userspeci�ed valueasdescribed
in section3.1. (Technically, deviation could increaseon addinga
new point for somedegeneratepatchesasshown in Figure5. Even
in theserarecases,addinga sequenceof samplesalwaysleadsto a
lowerdeviation. Weaddor deletethesequenceof samplestogether
andassigna singleindex to them.) Thusgiven a deviation bound
d, we can�nd thepre�x of Sthatgeneratesanapproximationwith
deviation lessthanor equalto d in the screenspace(or gd in the
objectspace).

   

 

 

!
"

!
#

Figure5: Themaximumdeviation occursat p0 whenthecurve is
approximatedby a straightline asshown on theleft. Thedeviation
increaseswhenweusethreesamplesasshown on theright.

3.2 Computation of sphere parameters

For eachtriangle in the object space,we needto �nd the center
andtheradiusof thespherethatencloseseverypointonthesurface
correspondingto theregioninsidethetriangleonthedomainspace.
Let the threedomainpoints(of BezierpatchF) be representedas
t = (p1; p2; p3), pi = (ui ;vi). Let P1 = F(p1);P2 = F(p2) andP3 =
F(p3) bethecorrespondingobjectspacepoints.Now computethe

circumcenter, Q, andthecircumradius,r1, for the triangleP1P2P3,
unless:

1. All thethreepointsarecoincident.SetQ = P1 andr1 = 0.

2. The threepoints lie on a straightline. Let P1 andP2 be the

extremepoints.SetQ = P1+ P2
2 andr1 = jP1P2j

2 .

3. Thethreepointsform anobtuseangledtriangle(circumcenter
is outside). Let P1 and P2 be the end points of the longest

edge.SetQ = P1+ P2
2 andr1 = jP1P2j

2 .

Having evaluatedQ andr1, shoota ray QRperpendicularto the
planeof thetriangle,intersectingthesurfaceat point R (Figure6).
We usePowell's method[Chhugani andKumar2001;Presset al.
1993]to �nd thepoint of intersection.Let jQRj = r2. Considerthe

spherewith centerR andradiusr =
q

r2
1 + r2

2. We �nd the point,
P, on thesub-patchfurthestfrom R (againusingPowell's method),
andif jPRj > r, setr = jPRj.
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Figure6: Computationof theradiusandcenterof thecircumscrib-
ing sphere

4 Online Sampling

In this sectionwe describethe point-basedtessellationalgorithm
that meetsa user-speci�ed budget. This meetsa target frame-rate
alsoevenwith aGL POINTbasedrendereraswehaveused.Since
weusesmallpoint sizesin practice,wehave foundthatthe�ll rate
is usuallynot thebottleneck.Thusboundingthenumberof points
drawn is suf�cient to meeta targetframe-ratein practice.

Recall that a fair allocation of the budget implies a uniform
screen-spaceerror acrossall patches. In otherwords,we should
allocatethe samescreen-spaceerror to all patches:the smallest
sucherrorthatstill allows usto meettheoverall budget.Our algo-
rithm, instead,allocateserrorsuchthatthescreen-spaceerrorof all
patchesarewithin apixel of eachother.

4.1 Sample selection for a patch

To meettherequiredscreen-spacedeviation,d(F) for patchF, the
object-spacedeviation requiredfor the approximationis D(F) =
g(F)d(F), whereg(F) is the minimum of the scalefactorsof all
pointscomprisedby F. (Recallthattheminimumvalueof g corre-
spondsto themaximumprojectedlengthof theerrorvector.)

Unfortunately, the scalefactorof a setof pointscanvary arbi-
trarily. Hence,even thoughwe couldusea singlescalefactorper
patch,weemploy amorespatiallycoherentscheme.Weuseanoc-
treebasedspatialpartitioningof space.For all patchescontained
in a suf�ciently smallpartition,we usethesamescalefactor. Typ-
ically partitionscloseto theview-pointaremorere�ned thanthose
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Figure7: Groupingpatchesbasedonscalingfactor

furtheraway, asthescalefactorcloseto theview pointvariesfaster.
Thesampleselectionproceedsasfollows:

1. Startwith the octreecubesusedin the previous frame. We
call a cubeterminal if the scalefactor of the eight corners
of the cubediffer by lessthangu, a user-speci�ed tolerance.
For example,the terminalnodesareshown in Figure7. The
examplenodeB is terminalbecausemax1� i; j � 4 jgi � gj j < gu.
If a leaf nodefrom theprevious frameceasesto be terminal,
we subdivide it. Otherwise,if a leaf node's parentbecomes
terminal,we recursively deletethenodesat thecurrentlevel.
If gu is chosento be 1

d , the approximationdoesnot under-
deviateby morethanaunit pixel,whered is thedesiredupper
boundon thescreenspacedeviation.

2. Thescalefactorof acubeis thesmallestof thescalefactorsof
its corners.For eachpatchcompletelycontainedin aterminal
cube,B, with scalefactorg(B), we chooseall samplesSi ; i �
j , suchthat theassociateddeviation Dj < dg(B) andDj � 1 >
dg(B).

3. If a patchlies in more than one terminal cubesthat are all
adjacentto eachother, we assignto the patch,the minimum
scalefactorof thosecubes.

4. For largerpatches,however, wedoneedto usedifferentscale
factorsin different regions of the patch. We subdivide the
domainof patchesthatspanterminalcubesthatarenot adja-
centto eachother. We apply thescalingalgorithmdescribed
above to eachsub-domainK to computetherequiredobject-
spacedeviationDK . For eachsub-domain,we �nd thesubset,
SK � S, of samplesin Sthatbelongto domainK.

4.2 Budget allocation per patch

At therenderingtime, to guaranteea givenframerate,we canren-
deronly a certainnumberof pointsper frameon a givengraphics
platform. Let ussaythemaximumnumberof allowablepointsper
frameis C, auserspeci�edconstant.

Formally, we needto computeCi , the budgetfor patchi, such
thatå i(Ci) = C. Let thetotalnumberof patchesbeN. For distribu-
tion purpose,wewouldwantto minimizethescreenspaceerrorfor
everypatch.Sinceweusethesizeof thescreen-primitive to bound
themaximumdeviation,by choosingthesamescreen-primitivesize
for every patchwe fairly distributeerror. In particular, a point size
of d boundsthemaximumscreenspacedeviationof theactualsur-
facefrom theapproximationsurfaceby d = d

2 .
We computethe patchbudgetCi from the overall budgetC in-

crementallyfrom the previous frame's solution. Considerframe
j. Assumethe scalefactor for the ith patchis gi( j). Hence,if a

point size of di( j) is chosen,we can computethe maximumal-

lowable object spacedeviation for the patch(Di( j) = gi( j) di ( j)
2 ).

This objectspacedeviationequalsthemaximumallowableradii of
sphereson the surface. So we needto searchfor Di( j) in the list
of pre-computedvaluesof errorsandusethecorrespondingpre�x
of samples.This requiresatmostlog(Mi) lookups,whereMi is the
numberof pre-computedsamplesfor the ith patch. Sowe cande-
�ne afunctionC j

i
: R ! N thattakesthepoint-sizeof therendered

pointsfor thatpatch,andreturnsthenumberof pointsrequired.We
canobtainsuchC j

i
;8i 2 [1::N].

Hence the optimization problem can be stated as follows:
Minimize (Maxidi( j), suchthatSiC

j
i
(di( j)) � C and8i di( j) � 0

C j
i

resemblesa stepfunction,(seeFigure8) andwe needto for-
mulatethis function for every patchfor eachframe. The optimal
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Figure8: Stepfunctionfor aparticularpositionof somepatch

solution would assignthe samepoint size to eachpatch. Solv-
ing the above equationanalytically, to get the optimumsolution,
might requirein theworstcaseO(N(Mmax)) steps,whereMmax is
themaximumnumberof pre-computedpointsfor any patch.This
is clearlyanexpensive solution. In practice,though,we needonly
integerpoint sizes.Sowe proposethefollowing algorithm,which
doesnot requirecomputingthefunctionC j

i
for thewholepointsize

range,but insteadjust for a few discretevalues.

1. Assignapoint sizeof d = 1 for eachpatch.

2. Computethe numberof total points required,and let C0 =
SiCi , whereCi is the numberof points requiredfor the ith

patch.

3. If C0� C, thenrenderall thepatcheswith thispoint size.

4. If C0> C, increasethepoint sized by 1, andgo backto step
2.

Theabovealgorithmdoesa linearsearchto arriveatapointsize
thatsatis�esthebudget.Clearlyany integerpoint sizelessthand
would overshootthe budget. However, this algorithmis linear in
themaximumallowedpointsize.In orderto improve it, weexploit
thetemporalcoherenceof themovementof thenavigatorto obtain
a2n-timeboundedapproximationalgorithm.

1. Allocate to eachpatch,the point size it had in the previous
frame.

2. Computethenumberof totalpointsrequired,andletC0= SiC
0
i

whereC0
i is thenumberof pointsrequiredfor theith patch.

3. If C0< C, decreasethe point sizesof eachof the patchesby
one,andrecomputeC0afterprocessingeachpatch,andtermi-
natewhenC0� C.



4. If C0> C, increasethe point sizesof eachof the patchesby
one,andrecomputeC0afterprocessingeachpatch,andtermi-
natewhenC0� C.

In practice,becauseof thetemporalcoherenceof theeye point,
thesolutiondoesnotchangemuchbetweenframes,andhenceusu-
ally in 1–2 passes,we obtain the optimal solution up to integral
pointsizes.This impliesthatoursolutiongenerateserrorslessthan
onepixel larger thanthe optimal. For a betterboundon the point
size,we couldperforma binarysearch,usingthesamemethodol-
ogy. However, the costof computinga tighter approximationfar
exceedsthebene�t of usingsuchasolution.

Claim 3: Let di andd j bethepoint sizesallocatedto patchesi
and j respectively. Thenjdi � d j j � 1.

Justi�cation : Theprooffollowsfrom ourtechniqueof changing
point sizesfor eachpatch. Eachpatchstartswith a point sizeof
1 (beforethe �rst frame). The sizesaresequentiallyincreasedor
decreasedin round-robinorder. Hencethedifferencein point sizes
betweenany two patcheswouldatmostbeone.

Note that constantscreen-spacepoint sizesonly imply that the
screenspaceerror is well distributed acrossthe model. We still
have fewer, biggerobject-spacesplatsfor �at regionsandsmaller,
denseronesfor morecurvedregions.

5 Implementation and Results

We have implementedour algorithmandtestedit on a variety of
models.All timingsreportedin this paperarefrom anOnyx2 with
a 400MHz R12000andan In�niteReality graphicscard. Our ex-
perimentsconsistedof viewing a variety of modelsfrom various
view points.

Our methodof selectingpointsdoesnot leadto a largeoverlap
betweenneighboringpoints.Let ussaywecomputethesized(> 1)
to renderm pointsin any frame. If we renderthesamepatchwith
a point sizeof d � 1, we canseesomeholeson thescreenfor the
correspondingpatch(seeFigure 9). Hencegiven the criteria of
reducingthedeviation,ouralgorithmperformswell in practice.            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

Figure9: Holeson theTeapotmodelwhenthepointsarerendered
with apoint sizejustonelessthanthecomputedone

At thepre-processingstage,for eachsampledpoint,westorethe
position(u;v), thedeviation of thetriangulationandtheradius(or
deviation) of the sphererequiredat that point. The actualdomain
positionof eachsampleneednot be very precise. Note that one
bytecanaccommodatemorethanenoughtessellation(255� 255).
In fact,usingonebyteeachfor u andv, andtwo bytesfor storingthe
deviation (appropriatelyscaled)is usuallyenoughfor goodquality
rendering.Thuswe may representa splinepatchwith its original
control points,and6n additionalbytes,for selectedn sampleson

a patch. The numberof pointsmay be reducedto satisfystorage
bounds.This valueof n determinestheextent to which point ren-
dering can be used. Additionally, we can also pre-computeand
storethe threespatialcoordinatesof thesampledpointsandup to
threenormalcoordinates,althoughthey canbeef�ciently computed
andcachedat therenderingtime [Kumaretal. 1995].

In Table1, we reportthepre-processingtime for differentmod-
els.Thispre-processingalgorithmtakestimethatis proportionalto
thetotalsurfaceareaof themodel,andnotto thenumberof patches.
Hencesomeof themodelswith largenumberof patchescanbepre-
processedcomparatively faster. Thepre-processingfor any patchis
independentfrom thatof any otherpatchof themodel.Hencepre-
computationcanalsobe carriedout in parallel. However, all the
timesreportedarefor a singleprocessor. Also, we computea large
numberof samplesper patch(by giving a small deviation thresh-
old), to carry out extensive tests. Hencethe pre-processingtimes
areveryhigh for someof themodels.

In Table2, wereportthetimespentby thealgorithmto compute
the appropriatepoint samplesthat needto be sentto the graphics
pipeline.Notethattheoverall frameratefor thelargemodels(e.g.,
thegarden)is low evenwith few points.This is becauseoursample
selectionmethodtakestime proportionalto thenumberof patches.
The hierarchicalversionof the algorithmwould reducethis time
further. Also, we reporttheaveragescreenspaceerror (de�ned as
the arithmeticmeanof the screenspaceerror usedfor displaying
themodelevery frame)for thesimulatedbrowsingof themodels.
In fact, even the variancein error acrossframesis low and thus
acceptablequality is maintainedin all frames. It canbe seenthat
a very small fraction of the total renderingtime (� 10%) is spent
in softwareto �gure out thecorrectsamples.We achieve real time
frameratesfor mostof themodelsonahardwarecustomizedfor tri-
anglerendering.Anotherinterestingobservationwasthatwhenthe
screenspaceareaof a patchwasconsiderablylarge, screenspace
errorsof even3� 4 pixelsdid not producenoticeableartifacts(see
color plate). This canbeexplainedby thesmall percentageof er-
ror in the projection. Hence,onemight usethe metric of relative
screen-spaceerror(obtainedby dividing thescreen-spaceerrorwith
somenormalizedareaof thescreenspaceprojection).

Number NumSamples Pre-process

Model of Pre-computed time

Patches in minutes

Teapot 32 129,273 09

Spoon 66 234,290 17

Goblet 72 123,396 15

Dart 100 141,150 09

Coke 330 475,674 32

Scissors 505 141,243 14

Pencil 570 1,051,624 70

Dragon 5354 1,473,961 96

Garden 38646 1,231,200 82

Table1: Pre-samplingperformance

We alsonotesomealiasingartifactsfor a low budgetof points.
Theseare noticeableacrossthe boundaryof patchesthat do not
have any neighboringpatches.SeeFigure10 for anexample.(The
artifactsareenhancedby a two timesimagescaling.)Methodslike
[Zwicker et al. 2001] help alleviate it. However, they don't work



Points %-time

Model per Average spent Frame

frame error in software rate

Teapot 90,000 1.8 0.3 31

Spoon 90,000 1.1 0.6 34

Goblet 100,000 1.45 0.5 34

Dart 90,000 0.7 0.6 36

Coke 90,000 2.09 0.9 25

Scissors 90,000 1.7 0.9 24

Pencil 70,000 3.00 2.44 23

Dragon 50,000 3.12 11.9 20

Garden 50,000 7.5 19.1 7

Table2: Run-timebehavior of ouralgorithm

well for largepoint sizes.Reducingthepoint sizeon theboundary
or silhouetteswill reducethisproblem.

            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

Figure10: Aliasingeffectsacrosstheboundaryof apatch

Visual artifactscan also be seenacrossboundariesof patches
having appreciablediscontinuityin normalvaluesfrom thebound-
ariesof neighboringpatches(seeFigure11). To reducethis prob-
lem,we smoothnormalsneartheboundary. Thesenormalsareav-
eragedwith thenearbyboundarypointson theadjacentpatch.For
example,normal,NA(u;v), for patchA with adjacentpatchF is re-

placedby e+( 1� v)
2e NA(u;v) + e� (1� v)

2e NF(u;0), for all sampleswith
v in [1 � e;1], with a small e. In practice,e around0.005works
well. In Figure12 we show the improvementin renderingof the
baseof agobletmodelusingthemodi�ed algorithm.

6 Conclusion

We have presenteda view-dependentalgorithm for distributing
sampleson a parametricpatches.We have demonstrateda display
systemusingpointsasprimitivesproxying for eachsample. The
algorithmdoesmostof its work off-line. At the renderingtime, it
performsminimalcomputationto selectthesetof samplesthatneed
toberendered.Thismaybeusedtoprovideaguaranteedframe-rate
visualization.We areableto obtainreal time renderingrateswith
small errorsfor most models. Our currentschemepre-computes
a list of samplesfor eachpatch. If moresamplesaresometimes
needed,onecouldgeneratethemonlineasin [ChhuganiandKumar
2001].For patcheslargeonscreen,however, it is fasterto usetrian-
gleprimitives.Currenthardwareisoftennotwell optimizedfor ren-
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Figure11: Visualartifactdueto a largediscontinuityin thenormal
values             ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

Figure12: Reductionin artifactfor e = 0:004

deringpoints.Weexpectthegainsof usingpoint-basedtessellation
to increasewhensuchoptimizationsbecomesroutine. Preventing
artifactsat theboundaryof point-basedelementsandtraditionaltri-
anglesremainsanopenproblemwhenthebudgetis limited. In our
schemewehavechosento allocatethesamescreen-spacesizeto all
elementsof a patch.At thecostof morespace,we couldcompute
andstoreper elementsizes. Anotherpossibility of improvement
lies in reducing(or eliminating)theonlinesamplingdensityfor in-
visible areasof the surface. The pre-samplingcanalso be made
morerigorousby usingdisk-like, insteadof sphere,objectprimi-
tivesandalsoby consideringsurfacenormalsandotherapplication
dependentfeatures.
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