
3 Network Flows II – Single-Commodity Flows

In the previous section we only looked at how to find least-cost paths for source-destination pairs.
However, it is not too difficult to see that least-cost paths can cause a high congestion, i.e. many paths
may go across the same edge. Thus, it may be better to use some kind of coordination among the paths
so that no edge gets overloaded. We start investigating this approach by just looking at the case that
all information has to be sent to a single sink, i.e. we only have a single-commodity flow.

A flow from a sources to a sinkt is a real-valued functionf : V × V → IR+ that satisfies

• Capacity constraints: For allu, v ∈ V , f(u, v) ≤ c(u, v).

• Flow conservation: For allu ∈ V \ {s, t}, ∑
v∈V f(u, v) = 0.

• Skew symmetry: For allu, v ∈ V , f(u, v) = −f(v, u).

The valueof a flow f is defined as|f | =
∑

u∈V f(s, u). There are two classical single-commodity
flow problems: the maximum-flow problem and the mincost flow problem.

In the maximum-flow problem we are given a networkG = (V, E) with edge capacitiesc : E →
IR+ and a source-destination pair(s, t), and the problem is to find a flow of maximum value froms to
t.

In the minimum-cost flow problem we are given a networkG = (V, E) with edge capacities
determined byc : E → IR+ and edge weights determined byw : E → IR+. Furthermore, we have a
sources, a sinkt, and a parameterϕ, and the problem is to find a flowf with |f | = ϕ from s to t that
minimizes ∑

e: f(e)>0

f(e) · w(e) .

Before we present distributed algorithms for these flow problems, we investigate some basic prop-
erties of single-commodity flows.

3.1 The max-flow min-cut theorem

An s-t cut is a partition(S, T ) of the graphG with S ∪ T = V , s ∈ S, t ∈ T , andS ∩ T = ∅. The
capacityof a cut(S, T ) is defined as

c(S, T ) =
∑

u∈S, v∈T

c(u, v)

and the flow over a cut(S, T ) is defined as

f(S, T ) =
∑

u∈S, v∈T

f(u, v)

See Figure 1 for an example of a flow and a cut. We start with an important observation about flows
and cuts.

Lemma 3.1 For anys-t cut (S, T ) and anys-t flowf , |f | = f(S, T ).
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Figure 1: An example of a flow and a cut. In the ’x/y’ expressions,y represents the capacity of an
edge andx the flow sent along it.

Proof. Consider anys-t cut (S ′, T ′) and suppose that for this cut,|f | = f(S ′, T ′). Now, take any
nodev ∈ T ′ \ {t}, and consider the cut(S ′′, T ′′) with S ′′ = S ′ ∪ {v}. From the flow conservation
principle we know thatf({v}, S ′) + f({v}, T ′) = 0. Hence, it follows from the skew symmetry that

f(S ′′, T ′′) = f(S ′, T ′)− f(S ′, {v}) + f({v}, T ′)

= f(S ′, T ′) + f({v}, S ′) + f({v}, T ′) = f(S ′, T ′) .

Since by the definition of a flow,f({s}, V \ {s}) = |f |, and everys-t cut (S, T ) can be constructed
from ({s}, V \ {s}) by successively adding a node, the lemma follows. ut

The lemma immediately implies the following result.

Corollary 3.2 The maximum value of ans-t flow can be at most the minimum capacity of ans-t cut,
i.e.

max
f
|f | ≤ min

(S,T )
c(S, T ) .

Is it also possible to show thatmaxf |f | ≥ min(S,T ) c(S, T )? To answer this question, we need the
concept of residual graphs.

Given a networkG = (V,E) with flow f , theresidual networkGf = (V, Ef ) is a directed network
containing all edgese ∈ E with positiveresidual capacitiescf (e) = c(e)− f(e). An augmenting path
is a directeds-t path along edges inGf . The residual capacity of an augmenting pathp is defined as

cf (p) = min
e∈p

cf (e) .

Lemma 3.3 GivenGf and an augmenting path with residual capacityc, one can augment the flow
value|f | by c without violating the flow constraints.

Proof. Suppose that there is an augmenting pathp with residual capacityc. If we define the flow
fp with fp(e) = c for all e ∈ p, then this is a valid flow inGf . Consider now the flowf ′ with flow
valuesf ′(e) = f(e) + fp(e) for all edgese. Since the superposition of two valid flows preserve the
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flow conservation principle and skew symmetry, we only have to worry about the capacity constraints.
However, since for every edgee ∈ p we know thatcf (e) = c(e)− f(e) ≥ c, it holds for each of these
edges thatf(e) + fp(e) ≤ c(e). Hence, also the capacity constraints are kept, which completes the
proof. ut

Now we can prove the following result:

Lemma 3.4 For any networkG,
max

f
|f | ≥ min

(S,T )
c(S, T ) .

Proof. Suppose thatf is a flow of maximum possible value. LetSf be the set of all nodes inGf

reachable froms. If Sf includest, there must be an augmenting path inGf and therefore|f | cannot be
maximal. Hence,Sf cannot includet. However, in this case it must hold for allu ∈ Sf andv ∈ V \Sf

thatf(u, v) ≥ c(u, v), and thereforef(Sf , V \ Sf ) ≥ c(Sf , V \ Sf ). Sincef(Sf , V \ Sf ) = |f |, the
lemma follows. ut

Combining Corollary 3.2 and Lemma 3.4, we get:

Theorem 3.5 (Max-flow min-cut theorem) For any networkG, the maximums-t flow is equal to the
minimums-t cut, i.e.

max
f
|f | = min

(S,T )
c(S, T ) .

3.2 The preflow algorithm

Next we present an algorithm, calledpreflow algorithm(see e.g. [2]), that finds a maximum flow in a
distributed way. Unlike other flow algorithms, the preflow algorithm does not try to find augmenting
paths but first pushes a maximum amount of flow out from the source and then adjusts the flow by
letting as much of it as possible to the sink and returning any excess flow to the source.

In apreflow, the flow conservation principle is modified in the following way:

• Preflow conservation:For allv ∈ V \ {s, t}, e(v) =
∑

u∈V f(u, v) ≥ 0.

Here,e(v) is theexcessat nodev. Note thate(t) ≥ 0 since no flow leavest. e(s) ≤ 0, buts is the only
node with negative excess. The preflow algorithm assigns aheighth(v) to each nodev such that the
following conditions are satisfied:

1. h(s) = n

2. h(t) = 0

3. h(u) ≤ h(v) + 1 for all (u, v) ∈ Ef

The goal is to push flow towards the sink. We determine the direction of thepushoperation from
the heights of the neighboring nodes: flows can only be pushed from higher nodes to lower nodes. As
we will see in a moment, the algorithm proceeds as long as there is a node with excess. Initially, we
have the following situation:

• h(u) = 0 for all u ∈ V \ {s} andh(s) = n,
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• f(u, v) = f(v, u) = 0 for all (u, v) ∈ E with u, v 6= s, and

• f(s, u) = c(s, u) andf(u, s) = −f(s, u) for all (s, u) ∈ E.

Afterwards, the preflow algorithm proceeds by repeating the steps shown in Figure 2.

Preflow Algorithm :

At each nodeu:

if e(u) > 0 and there is a neighborv with cf (u, v) > 0 andh(u) = h(v) + 1
Push: pf (u, v) = min{e(u), cf (u, v)}

f(u, v) = f(u, v) + pf (u, v)
f(v, u) = f(v, u)− pf (u, v)

else ife(u) > 0 andh(u) ≤ h(v) for all (u, v) ∈ Ef

Lift: h(u) = h(u) + 1

Figure 2: The preflow algorithm for the maximum-flow problem.

Next we show that the algorithm indeed finds a maximum flow. The following lemma is crucial
for the rest of the analysis.

Lemma 3.6 During the execution of the preflow algorithm,h(u) ≤ h(v) + 1 for all (u, v) ∈ Ef .

Proof. We prove the lemma by complete induction over the number of rounds of the preflow algo-
rithm. At the beginning, the lemma is certainly true. So suppose that it is true up to some roundt. If
there are no further push or lift operations afterwards, we are done. Consider any nodeu with a push
or lift operation in roundt + 1.

Suppose thatu performs a push operation. Then there is a neighborv with (u, v) ∈ Ef and
h(u) = h(v) + 1. Whatever operationv performs, it holds at the beginning of stept + 1 thath(v) ∈
{h(u)− 1, h(u)}. Hence, for both(u, v) and(v, u) the height condition will not be violated.

So suppose thatu performs a lift operation. This does not endanger the conditionh(u) ≤ h(v) + 1
orh(v) ≤ h(u)+1 for any neighborv of u performing a push operation, because we already considered
push operations in the first case. So letv be any neighbor ofu that either does nothing or performs
a lift operation. If(u, v) 6∈ Ef , there is nothing to show. So suppose that(u, v) ∈ Ef . In this case,
we know thath(u) ≤ h(v), and thereforeh(u) ≤ h(v) + 1 afteru’s lift operation, whateverv does.
Hence, the lemma is true. ut

Lemma 3.7 For any nodeu ∈ V \{s, t} it holds that ife(u) > 0, then either a push or a lift operation
applies tou.

Proof. Consider any nodeu with e(u) > 0. If a push operation can be performed, we are fine. So
suppose that there is no(u, v) ∈ Ef with h(u) = h(v) + 1. Then it follows from the previous lemma
thath(u) ≤ h(v) for all (u, v) ∈ Ef , and we can therefore perform a lift operation. ut

Lemma 3.8 There is never a path froms to t in Gf .
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Proof. By the property of the height function,h(u) ≤ h(v) + 1 for every(u, v) ∈ Ef . If there is
a pathp from s to t, then it spans at mostn − 1 edges. Summing up the height inequalities on those
edges, we haveh(s) ≤ h(t) + n− 1 = n− 1, buth(s) = n, leading to a contradiction. ut

Combining the lemmata above, we get:

Theorem 3.9 The preflow algorithm terminates with a maximum flow onG.

Proof. When the preflow algorithm terminates,e(u) = 0 for all u ∈ V \ {s, t}, and hence we have a
valid flow. This is a maximum flow because there is no path froms to t in Gf . ut

Next we argue that the algorithm is guaranteed to terminate. Consider the lift operation. It is clear
that only nodes inV \ {s, t} are lifted. Hence, it follows from Lemma 3.6 that the maximum height of
a node can be at most2n − 1, and therefore the lift operation can be applied at most2n − 1 times to
any node.

Consider now a saturating push operation. The necessary condition for a saturating push along
edge(u, v) is h(u) = h(v) + 1. In order for this operation to be performed again, there must be a push
from v to u, which can only happen whenh(v) has been increased by at least 2. Similarly,h(u) must
increase by at least 2 in order to perform another push fromu to v. Hence, there can be at most2n− 1
saturating pushes along every edge.

It remains to consider the non-saturating pushes. To handle this case, we define a potential function
Φ =

∑
v∈X h(v) whereX is the set of overflowing nodes. Initially,Φ = 0. Consider the operations to

be executed one by one. There are three possible ways thatΦ can be changed:

1. Lift operation: In this case, the setX remains the same, and for each node lifted,h(v) is
increased by (at most) 1.

2. Saturating push: In this case, each node keeps the same height. But after a saturating push
from u to v, v can possibly be added toX, which incurs an increase of at most2n− 1 in Φ.

3. Non-saturating push: Each node remains at the same height. But after a non-saturating push
from u to v, u leavesX andv entersX. Sinceh(u) = h(v) + 1, this decreasesΦ by (at least) 1.

Because the number of lift and saturating push operations is bounded, there is an upper bound on the
total value they can contribute toΦ. Since it must hold thatΦ ≥ 0 and a non-saturating push can
only decreaseΦ, this means that there must be a limited number of non-saturating pushes. Hence, the
preflow algorithm terminates.

3.3 TheT -balancing algorithm

For simplicity, we assume in this section thatc(e) = 1 andw(e) = 1 for every edgee.
Given a minimum-cost flow problem, we consider the following situation. For every nodev, let

h(v) be the (absolute) amount of flow stored in it, and leth̄(v) = h(v)/d be the relative amount of
flow stored in it, whered is the (maximum) degree ofG. Initially, there is no flow at any node, i.e.
each nodev has a heighth(v) of 0. Afterwards, a flow ofϕ is injected at nodes in each time step, i.e.
its heighth(s) is increased byϕ in each step. The balancing algorithm shown in Figure 3 is used to
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T -Balancing Algorithm :

At each nodeu:

for each edge(u, v) do
if h̄(u)− h̄(v) > T

send a flow ofmin{h̄(u)− h̄(v)− T, 1} from u to v

Figure 3: TheT -balancing algorithm for the minimum-cost flow problem.

send the injected flow towards the destinationt. (The parameterT used in it will be specified later.)
Any flow that reachest will be absorbed, i.e.h(t) = 0 at any time.

We start with a statement that theT -balancing algorithm isstable, i.e. if the injected flow is
feasible, it will find flow paths to the destination so that the height of every node is bounded at any
time.

Theorem 3.10 For anyT ≥ 1 it holds: If ϕ is feasible, then theT -balancing algorithm ensures that
h(v) ≤ (ϕ + T − 1)n for every nodev at any point in time.

The proof is quite complicated and therefore left out here. For details, see [1]. The next theorem
shows that the algorithm does not only guarantee bounded heights but that it will approach afixpoint,
i.e. a point in which the amount of flow at every node remains unchanged when applying the balancing
algorithm to it.

Theorem 3.11 For any static injection pattern and anyT ≥ 1, the distribution of the flow will con-
verge towards a fixpoint.

Proof. Let h̄v,t denote the normalized height of nodev at time stept andδv,t = h̄v,t+1 − h̄v,t. We
will show that if the system starts with̄hv,0 = 0 for every nodev, thenδv,t ≥ 0 for all v and t.
Since this implies that the (normalized) heights of the nodes can only grow, and since we know from
Theorem 3.10 that the total amount of flow in the system must be bounded, this implies that the system
must converge towards a state withδv,t = 0 for all v, i.e. a fixpoint.

Lemma 3.12 If h̄v,0 = 0 for every nodev, thenδv,t ≥ 0 for all t ≥ 0 and allv ∈ V .

Proof. To simplify the proof, we will view the injected flow as flow along edges coming from imagi-
nary nodesv for which w.l.o.g. we haveδv,t ≥ 0 for all t ≥ 0.

At the beginning, the lemma is obviously true for the empty system. Now suppose that we already
showed for some time stept thatδv,t ≥ 0 for all v ∈ V . Then we will show that it also holds for step
t + 1.

Consider an arbitrary nodev. We know thath̄v,t+1 = h̄v,t + δv,t whereδv,t ≥ 0. Since also
h̄w,t+1 ≥ h̄w,t for all other nodesw, we get

h̄v,t+2 = h̄v,t+1 + 1
d


 ∑

w: h̄w,t+1>h̄v,t+1+T

min[1, h̄w,t+1 − h̄v,t+1 − T ]−
∑

w: h̄w,t+1<h̄v,t+1−T

min[1, h̄v,t+1 − h̄w,t+1 − T ]




6



≥ h̄v,t+1 + 1
d


 ∑

w: h̄w,t>h̄v,t+1+T

min[1, h̄w,t − h̄v,t+1 − T ]−
∑

w: h̄w,t<h̄v,t+1−T

min[1, h̄v,t+1 − h̄w,t − T ]




≥ h̄v,t+1 + 1
d


 ∑

w: h̄w,t>h̄v,t+T

min[1, h̄w,t − h̄v,t+1 − T ]−
∑

w: h̄w,t<h̄v,t+1−T

min[1, h̄v,t+1 − h̄w,t − T ]




= h̄v,t+1 + 1
d


 ∑

w: h̄w,t>h̄v,t+T

min[1, h̄w,t − (h̄v,t + δv,t)− T ]−
∑

w: h̄w,t<h̄v,t+1−T

min[1, (h̄v,t + δv,t)− h̄w,t − T ]




≥ h̄v,t+1 + 1
d


 ∑

w: h̄w,t>h̄v,t+T

(min[1, h̄w,t − h̄v,t − T ]− δv,t)−
∑

w: h̄w,t<h̄v,t+1−T

(min[1, h̄v,t − h̄w,t − T ] + δv,t)




≥ h̄v,t+1 − δv,t + 1
d


 ∑

w: h̄w,t>h̄v,t+T

min[1, h̄w,t − h̄v,t − T ]−
∑

w: h̄v,t−T≤h̄w,t<h̄v,t+1−T

min[1, h̄v,t − h̄w,t − T ]

−
∑

w: h̄w,t<h̄v,t−T

min[1, h̄v,t − h̄w,t − T ]




≥ h̄v,t+1 − δv,t + 1
d


 ∑

w: h̄w,t>h̄v,t+T

min[1, h̄w,t − h̄v,t − T ]−
∑

w: h̄w,t<h̄v,t−T

min[1, h̄v,t − h̄w,t − T ]




= h̄v,t+1 − δv,t + δv,t = h̄v,t+1 .

Hence, alsoδv,t+1 ≥ 0, which proves the lemma. ut

This completes the proof of Theorem 3.11. ut

In the fixpoint, the heights of the nodes do not change any more. This implies that, when the
fixpoint is reached, the amount of flow entering a node is equal to the amount of flow leaving a node,
i.e. the flow conservation principle is fulfilled. Since flow can only move from higher nodes to lower
nodes, this implies that the flow movements form fixed, connected, and loop-free paths. The sum of
the flow values of these paths is equal to the amount of flow injected into the system in every time step.

Recall that we assumed thatc(e) = 1 andw(e) = 1 for every edge. In this case, the costLBAL of
the flow paths found by the balancing algorithm is equal to

LBAL =
∑

flow paths p

`p · λp

where`p is the length of flow pathp andλp is the amount of flow following pathp. The question is
how closeLBAL can be to a minimum-cost flow solution,LOPT . The next theorem gives the answer
to this question.

Theorem 3.13 For any T ≥ 1, the T -balancing algorithm ensures that, in the fixpoint,LBAL ≤
(1 + 1/T )LOPT .

Proof. We know that at the fixpoint of the balancing algorithm we have a fixed collectionP of paths
whose flow values sum up to the total injection rate. LetQ be any collection of optimal paths for the
given injection process. W.l.o.g. we can assume thatP andQ have the same number of paths, and the

7



ith path ofP andQ has the same flow value and connects the same source-destination pair (otherwise
split the paths ofP andQ into subpaths such that this property is fulfilled). Thus, letp1, . . . , pr be the
paths inP , and letq1, . . . , qr be the paths inQ. Let `i denote the length ofpi andki denote the length
of qi. Furthermore, letλi be the flow value of pathpi andqi. Suppose now that

∑

i

λi`i >
T + 1

T

∑

i

λiki . (1)

We will show via contradiction that this is not possible, which would prove the theorem.
For eachi ∈ {1, . . . , r}, let si denote the source of pathpi andqi. Furthermore, for any nodev let

hv denote the height of nodev in the fixpoint, and for any edgee = (v, w) let δe = hv−hw. We define
thepotentialof a collectionC of pathsp with flow valuesλp as

Φ(C) =
∑

p∈C

λp

∑

(v,w)∈p

(hv − hw) .

Then we obtain for any collection of pathsC connecting the same set of endpoints asP andQ that

Φ(C) =
∑

i

λihsi
.

Thus,Φ(P ) = Φ(Q). For any edgee and path collectionC, let λe(C) denote the amount of capacity
of e used by the paths inC. Furthermore, for any two path collectionsC1 andC2 let λe(C1 ∩ C2) =
min[λe(C1), λe(C2)] andλe(C1\C2) = max[λe(C1)−λe(C2), 0]. Then we obtain fromΦ(P ) = Φ(Q)
that ∑

e∈E

δeλe(P ∩Q) +
∑

e∈E

δeλe(P \Q) =
∑

e∈E

δeλe(P ∩Q) +
∑

e∈E

δeλe(Q \ P )

and thus ∑

e∈E

δeλe(P \Q) =
∑

e∈E

δeλe(Q \ P ) .

We know that for all edgese with λe(P \ Q) > 0 we haveδe ≥ T · d, and for all edgese with
λe(Q \ P ) > 0 we haveδe ≤ (T + 1)d. Hence,

T · d ∑

e∈E

λe(P \Q) ≤ ∑

e∈E

δeλe(P \Q)

and ∑

e∈E

δeλe(Q \ P ) ≤ (T + 1)d
∑

e∈E

λe(Q \ P )

and so ∑

e∈E

λe(P \Q) ≤ T + 1

T

∑

e∈E

λe(Q \ P ) .

On the other hand, (1) implies that

∑

e∈E

λe(P ∩Q) +
∑

e∈E

λe(P \Q) >
T + 1

T

(∑

e∈E

λe(P ∩Q) +
∑

e∈E

λe(Q \ P )

)

and therefore ∑

e∈E

λe(P \Q) >
T + 1

T

∑

e∈E

λe(Q \ P ) ,
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which is a contradiction. ut

Hence, the higher theT , the closer is the balancing algorithm to a minimum-cost flow solution. We
believe that Theorem 3.13 can also be shown if the edges have non-uniform capacities and weights.
However, in this case we have to change the definition ofd to

d = max
v∈V

c(v)

wherec(v) =
∑

w∈V c(v, w) and the amount of flow forwarded along an edgee = (v, w) to

c(e) ·min{(h̄(v)− h̄(w)− T · w(e))/w(e), 1} .

3.4 Multiple sources

Both the preflow algorithm and theT -balancing algorithm can be easily adapted to the situation that
we have multiple sources (but still a single destination), says1, . . . , sk.

For the preflow algorithm, we just introduce a virtual sources in front of the sourcess1, . . . , sk with
edges(s, si) of capacity equalling the total capacity that can leavesi. We then execute the algorithm
for this situation, i.e.s1, . . . , sk are considered normal nodes.

For the balancing algorithm, we do not need any modifications for our results above to hold because
at no place in our proofs we needed the fact that we only have a single source.
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