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Abstract

We consider the problem of routing traffic to optimize
the performance of a congested network. We are given a
network, a rate of traffic between each pair of nodes, and
a latency function for each edge specifying the time needed
to traverse the edge given its congestion; the objective is to
route traffic such that the sum of all travel times—the total
latency—is minimized. ‘

In many settings, including the Internet and other large-
scale communication networks, it may be expensive or im-
possible to regulate network traffic so as to implement an
optimal assignment of routes. In the absence of regulation
by some central authority, we assume that each network
user routes its traffic on the minimum-latency path avail-
able to it, given the network congestion caused by the other
users. In general such a “selfishly motivated” assignment
of traffic to paths will not minimize the total latency; hence,
this lack of regulation carries the cost of decreased network
performance.

In this paper we quantify the degradation in network per-
formance due to unregulated traffic. We prove that if the
latency of each edge is a linear function of its congestion,
then the total latency of the routes chosen by selfish network
users is at most % times the minimum possible total latency
(subject to the condition that all traffic must be routed). We
also consider the more general setting in which edge la-
tency functions are assumed only to be continuous and non-
decreasing in the edge congestion. Here, the total latency
of the routes chosen by unregulated selfish network users
may be arbitrarily larger than the minimum possible total
latency; however, we prove that it is no more than the total
latency incurred by optimally routing twice as much traffic.
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1 Introduction

A fundamental problem arising in the management of
large-scale traffic and communication networks is that of
routing traffic in order to optimize network performance.
One problem of this type is the following: given the rate
of traffic between each pair of nodes in a network, find an
assignment of traffic to paths so that the sum of all travel
times (the fotal latency) is minimized. A difficult aspect of
this problem is that the amount of time needed to traverse
a single link of a network is typically load-dependent, that
is, link traversal time increases as the link becomes more
congested.

In practice, it is often difficult or even impossible to im-
pose optimal or near-optimal routing strategies on the traffic
in a network, and thus network users are free to act accord-
ing to their own interests, without regard to overall network
performance. For example, existing Internet protocols place
little restriction on how network traffic is routed, allowing
network users to make decisions in a selfish or even mali-
cious manner [3]. The central question of this paper is how
much does network performance suffer from this lack of reg-
ulation?

As a first step toward formalizing this question mathe-
matically, we assume that, in the absence of network regu-
lation, users act in a purely selfish (but not malicious) man-
ner. Under this assumption, we can view network users
as independent agents participating in a non-cooperative
game and expect the routes chosen by users to form a Nash
equilibrium in the sense of classical game theory [24]. In
other words, we assume that each agent uses the minimum-
latency path from its source to its destination, given the link
congestion caused by the rest of the network users. It is
well-known that Nash equilibria do not in general optimize
social welfare; perhaps the most famous example is that of
“The Prisoner’s Dilemma” {8, 24]. We are then interested
in comparing the total latency of a Nash equilibrium with
that of the optimal assignment of traffic to paths.

This line of research was recently initiated by Koutsou-
pias and Papadimitriou [18], who both considered network
routing as a non-cooperative game (although in a different
model than ours, and only for two-node networks) and pro-
posed the worst-case ratio of the social welfare (suitably



defined) achieved by a Nash equilibrium and by a socially
optimal set of strategies as a measure of the performance
degradation caused by a lack of regulation. As articulated
in [18], this question studies the cost of the lack of coor-
dination inherent in a non-cooperative game, as opposed to
the cost of a lack of unbounded computing power (studied
via approximation algorithms) or the cost of a lack of com-
plete information (studied via on-line algorithms).

For most of the paper we assume that each agent con-
trols a negligible fraction of the overall traffic. For example,
each agent could represent a car and the network a high-
way system, or agents might represent individual packets in
a high-bandwidth communication network; an equilibrium
then represents a steady-state in the system (perhaps best
achieved in a road network by daily commuters during rush
hour and in a communication network by persistent or long-
running applications). Under this assumption, a feasible as-
signment of traffic to paths in the network can be modeled
as network flow, with the amount of flow between a pair of
nodes in the network equal to the rate of traffic between the
two nodes. A Nash equilibrium in the aforementioned non-
cooperative game then corresponds to a flow where all flow
paths between a given source and destination have the same
latency (if a flow does not have this property, some agent
can improve its travel time by switching from a longer flow
path to a shorter one). Beckman et al. [2] showed that if the
latency of each network link is a continuous nondecreasing
function of the flow on the link, then a flow corresponding
to a Nash equilibrium always exists and moreover all such
flows have the same total latency. Thus, we can study the
cost of routing selfishly via the following question: among
all networks with continuous, nondecreasing link latency
functions, what is the worst-case ratio between the total la-
tency of a flow at Nash equilibrium and that of an optimal
flow (i.e., a flow minimizing the total latency)?

Our Results

In networks in which the latency of each edge is a linear
function of the edge congestion (a model that has been the
focus of several previous papers [11, 32]), we show that a
flow at Nash equilibrium has total latency at most % that of
the optimal flow. We give examples showing that this result
is tight.

We also consider the model in which link latency func-
tions are assumed only to be continuous and nondecreasing.
We first show that the ratio between the total latency of a
flow at Nash equilibrium and that of an optimal flow may be
unbounded in this model. We then work toward bicriteria
results; in particular, we compare the total latency of a Nash
equilibrium flow with that of an optimal flow that routes ad-
ditional traffic between each pair of nodes. Our main result
in this setting is that for any network with continuous non-
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decreasing latency functions, a flow at Nash equilibrium has
total latency no more than that of an optimal flow forced
to route twice as much traffic. We again give an example
showing that our analysis is tight.

Finally, we examine two unrealistic assumptions made
in the basic model: first, the assumption that agents can
evaluate the latency of a path with arbitrary precision, and
second, that there are an infinite number of agents each con-
trolling a negligible fraction of the overall traffic. We define
extensions to the basic model and use them to analyze the
sensitivity of our results to these assumptions.

Related Work

Unregulated traffic has been modeled as network flow
with all flow paths between a given source-destination pair
having equal latency since the 1950°’s [2, 33] (see also
Knight [14]). Beckman et al. [2], observing that such an
equilibrium flow is an optimal solution to a related convex
program (see also Section 2), gave existence and unique-
ness results for traffic equilibria. Dafermos and Spar-
row [7] were perhaps the first authors interested in com-
puting the equilibrium efficiently, and many subsequent
papers gave increasingly efficient methods for computing
equilibria (see [10] for a survey); others have extended
these results to more sophisticated models (see for exam-
ple [1, 6, 10, 13, 21, 22, 27, 29, 30]).

In the past several decades, much of the work on this
model has been inspired by a “paradox” first discovered
by Braess [4] and later reported by Murchland {20]. The
essence of Braess’s Paradox is captured by the example
shown in Figure 1, where the edges are labeled with their
latency functions (each a function of the link congestion x).
Suppose one unit of traffic flow needs to be routed from s to
t in the first network of Figure 1. In the unique flow at Nash
equilibrium, which coincides with the optimal flow, half of
the traffic takes the upper path and the other half travels
along the lower path. As all agents are routed on a path of
latency 3, the flow has a total latency of 2. Next suppose
a fifth edge of latency O (independent of the congestion) is
added to the network, with the result shown in Figure 1(b).
The optimal flow is unaffected by this augmentation (there
is no way to use the new link to decrease the total latency)
while in the new (unique) flow at Nash Equilibrium, all traf-
fic follows path s — v — w — t. The total latency of this
flow is 2, as is the latency experienced by each individual
agent. Thus, the intuitively helpful (or at least innocuous)
action of adding a new zero-latency link may negatively im-
pact all of the agents!

After Braess’s Paradox was discovered (together with
evidence of similarly counterintuitive and counterproduc-
tive traffic behavior following the construction of new
roads in congested cities [15, 20]), researchers investi-



(a) Before

(b) After

Figure 1. Braess’s Paradox

gated the sensitivity of traffic equilibria to the properties
of the underlying network [12], classified network topolo-
gies in which the addition of new links could degrade net-
work performance [11, 32], discovered new types of “para-
doxes” [9, 31], and showed that Braess’s Paradox has an
analogue in queuing theory [5]. More recently, several
papers [16, 17, 23] have investigated a related model in
which each agent controls a strictly positive amount of flow
(and there are only finitely many agents); classes of net-
work topologies and latency functions guaranteeing exis-
tence and uniqueness of Nash equilibria are studied by Orda
et al. [23], while Korlis et al. [16, 17] study strategies for
adding new edges and/or capacity to a network that guaran-
tee an improvement in network performance. To the best of
our knowledge, however, no previous work has attempted
to quantify the difference in social welfare between equilib-
rium and optimal traffic flows.

Finally, the recent paper of Koutsoupias and Papadim-
itriou [18] is quite similar in spirit to ours, although their
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model is fairly different. In [18], a finite number of users
share a series of parallel links, and each user chooses a dis-
tribution on the set of links (specifying the probability that
the agent will route all of its flow on a given link). Each
agent wishes to minimize the expected congestion it will
experience, while the global objective is to minimize the
expected load on the most congested edge. We note that
a Nash equilibrium in this model consists of a set of mixed
strategies (i.e., agents select a distribution on paths) while in
our model agents are confined to pure strategies (i.e., agents
choose a single path); however, there is no essential distinc-
tion between pure and mixed strategies under the assump-
tion that each agent controls a negligible amount of traffic.
Different Nash equilibria may have different values in the
model of [18], so the worst-case Nash equilibrium is com-
pared to a globally optimal choice of distributions. Kout-
soupias and Papadimitriou obtain tight results in two-node,
two-link networks and partial results for two-node networks
with three or more parallel links.

Organization

The paper is structured as follows. In Section 2 we give a
formal definition of our network model and of flows at Nash
equilibrium, and state several lemmas needed for our main
results. In Section 3 we prove our main bicriteria result for
networks with general edge latency functions. In Section 4
we prove a stronger and technically more involved result
for networks with linear edge latency functions. Section S
considers several extensions to the basic model.

2 Preliminaries

2.1 Model

We consider a directed network G = (V, E) with ver-
tex set V, edge set E, and k source-destination vertex
pairs {sy,t1},...,{sk,tx}. We denote the set of (sim-
ple) s;-t; paths by P;, and define P = U;P;. A flow is
a function f : P — R¥; for a fixed flow f we define
fe = X p.ecp fP. We associate a finite and positive rate
r; with each pair {s;,¢;}, the amount of flow with source
s; and destination t;; a flow f is said to be feasible if for
all 4, 3 pep, fp = 7i. Each edge e € E is given a load-
dependent latency that we denote by £.(-). The latency of a
path P with respect to a flow f is then the sum of latencies
of the edges on the path, denoted by £p(f) = 3 _ c p Le(fe).
For each e € E, we assume that £, is non-negative, contin-
uous, and nondecreasing. We define the cost C(f) of a flow
f in G as the total latency incurred by f, i.e.,

C(f) = te(f)fp.

PeP



By summing over the edges in a path P and reversing
the order of summation, we may also write C(f) =

2 eer be(fe)fe-
2.2 Flows at Nash Equilibrium

We wish to consider flows that represent an equilibrium
among many non-cooperative agents—i.e., flows that be-
have “greedily” or “selfishly”, without regard to their over-
all cost. Intuitively, we expect each unit of such a flow (no
matter how small) to travel along the minimum-latency path
available to it, where latency is measured with respect to the
rest of the flow; otherwise, this flow would reroute itself on
a path with smaller latency. We formalize this idea in the
next definition.

Definition 2.1 A flow f in G is at Nash equilibrium if for
alli € {1,...,k}, P,,P; € P;, and§ € [0, fp,], we have
£p,(f) < €py(f), where

) fp—4 fP=P
fp=9q fp+46 fP=p
fp if P ¢ {P1, P2}

Letting § tend to 0, continuity and monotonicity of the
edge latency functions give the following useful character-
ization of a flow at Nash equilibrium, occasionally called a
Wardrop Equilibrium [13] or Wardrop’s Principle [31, 32]
in the literature, due to an influential paper of Wardrop [33].

Lemma 2.2 A flow f is at Nash equilibrium if and only if
for everyi € {1,...,k} and P\, P, € P; with fp, > 0,
p, (f) < €p,(f)-

In particular, if f is at Nash equilibrium then all s;-t;
flow paths (i.e., s;-t; paths to which f assigns a positive
amount of flow) have equal latency, say L;(f). Thus, we
can express the cost C(f) of a flow f at Nash equilibrium
in a particularly nice form.

Lemma 2.3 If f is afeasible flow at Nash equilibrium, then
n
C(f) =Y Li(f)rs.
i=1

Remark. Our definition of a flow at Nash equilibrium
corresponds to an equilibrium in which each agent chooses
a single path of the network (a pure strategy), whereas in
classical game theory a Nash equilibrium is typically de-
fined via mixed strategies (in which an agent may choose a
probability distribution over pure strategies) [24]. However,
since in our model each agent carries a negligible fraction
of the overall traffic, these two definitions are essentially
equivalent.

96

2.3 A Characterization of Optimal Flows via Non-
Linear Programming

We now investigate the properties of an optimal flow—
i.e., a flow that minimizes total latency. Recalling that the
cost of a flow f may be expressed C(f) = ) c iz Le(fe) fes
observe that the problem of finding the minimum-latency
feasible flow in a network is a special case of the following
non-linear program

Min Z ce(fe)

ecE
subject to:
(NLP) > fe=mni Vie{1,...,k}
PeP;
fe= ) fp VYe€E
PEP:ecP
fp20 VP e P

where in our problem, ce(fe) = £e(fe) fe-

For simplicity we have given a formulation with an ex-
ponential number of variables, but it is not difficult to give
an equivalent compact formulation (with decision variables
only on edges and explicit conservation constraints) that re-
quires only polynomially many variables and constraints.

Next, we characterize the local optima of (N LP). Intu-
itively, we expect a flow to be locally optimal if and only if
moving flow from one path to another can only increase the
flow’s cost. Put differently, we expect the gradient along
any s;-t; flow path P (equivalently, the marginal cost of in-
creasing flow on P or the marginal benefit of decreasing
flow on P) to be at most the gradient along any other s;-t;
path (for otherwise moving flow to a smaller-gradient path
improves the objective function). Moreover, since the local
and global minima of a convex function on a convex set co-
incide (see, e.g., [25, Thm 2.3.4]), whenever the objective
function of (N LP) is convex (e.g., when each edge latency
function is convex) this condition should be necessary and
sufficient for a flow to be globally optimal.

The following lemma formalizes the preceding discus-
sion. Letting ¢'p(f) = 3¢ p ¢.(fe) (Where we are assum-
ing differentiability for simplicity only), we may apply the
Karush-Kuhn-Tucker Theorem (see, e.g., [25]) to a convex
program of the form (VL P) to derive the following char-
acterization of optimal flows (see the full version [28] for
details):

Lemma 2.4 A flow f is optimal for a convex program of
the form (NLP) if and only if for every i € {1,...,k} and
Py, P, € Py with fp, >0, (;‘/P1 () < c;;z ).

The striking similarity between the characterizations of
optimal solutions to a convex program of the form (NLP)



and of flows at Nash equilibrium was noticed early on by
Beckman et al. [2], and provides an interpretation of an op-
timal flow as a flow at Nash equilibrium with respect to a
different set of edge latency functions. More concretely,
consider a minimum-latency flow f* for a convex program
of the form (IVLP). The flow f* satisfies the conditions of
Lemma 2.4, and so by Lemma 2.2 can be regarded as a flow
at Nash equilibrium with respect to latency functions ¢'.

Now consider the special case of (INLP) where c.(f.)
has the form £(f.) f. for each edge e. Assuming for con-
venience that £, is differentiable, we denote by £:(f.)
(€e(fe)fe) = Le(fe) + £o(fe)fe the marginal cost of in-
creasing flow on edge e; any flow f* at Nash equilibrium
with respect to latency functions £* is optimal with respect
to the original latency functions £. Interpreting £ as a func-
tion with one term capturing per-unit latency and a second
term accounting for the degradation in the total latency of
the system, we see that the only essential difference be-
tween an optimal flow and a flow at Nash equilibrium is
that the former evaluates the cost of edge use (via £*) in a
way that accounts for the latency experienced by all flow
using the edge, while the latter “selfishly” evaluates edge
latency by the per-unit rate £.

Beckman et al. [2] also exploited this similarity between
the two characterizations (in particular, that a flow at Nash
equilibrium can be regarded as the optimal solution of a
convex program of the form (IV L P)) to prove the existence
and essential uniqueness of Nash equilibria.

Lemma 2.5 ([2]) A network G with continuous, nonde-
creasing latency functions admits a feasible flow at Nash
equilibrium. Moreover, if f, f' are flows at Nash equilib-
rium, then C(f) = C(f’).

3 A Bicriteria Result for General Latency
Functions

We have already seen (Figure 1(b)) that a flow at Nash
equilibrium and a minimum-latency flow may have differ-
ent costs. In the next two sections, we analyze the ratio
of the cost of a flow at Nash equilibrium to that of the
minimum-latency flow. In this section we work with gen-
eral (continuous, nondecreasing) latency functions, while
in Section 4 we will specialize to the case of linear latency
functions.

For a network G with rate vector r and edge latency
functions £, admitting an optimal flow f* and a flow at Nash
equilibrium f, we denote the ratio EC(%L) by p = p(G,1,£);
note that p is well-defined by Lemma 2.5.

We begin with some simple negative results. Recall
in the canonical example demonstrating Braess’s Paradox
(Figure 1) a flow at Nash Equilibrium has total latency 2
while the optimal flow has total latency %; thus, in the above
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Figure 2. A Simple Bad Example

notation, p = 4§ in this particular instance. In fact, it is

easy to construct an even simpler example (still with linear
latency functions) with ratio %. In the network shown in
Figure 2, with a single source-destination pair and rate 1,
the flow at Nash equilibrium puts the entire unit of flow
on the lower link (with a total latency of 1) while the
minimum-latency flow spreads flow evenly across the two
links, thereby incurring a cost of %. Thus, p = % in this
simple instance as well. (In the next section we will prove
that this is the worst possible ratio for instances with linear
latency functions.)

In fact, the ratio can be much worse when non-linear la-
tency functions are allowed. For a positive integer k, we
extend the example of Figure 2 by giving the lower link a la-
tency function of z* (other input data remains unchanged).
The flow at Nash equilibrium again places the entire unit on
the lower link, incurring a cost of 1, while the optimal flow
assigns (k + 1)~/* units to the lower link and the remain-
der to the upper link. This solution has a total latency of
1—k- (k+1)~®+D/k which tends to 0 as k — co. Thus,
assuming only continuity and monotonicity of the edge la-
tency functions, p cannot be bounded above.

On the other hand, this example does not rule out inter-
esting bicriteria results. Toward this end, we compare the
cost of a flow at Nash equilibrium to an optimal flow fea-
sible for increased rates. In the example above, an optimal
flow feasible for rate » > 1 assigns the additional flow to
the upper link, now incurring a cost that tends to » — 1 as
k — oo. In particular, for any k an optimal flow feasible
for twice the rate (r = 2) has total latency at least that of
the flow at Nash equilibrium (feasible for the original rates).
Our main result of this section is a proof of the surprising
generalization of this result to any network with continuous,
nondecreasing edge latencies.

Theorem 3.1 If f is a flow at Nash equilibrium for (G, r, £)
and f* is feasible for (G, 2r,£), then C(f) < C(f*).

Proof: Suppose f, f* satisfy the hypotheses of the theorem.
Fori = 1,...,k, let L;(f) be the latency of an s;-t; flow
path (of f), so that C(f) = >, Li(f)r: (see Lemma 2.3).



We seek a set of latency functions £ that on one hand ap-
proximates the original ones (in the sense that the cost of a
flow with respect to latency functions £ is close to its orig-
inal cost) and, on the other hand, allows us to easily lower
bound the cost (with respect to £) of any feasible flow. With
this goal in mind, we define new latency functions £ as fol-
lows:

7y — | Ce(fe)
be(@) = { £e(z)

First we compare the cost of the flow f* under the new
latency functions  to its original cost C(f*). For any e,
Le(x) — £(z) is zero for z > fe and bounded above by
Le(fe) for z < fe, 50 z(£e(z) — £e(x)) < Le(fe)fe for all
xz > 0. Thus, the difference between the new cost (w.r.t. £)
and the old cost (w.r.t. £) can be bounded as follows:

ifz < fe
ifz > fe

i

D RS — £e(52))

e€EE

D Lelfe)fe

eEE

C(f)-

DL - C(f)
<

In other words, evaluating f* with latency functions £
(rather than £) changes its cost by at most an additive C(f)
factor.

On the other hand, if f, denotes the zero flow in G, then
by construction Zp(f()) > Li(f) for any P € P;. Since Z,
is nondecreasing for each e, it follows that Z, p(f*) = Li(f)
forany P € P;. Thus, the cost of f* with respect to £ given
by Y p Zp(f*)fp is bounded below by

Z Z Li(f)fp = ZZLi(f)ri =2C(f).

i PeP; i
Combining these two results we obtain the theorem:

c(f”)

2

> te(f)fp - C(f)
P
2C(f) - C(f) = C(¥).

v

|

More generally, the proof of Theorem 3.1 shows that if
f is at Nash equilibrium for (G, r,£) and f* is feasible for
(G, (1+0)r, ), then C(f) < 3C(f*).

Referring back to the bad example at the beginning of
the section, we can see that Theorem 3.1 is essentially tight.
More precisely, for any € > 0 one can take k sufficiently
large to obtain an instance where the optimal flow feasible
for rate 2 — € has cost strictly less than 1 (the cost of the flow
at Nash equilibrium for the original rates) and the optimal
flow feasible for rate 2 has cost at most 1 + .
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4 A Worst-Case Ratio of 4 for Linear La-
tency Functions

Perhaps the simplest model of interest is that of a net-
work with latency functions linear in the amount of flow on
an edge. In this section, we consider the case where for
eachedge e € E, £c(f.) = aefe + b, for some ae,b. > 0.
This is the setting in which Braess’s paradox was originally
discovered [4, 20], and several subsequent papers focused
entirely on this model [11, 32].

We have already seen (Figures 1 and 2) two examples
with linear latency functions for which p, the ratio of the
cost of a flow at Nash equilibrium and the cost of an optimal
flow, is %. Our main result for this section (Theorem 4.5)
is a matching upper bound for networks with linear latency
functions. Our proof techniques build on those of the pre-
vious section, the primary extension being a more refined
approach to lower bounding the cost of an optimal flow.

The results of Section 2 have particularly simple and
useful forms in the special case of linear latency func-
tions. First, the total latency of a flow f is given by
3. @ef2+befe; since a, > 0 for all e, (NLP) is a convex
(quadratic) program and thus Lemma 2.4 characterizes its
optimal solutions. Also, in the notation of subsection 2.3,
if be(fe) = aefe + be, then £3(f.), the marginal cost of in-
creasing flow on e, is simply 2a. f. + be. For convenience,
we summarize this discussion together with specialized ver-
sions of Lemmas 2.2 and 2.4 in the following lemma.

Lemma 4.1 Suppose G is a directed network with k
source-sink pairs and with edge latency functions ¢,

@efe + be for each e € E. Then,

(a) aflow f is at Nash equilibrium in G if and only if for
eachiand P, P’ € P; with fp > 0,

Zaefe+bc < Z aefe+be

eEP eEP’

(b) a flow f* is (globally) optimal in G if and only if for
each i and P, P’ € P; with fp > 0,

> 2 ff +be < Y 2002 +be.

eEP eEP’

As an aside, we note that Lemma 4.1 immediately gives
the following non-trivial result regarding networks in which
the latency of each edge is proportional to its congestion
(i.e., £.(fe) = a.f. foreach e).

Corollary 4.2 Let G be a network in which each edge la-
tency function is of the form £e(f.) = aefe. Then for any
rate vector r, a flow feasible for (G, r,£) is optimal if and
only if it is at Nash equilibrium.



Proof: A feasible flow for such an instance satisfies the
conditions of Lemma 4.1(a) if and only if it satisfies the
conditions of Lemma 4.1(b). B

A second corollary of Lemma 4.1 will play a crucial role
in our proof of the main theorem of this section.

Lemma 4.3 Suppose (G, ,£) has linear latency functions.
Then if f is at Nash equilibrium for (G, r,£), the flow f /2
is optimal for (G,7/2, ).

Proof: If f satisfies the conditions of Lemma 4.1(a), then
f/2 satisfies the conditions of Lemma 4.1(b). B

An outline of the proof of the main theorem is as follows.
It will be useful to think about creating an optimal flow for
the instance (G, r, £) via a two-step process: in the first step,
a flow optimal for the instance (G, 7/2, £) is sent through G,
and in the second step this flow is augmented to one optimal
for (G, r,£) (note that this augmentation may increase or
decrease the amount of flow on any given arc). We will
show that the first flow has cost at least %C (f) and that the
augmentation has cost at least %C( f), where f is some flow
at Nash equilibrium.

We will see in the proof of Theorem 4.5 that the first
lower bound follows easily from Lemma 4.3, but the sec-
ond (for the cost of the augmentation, given that the first
flow has already been routed) requires more work, and in
particular the following lemma. Intuitively, the lemma sim-
ply claims that the per-unit cost of increasing the amount of
flow through a network is at least the gradient with respect
to the current optimal flow.

Lemma 4.4 Suppose (G,r,£) is an instance with linear
latency functions for which f* is an optimal flow. Let
L}(f*) be such that every s;-t; flow path P of f* satis-
fies £5(f*) = Li(f*). Then for any é > 0, a feasible flow
for the problem instance (G, (1 + 8)r, £) has cost at least

k
C(f*)+8Y  Li(f)r

=1

Proof: L} (f*), the marginal cost of increasing flow on each
s;-t; flow path, is well-defined for each i by Lemma 4.1(b).
If we knew that each L} was nondecreasing in 7, then rout-
ing « additional units of flow from s; to t; would cost at
least & - LY (f*) and the lemma would then follow easily by
summing over s;-t; pairs. Although it is intuitively plausi-
ble that marginal costs are increasing in the amount of flow
(it is certainly true for each edge individually), the proof
requires a little work.

Formally, fix § > 0 and suppose f is feasible for (G, (1+
8)r, £). In general f. may be larger or smaller than f;. For
any e € E, convexity of the function £¢(fe)fe = acf? +
be fe implies that

Le(fe) fe 2 Le(fE) fe + (e = FO)EC(F2)-
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In essence, this inequality states that estimating the cost of
changing the flow value on edge e to f. by (fe — f3)C2(F*)
(i.e., by the marginal cost of flow increase at f; times the
size of the perturbation) only underestimates the actual cost
of an increase (when f, > fJ) and overestimates the actual
benefit of a decrease (when f, < f7).

Thus,

c(f)

D telfe)fe

ecE

Dl + D (Fe = FOEED)

ecE e€E

k
CU+Y. Y (e - f2)

i=1 PeP;

k
CUMN+ I L) D (fp = fp)

PeP;

v

i=1

k
C(f*)+8>  Li(f)ri

i=1

‘We remark that Lemma 4.4 and its proof remain valid in
much more general settings, for example when all the edge
latency functions are convex.

We are now prepared to prove the main theorem.

Theorem 4.5 If (G, r,{) has linear latency functions, then
p(G,r,0) < 5.

Proof: Let f be a flow in G at Nash equilibrium. Let
L;(f) be the latency of an s;-t; flow path, so that C(f) =
> : Li(f)ri (see Lemma 2.3). By Lemma 4.3, f/2 is an op-
timal solution to the instance (G, r/2,£). Moreover, in the
notation of Lemma 4.4, £2(f./2) = £(f.) for each edge e
and hence L}(f/2) = L;(f) for each ¢ (in words, marginal
costs of edges and paths w.r.t. f/2 and latencies of edges
and paths w.r.t. f coincide); this establishes the necessary
connection between the cost of augmenting f/2 to a flow
feasible for (G, r, £) and the cost of a flow at Nash equilib-
rium, f.

Taking § = 1 in Lemma 4.4, we find that the cost of any
flow f* feasible for (G, r, £) satisfies

k .
C(fY) = O+ Y L))y
L
2 CU/2)+5 ) Lilfr
i=1
= (/2 +5C0).



Finally, it’s easy to lower bound the cost of f/2:

U/ = Y goef2 +gbefs
> igaefhbefe
1
= 700)
and thus C(f*) > 3C(f). W

We note that the analysis of this section can be extended
to prove that in any network G with rate vector r where for
some k, £, = a.x* +b, foreache, p(G,,£) < (1-k-(k+
1)~ (k+1)/ky=1_ The example at the beginning of Section 3
shows that this result is tight.

5 [Extensions

In this section we extend the basic model in several ways,
as the model of flow considered thus far suffers from sev-
eral drawbacks. First, in practice agents cannot evaluate
path latency exactly, only approximately. Subsection 5.1
extends the notion of a flow at Nash equilibrium and Theo-
rem 3.1 to this setting. Second, our basic model represents
a scenario with infinitely many agents each controlling an
infinitesimal amount of flow, while in practice we expect
to encounter a finite number of agents, each controlling a
strictly positive amount of flow. In subsection 5.2 we prove
an analogue of Theorem 3.1 for the case of finitely many
agents, provided each agent can route its flow fractionally
over any number of paths. In subsection 5.3 we show that
such an assumption is essentially necessary, in that no bicri-
teria result analogous to Theorem 3.1 holds when there are
only finitely many agents, each of whom must route its flow
on a single path. Proofs of the results in this section may be
found in the full version of the paper [28].

5.1 Flows at Approximate Nash Equilibrium

It is unreasonable to expect agents to be able to evalu-
ate the latency of different paths with arbitrary precision.
We next investigate the sensitivity of our results to this as-
sumption. We suppose that an agent can distinguish be-
tween paths that differ significantly in their latency (say by
more than a (14 ¢) factor for some € > 0). Our definition of
aflow at e-approximate Nash equilibrium is then an obvious
modification of Definition 2.1:

Definition 5.1 A flow f in G is at e-approximate Nash
equilibrium if for all i € {1,...,k}, P,P» € P;, and
d € [0, fp,), we have £p, (f) < (1 + €)€p,(f), where

. fp—4é fP=h
fe=¢ fp+é fP=P
fr ifP ¢ {P, P}
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The analogue of Lemma 2.2 is then:

Lemma 5.2 A flow f is at e-approximate Nash equilibrium
ifand only ifforeveryi € {1,...,k} and Py, P, € P; with
fp >0, 2P1 (f) < (1 + e)[p,(f).

With minor modifications to the proof of Theorems 3.1,
we can then prove the following result.

Theorem 5.3 If f is at e-approximate Nash equilibrium for
(G,r,£) and f* is feasible for (G, 2r, ), then C(f) < (1+
OC(f).

5.2 Finitely Many Agents: Splittable Flow

Our basic model makes the unrealistic assumption that
flow is comprised of infinitely many independent agents. In
this subsection we extend the basic model to the case of
finitely many agents, each of whom controls a strictly pos-
itive amount of flow. In this subsection we allow an agent
to split flow along any number of paths; the next subsection
investigates the case where each agent must route all of its
flow on a single path.

We are given a network G with continuous nondecreas-
ing latency functions £ as before, and in addition k agents.
We assume that agent  intends to send 7; units of flow from
source s; to destination ¢;. Distinct agents may have iden-
tical source-destination pairs. We continue to denote an in-
stance by (G, r, £), and we call the instance finite splittable.
A flow f now consists of k functions, f(*) : P; — R* for
agent . For a flow f, we denote by C;(f) the total latency
experienced by agent 4; thus, Ci(f) = Y pep, € (f)fi(,‘).
As usual, a flow is at Nash equilibrium if no agent can de-
crease the latency it experiences by rerouting its flow. In
this setting, a flow f is at Nash equilibrium if and only if
for each i, f(* minimizes C;(f) given £ for j # i. It fol-
lows from results of Rosen [26] that such a flow exists (and
in fact is essentially unique) under mild convexity assump-
tions, for example when all latency functions are convex.

Our main result for this model is an analogue of Theo-
rem 3.1, proved using similar ideas.

Theorem 5.4 If f is at Nash equilibrium for the finite split-
table instance (G, r, £) and f* is feasible for the finite split-
table instance (G, 2r, £), then C(f) < C(f*).

Theorem 3.1 can thus be regarded as the limiting case of
the above theorem, as the number of agents tends to infinity
and the amount of flow controlled by each agent tends to 0.

5.3 Finitely Many Agents: Unsplittable Flow
In this subsection we continue our investigation of selfish

routing with finitely many agents, each controlling a non-
negligible amount of flow. It is easy to imagine scenarios in



Figure 3. A Bad Example for Unsplittable Flow

which agents cannot route flow on several different paths,
but instead must select a single path for routing. Our pre-
vious results have made crucial use of the “infinitely divisi-
ble” nature of flow, and we next show that this assumption
is essentially necessary.

Consider an instance (G, , £) as in the previous subsec-
tion (with k agents and the ith agent controlling r; units
of flow), but with the additional constraint that each agent
selects a single path on which to route all of its flow. We
call such an instance finite unsplittable. Adapting the defi-
nition of the previous subsection to this new setting, a flow
f (now consisting only of k paths) is at Nash equilibrium if
and only if for each ¢, agent ¢ routes its flow on a path min-
imizing £p(f) (with P ranging over all paths in P;), given
the paths chosen by the other k — 1 agents.

We first consider a simple example showing that a flow
at Nash equilibrium may have cost arbitrarily larger than
that of an optimal flow. Consider the network given in Fig-
ure 3, and suppose there are two agents, each of whom has
source s, destination t, and one unit of flow to send; ¢ > 0
is arbitrary. In the optimal solution, one agent chooses path
s — v — t and the other s — w — t; the cost of this
solution is less than 4 (for any € > 0). On the other hand, a
solution with one agent choosing path s - v — w — t and
the other routing on the s — ¢ link is a flow at Nash equi-
librium with cost greater than %; by choosing ¢ arbitrarily
small this cost is arbitrary large, and hence arbitrarily more
costly than optimal.

In light of the example at the beginning of Section 3,
such a result is hardly surprising; however, this example
easily extends to show that bicriteria statements analogous
to the theorems of Sections 3 and 5.2 are false when we
require agents to route flow unsplittably. In particular, for
any positive integer g, consider the network G4 consisting
of 2¢+2 vertices arranged in a path s, v1,va, . . . , V2q, t With
edges along the path alternately having latency functions
37— and 0, a direct 5-t link with constant latency function
%, and arcs from s to vg; and from vz, to t with constant
latency functions £(z) = 1 (e.g., ¢ = 1 in Figure 3). Asin
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the previous paragraph, there is a flow at Nash equilibrium
with two agents, each controlling one unit of flow, with cost
greater than % On the other hand, it is possible for ¢ + 1
agents to each send one unit of flow through G, at total
cost at most 3g (the first agent uses path s — v, — ¢,
the last s — vy, — t, and otherwise the ith agent uses
path s — vg;_o — vg;3 — t). Letting € tend to O for
each fixed value of g, we see that an optimal flow can send
arbitrarily more flow at arbitrarily less cost than a flow at
Nash equilibrium.

In the above bad example, the network has latency func-
tions with unbounded derivatives; in this situation, rout-
ing a strictly positive amount of additional flow on an edge
may increase the latency of that edge by an arbitrarily large
amount. This example is of particular interest as functions
of the form £(x) = 1/(u — z) have been used in several
different models considered in the literature [16, 17, 19, 23]
with the intention of modeling a link with capacity . How-
ever, in networks where the largest possible change in edge
latency resulting from a single agent rerouting its flow is
bounded above, we can apply the results of subsection 5.1
to derive the following.

Theorem 5.5 Suppose f is at Nash equilibrium in the fi-
nite unsplittable instance (G, £,r), and for some a > 1,
Le(x + 1)) < a-Lz) forall i € {1,...,k},e €
E,z €(0,3;,,7;] Thenforany f* feasible for (G, 2r, ),
C(f) S a-C(f*).

For example, in an instance with linear latency functions
(say Le(fe) = aefe + be) with b > O for all edges e, we
may apply Theorem 5.5 with & = 1 +max; r;-maxe ae/be.
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