
9 The Continuous-Discrete Approach

Next we show how to maintain completely decentralized overlay networks, i.e. now we do not have
a supervisor any more. We will assume that peers that want to enter the network already know a peer
that is in the network. (In practice, peers contact rendezvous servers available over the world-wide
web that will introduce the peer to a peer in the network.)

For the decentralized overlay networks presented in this section we will use an approach called the
continuous-discrete approach [3].

9.1 The continuous-discrete approach

The basic idea of the continuous-discrete approach is to define a continuous model of graphs and to
apply this continuous model to a finite set of nodes.

Consider somed-dimensional spaceU = [0, 1)d, and suppose that we have a setF of functions
fi : U → U . Then we defineEF as the set of all pairs(x, y) ∈ U2 with y = fi(x) for somei. Given
any subsetS ⊆ U , we define

Γ(S) = {y ∈ U \ S | ∃x ∈ S : (x, y) ∈ EF} .

Theexpansionα of F is defined as

α = min
S⊆U, |S|≤|U |/2

|Γ(S)|
|S| .

where|S| denotes the volume of a setS. F is calledmixing if α > 0 and rapidly mixing if α is
a constant. IfF does not mix, then there are disconnected areas inU . As a prerequisite for our
constructions we require that it is possible to go from any area to any other area inU , and we will
therefore assume in the following thatF is mixing. Under this assumption, the continuous setting can
be transformed into a discrete, connected graph as follows:

Invariant 9.1 Suppose that we have a setV of n nodes, and suppose that a regionR(v) ⊆ U has been
assigned to each nodev ∈ V so that the regions cover the entire spaceU , i.e. ∪vR(v) = U . Then
the graphGF (V ) contains an edge(v, w) for every pair of nodesv andw for which there is an edge
(x, y) ∈ EF with x ∈ R(v) andy ∈ R(w).

The following fact is easy to see.

Fact 9.2 If F is mixing and∪vR(v) = U , thenGF (U) is connected.

Thus, for the invariant to be useful, we need

• a family of functionsF on some spaceU that is mixing, and

• a rule for assigning regions to nodes that coverU .

There are two basic strategies for the second part: cuttingU into disjoint regions, or choosing overlap-
ping regions for the nodes.
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Disjoint regions

Here, two strategies have been proposed. The proximity approach [3] and the hierarchical decomposi-
tion approach [4]. In the proximity approach, a hash functionh : V → U is usually used that assigns
random values to the nodes. The region of a nodev is defined as

R(v) = {x ∈ U | x is closest toh(v) among all nodes}

These regions form a so-called Voronoi diagram that can look quite complicated. (Only ifd = 1,
i.e. U = [0, 1), then this approach gives reasonably simple regions.) Therefore, the hierarchical
decomposition approach is usually preferred.

In the hierarchical decomposition approach,U is decomposed into a hierarchy of subcubes ofU
using a binary decomposition tree. The root of this tree representsU . For any nodeu of the tree
representing subcubeU(u) that has childrenv andw, U(u) is cut into two equal-size subcubes along
a dimension with the largest side length, and these subcubes are assigned tov andw. The goal of the
hierarchical decomposition approach is to assign peers to positions in the decomposition tree so that
each peer is responsible for the subcube of the node it is assigned to and the union of these subcubes
givesU . This is done in the following way.

The first peer that enters the system will occupy the root position, i.e. it is responsible to the entire
setU . Each time a new peerp joins the system, it moves down a random path in the tree until it hits a
nodeu occupied by a peerq. Thenp is placed in the left child ofu andq is placed in the right child
of u. If the regions of the peers previously coveredU , then this operation makes sure that the regions
of the peers also coverU afterwards. If a peerp wants to leave the system, then it checks whether
there is a peerq in its sibling. If so,q is moved upwards to the parent ofp andp can leave the system.
Otherwise, any peerq placed at a node below the sibling ofp is taken to take over the position ofp,
and the removal ofq from its old position is handled like the departure ofp above.

For the special case ofU = [0, 1), a popular approach to cutU into disjoint regions has been the
consistent hashing approach, i.e. each nodev is responsible for the regionR(v) = (h(pred(v)), h(v)]
where pred(v) is the node precedingv in [0, 1).

Lemma 9.3 If U = [0, 1), h is a random hash function, and the nodesv use the consistent hashing
scheme to select the regionsR(v) in U they are responsible for, thenE[|R(v)|] = 1/n and |R(v)| =
O((log n)/n) with high probability.

Proof. The expectation follows from symmetry. For the upper bound onR(v), notice that for every
nodev, the probability thatv has no nodew with h(w) ∈ [h(v), h(v)− (c ln n)/n) is equal to

(
1− c ln n

n

)n−1

≤ e−
c ln n

n
·(n−1) = e−c(1−1/n) ln n =

(
1

n

)c(1−1/n)

.

Hence, with high probability,|R(v)| = O((log n)/n) for every nodev. ut

Overlapping regions

To give an example of how to achieve coverage with overlapping regions, letCε be the set of alld-
dimensional hypercubes in[0, 1)d of volumeε. Suppose again that we map the nodes to points inU
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via some functionh : V → U . Further, suppose that every nodev is given a regionR(v) representing
a hypercube inCε with centerv. Since the regions are supposed to coverU , ε must be at least1/n.
Fortunately, when mapping the nodes uniformly at random to points inU , ε will be quite close ton
with high probability ifd is small:

Lemma 9.4 If h is a random hash function, thenε = Θ((2d log n)/n) is sufficient, with high proba-
bility, to make sure that the hypercubes of volumeε with centers inh(V ) cover the entire setU .

Proof. Consider any pointx ∈ U and letcx be thed-dimensional hypercube of volumeε centered at
x. If ε = (c log n)/n for some constantc > 0, then the probability that none of the nodesv has a point
h(v) in cx is equal to (

1− c ln n

n

)n

≤ e−
c ln n

n
·n = e−c ln n =

(
1

n

)c

.

Hence, if every node chooses a hypercube of volume2dε around it, then with high probability there
is a node whose hypercube fully coverscx. Now, U can be partitioned into1/ε cubes of volumeε, so
there are only1/ε pointsx to check. Hence, the probability that there is any pointy ∈ U that is not
covered by the hypercubes of the nodes of volume2dε is at most(n/(c ln n)) ·n−c which is very small
if c > 1. ut

General properties

Next we look at general properties of graphs resulting from the continuous-discrete approach. For any
subsetW ⊆ V , let R(W ) = ∪v∈V ′R(v). We define thesmoothnessσ of the region assignment as

σ = max
W⊆V

|R(W )|
|W | .

Using this definition, it holds:

Theorem 9.5 For every setV of n nodes with∪vR(v) = U it holds thatGF (V ) has a node expansion
of Ω(α/σ) and a diameter of at mostO((σ/α) log n).

The proof is complex and omitted here. Next, we will apply the continuous-discrete approach to
transform the hypercube and the deBruijn network into a dynamic, decentralized overlay network. A
dynamic variant of the hypercube was first proposed in [5], and dynamic variants of the deBruijn graph
were independently proposed in [2, 3].

9.2 Maintaining a dynamic hypercube

For any realx ∈ [0, 1), let (`1`2 . . .) be the binary representation ofx, i.e. x =
∑

i≥1 `i/2
i. Definex(b)

asx+(1− 2`b)/2
b, which is equivalent to flipping̀b in the binary representation ofx. The hypercube

has the following geometric representation:

Definition 9.6 The hypercube of dimensiond, HC(d), is an undirected graphG = (V,E) with node
setV = {j/2d | j ∈ {0, . . . , 2d − 1}} and edge setE containing all edges{x, y} with y = x(b) for
someb ∈ {1, . . . , d}.
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Thus, the way we can extend this to an infinite-dimensional hypercube is to use the spaceU = [0, 1)
and defineFH as the class of all functionsfi, i ≥ 1, with fi(x) = x(i).

Using this family of functions, the following theorem is implied by results in [1].

Theorem 9.7 LetW ⊆ V be the set of nodes currently in the system. If the consistent hashing scheme
is used to map the nodes to regions in[0, 1), then the graphGF (W ) resulting from the continuous-
discrete approach has a node expansion ofΩ(1/ log n) and a smoothness ofO(log n), with high prob-
ability. Furthermore, every node has a degree of at mostO(log2 n) with high probability.

Routing in the hypercube

Suppose that Invariant 9.1 is satisfied for our family of hypercubic functions. Then it is fairly easy to
route a message from any pointx ∈ [0, 1) to any pointy ∈ [0, 1) along edges inGF (W ).

Consider the pathP in the continuous space that results from using the bit adjustment strategy
in order to get fromx to y. That is, given thatx1x2x3 . . . is the bit sequence forx andy1y2y3 . . .
is the bit sequence fory, P is the sequence of pointsz0 = x1x2x3 . . . , z1 = y1x2x3 . . . , z2 =
y1y2x3 . . . , . . . , y1y2y3 . . . = y. Of course,P may have an infinite length, but simulatingP in GF (W )
only requires traversing a finite sequence of edges:

We start with the regionR(v) containingx = z0. Then we move along the edge(v, w) in GF (W ) to
the regionR(w) containingz1. This edge must exist because we assume that Invariant 9.1 is satisfied.
Then we move along the edge(w,w′) simulating(z1, z2), and so on, until we reach the node whose
region containsy. Using this strategy, it holds:

Lemma 9.8 Given a node setW with |W | = n, it takes at mostO(log n) hops, with high probability,
to route inGF (W ) from any pointx ∈ [0, 1) to any pointy ∈ [0, 1).

Joining and leaving the network

Suppose that a new nodev contacts some node already in the system to join the system. Thenv’s
request is first sent tou = succ(h(v)), which only takesO(log n) hops according to Lemma 9.19.u
forwards information about all of its incoming and outgoing edges tov, deletes all edges that it does
not need any more, and informs the corresponding endpoints about this. BecauseR(v) ⊆ R(u) for
the oldR(u), the edges reported tov are a superset of the edges that it needs to establish.v checks
which of the edges are relevant for it, informs the other endpoint for each relevant edge, and removes
the others.

If a nodev wants to leave the network, it simply forwards all of its incoming and outgoing edges to
succ(h(v)). succ(h(v)) will then merge these edges with its existing edges and notifies the endpoints
of these edges about the changes.

Combining Theorem 9.7 and Lemma 9.19 we obtain:

Theorem 9.9 It takes a routing effort ofO(log n) hops and an update work ofO(log2 n) messages
that can be processed in a constant number of communication rounds in order to execute a join or
leave operation.

One can also use the dynamic hypercube for distributed data management by implementing the
consistent hash strategy on top of it.

An alternative but very similar construction to the dynamic hypercube is known as Chord [5].
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9.3 Chord

In the Chord network, the following invariant has to be kept at any time.

Invariant 9.10 For any set of nodesV currently in the system, it holds for everyv ∈ V that v is
connected to

(a) pred(h(v)), succ(h(v)), and

(b) succ(h(v) + 1/2i) for all i ≥ 1 with succ(h(v) + 1/2i) 6= succ(h(v)).

1 0

Figure 1: An example of a Chord network (only short-cut pointers for two nodes are given).

Invariant 9.10(a) requires that the nodes are organized in a sorted, doubly linked cycle, the so-
calledChord ring, and Invariant 9.10(b) makes sure that messages can move quickly from any node to
any other node on the cycle. The first type of edges are calledring edgesand the second type of edges
are calledhypercubic edges, due to their similarity with the edges in Definition 9.6.

Similar to Theorem 9.7, the Chord overlay network has the following properties, wheren is the
current number of nodes in the system:

Theorem 9.11 If Invariant 9.10 is true andh assigns random numbers to nodes, then Chord has a
maximum outdegree ofO(log n), a maximum indegree ofO(log2 n), a diameter ofO(log n), and a
node expansion ofΩ(1/ log n) with high probability.

Proof. We start with the maximum outdegree. Certainly, every node only has two ring edges. Thus,
it remains to bound the number of hypercubic edges. Consider any fixed nodev ∈ V and letIv =
[h(v), h(v)+1/n3]. For any nodew ∈ V \{v}, the probability thath(w) ∈ Iv is equal to1/n3. Hence,
the expected number of nodes inw ∈ V \ {v} with h(w) ∈ Iv is at most(1/n3) · (n − 1) ≤ 1/n2.
Using this in the standard Markov Inequality (i.e.Pr[X ≥ k] ≤ E[X]/k) it follows that the probability
of having at least one nodew ∈ V \ {v} with w ∈ Iv is at most1/n2. Hence, the expected number of
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nodesv ∈ V that have at least one other node inIv is at most1/n, and therefore, again from the Markov
Inequality, the probability that there is at least one nodev ∈ V with another node inIv is at most1/n.
Thus, with high probability it holds that for all nodesv ∈ V , succ(h(v) + 1/23 log n) = succ(h(v)).
Hence, with high probability every node only hasO(log n) hypercubic pointers.

Next we consider the indegree. We only sketch the proof. For any nodev ∈ V , let I ′v = [h(v) −
(ε ln n)/n, h(v)] for some constantε ∈ (0, 1). The probability that for some fixed nodev there is no
other nodew with w ∈ I ′v is equal to

(1− |I ′v|)n−1
=

(
1− ε ln n

n

)n−1

≥ e−(n−1)· ε ln n
n−ε log n ≥ e−2ε ln n = n−2ε

because it is known that(1 − 1/k)k−1 ≥ 1/e for all k > 1. Hence, the expected number of nodes
v with no other node inI ′v is at leastn · n−2ε = n1−2ε. Using this, one can also show that with high
probability, there will be at least one nodev with no other node inI ′v, if ε ≤ 1/3. For such a nodev, all
nodes in the intervals[h(v)− (ε log n)/n− 1/2i, h(v)− 1/2i) would have to have a hypercubic edge
to v, and there are on expectation, and with high probability,Θ(log2 n) of these nodes. So there will
be a node with indegreeΘ(log2 n) with high probability.

Next we bound the diameter. Consider any two nodesv andw, and letδv,w = h(w) − h(v) if
h(w) ≥ h(v) and otherwiseδv,w = 1 + h(w) − h(v), i.e. δv,w is the distance betweenv andw when
walking clockwise along the Chord ring. If we take a hypercubic edge to succ(h(v) + 1/2i) wherei is
the largest value so thath(v) + 1/2i ≤ h(w) (resp.h(v) + 1/2i ≤ 1 + h(w) if h(w) < h(v)), then we
end up at a nodeu with δu,w ≤ 1

2
δv,w. Hence, hypercubic edges always allow us to cut the distance a

message has to travel by at least a factor of2. Hence, inO(log n) hops a message can be sent between
any pair of nodes, proving the diameter bound.

The proof for the expansion bound is quite involved and will therefore not be discussed here. See
[1] for details. ut

In order to maintain Invariant 9.10, we need proper rules for joining and leaving the network. As
a subroutine for theJOIN method, we need a routing mechanism to send a message to any peer in the
network.

Routing in Chord

Consider the following routing strategy:
Suppose that nodeu is the current location of a message with destinationx ∈ [0, 1). As long

asx 6∈ (h(pred(h(u))), h(u)] (in which case the message has not yet reached succ(x)), u sends the
request to the node succ(h(u) + 1/2i) with maximumi so thath(u) + 1/2i ≤ x (treating[0, 1) here as
a ring).

Using the diameter proof in Theorem 9.11, we obtain the following result:

Lemma 9.12 For any nodev ∈ V and any real numberx ∈ [0, 1), it takes at mostO(log n) hops to
send a message fromv to succ(x).

Joining and leaving the network

Suppose that a new nodev contacts nodew ∈ V to join the system. Thenw will forward v’s request to
succ(h(v)) using the Chord routing strategy withx = h(v). succ(h(v)) will then integratev between
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succ(h(v)) and pred(h(succ(v))). Afterwards, succ(h(v)) will send the endpoints of all of its outgoing
hypercubic edges over tov. v then sends requests to these endpoints, using the Chord routing strategy,
to establish its own outgoing hypercubic edges. Furthermore, succ(h(v)) will move all of the incoming
hypercubic edges relevant forv according to Invariant 9.10 tov and notify the origins of these edges
about that. Oncev has received information about all of its outgoing and incoming hypercubic edges,
the join operation terminates.

Theorem 9.13 Inserting a new node requiresO(log n) time and message transmissions on expectation
andO(log2 n) time and message transmissions with high probability.

Proof. We only sketch the proof. Due to symmetry reasons, the expected fraction of the[0, 1) ring
owned by any particular nodev is 1/n (i.e. all edges with an endpoint in that area will be assigned to
v). Furthermore, the largest possible interval in the[0, 1) ring without a node is at mostO((log n)/n)
with high probability, because the probability that no node chooses a value in some fixed interval of
size(c ln n)/n is equal to (

1− c ln n

n

)n

≤ e−
c ln n

n
·n = n−c .

Hence, the maximum fraction of the[0, 1) ring owned by a node isO((log n)/n) with high probability.
If a new node receives an area of sizek, then on expectation and with high probability,O(log n)

new edges fromv have to be created andO(k log n) edges tov have to be changed, resulting in the
theorem. ut

If a nodev wants to leave the system, it first notifies all nodes having edges to it to point tov’s
successor, and then it removes itself from the doubly linked cycle by connecting its predecessor and
successor. Also here we get:

Theorem 9.14 Deleting a node requiresO(log n) time and message transmissions on expectation and
O(log2 n) time and message transmissions with high probability.

Data management

The data management works exactly like the consistent hashing strategy presented in Section 5: Data
items are hashed to random values in[0, 1), and any data itemd is placed at the nodev with v =
succ(h(d)).

Using this strategy, data will on expectation be evenly distributed among the nodes, and on expec-
tation, at most a factor of 2 more data than necessary has to be replaced if a node joins or leaves.

Searching

When a new data item has to be inserted, or when a data item has to be located, we can use the Chord
routing strategy above to learn about the node responsible for it and then contact it directly to insert
or retrieve the data item. This strategy achieves the following result, which follows immediately from
Lemma 9.12.

Theorem 9.15 Any search operation can be executed inO(log n) hops, with high probability.
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Fault tolerance

In order to achieve a high fault tolerance, every node maintains pointers to itsO(log n) successors on
the doubly linked cycle. In this case it holds:

Claim 9.16 If the nodes have random values in[0, 1), then even ifεn nodes leave at the same time for
some constantε < 1, the probability that a node loses all of its successors is polynomially small inn.

Proof. If εn nodes leave the system, the probability that allc log n successors of a node are among
them is

εn

n
· εn− 1

n− 1
· . . . · εn− (c log n− 1)

n− (c log n− 1)
≤ εc log n = n−c log(1/ε) .

This is polynomially small ifc is sufficiently large compared toε. ut

9.4 Maintaining a dynamic deBruijn graph

Next we show how to dynamically maintain a deBruijn graph. Recall the definition of a deBruijn
graph.

Definition 9.17 (deBruijn) Thed-dimensional DeBruijn graphDB(d) is an undirected graphG =
(V, E) with node setV = [2]d and edge setE that contains all edges{v, w} with the property that
v = (vd−1, . . . , v0) andw ∈ {(x, vd−1, . . . , v1) : x ∈ {0, 1}}.

Viewing the binary label of a node as a point in[0, 1), it turns out thatx is connected toy if y = x/2
or y = (1 + x)/2 (after removing the least significant bit inx). Hence, it is natural to formulate the
following continuous version of the deBruijn graph:

Let U = [0, 1) andF consist of two functions,f0 and f1, wherefi(x) = (i + x)/2 for each
i ∈ {0, 1}.

Using this family, one can show the following result:

Theorem 9.18 LetW ⊆ V be the set of nodes currently in the system. If the consistent hashing scheme
is used to map the nodes to regions in[0, 1), then the graphGF (W ) resulting from the continuous-
discrete approach has a node expansion ofΩ(1/ log n) and a smoothness ofO(log n), with high prob-
ability. Furthermore, every node has a degree of at mostO(log n) with high probability.

Routing in the deBruijn graph

Suppose that Invariant 9.1 is satisfied for our family of hypercubic functions. Then we use the fol-
lowing trick to route a message from any pointx ∈ [0, 1) to any pointy ∈ [0, 1) along edges in
GF (W ).

Let z be a randomly chosen point in[0, 1). Let x1x2x3 . . . be the binary representation ofx,
y1y2y3 . . . be the binary representation ofy, andz1z2z3 be the binary representation ofz. Let P be the
path along the pointsx = x1x2x3 . . . , z1x1x2 . . . , z2z1x1 . . . , . . . andP ′ be the path along the points
y = y1y2y3 . . . , z1y1y2 . . . , z2z1y1 . . . , . . . Then we simulate moving along the points inP by moving
along the corresponding edges inGF (W ) until we hit a nodew ∈ W with the property thatR(w)
contains a point inP and a point inP ′. At that point, we follow the points inP ′ backwards until we
arrive at the nodew′ ∈ W that containsy in R(w′). Using this strategy, it holds:
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1 0

Figure 2: An example of a dynamic deBruijn network (only some short-cut pointers for two nodes are
given).

Lemma 9.19 Given a node setW with |W | = n, it takes at mostO(log n) hops, with high probability,
to route inGF (W ) from any pointx ∈ [0, 1) to any pointy ∈ [0, 1).

Joining and leaving the network

Joining and leaving the network is done in basically the same way as in the hypercube, giving the
following result:

Theorem 9.20 It takes a routing effort ofO(log n) hops and an update work ofO(log n) messages
that can be processed in a constant number of communication rounds in order to execute a join or
leave operation in the dynamic deBruijn graph.

One can also use the dynamic deBruijn graph for distributed data management by implementing
the consistent hash strategy on top of it.
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