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Abstract

Messageshat canbe treatedas rst-class entitiesare called r st-
classmessges We presenta sounduni cation-basedtype infer-
encesystemfor rst-class messagesThe main contritution of the
paperis the introductionof an extendedform of function calleda
matd-functionto type rst-class messagesMatch-functionscan
be given simple dependentypes: the returntype dependson the
type of the amgument. We encodeobjectsas match-functios and
messageas polymorphicvariants,thusreducingmessage-passing
to simplefunctionapplication.We feel the resultingsystemis sig-
ni cantly simplerthanprevious systemdor typing rst-class mes-
sagesand may reasonablype addedto a languagedesignwithout
overly complicatingthetype system.
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1 Intr oduction

First-classmessagearemessagethat canbe treatedas rst-class
valuesandboundto programvariables Hence we canwrite obj

X, whereobj is an object,x a programvariableand  represents
messageassing. Sincethe messageassignedo x canbe varied
at run-time, we can changethe messagesentto obj dynamically
This is the exact dual of dynamicdispatd, wherewe changethe
objectat run-time—hereve wantto beableto changehemessge
atruntime.

First-classmessagesre usefulin typing delegate objects,which
forwardmessagew otherobjects.For example,in

letm= fmessage() in
let ol = fforward(x) = 02
0l forward(m)

xgin

ol is adelegateobjectwhereforward (x) is the methodthatdelegates,
i.e. forwards,x to 02. fmessage() is the rst-class messageavhich
getsassignedo m, thenx, and nally forwardedto o2. Suchdel-
egateobjectsare ubiquitousin distributed systemssuchas proxy
seners giving accesgo remoteservices(e.g. ftp) beyond a re-

wall. The following is an example of a proxy sener cited by
Miiller [MNOQJ:

let ProxyServer fnew(o) = fsend(m)= o0 mgg

This createsan objectProxyServemwith a methodnew thatreceves
an objecto andreturnsa secondobjectwith a methodsend. send

takesan abstractrst-class messagen asa agumentandforwards
it to 0. We cancreatea Ftp proxy sener as:

let FtpProxy= ProxyServer new(ftp)

whereftp is aFtp object. A typical useof this new proxy is

FtpProxy send(get(%aperpsgd)

get is a methodin ftp. Delegationof abstractmessagesannotbe
easily expressedwithout rst-class messagessince the message
canbechangedtrun-timeandhencemustbeabstractedby a vari-
ablem. [MNOO] and[Nis98] further discusshow rst-class mes-
sagescan exploit locality by abstractingremotecomputationsn
distributedobject-orientedcomputing.

Moderntyped object-orienteprogramminganguagege.g. Java,
C++) do not support rst-class messages Smalltalk[GR89] and
Objectve-C[PW91] provide untyped rst-class messages.

The statictype-checkingof rst-class messagepresentdwo main
dif culties:

1. Typing rst-classmessagethatcanbeplacedin variablesand
passedasvalues,e.g m= fmessage(): we needa way to
expressandtype standalonenessages.

2. Typing abstractmessage-passirtg objects,suchaso x:
sincex canbeary messagén o andthesedifferentmessages
canhave differentreturntypes,o  x doesnt have a single
returntypebut ratherits type dependsiponthe type of x. We
needto be ableto encodeits statictype suchthatit depends
ontheabstractype of x.

We solwe the rst problemby encodingmessageas polymorphic
variantswhich have standalondypes,i.e., a polymorphicvariant
‘fmessge() hastype ‘fmessage().

The secondproblemis more challenging,andthe mostimportant
contrikbution of this paperis the simplicity of its solution. We in-

troducean extendedform of function (inspiredby SML/NJ's pat-
tern matchingfunctions) called a matd-function which always
takes a variant as algumentand has a return type that can de-
pend on the agumentvariant. We call thesedependentypes
matd-types We encodeobjectsas match-functios, thusreduc-
ing messagsendingto simplefunctionapplication.Therearesev-

eral other solutionsto typing rst-class message the literature
[Wak93 Nis98,MNO0O, Pot0Q; themainadwantageof ourapproach
is its simplicity.

We organizethe restof the paperasfollows. We review OCaml's
polymorphic variantsin Section1.1, and review the duality of



recordsand variantsin Sectionl1.2. In Section2 we de ne DV,

a core languagewith match-functios. In Section3 we presenta
typesystenfor DV thatincludesmatch-typesandshaw it is sound.
In Section4 we presenta constraint-basetype inferencesystem
for inferring match-typesalongwith an algorithmfor simplifying

the constrainedypesto human-readableonstraint-fredypesand
prove its soundness.The netresultis a type inferencealgorithm
for theoriginal DV type system.Section5 illustratesall aspect®of

the systemwith a seriesof examples. In Section6 we shav how

objectswith rst-class messagegan be faithfully encodedwith

match-functios. Section7 discussesherelatedwork.

Someportionsof the paperaregrayedout They represenbptional
extensionsto our systemwhich enhancets expressienessat the
expenseof addedcompleity. The papercanbereadassuminghe
gray portionsdon't exist. We recommendhe readersskip these
grayedout portionsduring their initial readingsto geta betterun-
derstandingf the coresystem.

1.1 Review of Polymorphic Variants

Variantexpressionsand typesarewell knovn asa cornerstoneof
functionalprogrammindanguageskFor instancean OCamlwe may
declareatypeas:

type feeling = Love of string | Hate of string

| Happy | Depressed

Polymorphicvariants[Gar98,Gar00],implementedaspart of Ob-
jective Caml[LDG™ 02], allow inferenceof varianttypes,sotype
declarationdik e the above are not needed:we candirectly write
expressiondik e "Hate("Fred") or "Happy .

We usethe Objective CamI[LDG* 02] syntaxfor polymorphicvari-
antsin which eachvariantnameis pre xedwith * . For examplein
OCaml3.07we have,

let v = "Hate ("Fred");

val v : [> 'Hate of string] = "Hate "Fred"

[> 'Hate of string] is the type of the polymorphic variant
‘Hate ("Fred") . The“>" atthe left meansthe type is readas
“thesecasesr mor". The“or more” part meansthesetypesare
polymorphic,it canmatchwith atypeof morecases.

Correspondinglypatternmatchings alsogivenapartiallyspeci ed
type. For example,

let f =fun ‘Love s -> s | Hate s -> s

val f : [< ‘Love of string | ‘Hate of string] -> string

[< "Love of sting | "Hate of string] istheinferredvari-
ant type. The “<” at the left meansthe type can be read
“these casesor less, and since 'Hate ("Fred") has type
[> 'Hate of string] ,f "Hate ("Fred") will typecheck.

Polymorphicvariantsare expressiblewithout subtyping,and are
thus easily incorporatedinto uni cation-basedtype inferenceal-
gorithms. They can be viewed as a simpli ed versionof [R89,
Oho9j.

Ourtype systemincorporates generalizatiorof Garrigues notion
of polymorphicvariantsthatexplicitly mapsthe variantcomingin
to afunctionto the variantgoing out. This generalizations useful
in functionalprogrammingbput s particularlyusefulfor usin thatit
allows objectswith rst-class messagew be expressedisingonly
variantsandmatching,somethinghatis not possiblein ary of the

existing polymorphicvarianttype systemsabove.

1.2 The Duality of Variants and Records

It is well-known thatvariantsaredualsof recordsn the sameman-
neraslogical “or” is dualto “and”. A variantis this eld or that
eld or that eld ...; arecordis this eld andthat eld and that
eld .... Sincethey areduals,de ning arecordis relatedto usinga
variant,andde ning avariantis like usingarecord.In a program-
ming analogyof DeMorgan's Laws, variantscan directly encode
recordsandvice-versa.

A variantcanbe encodedisingarecordasfollows:

match swith "ni(x1) ! erj:ij nm(Xm)! em
sfnp=fun x3 ! e nm=fun xn! eng
‘n(e) (fun x! (funr! rnx)e

Similarly, arecordcanbe encodedn termsof variantsasfollows:

fli=ep:Im= emg
fun s! matchswith I3 (X! e j::j Im(X)! em

wherex is ary new variable.The correspondingelectionencodings:
el e’lk()

where_ couldbeary value.

Oneinterestingaspectboutthe duality betweerrecordsandvari-
antsis thatbothrecordsandvariantscanencodeobjects.Tradition-
ally, objectshave beenunderstoodby encodingthem asrecords,
but a variantencodingof objectsalsois possible: A variant is a
messge, andan objectis a caseonthemessage. In thevarianten-
coding,aniceaddedside-efectisit is easyto passaroundmessages
as r st-classentities

Theproblemswith theabore encodingshowever, is neitheris com-
pletein the contet of thetype systemssommonlyusedfor records
andvariants: for example,if anML variantis usedto encodeob-
jects, all the “methods” (caseof the match)mustreturnthe same
type! Thisis why objectsareusuallyencodedsrecords Butif the
variantencodingcould be madeto work, it would give rst-class
statusto messagesomethingnot possiblein therecordsystem.

In this paperwe introducematd-functiors, which are essentially
ML-style patternmatch functions, but match-functios in addi-
tion supportdifferentreturntypesfor differentargumenttypesvia

matd-types A match-functiorencodingof objectsis as power-

ful asarecordencoding put with additionaladvantageof allowing

rst-class messagew® typecheck.

2 The DV Language

DV f“Diminutive” pure functional programminglanguagewith
PolymorphicVariantg is the corelanguagewe study The gram-
maris asfollows:

Name 3 n

Val 3 vi=xjijnv)jlsn(x)! e
Exp 3 ex=vjeejn(e)jletx=eine
Num 3 iz=:: 2j 1j0jlj2j::

The “vector notation” "nc(x) ! e is shorthandfor "ny(x)) ! e j
1) k(%) ! e for somek. “n(e) is a polymorphicvariantwith
anargumente. For simplicity, variantstake only a singleargument
here;multiple alumentsupportcanbeeasilyadded! ¢ "nm(x) ! e



is an extendedform of | -abstraction,inspired by StandardML
style function de nitions which also perform patternmatchingon
the agumenttype. The f in | ¢ is the nameof the function for
usein recursionaswith let rec . We call thesematd-functiors.
Eachmatch-functiorcanalsobe thoughtof ascollectionof oneor
more(sub-)functionsFor example,amatch-functiorwhich checks
whetheranumberis positive, negative or zerocould bewritten as:

f=1¢ ‘positivg(x)! (x> 0)

j ‘negative(x) ! (x< 0)

j ‘zeo(x) ! (x== 0)
andcorrespondin@pplicationwould be:
f ("positive(5))

where positive(5) is theamgumentto the abare match-function

A match-functiomeednot have a singlereturntype, it candepend
on the type of the agument. Thusin the abore example, positive

“negative and zeo could have haddifferentreturntypes. The main
technicalcontrikution of this paperis a simpletype systemfor the
statictypecheckingf match-functios.

Regularfunctionscanbe easilyencodedisingmatch-functios as:
lixe 1i-(X)! e

where’_is a x ed polymorphicvariantname;and corresponding
applicationas:

fe ()

2.1 Operational Semantics

Figurel presentsheoperationasemanticgor DV. Computatioris
de ned via a single-steprelation ! ; betweenclosedexpressions.
e[v=x] is the substitutionof v for x in e. Theonly interestingcaseis
functionapplication,which is acombinedb-reductionandpattern-
match.

3 The DV Types

Thetypesof DV areasfollows.

Tyvar 3 a:= Ajbj::
TypVariant3 n:= "n(t) j[> alj[< nk(ty)]
Typ 3to= ajintjnj m(t) ! tdjhmT Tyi jt (n)j pe:t®

‘n(t) is apolymorphicvarianttype,for variantname’n with argu-
menttypet. [> a] is avariant-typevariablewhich representary
polymorphicvarianttype. [< "ng(tk)] is an“upperbound” poly-
morphicvarianttype, i.e., it canmatch™ny (t1) or ::: or “ng(ty).
Thistypeis apartof the optionalextension(grayedout portions)to
our type systemandwe recommendeaderggnorethis andall the
following grayedportionsduringtheinitial readings.

Our main novelty is "ng (tg) ! tko, the matd-type in which each
variant mapsto a differentreturntype. hngT tyi is a “lower
bound” matd-typei.e. it matchesary matd-typewith at least
ng! Tty cases.

t (n) is theapp-type Theonly formsin whichit will appeaiin our
systemareas ni (ty) ! tko ([> a]) or ng(ty)! tE (I< "mi(ti) ]
::1]). Itisusedfor unknawn rst-classmessages.e., whenthetype
of theargumentto aknownmatch-functioris unknavn atcompile-
time, andthe returntype is also unknavn and dependauponthe

valueassignedo theargumeniatrun-time.In suchcasesthereturn
type hasthe above type, which essentiallymeansthat at run-time
[> a] canbeary of "n;(tj) andwhen[> a]is 'n;(t;) thenthe
correspondingiowould bethereturntype.

ut:t%s therecussive-type It meang canoccurin t%andalsot has
the sametype ast® Theonly formsin which it will occurin our
systemarepa:t oru[> al:t.

We now de ne atypesubsumptionelation,
DEFINITION 3.1 (TYPE SUBSUMPTION). t1 toiff,
1. ty=tandty=1t;or

2. t1=t andty = [t%t9t wheet® t@ or

3. t1=[> aJandty= "n(t); or

4.t = hng! tUki and to2 = Ngem(tiem)! 0 whele

Uem
e ne(ty) andt? tQ;

or

5.t1= m(te) ! t2(< “ni(ti)j:::]) andto = tPwheei  k;
or

6. t1=[< 'n(t) j:::]Jandto = "n(t) .

3.1 TypeRules

Figure2 givesthetyperulesfor DV. We have threedifferenttypes
rulesfor applicationexpression® €2 whenbothe ande®areknown
(app)1 is applied,whene is known but €9is unknavn i.e. €%is an
abstractedirgument,(app). is applied,andwhenneithere nor is
known i.e. eis anabstractednatch-functiorandeis anabstracted
argument,(app)s is applied.

TypeervironmentGis a mappingfrom variablesto types.Givena
type ervironmentG, the type systemderivesa direct-typet for an
expressiore. Thisis writtenasatypejudgementG™ e:t. Gk[x; 7!
a;] is theextensionof Gwith x; 7! a;.

3.2 Soundnesof Type System

We prove soundnessf thetype systemby demonstrating subject
reductionproperty

LEMMA 3.1 (SUBJECT REDUCTION). If 0" e:t ande ! 1€
thend" °:t%sucthatt 0

Thefull proofappearsn AppendixA.1.

LEMMA 3.2 (SOUNDNESSOF TYPE SYSTEM). If G™ e:t then
e eithercomputegorever or computedo a value

ProOOF. By induction on the length of computation, using
Lemma3.1. O

4 Typelnference

Figure3 givesthetypeinferencaules.Ourinferenceyperulesfol-
low a constrainedype presentatiojAW93, EST94, eventhough
our type theorydoesnot include subtyping. We found this formu-
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lation usefulfor anelegantspeci cationof thetypeinferencealgo-
rithm. t nE is aconstrainedype, where* n” reads‘where” andE
is asetof equationatonstraintof theformt = t.
TypeervironmentGis a mappingfrom variablesto types.Givena
typeervironmentG, thetypeinferencesystenderivesaconstrained
typet nE for anexpressiore. This is written asa typejudgement
G’ inf €: t nE underthe conditionthatE is consistent.

Thefollowing de nition de nesconsistenaindinconsistensets.

DEFINITION 4.1 (CONSTRAINT CONSISTENCY). A constaint
t1 = to is consistentif either:

1. t12 TyVarort, 2 TyVar,

2. t1=tandty=1t;

3. t1= 'n(t) andty = ‘n(t9Y;

4. t1="n(t) andt, = [> a] or its symmetry;

5.t1=[> a]andty = [> a9;

6. t1= ne(ty)! tlandty=hn! t% orits symmetry;

7.t1=hny! ajiandty= hny! asi;

8. t1=[> a]andty = [< “ng(ty)] or its symmetry;

9.ty = pa: n(ty) ! tlandtp=hn! t% orits symmetry;
Otherwisélt is inconsistent.

A constraintsetE is consistenif all the constraintsn the setare

consistent.

Thetype inferencesystemassignsall DV expressionsonstrained
typesof theform t nE to indicatean expressiorof typet whichis
constrainedy the constraintsn E.

Following de nesaclosedconstraintsetE. A closedconstraintset
E will have ary type errorsimmediatelyapparentn it. In thede -

nition E;] E, denotegheclosedunionof setsof constraintsunion
followed by closure. | 1 denotesclosurewith respectto Phasel
only.

DEFINITION 4.2 (CLOSED CONSTRAINT SET). A set of type
constaintsE is closediff

Phasel
1. Match) If fn(t)! t9 = h[> a]! ali;[> a] =
‘ng(to)g Ethenfa®=tg;to=tqg Eifd kelsefail.
2. (Variant) If ‘n(t) = "n(t9Y 2 E thent = t92 E.
3. (Same-Ag)Ifhn! ai=hn! a% 2 Ethena= a%2 E.
4. (Transitivity)If ft = t%t%= t% Ethent = t®2 E.
5. (Symmetry)ft = t°2 E thent%= t 2 E.
Phase?
(Simulate) If “nc(ty)! t2 = h[> a]! a% 2 E and
9 nit:[> al="n(t)2 Ethen[> a]=[< "ni(tj)j:::]2 E,
suhthati kandE] 1f[> a]= "ni(tj)gis consistent.

The closureis divided in two sequentiaphases.Phase? is com-
putedonly afterPhasel completes.
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Figure 3. Type InferenceRules

The (Match) rule is the crux of our type inferencesystem. It en-
ablesmatch-functios to choosethe returntype correspondingo

the agumenttype. The closurerule for normal functionsis “if

t1! t9=1t! t9O2 Ethenft = t;;t9=t% E” (Match)is

the generalizatiorof this rule to match-functios. Whenthe argu-
menttype to the match-functionis known, i.e. it is 'nq(to), then
(Match) simply selectsthe matchingsub-functionand appliesthe
above regularfunctionclosurerule. Unknovn argumentsntroduce
no immediatetype errorsandso arenot analyzed.If thevariantis

notin the match-typethereis no closureof E: closurefails.

(Variant) ensureghatif two variantsareequalthey have the same
argumenttype.

(Same-Ag) ensuresthat identical variants applied to the same
match-functiorhave identicalcomponentypes.

(Simulate)addsprecisionto the type of anunknavn argumentap-
plied to a knowvn match-function Soif “ng (ty) ! tE = h[> a]!
a% 2 Ebut:9 nt:[> a]= "n(t) 2 E afterPhasel, then[> a]
doesnt have aknown concretetype. However, theabove constraint
doesimply that[> a] couldhave been'n; (t1) or 'ny(t,) or...or
nk (tk), andit would still have beenconsistentarything elsewould
have madeit inconsistent.Soto nd all thevalid "n; (tj)'s we add
[> a]="n(tj) toE foralli k separatelyandcomputethe clo-
surewith respecto Phasel. If theresultingclosedsetis consistent
we know that™n; (t;) is avalid typefor [> a]. At theendof all the
simulationsweadd[> a]= [< "nj(t;) j :::]to E where'n; (t;) is
avalid typefor [> a].

The closureis trivially seento be computablein O(n®) time, as-
sumingK  n,wheren= jEj andK = max(k) 8k: "ng (ty) ! t0k=
ht 1 a% 2 E. In therarecasewhereK  n, thetime compleity
would be O(n3K). ThefactorK is introduceddueto (Match) hav-
ing to searchthroughat mosteachof the K sub-functiondo nd a
match(or anabsencehereof).

We now de ne thetypeinferencealgorithm.

ALGORITHM 4.1 (TYPE INFERENCE). Given an expressione
its typet nE (or type-erroj canbeinferredasfollows:

1. Producethe uniqueprooftree® " e:t nE via thetypeinfer-
encerulesin Figure 3.

2. ComputeE* = closue(E).

3. If E* is consistenthent nE* is theinferredtypefor e, else
theris atype-erorin e.

By inspectionof the type inferencerulesin Figure 3, it is easyto
seethisprocesss deterministichbasednthestructureof e, modulo
thechoiceof freshtypevariables.

We don't prove the soundnesof the type inferencealgorithm.
Ratherwe give a Simp cation Algorithm 4.2, which simpli es the
inferred constrainedypesto direct-typesas per the type rulesin

Figure2 whichwe have alreadyprovensound andprove thesound-
nesf thissimpli cation algorithm.However, it would notbevery
dif cult to verify thatthesoundnessf thetypeinferencealgorithm
aswell.

4.1 Equational Simpli cation

Now we presenfanalgorithmfor reducinga constrainedypet nE
to an unconstrainedype ts which containsall the type informa-
tion of t nE, and prove its soundness.This meansdirect types
containingthe completetype information, without hard-to-digest
type equationscanbe presentedo programmers.This improves
on[Gar9g whichis alossymethod.

We now give the algorithmfor simpli cation. In thefollowing al-
gorithmwe handlesymmetryimplicitly..

ALGORITHM 4.2 (SIMPLIFICATION). A constainedtypetnE
canbereducedo t s by thefollowing steps:

1. For all constmintsoftheforma = hn! t% 2 E

[ fa= hng! tkoig

2. For all constaint setsof theformfas = “ni(ty)! tok, [>

al=t;as=h[> a]! a%::ig Ey,

Eza=E1 fas= n(ty)! tlg

tanEx = [par: ne(te) ! tR=ne(t) !t (t nEza)

if t occuisin “n(ty) ! tUk then:

tanEs = [af ([> a])=a9(t2nEy)
else
t3nEz=tonkEy

E4= E3

fa;=h[> a]! a% :::ig

3. For all constaint setsof the form f[> a] = t;as = h[>
al]! a%::ig  Ea,

if af occussint then:
Es= Es faf=h[> a]! a% ::ig



[ faf=pas:ht! a%::ig
else
Es= E4

4. ts= Unify(Es) (t3)

Unify(0) = 0
Unify(E[ fa=tg)=ift althen
if a Iexicographicaothen
Unify([a%a]E) [a%a]
else
Unify(E)
elseif a occursint then
Unify([ua:t=a]E) [pa:t=a]
else
Unify([t=a]E) [t=a]
Unify(E[ f[> a]=[> a%g) = Unify(E[ fa= a%)
Unify(E[ f[> a]= "n(t)g) =
Unify(['n(t)=[> a]lE) [n(t)> all
Unify(E[ fne(t)! t2=hn! t0ig)=
ift® aand:9t:a=t2Ethen
Unify(Cnic(t) !t (n)=a]E)
Cneti) Tt (n)=a]

else
Unify(E)
Unify(E[ ft =tg) = Unify(E)
Unify(E [ f n(t) = "n(t9g) = Unify(E)
Unify(E[ fhny! aii=hny! azig) = Unify(E)

Unify(E[ f[> a]=[< m(t)]g) =
Unify([[< “ne(te) I=[> allE)
[< m(t ][> all
Unify(E[ fpa:n(t)! t2=hn! t%g)=
ift° aand:9t:a=t2Ethen
Unify([(na: ne (t T t9) (n)=a]E)
| [(Harne(t) T tD) (n)=a]
else

Unify(E)
Figure4. Unify(E)

Unify(E) de ned in Figure4 is a recursve function, which takes
in a set of constraintsand returns a composition of substitu-
tions. Whenthis compositionis appliedto t in Step4 above, the
constraint-fregyperesults.Steps? and3 generateecursve types.

The above algorithm can be thought of as 3 phases,revolving
aroundUnify:

1. Pre-Unify. whichaddsandremovescontraintsrom E to gen-
erateE® This includesStepsl, 2 and3.

2. Unify: which computedUnify(E9 which generates compo-
sition of substitutions.

3. Post-Unify which appliess to t to generateunconstrained
direct-typetsi.e. Step4.

NotethatUnify () simplythrows away someconstraintdike ‘n(t) =
‘n(tY andhny ! azi = hny ! asi; this is soundas closure
would have extracted all relevant information from these con-
straints,hencethey canbediscardedsafely

Theexamplesin Sections illustratethe signi canceof eachof the
stepsaswell Unify ().

4.2 Soundnesf Simpli cation
We prove thefollowing lemmas,

LEMMA 4.1 (TERMINATION OF SIMPLIFICATION).
simplify(t nE) = tsiff E is closedandconsistent.

The full proof appearsn Appende A.2. The simpli cation algo-
rithm is soundin the sensethata derivationin the (non-inference)
type systemmay be constructedisingthe typeresultingfrom sim-
pli cation. Thus,thetype inferencealgorithm plus simpli cation
amountsto a type inferencealgorithmfor the non-inferencetype
system.

LEMMA 4.2 (SOUNDNESS OF SIMPLIFCATION). If G iy e:
tnE and simplify(tnE*) = ts, whee G = X;7Ta; and
simplify(ajnE*) = tj,andE* isnon-cyclicthenG” e:tswhee
&= [tj=aj]G

Thefull proofappearsn Appenda A.2.

For simplicity, we only considemon-gsclic E i.e. it doesnt con-
stain cyclic constraintsand henceno recursve types,in all the
proofs.

5 Examples

We now illustrate our type inferencesystemto infer constrained
types and equationalsimpli cation algorithm to simplify these
inferred constrainedtypes into human-readableon-constrained
types.Let usstartwith a basicmatch-function

l¢int()! 1j'bool()! ‘true() (1)
Thefollowing would betheinferredtype of (1):
Cint() ! Intj bool() ! “true()) n0

Sincethesetof constraintss 0, theabove without is thesimpli ed
typeaswell. An exampleof a correspondingpplicationcouldbe:

(I¢int() ! 1j bool()! “true)) ‘int() )
(app) would derive thetypeof (2) as:
Anf(int() ! Intj bool() ! “true()) = h[> b]! %i;[> b]="int()g

On closure (Matd) would generatent= %2 E*. Had bool() had
beenthe argument,then (Match) would have generatedtrue() =
%, thus achieving the desiredresult of tying the returntype of a
function to the argumenttype insteadto the whole function. The
simpli ed type of (2) would be Int by directsubstitutionof & using
theconstraintnt= &.

Letusnow look atamoreinterestingexample whenthetypeof the
argumentis unknavn:

| ¢ redirect(m)! e m 3

wheree, is (1) above. If mis assignedype variabletn, theinferred
typeof juste; mby (app) would be:

@nf(int() ! Intj bool() ! “true)) = h[> b]! %i;[> b]= tng

[> b]= M constraindm to a varianttype. Henceif the above type
is 4nECthetype of (3) by (abs) would be:

‘redirect(fn) ! @nEC[ % = “redirect(tm)! %g &nE
Thesimpli ed type of (3) wouldthenbe:



‘redirect([> b])! (Cint()! Intj bool()! “true()) [> b]
or
“redirect([< "int() j "bool() ])!
(int() ! Intj bool() ! “true()) [< “int() j "bool()]

mainlydueto Unify() on’int() ! Intj “bool()! ‘“true() = h[> b]! &i
andPhase of closure.As is clearly evidentthis simpli ed typeis
moreprecisebut verboseandhencedess-readablaswell.

Now considerthe following applicationwith rst-class message
passingvhere’int() is the rst-classmessage:

(I  ‘redirect(m) ! e; m) (‘redirect("int())) 4)
(app) would infer its typeas:
SnE[ fredirect(t)! &= h[> &]! bi;[> ¢]= redirect(int()) g

Thesimpli ed typeof (4) would belnt. Letusgothroughthesteps.
(Match) closureontheabove constrainigenerates:

Q= §;int() = g

Next, “int() = tnwith [> b]= %n on (Transitivity) gives[> b]= tn
andfCint() ! Intj bool() ! “true()) = h[> b]! Gi;[> b]="int()g
on(Match) generates:

mahrmint = &

Unify() with Int= b generates substitution[int=b] andhencethe
simpli ed typeis Int.

Letsnow considerthe casewhenthe match-functionis unknavn:

| 'dummyo)! o("zeo()) 5)
(abs) with (app) will infer thefollowing constrainedype:
‘dummy®) ! bnfd= h[> €] bi;[> ¢]= zeo()g

Thesimpli ed typewould be:

‘dummyh'zen()! Bi)! b

by Step1l of Algorithm 4.2 andsubstitutionsoy Unify().

Now considera minor variantof (5):

I 'dummyo)! o("m());o('n() (6)

Thesimpli ed typeof (6) mainly by Stepl of Algorithm 4.2would
e:

‘dummyh'm() ! %j°nQ! bi)! b

Let uslook atthe casewhenboththe match-functiorandthe argu-
mentis unknavn:

| ¢ 'dummyo)! | ¢ redirect(m)! om ©)
(abs) and(app) would infer thetype of (7) as:

dummy(®) ! Credirect(t) ! &nfb= h[> ]! Qi[> b]= g
andthesimpli ed typewould be:

‘dummyh[> ]! &i)! Credirect((> b])! &

Now lets considerthe mostcomplicatedexamplewhich shavs the
realusefulnessf (Simulate)closurerule:

| ¢ redirect(m) ! (Is'a(x)! x> 0jb(x)! x+1)m
(It B! x+0jc(¥)! x== 1)m
®

It canbe deducedby inspectionthat m could only be substituted
‘b at run-time sinceit is the only variant name presentin both
match-functios andhencethe returntype of | ¢ redirect could only
belnt andnever Bool.

Our system(without ClosurePhase2) will, however, generatenly
thefollowing constraintsevenafterclosure:

fCa(x)! Boolj'b(x)! Inty=h[> ]! @i;[> m]=n
(b(X)! Intj'c(x)! Bool) = h[> ]! %i;[> tp]= g

Thereis no constrainton returntypes® and% nor ary constraint
of theform = Int. This constraintsetis still consistensincethe

messagen in the programis not sentandhencethe abore codeis

essentiallydead. The simpli ed type of (8), anologougo that of

(3), would be:

‘redirect((> fp])! Cb()! Intj c()! Bool) [> tp]
If mweresentin thefutureassay a(5), thenthe constraints
fCb(¥)! Booljc(x)! Int)=h[> ]! %i;[> Wp]= a(Int)g

would be generatedand (Match) would fail. Thus the program
would nottypecheck.

Had (Simulate)peencomputedit would have generated
[> tm]=[< 'bOJ [> t]=[< b(]

resultingin thesimpli ed typeof (8) to be:

‘redirect((< b)) ! (b(Q! Intj c()! Bool) [< 'b()]

which clearly implies that Int is the only possiblereturntype for
‘redirect

Now lets take a look at expressionswhich resultin cyclic types
i.epa:t. Neithertypederivation nor closuregenerateyclic types;
they areonly generatediuring simplify(),

I ¢ this) ! f (9)
Thesimpli ed typewould be:

p%:this) ! %

maily dueto Step2 of Algorithm 4.2.

Considerasimilar example:

[+ this(x)! fx (10)
Thesimpli ed typewould be:

pu%:this((> @n ! (%) [> %

andwith (Simulate)

p%: this(u[> @J:[< “this((> @A) !
% (u[> Ql:[< ‘this((> @)])

maily dueto Step2 of Algorithm 4.2 andunify on cyclic constraint
= [< “this(tn)] suchthat®n= [> %] is in thegeneratedetof con-
straints.

Letsconsideranexampleof self-application:

[ dummy(x) ! x (self(x)) (11)
Thesimpli ed typewill be:

dummyp&hself(®) ! &i)! &



maily dueto Step3 of Algorithm 4.2.

6 Encoding Objectsand Other Features

Wenow shav how acollectionof simplemacrosallow object-based
programso befaithfully encodednto DV.

Thebasicideais to encodeclassesandobjectsasmatch-functios
and messagess polymorphic variants, thus reducing message-
sendingto simple function application. Thereis nothing unusual
in thetranslationitself, the mainfeatureis the expressienesf its
typing: matchtypesallow arbitraryobjectsto typecheckencoding
messageasvariants.

DEFINITION 6.1. The object syntaxis de ned by the following
translation.

(class)  JclasH(l this Mk (%) ! &) K=l his-! This k(%) ! JexK
(new) Jnew eK= JeK()

(send) Jer eK=JeKleK

(message) 'n(e) K= "n(Jek

Since match-functios are recursive, we get recursve objects
with this for self-referencewithin the object. We now illus-
trate this encodingwith ftpProxy example from the introduction.

Jlet ftp = new(clasql s 'get() ! 1)) in
let ftpProxy=
new(clasql {'sendm) ! (ftp

m)) in

ftpProxy  “sendget()) K
+ (translationto DV)
letftp= (1! l¢'get()! 1) () in
let ftpProxy=

(I¢+-! l¢sendm)! (ftp m)) () in
ftpProxy “send"get())

It createsew ftp andftpProxy objectswith ftpProxy delegatingmes-
sagedo ftp. For simplicity, ftp returnsanintegerin responséo the
‘getrequest.

Thesimpli ed type of ftpProxy producedoy our systemwould be:
send[> ]! (Cget() ! Int) [> n]

andwith (Simulate)

send[< "get())! (Cget() ! Int) ([< “get()])

which is similar to example(3) in Section5. We do not dealwith
inheritancehere,but the variousstandardapproacheshouldapply

We shav that recordsand if-then-elsecan also be encodedwith
variantsandmatch-typeslone thusde ning avery expressie lan-
guage.

6.1 EncodingRecords

In Sectionl.1we discussedheduality of variantsandrecords We
shaved how the ML type systemallows only recordswith all ele-
mentsof the sametypeto be encodedn termsof variants.We now
shav how match-functios canfully andfaithfuly encoderecords.
This shouldnot be surprisinggiventhe above encodingof objects.

A match-functionis essentiallya sophisticatedorm of the ML
match statement. Hence, record encodingof a match-function
would be identicalto thatof match givenin Sectionl.1. The key

obserationis that, sinceevery caseof the matchcanreturna dif-
ferenttype, it allows recordswith differently-typedelds to been-
coded.For example,therecordfl; = 5;1, = "wow(3)g is encodedhs
L9209 55 (! “wow(3) andhastype(lly (%) ! Intj Iz (b)!
“wow(Int)).

6.2 Encodingif-then-else

if-then-elsestatementgsanbe easilyencodedvia match-functios
using polymorphic variants ‘true() and “false() to correspondto
booleanvaluestrue and falserespectiely. This encodinghasthe
addedadwantagethatthe two “branches”canhave differentreturn
types.if-then-elseis thenencodedhs

Jif etheney elseeyK= (1 ¢+ 'true() ! e j false() ! e)e

7 RelatedWork

Previous paperscontainingstatictype systemdor rst classmes-
sagesncludethoseby Wakita[Wak93],Nishimura[Nis98], Miiller
& Nishimura[MNOO], and Pottier[Pot0]J. The main advantage
of our systemis it is signi cantly simpler No existing program-
ming languageimplementationefforts have includedtyped rst-
classmessageshis is animplicit indicationof a needfor a more
simpletype systemthatcapturegheir spirit.

Wakita [Wak93] presentsan inter-object communicationframe-
work basedon RPC-like messaggassing.He doesnot presenta
type systemfor his languageso a comparisionwith his systemis
notpossible.

Nishimura[Nis98] developsa secondorderpolymorphictype sys-
temfor rst-classmessagegeferringto themasdynamicmessages
in the paper),wheretype informationis expressedy kindings of
theformt :: k, wheret is atypevariableindexing thetypeinforma-
tion of the objector messagandk is a kind representinghe type
information. It hasno type directly representinghe type struc-
ture of objectsandmessagesThis systemis very complicatedand
Muller andNishimurain [MNOQ] (samesecondauthor)attemptto
presentsimplersystem.

Muller etal [MNOO] presentamonomorphidypeinferencesystem
basedon OF (objectsandfeatuieg constraints.They extendtradi-
tional systemf featureconstraintdy a selectionconstraintxhyi z
intendedto modelthe behaior of a genericmessage-sendpera-
tion. This doessimplify things a little, but, is arguably still not
simpleenoughto beimplementedn a programminganguage.

Bugliesi and Crafa [BC99] also attemptto simplify Nishimuras
original work [Nis98]. However, they choosea higherordertype
systemandabandortypeinference.

Pottier[Pot00]like usdoesnotde ne atypesystemorientedsolely
around rst-class messagesit is a very generaltype systemthat
happenso be powerful enoughto also faithfully type rst-class
messages.His approachis in someways similar to oursin that
conditionaltypesare used. His systemis very expressie, but is
alsovery complex andis thusmoresuitedto programanalysishan
the productionof human-readablgypes.

8 Implementation

We have implementedan interpreterfor DV in OCaml. It hasan
OCaml-styletop-loop,in which theusercanfeeda DV expression.



The interpreterwill typecheckit, computeits simpli ed human-
readableype, evaluateit to a valueandthendisplayboththevalue
andthetype.

Thecoreof theinterpreterwhichincludesthe TypeInferenceg4.1)
andSimpli cation (4.2) Algorithms, is only afew hundredines of
code.Thisfurthervalidatesour assertioraboutthesimplicity of the
DV typesystem.

The sourcecodealongwith documentatiorand examplescan be
foundat http://iwww.cs.jhu.edu/pari/match-functions/
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A Proofs
A.1 Soundnessf the Type System

We prove soundnessf thetype systemby demonstrating subjectreductionproperty
LEMMA A.1.1 (SUBSTITUTION). If Gk[x7! ty]" e:t andG" €%:t{sutthatty 19 thenG® e[e™«:tSudthatt t°

Proor. Followsinductiononthestructureof e. For simplicity we ignorethe (sub) caseaswell asrecursve match-functios.

1. (num)e i. Proofis trivial.
2. (var)e xandx2 dom(G).
By (var ), G™ x:t whereG(x) = t.
By inductionhypothesislet G(x[e%x]) = tOwheret  t°
Henceby (var ), G* x[e%x] : t©
3. (variant)e “n(ey)
By (variant ), letG" "n(e)): ‘n(ty) whereG" e, :ty. Alsoletx7! tx2 G
By inductionhypothesislet & e, [e%x] : t2and@" °:td, where@= G fx7! tygsuchthatty tQandt, t9.
Now, ‘n(ey) [e%x] = "n(ey[e%X]). Hence by (variant ), G “n(e/[e:x]) : "n(t9). Also, by Caseb of De nition 3.1,°n(ty) n(t9).

4. (abs)e m(x)! &

By (abs), G™ "nk(x) ! e nk(tp)! tﬁ where8i k:Gk[x 7! tij]" g :tio. Also let x 7! ty 2 G and, without loss of generality
x2fXxg.

By inductionhypothesislet8i  k:Gk[x 7! ti]" e [e%x]: t® whereG" €”:tQandG= G fx 7! tygsuchthatt, tlandt? 0.

Now, (“ng(x) ! q<)[e0:x] = me(x) ! (&fe™=x]). Thus, by (abs), e () ! (a€=K]) T (ty) ! t?(j. Also, by Case2 of
De nition 3.1, n(t) ! 2 “ne(t) ! tl.

5. (app)e & ey. Thereare3 differentcases:
(@) (app)1- By (app)1, G* eoa,:tgwhereG‘ € Ng(tp)! tUk;G‘ e,: ng(tg) ford k. Also,letx7!tx2 G

By inductionhypothesisndCase2 of De nition 3.1,let G eo[e™x]: 'n (t9) I t@andG” e [e%K: "ng (tB) whereG® €t
and@= G fx7! tygsuchthatty, t2,tx tPandt) t@.

Now, (& &) [e%=X] = (eo[e=K]) (ey[€%=X]). Thus,by (app)1, G (eo[€%X]) (ev[€%x]) : t® andby hypothesisve know t§  t@.

(b) (app)2. By (app)2, G~ e v i me(ti) !t ([< "mi(ti) j:::]) whereG™ ep: nm(ti) ! tp; G™ ey i[< "mi(ty) j ] fori ko
Also,letx 7! ty2 Gand@= G fx7! tyg. AssumeG" €°:t0suchthatty t2. Also, (e &) [€%X] = (eo[€%X]) (ev[e%X]).

Now theretwo possiblechoicesfor theinductionhypothesis

i. By inductionhypothesisandCase2 of De nition 3.1,let G>* eo[e?x] : ' (tD) ! tP andG e [eK : [< ni (1D :::]
suchthatt t@k andtOk t@k.
Thus, by (app)2, G (eole™)) (ev[e™X]) : m(t® ! t® (< "m(tD j :::]) and by Case2 of De nition 3.1,
() A< i) i) @ < me® .

ii. By inductionhypothesisandCases2 and6 of De nition 3.1,let > eo[e’x]: 'n(tD) ! t@and@" e, [e%K : "ni (tD for

somei  k suchthatty t@kandtak t@k.



Thus,by (app)2, G (eo[€%K]) (ev[e*X]) : tPandby Cases2 and5 of De nition 3.1, ny (t) ! t2 ([< “mi(ti) j :::])
(D R m@D i) 1P
(c) (app)s. By (app)3, G* e &y :tq whereG" e, : hng! ti; G e :ngford k. Also,letx7! ty2 Gand@®P= G fx7! tyg.
AssumeG" €%:t0suchthatty t2. Also, (e &) [€%X] = (ep[€%K]) (ev[€%X]).

Now theretwo possiblechoicesfor theinductionhypothesis

i. By inductionhypothesisandCase2 of De nition 3.1,let G** e;[e%x] : hnl! t0i andG e, [e%x] : nd suchthatn,  nd
andty tko.
Now, %eo &) [€%x] = (eo[€™X]) (ev[e™A). Thus,by (app)s, G (eo[e=X]) (ev[e®=X]) : t andwe know by hypothesis
tg ty

ii. By induction hypothesis/et G e[e%K] : “nies (12, ) ! t8,, and G ey[e®x] : 'ng(tY) suchthatne “n(tY) and

tk t@k'

Thus,by (app)s, G (eo[e™X]) (ev[e®A]) : t® andwe know by hypothesigq  t8.

6. (le)e lety=ejine.

O

By (let), letG™ e:to whereG™ e;:t; andG™ ex[e;=y] :to. Also, letx 7! ty 2 G Withoutlossof generalitywe assume 6 y.

ByinductignhypothesisletGO‘ e1[e%x: 12, & ex[er=y][€%K :t andG’ €%:t0, whereG= G fx 7! tygsuchthatt, tot; t9
andty t5.

Now, x 6 yimglies(lety= e ine)[e%x] = lety = e;[e%X] in & [e™x]. Similarly, & [e1=y][€*X] = e [e’X][e1=y]. Henceby (et ),
G ele™A:t3.

LEMMA A.1.2 (SUBJECT REDUCTION). If 0" e:t ande ! ;e’thend’ €°:tOsucthatt t°

Proor. Follows by stronginductionon the depthof thetypederivationtree,i.e., theinductionhypothesisappliesto all treesof depthn 1
or less,wheren is the depthof the prooftreeof 0 ° e: t. Hence,following areall the possiblerulesthatcanbe appliedasthe last stepof
thetypederivationof 0" e: t. (Notethat(app), and(app)s, will never beappliedasthelaststep,sincethealgumentin (app), andboththe
applicandandtheamgumentin (app)s areprogramvariablesandhencethe applicationexpressioris not closed.By the sameargument(var )
will alsonever bethelaststep.Thesecasesarehandledn the SubstitutionLemma.)

1.

2.

(num). Proofis trivial.

(variant ).

Hencege ‘n(ey) andletthelaststepof thetypederivationbe® ™ “n(ey) : ‘n(tq) andd " ey : t4 the penultimateone.
By (varian}, 'n(eg) ! 1°n(ed) whereey ! ;€.

By inductionhypothesislet0" €] :tJsuchthattq t3. Henceby (variant ),0" “n(ed) : 'n(t3). Weknow by Cases of De nition 3.1,
‘n(ta) n(t9).

(abs)
Hencee 'n¢(ak)! e. Theproofin thiscasetrivial, sincea ' ng(ax)! e 2 Val, hencet evaluatedo itself.

(app)1

Hence,e e, e,. Thecasesvhene, ande, arenot both valuesare analogoudo Case2. Supposenow thatboth ey; e, 2 Valthen

e (1 n(x)! ) nv).

Henceby (app)1, letthethelaststepof thetypederivationbe e:tgford kand, 0" 1 ¢ 'ne(x) ! e{i:‘nk(tk)! t8,8i k: Ok[f 7!

"N (tg) ! tUk; X 7' ti] " & :tioand(l)‘ ‘n(v) : “nq (tq) bethepenultimateoneswheren ng; whilebe®" v:t4 thesecondo last.




O

By (app, lete ! 1eg[vaxglll s () ! e=f] €
Now by LemmaA.1.1,0" €”:t8 suchthatt] tQ.

(let )

Hencee letx= e in ey. Therearetwo possiblecases:

(@) e 2 Val
Henceby (let ), let thelaststepof thetypederviationbe®™ e:t and,0" e;:t1and0 " ey[e1=X] : t bethepenultimateones.
By (let), lete ! ;1 (letx= )iney) €e’wheree; ! ;€.

Byin(giuctionhypothesislet@‘ €2:t9 suchthatt; t?and0’ ey[e9=x : tOsuchthatt % Henceby (let ), 0" €”: tOwhere
t t=

(b) e12 Val. Solete letx= vine,.
Henceby (let ), let thelaststepof thetypederiiationbe® " e:t and,0” v:tyandd" ey[v=X]:t bethepenultimateones.
By (leb), lete | e [v=] €°
Wealreadyknow, 0 e;[v=X] : t andby Casel of De nition 3.1,t t.
(sub)
In atype derivation we cancollapseall the successie (sub)'s into one(sub). Hence,we know thatthe penultimaterule will notbea

(sub), andthusby the (strong)inductionhypothesisve canassumehelemmato hold up to the secondo lastrule andprove it for the
penultimaterule via oneof the abore casesThelaststepthenfollows via (sub).

LEMMA A.1.3 (SOUNDNESSOF TYPE SYSTEM). If G™ e:t theneeitherdivegesor computedo a value

PrRoOOF. By inductiononthelengthof computationusingLemmaA.1.2. [

A.2 Soundnesf Simpli cation

LEMMA A.2.1 (CANONICAL CONSTRAINT FORMS). Followingarethecanonicalconstaint formst ; = t, thatcanoccurin anyconsis-
tentE:

2.

3.

4,

5

6.

7

8

9

n(t) = 'n(tY

n(t) =[> aj

L[> al=[> a7
n(t) ! t0=hnt tO
.hny! aji=hny! asi
> al=[< ne(tw)]

cparn(t) ! t2=hnt 0

andtheir correspondingsymmetricconstaints.

Proor. Directly follows from De nition 4.1. [



LEMMA A.2.2 (TERMINATION OF UNIFY). Unify(E) terminatesfor all closedandconsistenE.

Proor. Unify(E) is a recursve function with E = 0 asits baseor terminatingcase. At eachlevel of recursionUnify(E) removes one
constraintexceptat Unify(E [ f[> a]= [> aYg) whenit addsa = a®to E. Butit canbe easilyseenthata = a®will beremavedatthe
next stepwithout addingary additionalconstraints Also thereis a casefor eachcanonicakonstrainform in ary consisten&. Also sinceE
is closednoneof theintermediatesubstitutionswill produceaninconsistentonstraint.HenceultimatelyE will bereducedo 0 andUnify(E)
will terminatereturninga compositionof substitutions. []

LEMMA A.2.3 (TERMINATION OF SIMPLIFICATION). simplify(t nE) = tsiff E is closedandconsistent.

PrROOF. Step4 of Simpli caton Algorithm 4.2impliessimplify(t nE) = tsiff Unify(Es) terminatesBy LemmaA.2.2 Unify(Es) terminates
iff Es is closedandconsistent.It canbe easilyseenthatthe previous stepsof simplify(t nE) do notintroducenor remove ary inconsistent
constraintsn Es. HenceEs is closedandconsistentff E is closedandconsistent. [J

LEMMA A.2.4 (TYPE STRUCTURE PRESERVATION BY SIMPLIFICATION). If simplify(tnE) = tsandt 6 a or [> a] thents hasthe
sameoutermosistructue ast i.e. for example simplify(Cn(t9 nE*) = “n(t9 for somet, simplify "y (ay) ! tkon EY) = "n(tys)! tkf)S

for somet g andt_%, andsoon.

PROOF. Unify(E) only producessubstitutionsof the form [t@=a] or [t®=[> a]]. Hence,at Step4 whenthe compositionof substitutions
generatedy Unify(Eg) areappliedto t only the type variablesinsidet will getsubsitutednevert itself, thusat the endt will retainits

outermosstructure. [

LEMMA A.2.5 (SUB-SIMPLIFICATION).

1. If simplify(nc(a) ! tknE) = n (tY) ! t® thensimplify(axnE) = tQ and simplify(t,nE) = t .
2. If simplify(Cn(t)nE) = “n(t9Y thensimplify(t nE) = t%andvice-vesa.
3. If simplify([< “m(ti) j :::InE) = [< “m (t9 j :::] thensimplify(tinE) = t andvice-vesa.
PrROOF. Directly follows from thefactthatUnify(E) only producessubstitutionf theform [t ®=a] or [t®=[> a]]. O

LEMMA A.2.6 (PRE-UNIFY PROPERTY).

1. fa=t2Eandt 6 hn! t9% foranyn;t%thena = t 2 Pre-Unify(E).
2. Ifa=1t2Eandt=hn! t% for somen;t%thena= hn! t%:::i 2 Pre-Unify(E).
Proor. Directly follows from inspectionof Pre-Unify. [

LEMMA A.2.7 (CONFLUENCE). If t = t92 E, wher E is closed,consistenand non-cyclic,andt;t°6 hn! t% for anyn or t® then
simplify(t nE) = simplify (t°nE).

PrRooOF SKETCH. Weobsere thatUnify(E) only producesubstitutionsvhich substitutea typefor atypevariableor avariant-typevariable.
And the simpli ed typeis generatedy applyingthis compositionof substitutiongo t. Hence,simplify(t nE) = st andsimplify(t°nE) =
Lt% Now, sinceE is sameboths ands’ containthe exactsamesubstitutionsbut their ordersmight differ.

Hence,simplify(t nE) & simplify(t°nE) impliesst & 2t which furtherimplies thattwo differentsubstitutiondt ;=a] and[t ;=a] exist
in sand<? suchthatt andt, have a differentoutermosstructures.n a closedandconsistenthis is only possiblewith t1 = “ni (ty) ! tE

andt, = hny! tﬁ'fi . However, duringthe Step2 of Algorithm 4.2weremovea = hny ! t“f()i , thusleaving only a = "ny (ty) ! tk0 intheE
passedo Unify(). Thus,theabove casewill neverariseandthelemmawill awayshold. [l

LEMMA A.2.8 (SOUNDNESS OF SIMPLIFICATION). If G " i e : tnE and simplify(tnE*) = ts, whee G = Xj7'a; and
simplify(a;nE*) = t; andE* is non-cyclicthenG e:tswhee = [tj=a;]G

ProoF. Following inductionon the structureof e.

1. (num)e i. Proofis trivial.
2. (variant)e “n(€9.
By (variant), G" ins ‘n(€9 : 'n(tY nE whereG" s €°: t°nE. By assumptiorsimplify(Cn(t nE*) = ts.

As perLemmaA.2.4, let simplify('n(t9nE*) = "n(tY. Henceby LemmaA.2.5, simplify (t°nE*) = t2.



By inductionhypothesislet G €°:t2. Henceby (variant ), & “n(€% : "n(tY.

. (var)e xandx2 dom(@). (If x2 dom(G) inferencefails).

By (var), G jnf X: t nE whereG(x) = t nE.

By inductionhypothesislet simplify(t nE*) = ts suchthatG’(x) = ts. Hencesimplify(t nE*) = ts.
By (var ), G** x:ts.

. (abs)e ¢ m(x)! @

By (abs), G jnr e: ‘nk(ax)! txnE where8i ki GK[f 7! a;x 7! aj] "inf & : tinE anda; = ‘'ng(ay)! tx 2 E. By assumption
simplifyCnec(ak) ! tgnEY) = ts. Henceby LemmaA.2.3E* is consistent.

By Lemma A.2.4, let simplify("n¢(ay)! tgxnE*) = tg = ‘nk(tUk)! tfﬁjk for somet_E and tTff and then by Lemma A.2.7,
simplify(as nE*) = ‘nk(tko) ! t@k. Thenby LemmaA.2.5,8i  k: simplify(ajnE*) = t°andsimplify(tinE*) = t%

Now, by inductionhypothesislet8i  k: Gk[f 7! "n(tQ) ! t@x 71 t9" & :t® Henceby (abs), G e: ne(tY) ! tP.
. (app)e e &
By (app), G inf €: anE whereG" i & : tonE, G jnf & : tynE andfto = h[> a%! ai;[> a%=tyg E. By assumption
simplify(anE*) = ts. Henceby LemmaA.2.3 E* is consistent. Now, we obsere from the type inferencerulesin Figure 3 and
De nition 4.1thatt, "ng(ax)! tUk oragandty “ng(t) oray. Hencetherearethefollowing possiblecombinations:

(8 to mk(ak)! tyxandty “ng(t).

Sof ‘nk(a)! tx= h[> a%! ai;[> a%="ng(t)g E.By (Match), weknowfa=tq;t=agg E* whered k.

By Lemma A.2.4, let simplify(nc(ax)! tynE*) = ts= ‘nk(tk°5! t@k for somet_ckj and t7°k7 then by Lemma A.2.5,
simplify(agnE*) = tE and simplify(tynE*) = t?, andsimilarly let simplify("ng (t)nE*) = “ng (t9, thensimplify(t nE*) =
t% By LemmaA.2.7, simplify(t nE*) = simplify(agnE") i.e.t%= t3 andsimplify(anE*) = simplify(tqnE*) whichimplies
simplify(ang*) = tQ.

Now, by inductionhypothesislet & e : 'n (t) ! t@andG e, : 'ng(t9). Now, by (app)1, & e & : 0.

(b) to ng(ak)! t‘jkandtv ay.

Soweknow, f'n(ag) ! tx= h[> a%! ai;[> a%=ayg E.Now thereare2 possiblecases:
i. ay="ng(t) 2 E*. Sameasba.
i. ay="ng(t)2E".

Hence:9 n;t:[> a%= "n(t) 2 E*. Thus(Simulate)will ensurd> a% = [< “ni(a;) j :::]2 E* wherei k. Henceby
(Transitivity), ay, = [< "ni(aj) j :::] 2 E*. Also, noticethatsincea is freshly generatedy (app), ‘ng(ax)! tx= h[>

a%! ai istheonly constraintin E thata occurs;andsince(Match) is the only closurerule which cangenerateanother
constraincontaininga in E* , whichis notapplicablein this casewe caninferthat:9 t:a=t 2 E*.

By LemmaA.2.4, let simplify(ni(ak) ! tenE*) = ts= n(t) !t for somet? andt®, thenby LemmaA.2.5,
simplify(axnE*) = tE and simplify (txnE*) = tG[(j. And by LemmaA.2.7, simplify(aynE*) = [< n; (t% j :::]- Hence,
without loss of generality Unify(nc(ai) ! tx = h[> a%! ai) during simplify(anE*) will generatea substitution
[nc(a) !ty ([> aY) =a]; which would be the only subsitutionon a. Also, Unify([> a% = [< “ni(a;) j :::]) will

generatd[< 'nj(aj) j :::]=[> aY]]. Hence simplify(anE*) = ‘n(tY I tP (< "mi(tYj:::]).

Now, by inductionhypothesislet G e, : nc(t9) ! t@and@" e, :[< "m(tY j :::]. Hence,by (app)2, G e ey :

(DT (< (Y.



Now, supposd’hase? is notcomputed.
Hence Unify() will generatesubstitution][> a%=ay] andthussimplify(anE*) = "n(tQ) ! t@ (> a9%).

Also, by inductionhypothesislet & ey: n(t)) ! t@andG e,:[> a%. Hencepy (app)2, & ey : (1) ! t0(>

a%).
‘nk(tok) ! t@’k ([> a9) is not only almostas expressie as‘nk(tok) ! t@jk (< 'nj (tﬂ j :::]), but alsosigni cantly more
compactandlessredundanfrom the perspectie of ahuman-reade’ human-readewould easilydeducehat[> a9 could
bereplacedby "nj (tﬂ foralli kwhichis only alittle lessprecisethat[< "n; (tﬁ j :::], which canonly bereplacedby
nj (tg'scontainednsideit wherei k.
(c) to aopandty "ng(t).
Soweknow, fap= h[> a%! ai;[> a%="ny(t)g E. Againthereare2 possiblecases:
i. ap= ng(ay)! tyx2 ET. Sameas5a.
ii. ap="n(ax)! txZE"*.
Now duringsimplify(aonE*), Stepl of Algorithm 4.2will adda,= h[> a%! aj:::i toE™ andremaeao= h[> a9!
ai from E*. Henceby LemmaA.2.7, let simplify(aohE*) = h'ng (19! a j :::i andsimplify('ng(t)nE*) = “ng(t9,
suchthatby LemmaA.2.5 simplify(t nE*) = t% However, since(Match) is not applicablein this casewe caninfer that
9 t:a=1t 2 E* andthussimplify(anE™) = a.
Now, by inductionhypothesislet G®* e,: h'ng(t3! aj:::i andGE e, : ng(tY. Henceby (app)s, " e &v: a.
(d) to agandty ay. Sameas5c.
6. (let)letx= ey in e.
By (let), G™ jnf €:t2nE whereG™ jjs €1 :t1nE andG s &2[e1=X] : tonE.

Now, byiréguctionohypothesislet simplify(t1nE) = t$ andsimplify(t,nE) = tJ suchthatG”" e :t? andG" ey[e1=x] : t9. Hence
by (let ),G" e:t3.



