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Abstract

Weinvestigatechoosingpointsample®namodelcomprisingpara-
metric patcheso meeta userspeci ed budget. Thesesamplesnay
then be triangulated renderedas points or ray-traced. The main
ideais to pre-computea setof sampleson the surfaceand at the
renderingtime, usea subsetthat meetsthe total budgetwhile re-
ducingthe screen-spacerror acrosshe model. We have usedthis
algorithmfor interactive displayof large splinemodelson low-end
graphicsworkstations Thisis doneby distributing the pointsonthe
surfaceto minimize surfaceerror Thesepointsarethendravn as
screen-spacsquaredo Il the gapsbetweerthem. Our algorithm
workswell in practiceandhasa low memoryfootprint.
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1 Intro duction

Curvedsurfacemodelsareusedin applicationgangingfrom com-
puteraideddesignandmedicalvisualizationto entertainmentFor
example submarinesairplanes,automobilesetc. are commonly
modeledassplines.Our overall goalis to rendercomplex models
consistingof tensof thousandf spline patchesand be ableto

explore andinteractwith themin realtime on a graphicsworksta-
tion with limited resources.Although the algorithm describedn

this paperis broadlyapplicableto ary parameterizableurface,we
focuson splinemodels.

1.1 Related reseach

Raytracing[Whitted 1979;Kajiya 1982;Nishitaetal. 1990], pixel

level subdvision [Catmull 1974; Shantzand Chang 1988], and
scan-linebasedalgorithms[Whitted 1978;Blinn 1978;Laneet al.

1980] have beenusedfor displayingspline models. Thesetech-
niques,althoughnot as ef cient as triangulationbasedmethods,
generatemoreaccuratémagesbecausehey computethe position
andcolor of eachpixel. In contrastatrianglebasedessellatiorhas
accuratgositionandcoloronly attheverticesof thetriangles.One
compromises to decomposéhe surfaceinto nominallycurvedel-

ements' whichfollow the surfacemorecloselythanatrianglemay
[Szeliskiand Tonneserl992; Witkin andHeckbert1994;Kalaiah
andVarshng 2002]. Suchelementsare not easilymadeC® con-
tinuousastriangularapproximationsare. Nonethelessif they are
smallenoughthey canbe shadedwell to produceaccuratémages
[KalaiahandVarshng 2002;AdamsonandAlexa 2003].
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Recentresearch[Zwicker et al. 2001; Kalaiah and Varshng
2002; AdamsonandAlexa 2003] shavs how to performthis shad-
ing well. Oneaspectthat hasnot receved sufcient attentionis:
how to selectthe locationsof theseelementson the surface,spe-
cially whenthe total numberof sampless bounded.This is pre-
ciselywhatwe addressn this paper

Computergraphicssystemstraditionally use trianglesto ap-
proximate surfaces since triangle renderingmay be hardware-
accelerated. View-dependentuniform [Abi-Ezzi and Shirman
1991;Kumaretal. 1996;Kumaretal. 1997]andadaptve triangu-
lation[Filip 1986;VIassopoulod990](aswell asacombinationof
thetwo [Chhugani andKumar2001]) have beenemployedto ren-
dersplinemodels.Alternatively, onemay generatea large number
of trianglesandlater performview-dependensimpli cation of the
triangleg/Hoppe1996;Rossigna@ndBorrel 1993; Xia etal. 1997;
Schroedell997]. Recently the two methodshave beencombined
into a singlealgorithm[ChhuganiandKumar2001]. However, ex-
perienceshavsthatin orderto guarante@asmallscreen-spacerror,
we areforcedto usemary trianglesthataresmallonthescreen.

Fortrianglessmallerthanapixel, point-basedenderinghasbeen
gaining popularity The ideaof usingpointsasdisplay primitives
for continuoussurfaceswas introducedin 1985 by [Levoy and
Whitted 1985], and recentlyhasbeenexplored further in [Gross-
manandDally 1998; Rusinkiavicz and Levoy 2000; P ster et al.
2000; Stammingerlnd Drettakis2001]. Thesetechniquesisehi-
erarchicaldatastructuresandforward warpingto storeandrender
the point dataefciently. Wandetal. [Wandet al. 2001] present
anoutputsensitve renderingalgorithmthatrendersa dynamically
chosersampleof sub-pixel triangles.Algorithmsthatcombinetri-
angleand point renderinghave also beenproposedCohenet al.
2001;ChenandNguyen2001].

Thefocusof this paperis on allocatinga budgetof total number
of samplesamonga numberof surfacepatcheof amodel. Thisis
similar in spirit to the problemsolved by [Funkhousemland Sequin
1993]. However, the granularityof primitive selectionin our appli-
cationis much ner andhenceheknapsackormulationis tooslow.
We assumasinput: f F,g, asetof surfacepatchesandC, thetotal
numberof elementdhatcanbe displayed(or otherwiseprocessed)
in asingleframe. We rst allocateC, to patchF; sothata C, = C,
ensuringfairness. Fairnessimplies that all patcheshave approxi-
matelythe samemaximumscreen-spacerror. (We measuresrror
in termsof geometriadistancebetweersurfaces.)Further for each
patchF; we determinewhich C; pointson thedomain(samples}o
choosesothatthedeviation of thesesampled$rom theactualsurface
is minimized. We alsoproducea sizeparametefor thesesamples:
the elementanustbe dravn large enoughso that no holesareleft
betweemeighboringelements.

Our goalis to limit the overheadof the sampleselectionalgo-
rithm at the renderingtime, asthe CPU is often requiredto pro-
cessheelementshemseles.Hence we performmostof thecom-
putationbeforethe renderingstarts. This pre-computatiorphase
choosesa list of sampleson the surface, sortedby their “impor
tance'in reducingdeviation. This resultsin moresampleschosen
in theareasof high cunvature. At therenderingtime, we rst com-
puteC, for patchF; andthensimply selectits C; mostimportant
samples.

We demonstrateour algorithm by employing it in a surface



renderingsystem. In our systemwe have usedpoints (OpenGL
GL_POINT) as screen-primities for simplicity. (Hencewe will

usescreen-primitre andpoint-primitive interchangeably We also
chooseto let the primitivesoverlapin objectspace(in the spirit of
point-basedendering)and thus do not needto maintainor man-
ageary topologicalinformation. Sincethesepointsaredistributed
uniformly in the screenspace they may alsobe usedto speedup
surfaceray intersectingfor ef cient ray-tracing. One might also
similarly chooseo, insteadriangulatethe samplesandobtainuni-
form screertriangles.

1.2 Main contributions

Ouralgorithmhastwo parts.It pre-computes setof samplepoints
oneachsurfacepatch,computingnoresamplesn highly curvedar
eas.At therenderingtime, a view-dependensubsebf thesesam-
plesis selectedand associategrimitives are sentto the graphics
pipeline.Its mainnovel componentsire:

An algorithm to pre-computesampleslocationsin the de-
creasingorderof importance

An algorithmto fairly allocatetheoverallbudgetto individual
patcheswhich distribute screen-spacerror uniformly across
themodel

A systemimplementingthe above algorithmsdemonstrating
ef cient splinemodelrendering

In this papemwe presentnovel errordiffusingbudgetallocation
of sampleslt is importantto notethatwe consideithe curvatureof
theunderlyingsurfaceto determinenhich samplego pre-compute
andwhich subseto useat run time; otherrecentpoint-baseden-
deringalgorithms[Zwicker et al. 2001; Stammingeland Drettakis
2001; Fleishmaret al. 2003] do not. As a resultof thesestrateyi-
cally placedsamplesye areableto generatdewer pointsfor sim-
ilar error bounds.We do not needto maintainary expensve data
structureof selectedcsamplesither We alsoguarantee hole free
tiling of surfacepatchessome[StammingeandDrettakis2001]do
not.

In asystemwheretherenderingspeedsimportant,apoint-based
schemeneeddo be combinedwith trianglebasedessellatiorfCo-
henetal. 2001;ChenandNguyen2001]for largely at areanthe
screen. Furthermoreficher primitivesinsteadof point-primitives
may be usedasin [Kalaiah and Varshng 2002] to improve im-
agequality. We do not addresgoint ltering or anti-aliasinghere
but recenttechniquegZwicker et al. 2001] could be appliedat the
costof hardwarerenderingoerformanceOur methodis well suited
for smoothshading. In fact, applicationsrequiring texturesseem
to necessarilyrequirericher primitives (or much smallerpoints).
Anotherlimitation of our techniqueis the needto pre-computea

x ed setof samples.However, the datastoredper sampleis small

andhencemary maybestored.Further ontherareoccasionvhen
evenmoresamplesareneededextrasamplesnaybecomputedly-
namically This may be acceptabléf only few patcheseedextra
samplen average.

1.3 Organization

In this presentationywe assumédamiliarity with NURBSandBézier
surfacesand Delaunaytriangulation. We elaboratethe basicidea
behindour approachn Section2. This is followed by the details
of the algorithmin Sections3 (pre-samplingland 4 (rendertime
sampleselection).Section5 describeur implementatiorandre-
portstheresultsobtained.Finally, conclusionsredravn andfuture
directionslistedin Section6.

2 Background

In orderto ensurghattheelementsatthe chosersamplesoverthe
surface,we mustdraw themlarge enoughto Il the gapsbetween
them.We have chosersphereso boundthe sizeof theelementsn
theobjectspace We generatehe minimumradiusof thesespheres
sothatthey cover the patch. Thus,if the elementsddravn at each
samplecover the sphere,we eliminate holes. In our systemwe
displaythesamplesasGL_POINTs.We describenow to form cov-
eringspheresext.

2.1 Spheres as elements

Imaginespherestthesampledointsonthesurfacesuchthatevery
point on the surfacelies insideat leastonesphere.ln otherwords,
whenthesespheresare projectedon the imageplane, the ellipses
thusformedwould have no gapsbetweerthem (Figure1). As we
shaw later, the spherescenteredon our sampledpoints have the
propertythat the actual surface doesnot deviate by morethanr

from the surfaceof the sphereswherer is theradiusof the largest
sphere We chooséhe samplepointssothatthey locally reducethe
deviation of the surfacefrom the approximatingsurface(i.e. the
surfaceof the sphereandhencereducetheradiusof the sphere.

Image Plane

Projection of Spheres
with no holes

Spheres on the patch in
Object Space

Figurel: Projectionof surlacesampleonimageplane

To renderanindividual spherewe computethe center Q, of the
projectecellipse(by projectingthesamplepoint). We next compute
the maximumdeviation (say d) of the elliptical surface from Q.
Now if we rendera squaresplat of dimension2d centeredat Q,
the surfaceof the projectedellipsoidis covered(Figure2). At the
renderingtime, we needto computeQ andd. Assigningthe same
value of d to all sphereson a spline patchgreatly simpli es the
problemwithout increasingby much the total numberof spheres
neededfor a given error bound. We will prove that the screen-
primitive's size, d, that we assignto eachpatchis optimal up to
aninteger. In otherwords,the valueof d we computeis lessthan
one pixel away from the optimal value. Thusfor eachpatch,we
choosesampleghatwhenprojectedaspointson the screendo not
leave ary holes,andalsoobey the deviation bounds. To compute
the samplesand their point sizesfor a given patch,we just need
logM table lookupsfor a patch,whereM is the total numberof
pre-computedamples.

2d

2d

=

Figure2: Squaresplatcovering the projectionof a sphereon the
imageplane



2.2 Overall algorithm

Our algorithmhastwo mainsteps:

Pre-sampling: We progressiely computeanorderedist of sam-
ple pointson the domainof eachspline patch. Thesesamplesare
associateavith spheresenteredat them. Eachnew samplemini-
mizesthe deviation of the resultingspheredrom the original sur
face(acrossall points on the domain). The point also storesthis
deviationvalue.Notethatthesevaluesarenon-increasingAs sam-
plesareaddedpld spherestadii change.

View-dependent point selection: At the renderingtime, we

startwith thelist of pre-computeadlomainsampledor eachpatch.
We rst computethe screen-spacerror d(F) thatmustbeincurred
for eachpatchto remainunderthe overall budget. For a patch,F,

we rst computeD(F) (the requiredobject-spacerror)= gd(F),

whereg is the scalingof the longestprojection(detailedin section
2.3). We now searchfor D(F) in the sortedlist of error values
storedfor patch F. By construction,adding the corresponding
sampleandall its predecessorguaranteef)(F).

2.3 Scale factor computation

The allocationacrossthe patchess entirely view-dependentaind
performeddnline. Theallocationwithin apatchusessurfacederiva-
tivesandis slower. In orderto performthis allocationfast,we have
decidedto choosesampledrom alist of candidatesThis list must
be pre-computedThis meangheerrorat the samplesnustbepre-
computedn the objectspace However, we measurehe nal error
asthe distancebetweenthe renderedorimitive andthe actualsur
facein thescreerspace We usethe scalefactorto transformerrors
betweerthe objectandscreenspacesandshav how to computeit
in this section.

We de ne the scalefactor of a point p in object spaceas the
length of the smallestvectoranchoredat p that projectsto a unit
vectorin the screenspace(Figure3). As shovn belaw, this mini-

mum valueequals% wherelL is thelengthof the vectorfrom

the eye to the point p, and f is the focal length,and(f + 2) is the
lengthof the projectionof the vectorfrom the eye to the point p,
alongthe principleviewing direction.

iewing
Direction

pq is the shortest
length vector { # )}

Eye i having a unt - L
projection on the
Image Plane

Figure3: Scalingof a unit vectorin screerspace

We rst compute the maximum deviation of the perspec-
tive projection of the surface of a spherefrom the projection
of its center Let p = (Xy;2) be the center of the sphere
and let (r;qg;f) be the local sphericalcoordinatesof the vec-
tor rooted at the center of the spherethat has the projec-
tion of maximum length. So the Euclidean coordinatesof
the tip of the vector (say q(r; q;f) are (x+ rsin(q) cogf);y+
rsin(g) sin(f);z+ rcogq)). Let XY plane be the image plane

andlet (0;0; f) bethecameracenter Projectionof p ontheim-
ageplane= p°= (Tf+—xz; T%;O) andprojectionof g = qqr;q;f) =

(f(x;'linchz);oq?» : f(y;':i”fg());igf)) :0). So maximizing the pro-

jection is equivalentto maximizing the length of p%P over all g
andf, which yieldsjp%J = i where

(f+2) (f+2 5 1 %y

L= P X+ y2+ (f+2)2
This givestheratio (g) of lengthof the vectorto its projection
length= JTJ%‘T' In particular the scalingat a point is given by an
in nitesimally smallvectorrootedatthepoint,i.e.,r! 0:
. f+2)2
g= lim L - (+2

mojpdy ~  fL @)

3 Pre-Computation

Recallthat we precomputea list of “important' samplesfor each
patch,aswell astheradii of coveringsphereatthoselocations.

3.1 Pre-sampling

We would like to producethe bestapproximatingsetS, of n sam-
plesfor eachvalueof n. Let ussay we cover samplesS with the
setQ; of objectprimitives (spherein our example). Sincewe do
notwantto storea differentsetfor eachn, we mandates, §,, ;.

Givenn centersandradii, we needto nd then+ 1% centerandthe
new n+ 1 radii that minimize the deviation of the resultingO,,, ;

from the surface. To save time andspacewe have choserto com-
puteasingleradiusr ,, ; thatmay be usedfor all objectsin O, ;.

Thefollowing algorithm,thoughi,is ableto generateadiiincremen-
tally sothatonly a smallnumberof samplesn S, needto change
their correspondingadiiin S, ;. Thelocationof samplesn patch
domainsarechoserasfollows:

1. Startwith aminimal sampleset(e.g. thefour corners)in the
domain.

2. Generatethe (2D) Delaunaytriangulation of this minimal
set. (Othergoodquality triangulationmay be usedaswell.)
Now computethe centerandtheradiusof the circumscribing
spheregor eachof thetrianglesobtained(seeSection3.2).

3. While the spherewith the maximum radius has a radius
greatetthana userspeci ed errorDy:
Appendto S, (Q;rmax , thecenterandtheradiusof thelargest
circumspheref all triangles(in domainspace).Also addQ
to the Delaunaytriangulation.

At the end of the processwe have an orderedlist, S, of domain
sampledfor eachpatchandtheir radii. We only storethe largest
radiusfor eachS,, thusoverdraving somesamples.

Claim 1: Maximumdeviation of a surfacepatc from the ap-
proximatingspheeis equalto theradiusof thespheethatencloses
that patch.

Justi cation : We guaranteghis by makingsurethatthe sphere
boundsthe surfaceelement(morein section3.2). Clearly, every
pointinsideasphereof radiusr is atadistancdessthanor equalto
r from thesurface.n

Claim 2: At anyinstantof the domaintriangulation,let r max be
themaximunradiusof the circumsphegs. If we draw spheeswith
radius= rpaxonall thesampledointsonthesurface no holesare
left onthe surface

Justi cation : Supposéheradiusof the circumcircleof a trian-
gle,t, isr. If we draw threecircleswith radiusr andcentersatthe



threeverticesof t, no pointon thetrianglewould beleft uncorered
(Figure4). Hencedrawing spherewith aradiusrmay rmax> r, at
eachvertex would cover all triangles.a

N
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Figure4: Coveringsurfaceby draving spherestthevertices

Moreover, the maximum deviation of the surface from these
spheresstill remainsthe same,becauseor eachcircumscribing
sphereof a triangle,eachsurfacepoint is at mostat a distanceof
radius from the centerand eachof the three substitutingspheres
passthroughthe centerof the original sphere Hencethe deviation
criteriaandthecriterionfor noholesaresimultaneouslgatis edby
selectingpointsin theabove fashion.Also with eachsamplepoint,
we getthe maximumobjectspacedeviation D, (for theith selected
point), betweerthe approximationandthe surfaceif all the points
SJ-, j i areconsideredn the surfacefor point rendering. Note

thath,, D andDjsj Dy, wherej§ is thetotal numberof sam-

plespre-computedind Dy, is the userspeci ed valueasdescribed
in section3.1. (Technically deviation could increaseon addinga
new pointfor somedegeneratgatchesasshavn in Figure5. Even
in theserarecasesaddinga sequencef samplesalwaysleadsto a
lower deviation. We addor deletethe sequencef samplegogether
andassigna singleindex to them.) Thusgiven a deviation bound
d, we can nd thepre x of Sthatgenerateanapproximatiorwith
deviation lessthanor equalto d in the screenspace(or gd in the
objectspace).

N

Figure5: The maximumdeviation occursat p, whenthe curve is
approximatedy a straightline asshovn ontheleft. The deviation
increasesvhenwe usethreesamplesasshovn ontheright.

3.2 Computation of sphere parameters

For eachtrianglein the objectspace,we needto nd the center
andtheradiusof thespherghatenclosegvery pointonthesurface
correspondingo theregioninsidethetriangleonthedomainspace.
Let the threedomainpoints (of BezierpatchF) be representecs
t=(Pyi P P3) B = (U3 V). Let P = F(py); P, = F(p,) andP; =

F(p;) bethe correspondingbjectspacepoints. Now computethe

circumcenterQ, andthe circumradiusy 4, for thetriangle P, P,P;,
unless:

1. All thethreepointsarecoincident.SetQ =P, andr, = 0.

2. Thethreepointslie on a straightline. Let P, andP, bethe
extremepoints. SetQ = @ andr, = ’Pl%.

3. Thethreepointsform anobtuseangledtriangle(circumcenter
is outside). Let P, andP, be the end points of the longest
edge.SetQ= @ andr, = JPI%.

Having evaluatedQ andr, shootaray QR perpendiculato the
planeof thetriangle,intersectinghe surfaceat point R (Figure®6).
We usePowell's method[Chhugani and Kumar2001; Presset al.
1993]to nd thepoint of intersectioa.LethRS =r,. Considerthe

spherewith centerR andradiusr = r2+r3. We nd the point,

P, onthe sub-patcHurthestfrom R (again usingPawell's method),
andif jPR > r, setr = jPR,.

Figure6: Computatiorof theradiusandcenterof the circumscrib-
ing sphere

4 Online Sampling

In this sectionwe describethe point-basedessellationalgorithm
that meetsa userspeci ed budget. This meetsa target frame-rate
alsoevenwith aGL_POINT basedendereaswe have used.Since
we usesmallpointsizesin practice we have foundthatthe Il rate
is usuallynot the bottleneck.Thusboundingthe numberof points
drawn is sufcient to meetatamgetframe-ratan practice.

Recall that a fair allocation of the budgetimplies a uniform
screen-spacerror acrossall patches.In otherwords, we should
allocatethe samescreen-spacerror to all patches:the smallest
sucherrorthatstill allows usto meetthe overall budget.Our algo-
rithm, instead allocateserrorsuchthatthe screen-spacerrorof all
patchesarewithin a pixel of eachother

4.1 Sample selection for a patch

To meetthe requiredscreen-spaceeviation, d(F) for patchF, the
object-spacedeviation requiredfor the approximationis D(F) =
g(F)d(F), whereg(F) is the minimum of the scalefactorsof all
pointscomprisedby F. (Recallthatthe minimumvalueof g corre-
spondgo themaximumprojectedengthof the errorvector)
Unfortunately the scalefactorof a setof pointscanvary arbi-
trarily. Hence,eventhoughwe could usea single scalefactorper
patch,we employ amorespatiallycoherenschemeWe useanoc-
tree basedspatialpartitioning of space.For all patchescontained
in asufciently smallpartition,we usethe samescalefactor Typ-
ically partitionscloseto the view-pointaremorere ned thanthose



Figure7: Groupingpatchedasedn scalingfactor

furtheraway, asthescalefactorcloseto theview pointvariesfaster
Thesampleselectionproceedssfollows:

1. Startwith the octreecubesusedin the previous frame. We
call a cubeterminal if the scalefactor of the eight corners
of the cubediffer by lessthang,, a userspeci ed tolerance.
For example,the terminalnodesareshawvn in Figure7. The
examplenodeB is terminalbecausenax; it 419 gjj < g,
If aleaf nodefrom the previousframeceasego beterminal,
we subdvide it. Otherwise,if a leaf nodes parentbecomes
terminal,we recursvely deletethe nodesat the currentlevel.
If g, is chosento be %, the approximationdoesnot under
deviateby morethanaunit pixel, whered is thedesiredupper
boundonthescreerspacedeviation.

2. Thescalefactorof acubeis thesmallesbf thescalefactorsof
its corners.For eachpatchcompletelycontainedn aterminal
cube,B, with scalefactorg(B), we chooseall samplesS; i
j, suchthatthe associatedleviation Dj < dg(B) and Dj 1>

dg(B).

3. If a patchlies in more than one terminal cubesthat are all
adjacentto eachother we assignto the patch,the minimum
scalefactorof thosecubes.

4. For largerpatcheshowever, we do needto usedifferentscale
factorsin differentregions of the patch. We subdvide the
domainof patcheghatspanterminalcubesthatarenot adja-
centto eachother We applythe scalingalgorithmdescribed
above to eachsub-domairkK to computethe requiredobject-
spacedeviation D, . For eachsub-domainywe nd thesubset,
S¢ S of samplesn Sthatbelongto domainK.

4.2 Budget allocation per patch

At therenderingtime, to guaranteea givenframerate,we canren-
deronly a certainnumberof pointsperframeon a given graphics
platform. Let us saythe maximumnumberof allowablepointsper
frameis C, auserspeci ed constant.

Formally, we needto computeC;, the budgetfor patchi, such
thatd;(C;) = C. Letthetotal numberof patcheseN. For distribu-
tion purposewe would wantto minimizethescreerspaceerrorfor
every patch.Sincewe usethe sizeof the screen-primitre to bound
themaximumdeviation, by choosinghesamescreen-primitie size
for every patchwe fairly distribute error. In particular a point size
of d boundsthe maximumscreerspacedeviation of the actualsur
facefrom theapproximatiorsurfaceby d = %.

We computethe patchbudgetC; from the overall budgetC in-
crementallyfrom the previous frame's solution. Considerframe
j. Assumethe scalefactorfor theith patchis g(j). Hence,if a

point size of d(j) is chosen,we can computethe maximumal-

lowable object spacedeviation for the patch(D;(j) = g(j)@).
This objectspaceadeviation equalsthe maximumallowableradii of
sphereson the surface. Sowe needto searchfor D,(j) in the list
of pre-computedaluesof errorsandusethe correspondingpre x
of samplesThisrequiresat mostlog(M;) lookups,whereM, is the
numberof pre-computedampledor the ith patch. Sowe cande-
ne afunctionCiJ R N thattakesthepoint-sizeof therendered
pointsfor thatpatch,andreturnsthenumberof pointsrequired.We
canobtainsuchC/;8i 2 [1::N].

Hence the optimization problem can be stated as follows:
Minimize (Max d.(j), suchthatSiCiJ(dl(j)) Cand8id(j) O

Cii resembles stepfunction, (seeFigure8) andwe needto for-
mulatethis function for every patchfor eachframe. The optimal

£

Step function of i Patch for j frime

Number of points —=

Point Size (pixels)y=
Figure8: Stepfunctionfor a particularpositionof somepatch

solution would assignthe samepoint size to eachpatch. Solv-
ing the above equationanalytically to get the optimum solution,
might requirein the worstcaseO(N(Mmay) stepswhereMmax is
the maximumnumberof pre-computegbointsfor ary patch. This
is clearlyanexpensve solution. In practice though,we needonly
integer point sizes. So we proposethe following algorithm,which
doesnotrequirecomputingthefunctionCiJ for thewholepointsize
range but insteadust for afew discretevalues.

1. Assignapointsizeof d = 1 for eachpatch.

2. Computethe numberof total points required,and let C0=
S,C;, whereC, is the numberof points requiredfor the ith

patch.

3. If C° C, thenrenderall the patcheswith this pointsize.

4. If C%> C, increasahe pointsized by 1, andgo backto step
2.

Theabove algorithmdoesa linearsearcho arrive ata pointsize
thatsatis esthe budget. Clearly ary integer point sizelessthand
would overshootthe budget. However, this algorithmis linearin
themaximumallowedpointsize.In orderto improve it, we exploit
thetemporalcoherencef the movementof the navigatorto obtain
a2n-timeboundedapproximatioralgorithm.

1. Allocate to eachpatch,the point sizeit hadin the previous
frame.

2. Computehenumberof total pointsrequired andletC%= S,C?
whereCiOis the numberof pointsrequiredfor theith patch.

3. If C%< C, decreas¢he point sizesof eachof the patchesby
one,andrecomputeCCafterprocessingachpatch,andtermi-
natewhenC® C.



4. If C%> C, increasethe point sizesof eachof the patchesby
one,andrecomputecafterprocessingachpatch,andtermi-
natewhenC® C.

In practice becausef thetemporalcoherencef the eye point,
thesolutiondoesnot changemuchbetweerframes andhenceusu-
ally in 1-2 passeswe obtain the optimal solution up to integral
pointsizes.Thisimpliesthatour solutiongenerateerrorslessthan
onepixel largerthanthe optimal. For a betterboundon the point
size,we could performa binary searchusingthe samemethodol-
ogy. However, the costof computinga tighter approximationfar
exceedghebene t of usingsuchasolution.

Claim 3: Letd; andd; bethe point sizesallocatedto patchesi
and j respectivelyThenjd, d]-j 1

Justi cation : Theprooffollowsfrom ourtechniqueof changing
point sizesfor eachpatch. Eachpatchstartswith a point size of
1 (beforethe rst frame). The sizesare sequentiallyincreasecr
decreaseth round-robinorder Hencethedifferencein pointsizes
betweerary two patchesvould at mostbeone.n

Note that constantscreen-spacpoint sizesonly imply thatthe
screenspaceerror is well distributed acrossthe model. We still
have fewer, biggerobject-spacaplatsfor at regionsandsmaller
denseonesfor morecuredregions.

5 Implementation and Results

We have implementedour algorithmandtestedit on a variety of
models.All timingsreportedn this paperarefrom an Onyx2 with
a400MHz R12000andan In niteReality graphicscard. Our ex-
perimentsconsistedof viewing a variety of modelsfrom various
view points.

Our methodof selectingpointsdoesnot leadto a large overlap
betweemeighboringooints.Let ussaywe computethesized(> 1)
to renderm pointsin ary frame. If we renderthe samepatchwith
apointsizeof d 1, we canseesomeholeson the screerfor the
correspondingpatch (seeFigure 9). Hencegiven the criteria of
reducingthe deviation, our algorithmperformswell in practice.

Figure9: Holeson the Teapotmodelwhenthe pointsarerendered
with a pointsizejust onelessthanthe computedne

At thepre-processingtage for eachsampledhoint, we storethe
position(u; V), the deviation of the triangulationandthe radius(or
deviation) of the sphererequiredat that point. The actualdomain
position of eachsampleneednot be very precise. Note that one
byte canaccommodatenorethanenoughtessellation255 255).
In fact,usingonebyteeachfor u andv, andtwo bytesfor storingthe
deviation (appropriatelyscaled)s usuallyenoughfor goodquality
rendering. Thuswe may represent spline patchwith its original
control points,and 6n additionalbytes,for selectech sampleson

a patch. The numberof pointsmay be reducedto satisfy storage
bounds. This value of n determineghe extentto which point ren-
dering can be used. Additionally, we can also pre-computeand
storethe threespatialcoordinatef the sampledpointsandup to

threenormalcoordinatesalthoughthey canbeef ciently computed
andcachedattherenderingtime [Kumaretal. 1995].

In Table1, we reportthe pre-processingime for differentmod-
els. This pre-processinglgorithmtakestime thatis proportionafto
thetotal surfaceareaof themodel,andnotto thenumberof patches.
Hencesomeof themodelswith largenumberof patcheganbepre-
processedomparatiely faster Thepre-processingpr ary patchis
independentrom thatof ary otherpatchof the model. Hencepre-
computationcanalsobe carriedout in parallel. However, all the
timesreportedarefor a singleprocessarAlso, we computea large
numberof samplegper patch(by giving a small deviation thresh-
old), to carry out extensve tests. Hencethe pre-processingimes
arevery high for someof themodels.

In Table2, we reportthetime spentby the algorithmto compute
the appropriatepoint sampleghat needto be sentto the graphics
pipeline.Notethatthe overall frameratefor thelargemodels(e.g.,
thegarden)is low evenwith few points. Thisis becaus®ur sample
selectiormethodtakestime proportionalto the numberof patches.
The hierarchicalversionof the algorithmwould reducethis time
further Also, we reportthe averagescreerspaceerror (de ned as
the arithmeticmeanof the screenspaceerror usedfor displaying
the modelevery frame)for the simulatedbrowsing of the models.
In fact, even the variancein error acrossframesis low and thus
acceptablejuality is maintainedin all frames. It canbe seenthat
a very small fraction of the total renderingtime ( 10%) is spent
in softwareto gure outthe correctsamplesWe achieve realtime
frameratesfor mostof themodelsonahardwarecustomizedor tri-
anglerendering Anotherinterestingobserationwasthatwhenthe
screenspaceareaof a patchwasconsiderablylarge, screenspace
errorsof even3 4 pixelsdid not producenoticeableartifacts(see
color plate). This canbe explainedby the small percentag®f er
ror in the projection. Hence,one might usethe metric of relative
screen-spacerror(obtainedoy dividing thescreen-spacerrorwith
somenormalizedareaof the screerspaceprojection).

Number | NumSamples| Pre-process
Model of Pre-computed time
Patches in minutes
Teapot 32 129,273 09
Spoon 66 234,290 17
Goblet 72 123,396 15
Dart 100 141,150 09
Coke 330 475,674 32
Scissors 505 141,243 14
Pencil 570 1,051,624 70
Dragon 5354 1,473,961 96
Garden | 38646 1,231,200 82

Tablel: Pre-samplingerformance

We alsonotesomealiasingartifactsfor a low budgetof points.
Theseare noticeableacrossthe boundaryof patchesthat do not
have ary neighboringpatches SeeFigure10 for anexample.(The
artifactsareenhancedby atwo timesimagescaling.)Methodslike
[Zwicker et al. 2001] help alleviate it. However, they don't work



Points %-time
Model per Average spent Frame
frame error in softwae rate
Teapot | 90,000 1.8 0.3 31
Spoon 90,000 11 0.6 34
Goblet | 100,000 1.45 0.5 34
Dart 90,000 0.7 0.6 36
Coke 90,000 2.09 0.9 25
Scissors| 90,000 1.7 0.9 24
Pencil 70,000 3.00 2.44 23
Dragon | 50,000 3.12 11.9 20
Garden | 50,000 7.5 19.1 7

Table2: Run-timebehaior of ouralgorithm

well for large point sizes.Reducingthe point sizeon the boundary
or silhouetteswill reducethis problem.

Figure10: Aliasing effectsacrosghe boundaryof a patch

Visual artifacts can also be seenacrossbhoundariesof patches
having appreciablaliscontinuityin normalvaluesfrom the bound-
ariesof neighboringpatchegseeFigure11). To reducethis prob-
lem, we smoothnormalsnearthe boundary Thesenormalsareav-
eragedwith the nearbyboundarypointson the adjacentpatch. For
example,normal,N, (u; V), for patchA with adjacenpatchF is re-

placedby H(Zle v) NL(uv) + & (21e v Ne(u; 0), for all sampleswith
vin [l e 1], with asmalle. In practice,e around0.005works
well. In Figure 12 we shav the improvementin renderingof the

baseof agobletmodelusingthe modi ed algorithm.

6 Conclusion

We have presenteda view-dependentalgorithm for distributing
samplesn a parametrigpatches We have demonstrated display
systemusing points as primitives proxying for eachsample. The
algorithmdoesmostof its work off-line. At the renderingtime, it
performsminimal computatiorto selecthesetof sampleshatneed
to berenderedThismaybeusedo provide aguaranteeffame-rate
visualization.We areableto obtainreal time renderingrateswith
small errorsfor mostmodels. Our currentschemepre-computes
a list of samplesfor eachpatch. If more samplesare sometimes
neededpnecouldgeneratehemonlineasin [ChhuganiandKumar
2001]. For patchedargeon screenhowever, it is fasterto usetrian-
gleprimitives.Currenthardwareis oftennotwell optimizedfor ren-

Figurel1: Visualartifactdueto alargediscontinuityin the normal
values

Figurel2: Reductionin artifactfor e = 0:004

deringpoints. We expectthe gainsof usingpoint-basedessellation
to increasewhen suchoptimizationsbecomesoutine. Preventing
artifactsattheboundaryof point-basedlementsandtraditionaltri-
anglesremainsanopenproblemwhenthe budgetis limited. In our
schemave have choserto allocatethe samescreen-spacsizeto all
elementof a patch. At the costof morespacewe could compute
and store per elementsizes. Another possibility of improvement
liesin reducing(or eliminating)the online samplingdensityfor in-
visible areasof the surface. The pre-samplingcan also be made
more rigorousby using disk-like, insteadof sphere objectprimi-
tivesandalsoby consideringsurfacenormalsandotherapplication
dependenteatures.

Acknowledgments

This researchwas supportedn partby an NSF CAREER award
(CCR-9733827)an NSFinfrastructuregrant(CDA-9303080)and
a Link FoundationFellowship. We thank ShankarKrishnanfor
his maxima nding codeandBudirijanto Purnomoandthe anory-
mousreviewersfor suggestionso improve the presentationMod-
elswerecourtesyof Lifeng Wang,themodelinggroupat University
of British ColumbiaandXingXing GraphicsCo. (Garden),David
Forsg/ (Dragon),andAlphal system(Coke andGoblet).

References

ABI-Ezz1, A., AND SHIRMAN, L. 1991. Tesselatiorof curved
surfacesunderhighly varyingtransformationsin Eurographics
1991 Proceedings385-397.

ADAMSON, A., AND ALEXA, M. 2003. Ray tracing point set
surfaces.In ShapeModelingInternational (To appear).

ALEXA, M., BEHR, J., COHEN-OR, D., FLEISHMAN, S., AND
SILVA, C. 2001. Pointsetsurfaces. In IEEE Visualization
21-28.



BLINN, J. 1978. ComputerDisplay of Curved Surfaces PhD
thesis,University of Utah.

CatmuLL, E. 1974. A SubdivisionAlgorithm for ComputeDis-
play of CurvedSurfaces PhDthesis,University of Utah.

CHEN, B., AND NGUYEN, M. 2001. Pop: A hybrid point and
polygonrenderingsystemfor large data. In IEEE Visualization
45-52.

CHHUGANI, J., AND KUMAR, S. 2001. View-dependenadaptve
tesselatiorof splinesurfaces. In Symposiunon Interactive 3D
Graphics 59-62.

COHEN, J., ALIAGA, D., AND ZHANG, W. 2001. Hybrid simpli-
cation: Combiningmulti-resolutionpolygonandpoint render
ing. In IEEE Misualization2001Proceedings37—44.

FiLip, D. 1986.Adaptive subdvision algorithmsfor a setof bézier
triangles.ComputerAidedDesignl8, 2, 74—78.

FLEISHMAN, S., COHEN-OR, D., ALEXA, M., AND SILVA, C.
2003. Progressie point setsurfaces. ACM Transactionson
Graphics (To appear).

FUNKHOUSER, T., AND SEQUIN, C. 1993.Adaptive displayalgo-
rithm for interactize frameratesduringvisualizationof comple
virtual ervironments.In Proc. ACM SIGGRAPH 247-254.

GROSSMAN, J. P.,, AND DALLY, W. J. 1998. Pointsamplerendef
ing. In 9th EurographicsWorkshopon Rendering181-192.

HoppPE, H. 1996. Progressie meshes.In In Proc. SIGGRAPH
1996 99-108.http://research.microsoft.cothbppe/.

KAJva, J. 1982. Ray tracking parametricpatches. Computer
Graphics6, 3, 245-254.(ProceedingSiggraph82).

KALAIAH, A., AND VARSHNEY, A. 2002. Differentialpointren-
dering. Renderinglechniques2002 139-150.

KUMAR, S., MANOCHA, D., AND LASTRA, A. 1995. Interactve
displayof largescalenurbsmodels.In Symposiunon Interactive
3D Graphics 51-58.

KUMAR, S., MANOCHA, D., AND LASTRA, A. 1996. Interactve
displayof large nurbsmodels.|[EEE Transactionn Visualiza-
tion and ComputerGraphics2, 4, 323—-336.

KUMAR, S., MANOCHA, D., ZHANG, H., AND HOFF, K. 1997.
An acceleratedavalkthroughof large splinemodels. In Sympo-
siumon Interactive3D Graphics 91-101.

LANE, J., CARPENTER, L., WHITTED, J., AND BLINN, J. 1980.
Scanline methodsfor displaying parametricallyde ned sur
faces.Communicationsf ACM 23, 1.

LEvoy, M., AND WHITTED, T. 1985. The useof pointsasa
display primitive. TechnicalReportTR-85-022,University of
North Carolina,ChapelHill.

NISHITA, T., SEDERBERG, T., AND KAKIMOTO, M. 1990. Ray
trackingtrimmedrational surfacepatches.ComputerGraphics
24, 4,337-345.(ProceedingSiggraph90).

PFISTER, H., ZWICKER, M., VANBAAR, J., AND GROSS, M.
2000. Surfels: Surfaceelementsasrenderingprimitives. In In
Proc. SIGGRAPH200Q ACM Press ACM SIGGRAPH/ Ad-
disonWesley Longman K. Akeley, Ed.,335-342.

PrREss, W., TEUKOLSKY, S., VETTERLING, W., AND FLAN-
NERY, B. 1993. NumericalRecipedn C: TheArt of Scienti c
Computing CambridgeUniversity Press.

ROSSIGNAC, J., AND BORREL, P. 1993. Multi-resolution3d ap-
proximationsfor renderingcomplex scenes.GeometricModel-
ing in ComputerGraphics(june), 455-465. Eds.B. Falcidieno
andT.L. Kunii, Genora, Italy.

RUSINKIEWICZ, S., AND LEVOY, M. 2000. QSplat: A multires-
olution point renderingsystemfor large meshes. In In Proc.
SIGGRAPH200Q ACM Press/ ACM SIGGRAPH/ Addison
Wesley Longman K. Akeley, Ed.,343-352.

SCHROEDER, W. J. 1997. A topologymodifying progressie dec-
imationalgorithm. In IEEE Msualization1997.

SHANTZ, M., AND CHANG, S. 1988. Renderingrimmednurbs
with adaptve forward differencing. ComputerGraphics22, 4,
189-198.

STAMMINGER, M., AND DRETTAKIS, G. 2001. Interactve sam-
pling andrenderingfor complex andprocedurageometry Ren-
dering Techniques2001, 151-162.

SZELISKI, R., AND TONNESEN, D. 1992. Surfacemodelingwith
orientedparticlesystems.ComputerGraphics26, 2. (Proceed-
ings Siggraph92).

VLASSOPOULOS, V. 1990.Adaptive polygonizationof parametric
surfaces.Msual Computer6, 291-298.

WAND, M., FISCHER, M., PETER, |., AUF DER HEIDE, F. M.,
AND STRASSER, W. 2001. Therandomized-huffer algorithm:
Interactive renderingof highly complex scenesin In Proc. SIG-
GRAPH2001

WHITTED, J. 1978. A scanline algorithmfor computerdisplayof
cunedsurfaces.ComputerGraphics12, 3,8-13.

WHITTED, J. 1979. An improvedillumination modelfor shaded
display ComputeiGraphics13, 3, 1-14.(ProceedingSiggraph
'79).

WITKIN, A., AND HECKBERT, P. 1994, Usingparticlesto sample
andcontrolimplicit surfaces. ComputerGraphics28, 3. (Pro-
ceedingsSiggraph94).

XI1A, J. C., EL-SANA, J., AND VARSHNEY, A. 1997. Adaptive
real-timelevel-of-detail-basedenderingfor polygonalmodels.
IEEE Transactionson Visualizationand ComputerGraphics3,
2,171-183.

ZWICKER, M., PFISTER, H., VANBAAR, J., AND GROSS, M.
2001.Surfacesplatting.In In Proc. SIGGRAPH001, 371-378.



