Algorithms for Sensor-Based Robotics:
Kalman Filters for Mapping and
Localization



Sensors!

Robots’ link to the external world
(obsession with depth)

Sensors, sensors, sensorsl!
and tracking what is sensed: world models

Kinect

IR rangefinder S Light-field camera
sonar rangefinder

16-735, Howie Choset
with slides from G.D.
Hager and Z. Dodds



Sensors!

Robots’ link to the external world...

Sensors, sensors, sensorsl!

and tracking what is sensed: world models
gyro GPS

Force/ compass
Torque Inertial
measurement unit
(gyro +
16-735, Howie Choset accelerometer)

with slides from G.D.
Hager and Z. Dodds



Infrared sensors

(1) sensing is based on light intensity.

“Noncontact bump sensor”
i “object-sensing” IR

Detection zone
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[Emiter F—ou
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looks for changes
at this distance
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diffuse distance-sensing IR

(2) sensing is based
Objest on angle receved.

Object

Point of Reflection ’/ﬂa
o

Different Angles with Different Distances

IR emitter/detector pair

16-735, Howie Choset
with slides from G.D. IR thCCtOI’
Hager and Z. Dodds




Infrared calibration

The response to white copy paper
(a dull, reflective surface)

raw values
(put into 4 bits)
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15° increments e 55 e
in the dark fluorescent light incandescent light

16-735, Howie Choset
with slides from G.D.



Infrared calibration
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energy vs. distance for various materials

( the incident angle 1s 0°, or head-on )
( with no ambient light )

16-735, Howie Choset
with slides from G.D.



Sonar sensing

single-transducer sonar timeline

| | 1 »
I I T >

0 TSps the transducer goes into =L
a “chirp” is emitted  typically when “receiving” mode and after a short time, the
into the environment  reverberations awaits a signal... signal will be too weak
from the initial limiting range sensing to be detected
chirp have stopped

U time response

L 17/45

‘blanking time

Polaroid sonar emitter/receivers

16-735, Howie Choset No lower range limit for paired sonars...
with slides from G.D.




Sonar effects

Lateral resolution
(a) Sonar providing an

accurate range measurement
Range

=

Range
B (b-c) Lateral resolution is not very
(a) (b) precise; the closest object in the
@i}\ beam’ s cone provides the response

(d) Specular reflections
cause walls to disappear

\
Measured
range

(c)

N\ 4

(e) Open corners produce a
weak spherical wavefront

(f) Closed corners measure to the
corner itself because of multiple
reflections --> sonar ray tracing

(e) (f)

with slides from G.D. resolution: time / space



Sonar modeling

initial time response
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16-735, Howie Choset
with slides from G.D.
Hager and Z. Dodds



Laser Ranging

YN

LIDAR/Laser range finder

[m]

16-735, Howie Choset LIDAR map
with slides from G.D.

Hager and Z. Dodds



Recent, Cool...

The 3d “time-of-flight” camera

(1) “RF-modulated optical
radiation field output”

(2) Reflects of f
the environment

(3) Time-interval input
measurements provides data
(not time-integrated!)

0

A

How can we get an image
from this information?

4/12/2015 http://ww.csem.ch /detailed/p_531_3d_cam.htm

(w/slides 1from Z.



More recent, Cooler...

Structured light:
Project a known dot
pattern with an IR
transmitter (invisible to
humans)

Infer depth from deformation to that pattern
depth from focus: Points far away are blurry
depth from stereo: Closer points are shifted

4/12/2015



The Latest, Coolest...

Light field camera (passive)

“Capture” the light going in
every direction at every 3D point

Digital or Optical Camera

\ Sensor g Eacus

.......... ... or Film§ here
............... al
ssnansns ......---:::::::::::- time
--------- | f'”'" of
| Mnot
Optical lr_." ks
Lens
\ Light Field Camera
¥ ' a Mask/Filter r_’“ rolenses § ensor
. A0 v ﬁ——j——-—”‘f’l— i’—'
; -
-
= -_———

Optical
Lenses

¢
Focus possible (using software)

anywhere along the light rays

petween these points

|eeeorg AFTER the image is captured
4/12/2015 http://excelmathmike.blogspot.com



The Problem

Mapping: What is the world around me (geometry, landmarks)
— sense from various positions
— integrate measurements to produce map
— assumes perfect knowledge of position
Localization: Where am | in the world (position wrt landmarks)
— sense
— relate sensor readings to a world model
— compute location relative to model
— assumes a perfect world model
Together, these are SLAM (Simultaneous Localization and
Mapping)
— How can you localize without a map?
— How can you map without localization?
All localization, mapping or SLAM methods are based on
updating a state:
— What makes a state? Localization? Map? Both?
— How certain is the state?



Representations for Bayesian Robot
Localization

Discrete approaches (* 95)
« Topological representation (" 95)
« uncertainty handling (POMDPSs)
* occas. global localization, recovery
» Grid-based, metric representation (’ 96)
» global localization, recovery

Al

Particle filters (" 99)
« sample-based representation
» global localization, recovery

Kalman filters (late-80s?)

» Gaussians
« approximately linear models
* position tracking

Robotics

Multi-hypothesis (" 00)
» multiple Kalman filters
» global localization, recovery




Background
Gaussian (or Normal) Distribution

p(x)~N(ms®): |

1 _E(x' ’732

2 g2

p(x) = J2ps e }
Univariate

px) = N L): =

1 : ;(x- u) LY (x- u)

@p) L[

p(x) =

Multivariate




Properties of Gaussians

X ~N(ms*)U

b Y~N(amt+b,a’s?)
Y=aX+b g

X, ~N(m,s?)U
1 U 1),DX1+X2~N(/7?+”Z’51

2 +522)

« We stay in the “Gaussian world” as long as we start with
Gaussians and perform only linear transformations.

e Same holds for multivariate Gaussians



Kalman Filter

Seminal paper published in 1960
Great web page at http://www.cs.unc.edu/~welch/kalman/

Recursive solution for discrete linear filtering problems
— Astate x e R"
— A measurementz € R™
— Discrete (i.e. fortimet=1,2, 3, ...)
— Recursive (i.e. X, =f(X.;))
— Linear system (i.e X, = A X, )
The problem is defined by a linear process model
X; = AXpq + B Uy + Wy
control Gaussian

Input  white
(optional) noise

state
transition

and a measurement linear model (with white Gaussian noise)

= + .
z=H Xt_ Vt Gaussian
observation  \yhite



Initial

N (%, 0)

I Bd(z)

Prediction
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16-735, Howie Choset



Example

« |f we are given all the
ingredients: X, 4, z,, A, Hw,_, Vi,
(and B and u,,) what is the
“optimal” x; ?

Xp = AXeg + BUgy + Wy
Z,=H X +v,
With
Wi, ~N(CO, Q)
v, ~N (0O, R)
What if
« Qistiny and R is large?
« Rislarge and Q is tiny?

« QandR are large?
« QandR are tiny?




Kalman Filter

A priori estimate %; (prediction using process model) at step t

A posteriori estimate X, (correction using measurement model )
at step t

Compute a posteriori estimate as a linear combination of an a

priori estimate and difference between the actual measurement
and expected measurement

X, =X + K(z, —HX;)
What is K?
Gain or “ blending factor” that adds a measurement innovation



Kalman Filter

Define a priori error between true state and a priori estimate
r !
€ =X — X
and its covariance as
r IArT
Zt - E(etet )

Define a posteriori error between true state and posterior estimate

o

€ =X — X
and its covariance as
T
2y = E(etet )
Then K that minimizes the a posteriori covariance is defined by

K =XH"(HZH' +R)™

Note that
— IfR — 0 then K, = H ™ (increase residual weight) X, = %! + H(zt - Hfa
— If £, — 0 then K, = 0 (decrease residual weight) |

residual



Kalman Filter

* Recipe:
— Given

KXo 2o
— Time update

X; = AX,_, +Bu,_,
> =Az A" +Q

— Measurement update

Time update
(predict)

Measurement
update
(correct)

K.=H'(HZ/H' +R)™
X, = X! + K, (z, — HX))
Z“t — (1_ I'<tH )Z;



Some Examples

Point moving on the line accordingto f=m a
— state is position and velocity
— input is force
— sensing is position
Point in the plane under Newtonian laws
Non-holonomic kinematic system (no dynamics)
— state is workspace configuration
— inputis velocity command
— sensing could be direction and/or distance to beacons
All dynamic systems are “open-loop” integration
— [Force — acceleration — velocity — position

Role of sensing is to “close the loop” and pin down
state



Initial

N (%, 0)

I Bd(z)

Prediction
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Fully Observable vs Partially Observable

Tatsl I 16-735, Howie Choset
B




A concrete example

Process Model

=R, +1 £l = A%,_, + Bu,_,
£, =0
op =1
v,~N(0,1)
Observation Model
Z, = 2x; Z, = Hx;
w,~N(0,2)
X =0+1=1 X, = A%X,_, +Bu,_4
o=1+1=2 ¥ =AY, AT +Q
z; =21
K,=2x22x2x2+2)1 Kt=E;HT(HE;HT+R)_1
K, =04
% =1+04(21-2X%1) Xev1 = Xepr + Key1 (2o — HE )
X, =1.04
o, =(1-0.4%2)2 Y. = —-KH)X

o, =04



Kalman Filter for Dead Reckoning

Robot moves along a straight line with state x =[p, v ]’
p: position

v: velocity

u is the input force applied to the robot

y nd ._u’ . . . . _vf-l-l —Ur_ut
Newton’s 2"% |Jaw 1? = — first order finite difference: =
m At m
0
1 At Integrate
Y1 = |9 1 ]xt + |4t fu, velocity

Pei1 p J

-+

Xiiq = [v ] = [ ‘ » + Integrate
t+1 t acceleration

Robot has velocity sensor

The robot position is not measured
— Hx. = 0 O _qO0 0)p[Pe
L= T o I*t T A0 Thlv,
K_/K) The measured velocity depends

on the robot velocity (duh!)



Example

Let plug some numbers

0
. =l Mol
At=0.1 |
v,~N(0,Q) X; = 0?1] prediction at t =1
W ~N (O, R) 5 =[1 00 o 01] o1 0]
Q=" °1 17 lo 1llo ollo 0.1
0 0 o 01 07 )
I = ' icti ' tt=
R = 0 0 ] 1= 0.1] prediction covariance a
0 0.1
Start at rest from the K, = ' HT (HS!HT + R)"
current position 0 o011
_ . K, =X;H" ] Uh oh!
Xg =10 O] 0 0.2 Matrix is singular.
The reason is that an
y = 0 0] z, = 0 0] X, < infinite number of states
° " lp ol 0 1 can generate the same

observation



Observability

 If H does not provide a one-to-one mapping
between the state and the measurement, then the
system is unobservable

Zy = g g]xr

In this case H is singular, such that many states
can generate the same observation



Kalman Filter Limitations

« Assumptions:
— Linear state dynamics x, =Ax, {+Bu, {+w; 4
— Observations linear in state z, = Hx, + v,
— White Gaussian noise

 What can we do if system is not linear?

— Non-linear state dynamics x, = f(xXe_, Ui, Wi_q)
— Non-linear observations z, = h(x,,v,)
Linearize it!

X, X +Ax 1 — X 1)+t Ww,_4

z, xZ, +H(x,—X,) + Vv,

X, = f(xe—1,u-4,0)

Z, = h(x,,0)



Extended Kalman Filter

« Where A, H, W and V are Jacobians defined by

A(x,) =

W(x.) =

dh,(x.,0)
dv

Vix,) = :
oh,(x.,0)

le

_afl(xrﬁ ut! 0)

Ga.rl

Of(x¢,u, 0)

0xq

_afl(xtl ur, U)

afl (er ut! 0)_

dx

T

Ofn(x;,u.,0)

5"_"1

0fn(x:,us,0)

ﬂw.l

oh,(x,,0)
v,

dh, (x,,0)
v,

dx

T

afl(xtiuri U)_

ow,,

Ofn(xeus, 0)

H(x.) =

ow,,

dh,(x;,0)

o,

oh, (x,,0)

dx .

oh,(x.,0)7
dx

dh. (x,,0)

0x



Extended Kalman Filter

- Kalman Filter Recipe: « Extended Kalman Filter Recipe:

— Given — Given
X0, Zo X0, Zo

— Prediction — Prediction
X, =AX,_, + Bu,_, X, = f(X_1,u;_1,0)
X, =AZ, AT +Q Lp = A Ay W QW

— Measurement correction — Measurement correction
K, = $,H" (HZ,H" +R)"* K, = SHT (H,ZHT + V,RV) ™
X, =X, + K(z, — HX}) X, =%, + K.(z, — h(X},0))
Y, = —-KH)X Y. = —-KH,)X!



EKF for Range-Bearing Localization
Xt

Jﬁw position and orientation
et

State s, =

v
Input u; = [wj forward and rotational velocity
Process model W
Xt
Wyt}

W@ .

Vi1 T At v,_{SIin6;_4
0,1 +At w,_4

Given a map, the robot sees N landmarks with

coordinates

L =% Y|,y =Py Yinl”

X;_q +Atv,_,cos0,_4
[ U We 1) = ‘ +

2
hl(SE:: V) J(xt _xll) + (yt
Z; = . : h;(s;,v,) = Ve
v(SHVy) tan Y —x
£




Linearize Process Model

X;—1 tAtv,_,cos0,_4 Wy,
f(Se—p, U Wi 1) = |V T ALV, SIN6,_ |+ W}'t‘
0,1+ At w,_4 Wo,
_afl(xtﬁ ur: 0) afl(xtﬁ ur: 0)_
0x, 0x,,
A(x,) = : :
Ofn(x:,u;, 0) 0f,(x:,u;,0)
0x1 0x,,

1 0 —-Atv,_;sinf,_4
A=|0 1 —-Atv, ,cosf,_,
0 0 1



Linearize Observation Model

hl(StJ 171)
Z, = : h;(s;,v.) =
hN(S[?J vN)
0h,(s;,0)
651
H(s.) = 5
Oh,(s.,0)
i 651

(Zr(h+1|k)—xe4)

G0+ Ge=n )’

tan—12t Yk _ 6,
| xt - xli
0h,(s.,0)
ds.,,
Oh,,(s.,0)
ds,

(r{k+1[k)—ye;)

V@rik+1k)—zeg )2+ (e (k+1]k)—ye; )2
—(Hr k41— )

VEe (ke 1]k)—zeg )2+ (G (k+1]k) —ye; )

1

7
Grik+1lk)—yp - 2
1+(i'p[k'+l|k']—rﬁ (Er(k+1|k)—xg )

1+

Gr(k+1lk)—yg;

2
h[_ﬂlm_rﬁ) (Zr(k+1lk)—ze;]

—1

=



Data Association

From observation model, we have an
expected
h,(s t vy)

z, =
hy(s.,vy)

X, =X + K.(z, — h(X;,0))

So if we have N landmarks |4, ..., I and
we are given a scan z,, how do associate
each landmark to a scan observation?
Given an observed landmark, we can do
— Nearest neighbor
— Mahalanobis distance

— Probabilistic Data Association Filter
(PDAF)

Xiaolei Hou

Pick the best landmark or, if it is too “different” create a new landmark I,



From Localization to Mapping

* For us, the landmarks have been a known
guantity (we have a map with the
coordinates of the landmarks), but landmarks
are not part of the state

 Two choices:

— Make the state the location of the landmarks
relative to the robot (I also know exactly
where | am ...)

* - No notion of location relative to past history
* - No fixed reference for landmarks

— Make the state the robot location now (relative
to where we started) plus landmark locations
« + Landmarks now have fixed location

* - Knowledge of my location slowly degrades
(but this is inevitable ...)



Kalman Filters and SLAM

 Localization: state is the location of the robot

* Mapping: state is the location of 2D landmarks

« SLAM: state combines both

« |If the state is St=[3‘5t Ve 0:

T
L,

%]

then we can write a linear observation system
— note that if we don’t have some fixed landmarks, our system is unobservable

 Covariance % is represented by

(Tn;

Ty

\

n"‘ll.'

(we can’ t fully determine all unknown quantities)

http://ais.informatik.uni-freiburg.de

T i Ly T rm,, °
Tymy ., T
T T (e

(T"'l.-"".._-. 7

T i TS BT Tn 7
M 2 TTY g Ty

] ) Ty i

o) A ’ \

(T‘?i LU

U(!m,,
o § ¢ 5 R ) ¢ Ay

LS TR

S5 [ ARG § PR




Step 1. EKF Range Bearing SLAM
State Update

State Sr=[xt Ve 0: l:jtnt

and landmarks

IT T .. . .
Nt] position and orientation

v
Input U, = [mj forward and rotational velocity

The process model for Iocallzatlon IS

X, | [Atv, ,cosé@,_,
S, =| Y., |+| Atv, ,sin@,_,
O,_, Atow,_,

This model is augmented for 2N+3 dimensions to

accommodate landmarks. This results in the process equation
X{ 4 Xt (1 0 O
Yia Yia O 1 0|
Atv,_, cos @
0{_1 9'( 3 O O 1 t-1 t-1
0

= + Atv,. .sin g,
T T T e

_ } Atw, ,

’
_IN,t—l_ _IN,t—l_ 0 O



Step 2: EKF Range Bearing SLAM
Covariance Update

Step 1b: Update the covariance matrix. The function f(s,u,w)
only affects the robot’s location and not the landmarks

E; = Atzt—lA:: + WrQWtT

OX OX OX Jacobian of the

& ay EYe / robot motion

y oy oy

oX oy 06
o6 00 00

OX oy 00 / 2Nx2N identity

pd
I
The motion of the robot does not
affect the coordinates of

the landmarks

Jacobian of the A —
process model o




Step 3: EKF Range Bearing SLAM
Correction Gain

K, =% H'(HXIH +V,RV)™!

] > -
h( ) J(xt_xla:) T (yt_yli) v,
iSe,Vt) = Ve — T [ ]
LY =y v
tan 'l ——— 0, b
i X¢ — 5"51,; |
Compute the Jacobian H; of each h, and then
stack them into one big matrix H. Note that h, Need to be in the
only depends on 5 variables: x, y;, @, X;i, V; correct columns
of H

H; =
—eu(kiar(k)  —yalkityek) |

S N P
|

Tl k) —xe k) yeil k) —yr (k)

[ i [ i
—yg (k) tyr(k)  ze(k)—an (k)

M i )
vealkl—ye(k)  —wa(B)tael)
Pi 7 P Pi

2; 1s the range of the landmark



Step 4. EKF Range Bearing SLAM

Measurement
fa(sev1) \/(xr — xl.;)z + (yr - yh)z lv ]
Zy = : <:> hi(stlvt) = _ + T
hy (s, vy) tan_lyx—t f:li — 6, Up
t Y

« Observe N landmarks Zti = [rti ¢tl]

* Must have data association
Which measured landmark corresponds to h;?

If s, contains the coordinates of N landmarks in the map, h; predicts the
measurement of each landmark

Must figure which measured landmark corresponds to h;.

— Nearest neighbor

— Probabilistic Data Association Filter (PDAF)

— If using visual landmarks use visual descriptors to match landmarks

If the measurement does not correspond to any predicted observation,
then initialize and add the landmark to the map

A I e
l, B Yi I, sin(g +6,)



Step 5. EKF Range Bearing SLAM
Correction Update

From K and H update the posterior state estimate

X, =X + K. (z, — h(X;,0))
L= — K:Hp)L,

Tada! And we are done!



Bearing-Only SLAM

Va
/ Lets assume one landmark for now
| l
’ S = [x y 6 | Iy]T
/Z
G-y
h(s) = tan -0

Z =h(s)

www-robotics.usc.edu

Tully 2008

Often use omni-directional sensor




Why Bearing-Only SLAM is Challenging

Tully 2008

* We cannot estimate the landmark
location with one measurement

* We must guess the range and
initialize with a large covariance
due to the lack of range information

* The location is very uncertain and
difficult to resolve with low parallax
measurements

» The measurement model is very
nonlinear, which breaks
conventional filtering techniques



Bearing-Only SLAM with EKF

K, =X H!'(HXIH +V,RV)™

http://www.pracsyslab.org

 EKF uses the standard Kalman
update

* The Kalman gain is computed
through a linearization about the
current estimate

* The result diverges
* Very dependent on the

initialization “guess” of
landmarks



Mono SLAM

* A visual landmark
with a single camera

| does not provide
Real-Time range

Camera Tracking « Data association Is
given by tracking or
matching visual

in Unknown Scenes

descriptors/patches
Robot Vision, Imperial College . objea

Image

http://homepages.inf.ed.ac.uk/



Experimental Results — The Victoria Park Dataset

« A well studied benchmark dataset used in many other
SLAM publications

« We simply ignored all of the range values provided
with each landmark measurement




Navigation: RMS Titanic

Leonard & Eustice

EKF-based system

866 images

3494 camera constraints

Path length 3.1km 2D / 3.4km 3D
Convex hull > 3100m?

344 min. data / 39 min. ESDF*

*excludes image registration time

Mosaic created by Hanumant Singh,
Woods Hole Oceanographic Institution/Copytight 2004
Institute for Exploration, The (mages for this mosaic were taken by the
ting an expedition led by Dr Robert Ballard from the University of
nstitute for Archaeological Oceanography.
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Search of Flight 370




Summary

Basic system modeling ideas

Kalman filter as an estimation method from a system model
Linearization as a way of attacking a wider variety of problems
Mapping localization and mapping into EKF

Extensions for managing landmark matching and not-well-
constrained systems.



