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ABSTRACT Objective: Computer-assisted treatment planning for linac-based radiosurgery is still
an open research problem, especially for multiple-isocenter procedures, primarily due to its high
complexity and computational requirements. This paper focuses on the optimization of multiple-
isocenter treatment planning for linac systems, and addresses several important issues associated
with multiple isocenters, such as dose conformality, homogeneity, and optimization of isocenter
position and dose.

Methods: The key idea behind our approach is that the desired dose distribution can be
decomposed into a number of fundamental components. In the current paper, an analytical form, the
so-called Ellipsoidal Dose Distribution Estimation (EDDE) model, represents each component. We
establish ways (arc configurations) to achieve such ellipsoidal doses of arbitrary position, orientation,
and size. Since the EDDE model is described by relatively few parameters, it allows very quick
estimation of the dose distribution corresponding to a particular isocenter and thus makes the
optimization of isocenter position very efficient. It is further used in a framework for optimal
treatment planning, in which a number of ellipsoidal dose distributions, each corresponding to a
different isocenter, are optimally placed to cover the target while sparing healthy tissue.

Results: The general ellipsoidal dose distribution of linac-based radiosurgery is summarized
as a mathematical model with the aid of supporting experiments. Comparisons between the EDDE-
optimized and clinically implemented plans are made, revealing the superior performance of the
former. In addition, a dramatic reduction in planning time is achieved using the EDDE model.

Conclusion: The proposed EDDE model is a useful and effective dose model in multiple-
isocenter treatment planning for linac-based radiosurgery. Comp Aid Surg 5:220–233 (2000). ©2000
Wiley-Liss, Inc.
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INTRODUCTION
Since the introduction of stereotactic radiosurgery
based upon the linear accelerator (linac) in the

1980’s,8,14,24,32optimization of the dose distribu-
tion (in order to deliver a high, uniform dose to the
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target volume while minimizing the dose to sur-
rounding normal structures) has been actively pur-
sued. Initial linac radiosurgery was standard and
relatively simple. Several non-coplanar arcs were
converged to a point (the isocenter) by rotating the
gantry at fixed table angles. Cylindrical collima-
tors with different diameters were used to con-
form to the different sizes of the targets. Many
modified linac systems have since been devel-
oped4,9,11,13,17,21,30to improve the optimization of
radiosurgery. Elliptical collimators23,25 and dy-
namic field shaping12,19 have also been investi-
gated, while the miniature multileaf collimator
(MMLC) has attracted considerable attention for
development of optimization.10,26 Since linac sys-
tems are still the most widely available devices for
radiosurgery in most clinical centers, and because
the potential of the current linac systems has not
been fully developed, we have concentrated upon
improving the optimization of dose delivery via
modified linac systems.

In general, the dose distribution produced by
a single isocenter treatment is nearly spherical and
homogeneous around the isocenter for both linac
systems9 and gamma-knife units.20 In order to treat
non-spherical, irregular, or large tumors that cannot
be covered by the largest available collimator, mul-
tiple-isocenter plans are necessary. While dose con-
formality is improved, the inhomogeneity within
the target is also increased by using multiple iso-
centers. Although an accurate biological effect
model of the normal tissue and tumor correspond-
ing to a single-fraction high dose has still not been
established, it is believed that dose homogeneity
reduces complication rates.18 Accordingly, we seek
optimal conformality to the target28 and minimum-
dose inhomogeneity within the target. Many previ-
ously reported linac systems were, however, based
upon a single isocenter, i.e., they did not take into
account the important issues that arise from the use
of multiple isocenters. Most of the work on multi-
ple isocenters has been based on the gamma-
knife,2,6 but as multiple-isocenter plans are com-
monly used in linac systems, we focus our attention
on them in this paper.

The most important issue for the development
of multiple-isocenter plans is the optimization of
the parameters for the isocenters, including the
positions of the isocenters, the size of the collima-
tor at the isocenter (referred to asisocenter size),
and the dose prescribed at the isocenter (isocenter
dose). Suboptimal selection of these parameters can
result in highly inhomogeneous dose distributions,
including hot spots and under-irradiated areas.
Thus, some groups have developed tables showing

the optimal spacing of isocenters having disparate
diameters and combinations,17 and these may be
used to guide isocenter placement.

Despite the significance of the optimization
of isocenter parameters, many reported treatment
planning systems9,17 still require a trial-and-error
procedure for placement of the isocenters, which
can inevitably result in a sub-optimal plan. Other
systems11,33 have incorporated isocenter position
and collimator size as optimization parameters.
These methods require a great deal of computation
time if no method for fast dose calculation is em-
ployed. For instance, in the report by Yan et al.33

only the dose on the surface of the target was
optimized, instead of the dose in the target volume,
in order to reduce the computational demands. For
this method, the homogeneity of the dose within the
treatment volume was not considered. In addition,
the large number of parameters for that method
could make the optimization problem susceptible to
local minima.

In order to reduce the computational require-
ments for dosimetry, investigators have considered
fast dose models based on modeling the dose dis-
tribution resulting from a collection of beams,
rather than considering the contribution of each
beam individually. A dose calculation model based
on the mini-arc has been studied1 in which a beam
arc was divided into 20-degree segments (mini-
arcs), and the dose model of a 20-degree mini-arc
was pre-calculated and stored as look-up tables.
Later, a spherical dose model was reported27 which
used an analytical form to model the spherical dose
distribution for an isocenter having equally placed
beam arcs. In order to overcome the limitations of
spherical dose models that arise when targets of
complex shape are treated, other investigators have
proposed ellipsoidal dose models.15,22

Approaches based on dose models expedite
the dose calculation procedure tremendously, and
therefore make it possible to include isocenter pa-
rameters (such as position and size) in the plan
optimization while maintaining a reasonable com-
putational load. Although many groups have sum-
marized their experience with producing ellipsoidal
dose distributions, none of these methods was for-
mulated within a mathematical framework. The
formulation and experimental verification of an el-
lipsoidal dose distribution model is the primary
contribution of this paper.

The key idea behind our approach is that the
desired dose distribution can be decomposed into a
number of fundamental components. In the current
paper, each component is given by an analytical
form, the so-calledEllipsoidal Dose Distribution
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Estimation(EDDE) model. We establish ways (arc
configurations) to achieve such ellipsoidal doses of
arbitrary position, orientation, and size. Since an
ellipsoidal dose model is comprised of relatively
few parameters, it allows the use of dosimetry in
plan optimization, especially isocenter position, in
a computationally very efficient way. Most impor-
tantly, it allows us to incorporate the position and
prescribed dose for each isocenter, in addition to
other parameters, into the multiple-isocenter opti-
mization scheme. Experiments using clinical cases
are described to illustrate the advantages and lim-
itations of our method. Having established the
EDDE model, we then use it in an optimization
framework for treatment planning.

MATERIALS AND METHODS

Overview

Our experiments have indicated that the dose dis-
tribution around one isocenter can be approximated
by a set of ellipsoids, each of which corresponds to
one isodose surface. Our experience agrees with
experiments by other investigators.15,17,21,22We use
this fact in order to derive a mathematical descrip-
tion of the dose distribution, the EDDE model, in
which areference ellipsoid, corresponding to 80%
isodose, is first defined. According to the reference
ellipsoid and to a model for the dose fall-off as a
function of distance from the isocenter, the actual
dose contributed by one isocenter can be estimated
for each point in the area of interest that includes
one or more organs of interest and the target. Hav-
ing established this dose model, we then use it to
find an optimal plan. This is done by covering the
target with a number of ellipsoidal components,
each of which contributes to the total dose accord-
ing to the EDDE model. This optimization proce-
dure consists of the following steps:

Step 1: Optimal placement of a number of ref-
erence ellipsoids, one corresponding to each iso-
center (Fig. 1), so that optimal coverage of the
target is achieved while critical structures are
spared.
Step 2: Determination of a number ofsubarcs,
i.e., parts of a full arc that can be traversed by
the linac system, for each isocenter. These sub-
arcs are placed so that they can produce the
ellipsoidal dose distribution defined by the ref-
erence ellipsoid.
Step 3: Optimization of the weighting of each
subarc, using the primary dose model.16 The
optimization criterion is the discrepancy be-
tween the actual dose distribution and the dose

distribution predicted by our model in the first
step.

These steps are described in theOptimization
Proceduressection. In particular, Step 1 is de-
scribed underEllipsoid placement. Steps 2 and 3
are described underArc selection and dose optimi-
zation. However, before describing the optimal
placement of the ellipsoidal models, we first derive
the EDDE model and the formulae that approxi-
mate the dose distribution as a function of distance
from the center of each ellipsoid.

Data Acquisition and Treatment Planning
Systems

Our treatment planning is designed for use with a
modified 10-MeV linear accelerator in the Brain
Tumor Radiosurgery Center at Johns Hopkins Hos-
pital, in which a circular collimator and a fixed dose
weighting is used for one beam subarc. The avail-
able collimator sizes are currently 13, 16, 18, 21,
28, and 34 mm. Brain images are acquired with a
Picker CT Scanner,31 and have dimensions of
512 3 512 pixels per slice and a resolution of
0.938 3 0.938 mm per pixel in the X and Y
directions. The slice thickness is typically 2.0 mm.
The target volume is delineated manually. Critical
structures can be defined either manually, based on
the patient’s images, or via elastic adaptation of
anatomical atlases to the patient’s scans.5 Stereo-
tactic coordinates are obtained via the Brown-Rob-
erts-Wells (BRW) stereotactic frame for both CT
scanning and treatment planning. We compare our
results against the semi-manual plans generated
routinely in the clinic via the BrainLab system
(BrainLab Inc., Palo Alto, CA).

Fig. 1. An irregularly shaped target treated by multiple
isocenters, shown in a 2D slice.(A) Using two reference
ellipsoids; (B) A plan using three isocenters.
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Ellipsoidal Dose Distribution Estimation
(EDDE) Model
In the EDDE model, the dose distribution corre-
sponding to a single isocenter is modeled by a
reference ellipsoid and a dose fall-off function.
This dose model serves as a building block in our
method and is described in this section. In order to
establish the EDDE model, we addressed three
issues. We first examined how to determine a con-
figuration of subarcs, especially in terms of their
position and weighting, that can produce a partic-
ular ellipsoidal dose distribution. Second, we de-
rived an analytical model for different isodose sur-
faces corresponding to a reference ellipsoid. We
found that these isodose surfaces can also be well
approximated by ellipsoids, up to a certain isodose
level, and we experimentally determined an analyt-
ical form for the dose fall-off. Finally, we designed
simulated experiments to demonstrate that our el-
lipsoidal dose model is independent of the position,
orientation, and size of the target (within a normal-
ization factor). The position, orientation, and size
invariance is a fundamental issue when using a
dose model, since it allows us to use the same
model for any target. This issue is clarified by
experimental results presented in the Results sec-
tion of this paper.

In order to derive and test the EDDE model,
we used the hemispherical head phantom15,27as the
volume of interest, and placed an ellipsoid inside as
the target. We then derived the subarc configuration
and weighting for this ellipsoidal target, and calcu-
lated the resultant dose distribution. The various
isodose surfaces were modeled as ellipsoids whose
spacing was determined experimentally by fitting a
parametric dose fall-off function to the calculated
dose distribution. Details for each step were as
follows.

Reference ellipsoid
A reference ellipsoid is defined as follows:

x2

a2 1
y2

a2 1
z2

b2 5 1, ~b $ a! (1)

The coordinates (x, y, z) used here are transformed
to the ellipsoid’s frame, i.e., the three axes of the
ellipsoid define theX, Y,andZ axes. We therefore
describe arbitrarily shaped and oriented ellipsoids
in this formula. We have made the two major axes
of the reference ellipsoid equal in length because
we only have circular collimators in our current
system. Therefore, we could only compare our re-
sults with the clinical plans if we restricted this

parameter. If elliptical collimators are available,25

the three axes could become independent without
loss of generality. Moreover, it will be shown later
that the ellipsoidal dose distribution can actually be
achieved even by circular collimators.

Subarc configuration
The subarc configuration that produces a given
reference ellipsoid is found by placing the isocenter
at the center of the ellipsoid, then selecting the
collimator size according to the beam’s-eye view
(BEV) of the reference ellipsoid. We first project
the ellipsoid to the available arc space (In our
system, the table angle ranges from 0 to 180 de-
grees, and the gantry angle ranges from 0 to 135
degrees due to physical constraints). This results in
an elliptical profile for each orientation. Since, in
this paper, we assume that only circular collimators
are available, we define the smallest circle that
encompasses the elliptical profile as theproper
collimator sizeat each orientation. The proper col-
limator size is, in general, different at different
orientations, since it depends on the BEV of the
ellipsoid. However, the linac system is based on a
continuous sweep of an arc or subarc, using the
same collimator size for the whole sweep. More-
over, the available collimator sizes are limited.
Therefore, we choose to place subarcs where the
proper collimator sizes are available. Since the
collimator size is locked along each subarc, we
choose to place subarcs in areas where the proper
collimator size varies relatively slowly with gantry
angle. Following this procedure, we generate an
arc map for all available subarcs (e.g., Figure 2).
The nearest available collimator size is selected for
a particular subarc. The length of the subarc is
defined so that all proper collimator sizes for the
orientation of the subarc are within 1 mm of the
subarc’s collimator size. A surgeon can then select
several arcs (usually 5 to 10) from the arc map
based on the following two rules. First, the subarcs
with the smallest collimator size (e.g., the two
16-mm subarcs in Figure 2) which correspond to
the long axis of the reference ellipsoid are selected,
because we want the dose distribution to be main-
tained in that direction. Second, some space is
allowed between subarcs and overlap of subarcs
between multiple isocenters is avoided, because an
evenly shaped dose distribution is desired. Auto-
mation of this procedure has not been implemented
at this point.

Dose calculation for a reference ellipsoid
Having determined the subarc configuration for
each reference ellipsoid, we next determine the
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beam weighting for each subarc, so that the desired
ellipsoidal dose distribution is achieved. LetWi,
i[{1, . . ., M}, be the weights of M subarcs irradi-
ating the target ellipsoid, andW 5 [W1, W2, . . .,
WM]T, be the vector of weights to be optimized. If
bi(x, y, z)5 bi(v) is a function reflecting the dose
delivered by thei-th subarc to each pointv, the total
dose at that point is given by the function

D~W, v! 5 O
i51

M

Wibi~v! (2)

Since the dose distribution is linear to the beam
weighting, we simply use the least-square-error
method to minimize the cost function:

C~W! 5 O
vm[brain

@D~W, vm! 2 T~vm!#2, T~vm!

5 H1, vm [ target
0, vm [ normal (3)

whereD(W, vm) is the dose received by the point
vm, andT(vm) is the desired dose to that point. The
dose is normalized to one at the isocenter. We

calculate the dose distribution using the single-
beam model.16

Isodose ellipsoids and dose fall-off model
Following the steps described above, we generate
an ellipsoidal dose distribution which covers the
target (reference ellipsoid) at the 80% isodose
level. We have determined that any other isodose
surface can be approximated by another ellipsoid of
the following form:

x2

a2 1
y2

a2 1
z2

s z b2 5 RD2, ~b . a! (4)

This is referred to as anisodose ellipsoid, in which
RD is related to the isodose level of the ellipsoid, or
equivalently the distance of the isodose ellipsoid
from the center of the reference ellipsoid. We in-
troduced the factors because we found that the
isodose surfaces tend to become increasingly elon-
gated with distance from the reference ellipsoid in
the long axis direction. Experimentally, we deter-
mined thats5 b/acan be used to match the isodose
ellipsoids to the isodose surface very well.

Because of the way we defined the isodose
ellipsoids, the isodose surfaces are described by
one parameterRD, i.e., each value ofRD corre-
sponds to a different isodose surface. The next step
is to find the relationship betweenRD and isodose
levels, which will yield a mathematical description
of the dose distribution. In order to find this rela-
tionship, we used a non-linear least-squares curve
fitting technique and experimental dosimetry data.
After examining several possible functions, we
found that the relationship between isodose level
and radial distance can be described by a modified
Cathy function,

D 5 f~RD! 5
D2b

~uRDua 1 D2!b (5)

whereD is the isodose level, normalized to 1,D 5
1.1152,a5 6.7688, andb50.3370. Figure 3 shows
the fit of this curve to data points.

These procedures yield a very simple form of
the dose model. Specifically, in order to calculate
the dose distribution of one isocenter with several
arcs, it is only necessary to calculate the Mahal-
anobis distance, RD, from any point to the iso-
center, instead of calculating the distance and depth
from that point to hundreds of beams. In other
words, given a reference ellipsoid with the form of
Equation 1, we computeRD from Equation 4 for
each point in the tissue, then the dose contributed

Fig. 2. The arc map for a reference ellipsoid with long
axisZ 5 21 mm and short axisX 5 Y 5 16 mm, rotated by
(ux 5 30°, uy 5 10°, uz 5 50°). Abscissa is table angle;
ordinate is gantry angle. Each box is filled with the proper
collimator size for the corresponding angle, which is deter-
mined from the beam’s-eye view of the reference ellipsoid,
as described in the text. Unfilled boxes imply that that
particular collimator size is not available, and hence that
angle cannot be used. Of the unfilled boxes, the gray ones
correspond to proper collimator sizes that are less than 1
mm different from available ones. All vertical gray lines
correspond to a subarc (partial sweep of the linac). Dark
lines are selected arcs, which produce an ellipsoidal dose
distribution.
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by this isocenter is given by Equation 5. This model
could reduce the calculation time by a factor of
more than 100. Because this model is just a sim-
plified approximation of the dose distribution, we
call it an estimation model.

Optimization Procedures
There are two major difficulties that arise in mul-
tiple-isocenter treatment planning:

1) Isocenter placement. In general, isocenters
must be placed according to the shape of the
target. However, the manual placement of
several isocenters is a difficult task, since a
surgeon has to mentally reconstruct the com-
plex three-dimensional shape of a target, and
its position relative to surrounding structures,
from cross-sectional images.

2) Target partitioning. For a single isocenter
plan, the collimator size is usually selected
based on the BEV. However, in multiple-
isocenter cases, effectively only part of the
tumor is covered by a single isocenter. The
partitioning of the tumor, and therefore the
corresponding BEV of each partition, is not
known in advance if this partitioning is part
of the optimization procedure.

By introducing the EDDE model, these two
important issues are addressed simultaneously. In

particular, the target is partitioned using sets of
ellipsoidal surfaces. The shapes and locations of
these ellipsoids are calculated simultaneously by
our optimization method. Moreover, for each ellip-
soid, the arc configuration is directly derived from
the procedure discussed in theSubarc configura-
tion section. Consequently, target partitioning and
subarc configuration are derived from a very fast
optimization algorithm. Figure 4 shows an example
of an ellipsoid placement using the procedures de-
scribed in the following sections. In addition, our
method is a quantitative methodology, since we
have a model for deriving the dose distribu-
tion from the reference ellipsoid (see Equations 4
and 5).

In the previous section we described how we
produce an arbitrarily orientated ellipsoidal dose
distribution around a single isocenter, using the
EDDE model. In this section, we describe how we
place a number of reference ellipsoids so that they
maximally cover a given target while causing min-
imal damage to critical structures. Based on our
dose model, the whole treatment planning proce-
dure consists of three steps: ellipsoid placement
(isocenter optimization), subarc configuration, and
beam weighting optimization. Since subarc config-
uration is part of the EDDE model and has been
described previously, we now concentrate on the
remaining steps.

Tissue dose response model
Before we can discuss the isocenter optimization,
we need to define a model describing how a certain

Fig. 4. 3D views of ellipsoid placement using the EDDE
model overlaid on the target contours. Two reference ellip-
soids are placed. (A) axial view; (B) coronal view; (C)
sagittal view; (D) arbitrary orientation.

Fig. 3. Fit of a parametric function to data points showing
the dose fall-off for the EDDE Model. Data points are
shown for all collimator size combinations available in our
treatment center. The curve is extended symmetrically for
better visualization. Note that the modified Cathy curve fits
the data very precisely, regardless of the collimator size.
This is very important and it enables us to construct the
EDDE model, which is independent of the target size.
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type of tissue responds to a certain dose of irradi-
ation. Since currently there is no consensus on
which is the correct radiobiological model, we sim-
ply use the quadratic function. The modular design
of our algorithm makes it easy to replace this
function by any other function. For planning con-
venience, we define lower and upper dose bounds
for each type of tissue concerned. Then, the penalty
function for each point is

q~D! 5 Hdh~D 2 Th!
2, for ~D . Th!

d l~D 2 Tl!
2, for ~D , Tl!

(6)

in whichD is the dose delivered to the point,Th and
Tl are upper and lower dose bounds, respectively,
dh and dl are correspondingimportance factors.
Typically, both upper and lower dose bounds are
used for the target; for critical structures and nor-
mal tissue, only the upper dose bound is used (since
dl 5 0).

In an ideal world, the exact position of each
critical structure is known exactly. However, in a
realistic setup there are various sources of error
which might contribute to the lack of certainty
regarding the exact structure location. For example,
there are registration errors between physical (pa-
tient) and image coordinates. Moreover, structures
might be defined via anatomical atlases,5 which can
be adapted to the patient’s individual anatomy with
only limited accuracy. Even with perfect registra-
tion, brain anatomy does not exactly define brain
function, because of inter-individual functional
variability. Finally, even manual definition of func-
tionally critical regions is well known to be prone
to errors and inter-rater variability. In order to
account for such position uncertainties, we assume
that we know the type of structure present at each
location in the brain with only a certain degree of
probability. In particular, if each point belongs to
one of K types of structures with probabilitypi,
i[{1, . . ., K}, then the total penalty corresponding
to one point is

Q~D! 5 O
i51

K

piqi~D! (7)

whereqi(D) is from Equation 6, for each type of
tissue.

Ellipsoid placement
For each reference ellipsoid, there are 9 parameters:
the isocenter location (X, Y, Z), the isocenter dose
(DI), the axes lengths (a, b), and the rotation angles

(ux, uy, uz) measured with respect to the three
coordinate axes of the patient’s images. LetEi 5
[X, Y, Z, a, b, ux, uy, uz, DI]T, i [ {1, . . ., N}, be the
parameter vector of thei-th reference ellipsoid,
then the set of parameters to be optimized isE 5
[E1, E2, . . ., EN]T, for N reference ellipsoids. In
order to optimize the placement of these ellipsoids,
we calculate the dose distribution through these
reference ellipsoids by adding their contribution
together, and then use certain dose optimization
criteria to optimize the dose distribution. The dose
distribution for a configuration withN isocenters is
calculated by

D~ x, y, z! 5 D~v! 5 O
i51

N

DI i f~RDi! (8)

whereDIi is the isocenter dose, initially assigned as
1.0 to each isocenter, andf(RDi) is computed
through Equation 5. The cost function we defined
as an optimization criterion is

C~E! 5 O
j

Q$D~vj!% (9)

This is the sum of the penalties applied to all
sample points, in whichQ(D(vj)) is from the tissue
dose response model above. Then we use Powell’s
method33 to optimize the ellipsoid parametersE in
terms of minimizing the cost function, Equation 9.
Powell’s method is suitable for this problem be-
cause it does not require the derivative of the cost
function, and it converges to the result very fast.
Since we only have limited collimator sizes,a and
b are discrete variables. We have modified Powell’s
method to be able to optimize discrete parameters.

In order to initialize Powell’s iterative opti-
mization procedure, we use a heuristic algorithm
that partitions the target intoN regions, using a
“cluster analysis” method, initially reported in Ref-
erence 3. This method is an iterative algorithm with
the following steps:

Step 1: Place the first isocenter on the center of
mass of the target. If more than one isocenter is
requested, then go to Step 2; otherwise, termi-
nate.
Step 2: Place an additional isocenter on the most
distant point from the existing isocenter(s).
Step 3: Assign each point in the target to its
nearest isocenter.
Step 4: Reposition the isocenters so that they
coincide with the center of mass of the target
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points assigned to them. If their position doesn’t
change significantly, go to Step 5; otherwise, go
to Step 3.
Step 5: If more isocenters are to be added, repeat
the iterative procedure above by sequentially
adding one isocenter at a time; otherwise, stop.

As was mentioned earlier, the number of iso-
centers is predefined, but when this procedure ter-
minates, the target is divided into a number of
partitions equal to the number of isocenters. The
initial guess of the reference ellipsoid is then the
biggest sphere that is fully contained within the
corresponding partition of the target.

The number of isocenters is not determined
by our optimization algorithm, but is predefined by
the physician. Since our algorithm does not require
excessive computational time, it is practically fea-
sible to compute the optimal plans for different
numbers of isocenters and then select the minimum
number of isocenters that results in an acceptable
dose distribution. Our experiments have shown
that, as intuitively expected, increasing the number
of isocenters can improve conformality to the tar-
get. Therefore, practical considerations and time
constraints limit the number of isocenters used.
Moreover, it is possible to generate optimal plans
for increasingly higher numbers of isocenters and
stop at the number for which the dose conformality
levels off, with only minor further improvement.

Arc selection and dose optimization
During the ellipsoid placement step in the previous
section, we minimized the total dose within a num-
ber of structures that are considered critical and
maximized the dose conformality and homogeneity
to the target, according to the EDDE model. Fol-
lowing the subarc selection technique described in
the Subarc Configurationsection, we can readily
determine the collimator size and orientation of
each subarc, which yields the subarc configuration
necessary to produce the optimal ellipsoids. In this
section, we describe how we determine the weight-
ing of each of the selected subarcs.

The EDDE model is only an approximation
of the true dose distribution, being used to place a
number of reference ellipsoids and determine the
corresponding subarc configuration in a computa-
tionally efficient manner. However, when deter-
mining the weighting of each subarc, we use the
thin beam dose model.16 In particular, dose calcu-
lation is performed using Equation 2, where the
function b(z) is the cumulative dose delivered by a
number of beams constituting a subarc; the contri-
bution of each beam is given by the thin beam

model.16 Our goal is to minimize the difference
between the dose distribution estimated by the
EDDE model and that calculated by the single-
beam dose model. This is because the former was
the one used to optimally place a number of ellip-
soids. We define the cost function as:

C~W! 5 O
l51

L

Kl O
v[Sl

$D~W, v! 2 Dl%
2 (10)

whereL isodose levels are selected,Sl represents an
isodose surface of the EDDE model,D(W, v) is the
dose delivered to a pointv from Equation 2,Dl is
the normalized dose at the isodose level, andKl is
a weighting factor that determines the relative
weight of each isodose in the optimization objec-
tive function. In summary, Equation 10 requires
that the subarc weighting be selected so that the
dose distribution (evaluated on a number of iso-
doses) predicted by the EDDE model is the one
actually being delivered, as estimated by the accu-
rate single beam model. In essence, the EDDE
model plays the role of a fast model for determin-
ing the optimal subarc configuration, along with
isocenter positioning and weighting.

For Equation 10, we usually select the 100%
and 60% isodose levels with equal weights in order
to keep the dose conformality and sharp dose fall-
off outside the target, which is the most important
part of the dose distribution. Since the cost function
we formulated is a least-square-error problem, we
use Singular Value Decomposition7 to solve the
optimal beam weights vectorW, while keepingWi

non-negative.

RESULTS

Experiments for the EDDE model
All the experiments presented in this part were
designed to establish our dose model, in which we
used a hemispheric phantom as a simple model of
the head.15,27 We first examined the location, ori-
entation, and size invariance (within a size normal-
ization factor) of EDDE, and then derived the
mathematical model from the experiments. For this
reason, we constructed a computational head phan-
tom by adjoining a hemisphere with a cylinder and
placing an ellipsoidal target at different locations
and orientations within this phantom. For each tar-
get, we used the methods described in the Methods
section. We established that a single formula,
namely the one given by Equation 5, describes the
dose distribution produced by the EDDE model,
independent of the size, position, and orientation of
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the target. As an example, Figure 3 shows that the
dose distribution produced by the EDDE model,
after the appropriate size normalization, follows the
same profile for a wide variety of collimator sizes.

Robustness to Local Minima
Since the objective function (Equations 6–9) opti-
mized during the ellipsoid placement is relatively
complex and highly non-linear, it is subject to local
minima. In order to better understand the behavior
of our optimization procedure, we designed exper-
iments to test if the result was sensitive to the initial
conditions, and in particular the initial isocenter

placement. We used the clinical case shown in
Figure 5. Using the clustering method described in
the Ellipsoid placementsection above, we deter-
mined the initial guess of the isocenter positions.
We then perturbed the isocenters by displacements
ranging from6 3 mm to 6 10 mm and used the
new positions to initialize iterative optimization for
the placement of the ellipsoids. For all cases, the
resulting optimal ellipsoids were identical, regard-
less of the initialization. Therefore, we conclude
that our algorithm is not sensitive to local minima.
This is because we do not optimize individual
beams, but rather optimize the placement of larger

Fig. 5. A clinical case shown in triplanar views. (a) original CT image; (b) segmented image with critical structures labeled.
The critical structures were obtained by elastically adapting a digital anatomical atlas.30,31
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components, i.e., ellipsoids, which renders our
method more robust to local minima.

Clinical Cases Using the EDDE Model
The case considered herein is shown in Figure 5,
which is from a patient with a solitary brain me-
tastasis in the left lateral frontoparietal region.

1. Optimized vs. manual
This was a very large tumor and could not be
covered by the largest available collimator size (34
mm), so multiple isocenters were required. This
case was used to compare our treatment plan with
the plan that was implemented clinically. During
the treatment of the patient, the surgeons selected
two isocenters and, according to their routine pro-
cedures, prescribed 80% isodose (5 Gy) to the
tumor volume. In order to achieve the dose confor-
mality to this large irregular target, our surgeons
used different collimator sizes for the two iso-
centers, one with collimator diameters 28 mm and
34 mm, and the other with diameters 18 mm and 21
mm. The arc orientation and beam weighting were
adjusted as well. The resulting dose volume histo-
gram (DVH) (Plan Manual) is shown in Figure 6a
(dotted line), from which it can be seen that the
goal was achieved in terms of target coverage.
However, many hot spots inevitably resulted, and
the maximum target dose actually went up to
190%. We then re-implemented a treatment plan
(Plan Opt1) by using the optimization method pre-
sented in this paper. The DVH is shown in Figure
6a as a solid line. While maintaining the same (or
even slightly better) target coverage, the EDDE
model reduced the hot spots within the target (more
than 50% reduction in the 120% to 140% dose
range), and the maximum target dose was de-
creased to 160%. Figure 6b shows the DVH for the
normal tissue. The optimized plan delivered a rel-
atively higher dose to normal tissue for lower dose
levels. However, it reduced the high dose (higher
than 60%) to normal tissue, as compared to the
manual plan. Therefore, the optimized plan is su-
perior for achieving both dose homogeneity and
conformality.

2. Consideration of critical structures
We next used a deformable registration method5 to
estimate the location of three critical structures that
were displaced by the tumor, using the Talairach
atlas of the human brain. To illustrate the behavior
of our method, we selected the optic radiations,
thalamus, and primary auditory cortex that were
close to the tumor (see Figure 5). We assigned high
importance factors (dh anddl in Equation 6) to the

tumor (dh 5 40 anddl 5 50) and the three critical
structures (dh 5 40 anddl 5 0), relative to other
normal tissue (dh 5 1 anddl 5 0). In addition, the
dose tolerance bound (Th andTl in Equation 6) was
set lower for the avoidance regions (Th 5 0.1)
relative to that of normal tissue (Th 5 0.5). The
result is shown as a comparison between the Plan
Opt1 described above, which did not differentiate
between critical structures and other normal tissue,
and the plan implemented here (Plan Opt2), which
considered the three critical structures separately.

Obviously, when the critical structures are
considered, the target coverage and dose homoge-
neity would be expected to get worse. Figure 7

Fig. 6. Dose volume histogram for (a) the target volume,
(b) the normal tissue. Dotted lines show the treatment
planned manually (Plan Manual). Solid lines show the
optimized treatment plan (Plan Opt1). Dose is shown
the 100%5 6.25 Gy. Volume is normalized to one for the
target volume.
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shows the histogram for the tumor, where the solid
line corresponds to Plan Opt2 and the dotted line
corresponds to Plan Opt1. We observe that, below
the 80% dose level, both plans are very similar.
Moreover, the tail of the DVH is also the same for
both plans. A price was paid in the 80–100%
region, but this is minimal, since the prescribed
dose was at the 80% level. Therefore, we can say
that very little was compromised in terms of tumor
coverage by considering the critical structures. Fig-
ure 8 shows the histograms for the three critical
structures, optic radiations, thalamus, and primary
auditory cortex, respectively. We can see that the
doses delivered to the thalamus and auditory cortex
are clearly reduced, because they are relatively
distant from the target. The improvement on the
optic radiations is relatively smaller, because the
optic radiations are directly adjacent to the target.
However, the improvement is concentrated in the
high-dose (. 60%) region, in which the dose re-
duction is very high, percentage-wise. The histo-
grams for the other normal tissues (not shown)
were not substantially different between the two
plans. Figure 9 shows the resulting isodose con-
tours for the three plans described above, at two
different levels in the brain.

In summary, when the importance of the crit-
ical structures was raised, our algorithm was able to
deliver lower doses to these structures without any
serious compromises. Note that, in our system, we
do not assume a particular level of importance for
each structure, since one cannot do this objectively.
Instead, we allow the physician to define these

parameters, while the system finds plans that come
as close as possible to the physician’s requirements.
Because the optimization procedure is relatively
fast (2-3 minutes on a Silicon Graphics Worksta-
tion), the physician can iteratively modify the im-
portance parameters while evaluating the resulting
optimal plans.

3. More complex target shape
In our final experiment, we applied our method to
a more complex target and used three isocenters.
The resulting DVH is shown in Figure 10, along
with several isodose surfaces in axial, coronal, and
sagittal sections.

DISCUSSION
We have presented a model-based method for plan
optimization in stereotactic radiosurgery using an
EDDE model. Several groups15,17,22have also re-
ported methods for producing an ellipsoidal dose
distribution. However, there are three major differ-
ences between our EDDE model and these other
methods. First, we determined analytical forms that

Fig. 8. Dose volume histogram for the thalamus (top left),
the primary auditory cortex (top right), and the optic radi-
ations (bottom). The solid line represents Plan Opt2, the
dotted line represents Plan Opt1. Volume is normalized to
one for each critical structure.

Fig. 7. Dose volume histogram for the target volume. The
solid line represents Plan Opt2, in which critical structures
were assigned higher importance than the rest of the normal
tissue. The dotted line represents Plan Opt1. Volume is
normalized to one for the target volume. The prescribed
target dose corresponds to the 80% level.
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quantitatively describe the dose as a function of
distance from the isocenter. Second, only orthogo-
nally placed ellipsoids were investigated by the
earlier studies, while our method can produce ar-
bitrarily oriented ellipsoidal dose distributions.
Third, the reported ellipsoidal dose distributions are
concerned only with the 80% isodose level. In
contrast, our technique considers more than one
isodose level.

It should be stressed that the parameters of
the dose model presented here were determined
only for the 10-MeV linac system that we used, and
were constrained by the limited availability of col-
limator sizes. However, the model can be adapted
to other systems.

Regarding the optimization methodology that
we applied, we note that one could use simulated
annealing in order to find the global minimum, as
has been previously used successfully in conformal
radiation therapy.29 We used Powell’s method in
our optimization system primarily for its simplicity
and computational efficiency, but also because we

demonstrated the robustness of our methodology to
local minima. Therefore, random optimization
methods are probably not necessary for our ap-
proach.

It is important to note that, in our experi-
ments, we imposed many restrictions on our algo-
rithm in order to be able to compare the results with
clinically implemented plans on the same cases.
This hampered the ability of our planning method-
ology to obtain more conformal plans. For exam-
ple, since only circular collimators were available
in our clinic, we had to restrict the lengths of the
two axes of the reference ellipsoid to being equal.
Moreover, we modified Powell’s method so that it
was restricted by the discrete number of available
collimator sizes (13, 16, 18, 21, 28, and 34 mm).
Finally, we restricted the beam weight so that it
remained constant during the sweep of a subarc.
These restrictions would be lifted with a dynamic
MMLC system, potentially resulting in consider-
ably more conformal plans. In that case, the EDDE
model could, perhaps, be extended to a family of
isocenter-based models that are analogous to the
ellipsoidal model. If these fundamental “dose com-
ponents” are represented by relatively few param-
eters, they could be included in an optimization

Fig. 10. A case with a rather complex target shape.
Shown are isodose images — (A) axial, (B) coronal, (C)
sagittal — and (D) a dose volume histogram for thalamus,
optic radiations, and tumor (curves from left to right, re-
spectively). Dosage is shown as the percentage of the pre-
scribed dose, volume is shown as the percentage of the
volume of the structure itself. Isodose curves are shown
from 20 to 120%, with an increment of 20%, from the
outermost to the innermost. The isocenters are shown as
crosses.

Fig. 9. Isodose contours at two different levels (left and
right columns). Top, middle, and bottom rows correspond to
the manual plan, Plan Opt1, and Plan Opt2, respectively.
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framework similar to the one described here, in
which the optimal partitioning of the tumor by a
number of such fundamental dose components will
result in even better dose conformality. We can
expect to achieve a wider variety of shapes for the
fundamental components of the dose distribution;
this will make our optimal planning more challeng-
ing, but more effective in achieving dose confor-
mality. Work towards that end is currently under-
way in our laboratory.
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