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Abstract

Messagesthat canbe treatedas�rst-class entitiesarecalled�r st-
classmessages. We presenta sounduni�cation-basedtype infer-
encesystemfor �rst-classmessages.Themaincontribution of the
paperis the introductionof an extendedform of function calleda
match-functionto type �rst-class messages.Match-functionscan
be given simpledependenttypes: the return type dependson the
type of the argument. We encodeobjectsasmatch-functions and
messagesaspolymorphicvariants,thusreducingmessage-passing
to simplefunctionapplication.We feel theresultingsystemis sig-
ni�cantly simplerthanprevioussystemsfor typing �rst-classmes-
sages,andmayreasonablybeaddedto a languagedesignwithout
overly complicatingthetypesystem.
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1 Intr oduction

First-classmessagesaremessagesthatcanbe treatedas�rst-class
valuesandboundto programvariables.Hence,wecanwrite obj  
x, whereobj is an object,x a programvariableand represents
messagepassing. Sincethe messageassignedto x canbe varied
at run-time,we canchangethe messagesentto obj dynamically.
This is the exact dual of dynamicdispatch, wherewe changethe
objectat run-time—herewe wantto beableto changethemessage
at runtime.

First-classmessagesare useful in typing delegateobjects,which
forwardmessagesto otherobjects.For example,in

let m= fmessage () in
let o1 = f forward (x) = o2  xg in

o1  forward (m)

o1 is adelegateobjectwhereforward (x) is themethodthatdelegates,
i.e. forwards,x to o2. fmessage () is the �rst-class messagewhich
getsassignedto m, thenx, and�nally forwardedto o2. Suchdel-
egateobjectsareubiquitousin distributedsystemssuchasproxy
serversgiving accessto remoteservices(e.g. ftp) beyond a �re-
wall. The following is an example of a proxy server cited by
Müller [MN00]:

let ProxyServer= f new (o) = f send (m) = o  mgg

This createsanobjectProxyServerwith a methodnew that receives
an objecto andreturnsa secondobjectwith a methodsend. send

takesanabstract�rst-class messagem asa argumentandforwards
it to o. Wecancreatea Ftpproxyserver as:

let FtpProxy= ProxyServer new (ftp)

whereftp is aFtp object.A typicaluseof thisnew proxy is

FtpProxy send (get (0paper:ps:gz0))

get is a methodin ftp. Delegationof abstractmessagescannotbe
easily expressedwithout �rst-class messages,since the message
canbechangedat run-timeandhencemustbeabstractedby a vari-
ablem. [MN00] and [Nis98] further discusshow �rst-class mes-
sagescan exploit locality by abstractingremotecomputationsin
distributedobject-orientedcomputing.

Moderntypedobject-orientedprogramminglanguages(e.g. Java,
C++) do not support�rst-class messages.Smalltalk [GR89] and
Objective-C[PW91]provide untyped�rst-classmessages.

Thestatictype-checkingof �rst-classmessagespresentstwo main
dif�culties:

1. Typing�rst-classmessagesthatcanbeplacedin variablesand
passedasvalues,e.g. m = fmessage () : we needa way to
expressandtypestandalonemessages.

2. Typing abstractmessage-passingto objects,suchas o  x:
sincex canbeany messagein o andthesedifferentmessages
canhave differentreturn types,o  x doesn't have a single
returntypebut ratherits typedependsuponthetypeof x. We
needto beableto encodeits statictype suchthat it depends
on theabstracttypeof x.

We solve the �rst problemby encodingmessagesaspolymorphic
variantswhich have standalonetypes,i.e., a polymorphicvariant
`fmessage() hastype`fmessage() .

The secondproblemis morechallenging,andthe mostimportant
contribution of this paperis the simplicity of its solution. We in-
troducean extendedform of function (inspiredby SML/NJ's pat-
tern matchingfunctions) called a match-function, which always
takes a variant as argumentand has a return type that can de-
pend on the argumentvariant. We call thesedependenttypes
match-types. We encodeobjectsas match-functions, thus reduc-
ing messagesendingto simplefunctionapplication.Therearesev-
eral othersolutionsto typing �rst-class messagesin the literature
[Wak93, Nis98,MN00, Pot00]; themainadvantageof ourapproach
is its simplicity.

We organizethe restof thepaperasfollows. We review OCaml's
polymorphic variants in Section 1.1, and review the duality of



recordsandvariantsin Section1.2. In Section2 we de�ne DV,
a core languagewith match-functions. In Section3 we presenta
typesystemfor DV thatincludesmatch-types,andshow it is sound.
In Section4 we presenta constraint-basedtype inferencesystem
for inferring match-typesalongwith an algorithmfor simplifying
the constrainedtypesto human-readableconstraint-freetypesand
prove its soundness.The net result is a type inferencealgorithm
for theoriginal DV typesystem.Section5 illustratesall aspectsof
the systemwith a seriesof examples. In Section6 we show how
objectswith �rst-class messagescan be faithfully encodedwith
match-functions. Section7 discussestherelatedwork.

Someportionsof thepaperaregrayedout. They representoptional
extensionsto our systemwhich enhanceits expressivenessat the
expenseof addedcomplexity. Thepapercanbereadassumingthe
gray portionsdon't exist. We recommendthe readersskip these
grayedout portionsduring their initial readingsto geta betterun-
derstandingof thecoresystem.

1.1 Review of Polymorphic Variants

Variantexpressionsandtypesarewell known asa cornerstoneof
functionalprogramminglanguages.For instancein OCamlwemay
declarea typeas:

type feeling = Love of string | Hate of string
| Happy | Depressed

Polymorphicvariants[Gar98,Gar00],implementedaspartof Ob-
jective Caml [LDG+ 02], allow inferenceof varianttypes,so type
declarationslike the above arenot needed:we candirectly write
expressionslike `Hate("Fred") or `Happy .

WeusetheObjectiveCaml[LDG+ 02] syntaxfor polymorphicvari-
antsin which eachvariantnameis pre�xedwith ` . For examplein
OCaml3.07we have,

let v = `Hate ("Fred");;
val v : [> `Hate of string] = `Hate "Fred"

[> `Hate of string] is the type of the polymorphic variant
`Hate ("Fred") . The “>” at the left meansthe type is readas
“thesecasesor more''. The “or more” partmeansthesetypesare
polymorphic,it canmatchwith a typeof morecases.

Correspondingly, patternmatchingisalsogivenapartiallyspeci�ed
type.For example,

let f = fun `Love s -> s | `Hate s -> s
-: val f : [< `Love of string | `Hate of string] -> string

[< `Love of string | `Hate of string] is theinferredvari-
ant type. The “<” at the left means the type can be read
“these cases or less”, and since `Hate ("Fred") has type
[> `Hate of string] , f `Hate ("Fred") will typecheck.

Polymorphicvariantsare expressiblewithout subtyping,and are
thus easily incorporatedinto uni�cation-basedtype inferenceal-
gorithms. They can be viewed as a simpli�ed versionof [R8́9,
Oho95].

Our typesystemincorporatesa generalizationof Garrigue's notion
of polymorphicvariantsthatexplicitly mapsthevariantcomingin
to a functionto thevariantgoingout. This generalizationis useful
in functionalprogramming,but is particularlyusefulfor usin thatit
allows objectswith �rst-classmessagesto beexpressedusingonly
variantsandmatching,somethingthat is not possiblein any of the

existingpolymorphicvarianttypesystemsabove.

1.2 The Duality of Variants and Records

It is well-known thatvariantsaredualsof recordsin thesameman-
ner aslogical “or” is dual to “and”. A variant is this �eld or that
�eld or that �eld . . . ; a recordis this �eld and that �eld and that
�eld . . . . Sincethey areduals,de�ning arecordis relatedto usinga
variant,andde�ning a variantis like usinga record.In a program-
ming analogyof DeMorgan's Laws, variantscan directly encode
recordsandvice-versa.

A variantcanbeencodedusinga recordasfollows:

match s with `n1 (x1) ! e1 j : : : j `nm(xm) ! em �
s f n1 = fun x1 ! e1; : : : ; nm = fun xm ! emg

`n(e) � (fun x ! (fun r ! r:n x)) e

Similarly, a recordcanbeencodedin termsof variantsasfollows:

f l1 = e1; : : : ; lm = emg �
fun s! match s with `l1 (x) ! e1 j : : : j `lm(x) ! em

wherex is any new variable.Thecorrespondingselectionencodingis:

e:lk � e `lk ( )

where couldbeany value.

Oneinterestingaspectabouttheduality betweenrecordsandvari-
antsis thatbothrecordsandvariantscanencodeobjects.Tradition-
ally, objectshave beenunderstoodby encodingthem as records,
but a variant encodingof objectsalso is possible: A variant is a
message, andanobjectis a caseon themessage. In thevarianten-
coding,aniceaddedside-effect is it iseasyto passaroundmessages
as�r st-classentities.

Theproblemswith theaboveencodings,however, is neitheris com-
pletein thecontext of thetypesystemscommonlyusedfor records
andvariants: for example,if anML variant is usedto encodeob-
jects,all the “methods”(casesof thematch)mustreturnthesame
type! This is why objectsareusuallyencodedasrecords.But if the
variantencodingcould be madeto work, it would give �rst-class
statusto messages,somethingnotpossiblein therecordsystem.

In this paperwe introducematch-functions, which areessentially
ML-style patternmatch functions, but match-functions in addi-
tion supportdifferentreturntypesfor differentargumenttypesvia
match-types. A match-function-encodingof objectsis as power-
ful asa recordencoding,but with additionaladvantageof allowing
�rst-classmessagesto typecheck.

2 The DV Language

DV f “Diminutive” pure functional programminglanguagewith
PolymorphicVariantsg is the corelanguagewe study. The gram-
maris asfollows:

Name 3 n
Val 3 v ::= x j i j `n(v) j l f `nk (xk) ! ek
Exp 3 e ::= v j ee j `n(e) j let x = e1 in e2
Num 3 i ::= : : : � 2 j � 1 j 0 j 1 j 2 j : : :

The “vector notation” `nk (xk) ! ek is shorthandfor `n1 (x1) ! e1 j
: : : j `nk (xk) ! ek for somek. `n(e) is a polymorphicvariantwith
anargumente. For simplicity, variantstake only a singleargument
here;multipleargumentsupportcanbeeasilyadded.l f `ni (xk) ! ek



is an extendedform of l -abstraction,inspired by StandardML
style function de�nitions which alsoperformpatternmatchingon
the argumenttype. The f in l f is the nameof the function for
usein recursion,aswith let rec . We call thesematch-functions.
Eachmatch-functioncanalsobethoughtof ascollectionof oneor
more(sub-)functions.For example,amatch-functionwhichchecks
whethera numberis positive,negative or zerocouldbewrittenas:

f = l f `positive(x) ! (x > 0)
j `negative(x) ! (x < 0)
j `zero(x) ! (x == 0)

andcorrespondingapplicationwould be:

f (`positive(5))

where`positive(5) is theargumentto theabove match-function.

A match-functionneednot have a singlereturntype,it candepend
on the typeof theargument.Thusin theabove example,`positive,
`negativeand`zero couldhave haddifferentreturntypes.Themain
technicalcontribution of this paperis a simpletypesystemfor the
statictypecheckingof match-functions.

Regularfunctionscanbeeasilyencodedusingmatch-functions as:

l f x:e � l f ` (x) ! e

where` is a �x ed polymorphicvariantname;andcorresponding
applicationas:

f e0 � f (` (e0))

2.1 Operational Semantics

Figure1 presentstheoperationalsemanticsfor DV. Computationis
de�ned via a single-steprelation� ! 1 betweenclosedexpressions.
e[v=x] is thesubstitutionof v for x in e. Theonly interestingcaseis
functionapplication,which is a combinedb-reductionandpattern-
match.

3 The DV Types

Thetypesof DV areasfollows.

TyVar 3 a ::= 0a j 0b j : : :
TypVariant3 n ::= `n(t ) j [> a ] j [< `nk (t k) ]
Typ 3 t ::= a j Int j n j `nk (t k) ! t 0

k j hnk ! t k i j t (n) j µt : t 0

`n(t ) is a polymorphicvarianttype,for variantname`n with argu-
menttypet . [> a ] is a variant-typevariablewhich representsany
polymorphicvarianttype. [< `nk (t k) ] is an “upperbound”poly-
morphicvariant type, i.e., it canmatch`n1 (t 1) or : : : or `nk (t k).
This typeis apartof theoptionalextension(grayedoutportions)to
our typesystemandwe recommendreadersignorethis andall the
following grayedportionsduringtheinitial readings.

Our main novelty is `nk (t k) ! t 0
k, the match-type, in which each

variant mapsto a different return type. hnk ! t k i is a “lower
bound” match-type i.e. it matchesany match-typewith at least
nk ! t k cases.

t (n) is theapp-type. Theonly formsin which it will appearin our
systemareas`nk (t k) ! t 0

k ([ > a ]) or `nk (t k) ! t 0
k ([ < `ni (t i) j

: : : ]). It isusedfor unknown �rst-classmessages,i.e., whenthetype
of theargumentto aknownmatch-functionis unknown atcompile-
time, and the return type is also unknown and dependsupon the

valueassignedto theargumentatrun-time.In suchcases,thereturn
type hasthe above type, which essentiallymeansthat at run-time
[> a ] can be any of `ni (t i) and when [> a ] is `ni (t i) then the
correspondingt 0

i would bethereturntype.

µt : t 0is therecursive-type. It meanst canoccurin t 0andalsot has
the sametype ast 0. The only forms in which it will occurin our
systemareµ a: t or µ[> a ]: t .

Wenow de�ne a typesubsumptionrelation,

DEFINITION 3.1 (TYPE SUBSUMPTION). t 1 � t 2 iff,

1. t 1 = t andt 2 = t ; or

2. t 1 = t andt 2 = [t 00=t 0] t where t 0� t 00; or

3. t 1 = [> a ] andt 2 = `n(t ); or

4. t 1 = hnk ! t 0
k i and t 2 = `nk+ m(t k+ m) ! t 00

k+ m where

nk � `nk (t k) andt 0
k � t 00

k;

or

5. t 1 = `nk (t k) ! t 0
k ([ < `ni (t i) j : : : ]) andt 2 = t 0

i where i � k;
or

6. t 1 = [< `n(t ) j : : : ] andt 2 = `n(t ) .

3.1 Type Rules

Figure2 givesthetyperulesfor DV. We have threedifferenttypes
rulesfor applicationexpressionsee0; whenbotheande0areknown
(app)1 is applied,whene is known but e0 is unknown i.e. e0 is an
abstractedargument,(app)2 is applied,andwhenneitherenore0 is
known i.e. e is anabstractedmatch-functionande0 is anabstracted
argument,(app)3 is applied.

TypeenvironmentGis a mappingfrom variablesto types.Givena
typeenvironmentG, the typesystemderivesa direct-typet for an
expressione. This is writtenasa typejudgementG` e: t . Gk[xi 7!
a i ] is theextensionof Gwith xi 7! a i .

3.2 Soundnessof Type System

We prove soundnessof thetypesystemby demonstratinga subject
reductionproperty.

LEMMA 3.1 (SUBJECT REDUCTION). If /0 ` e : t ande � ! 1 e0

then /0 ` e0: t 0such that t � t 0.

Thefull proof appearsin AppendixA.1.

LEMMA 3.2 (SOUNDNESS OF TYPE SYSTEM). If G` e: t then
e eithercomputesforeveror computesto a value.

PROOF. By induction on the length of computation, using
Lemma3.1.

4 Type Inference

Figure3 givesthetypeinferencerules.Ourinferencetyperulesfol-
low a constrainedtype presentation[AW93, EST95], even though
our type theorydoesnot includesubtyping.We foundthis formu-



(variant)
e � ! 1 e0

`n(e) � ! 1 `n(e0)

(app)
e1 � ! 1 e0

1
e1 e2 � ! 1 e0

1 e2

e2 � ! 1 e0
2

v1 e2 � ! 1 v1 e0
2 (l f `nk (xk) ! ek) `nd (v) � ! 1 ed [v=xd] [l f `nk (xk) ! ek=f ]

whered � k

(let)
e1 � ! 1 e0

1
let x = e1 in e2 � ! 1 let x = e0

1 in e2 let x = v1 in e2 � ! 1 e2 [v1=x]

Figure1. Operational SemanticRules

(num)
/0 ` i : Int

i 2 Num (sub )
G` e: t t � t 0

G` e: t 0

(variant )
G` e: t
G` `n(e) : `n(t )

(var )
x 2 dom(G) G(x) = t
G` x : t

(abs )
8 i � k: Gk[ f 7! µa f : `nk (t k) ! t 0

k; xi 7! t i ] ` ei : t 0
i

G` l f `nk (xk) ! ek : µa f : `nk (t k) ! t 0
k

(app)1
G` e: `nk (t k) ! t 0

k G` e0: `nd (t d)
G` e e0 : t 0

d
(let )

G` e: t G` e0[e=x] : t 0

G` let x = e in e0: t 0

whered � k

(app)2
G` e: `nk (t k) ! t 0

k G` e0: [> a ]

G` e e0 : `nk (t k) ! t 0
k ([ > a ])

(app)3
G` e: hnk ! t k i G` e0: nd
G` e e0: t d

replace[> a ] above with [< `ni (t i ) j : : : ]; whered � k
wherei � k

Figure2. Type Rules

lationusefulfor anelegantspeci�cationof thetypeinferencealgo-
rithm. t nE is a constrainedtype,where“ n” reads“where” andE
is asetof equationalconstraintsof theform t 1 = t 2.

TypeenvironmentGis a mappingfrom variablesto types.Givena
typeenvironmentG, thetypeinferencesystemderivesaconstrained
type t nE for anexpressione. This is written asa typejudgement
G` inf e: t nE undertheconditionthatE is consistent.

Thefollowing de�nition de�nesconsistentandinconsistentsets.

DEFINITION 4.1 (CONSTRAINT CONSISTENCY). A constraint
t 1 = t 2 is consistentif either:

1. t 1 2 TyVaror t 2 2 TyVar;

2. t 1 = t andt 2 = t ;

3. t 1 = `n(t ) andt 2 = `n(t 0);

4. t 1 = `n(t ) andt 2 = [> a ] or its symmetry;

5. t 1 = [> a ] andt 2 = [> a0];

6. t 1 = `nk (t k) ! t 0
k andt 2 = hn ! t 0i or its symmetry;

7. t 1 = hn1 ! a1 i andt 2 = hn2 ! a2 i ;

8. t 1 = [> a ] andt 2 = [< `nk (t k) ] or its symmetry;

9. t 1 = µa: `nk (t k) ! t 0
k andt 2 = hn ! t 0i or its symmetry;

Otherwiseit is inconsistent.

A constraintsetE is consistentif all the constraintsin the setare

consistent.

The type inferencesystemassignsall DV expressionsconstrained
typesof theform t nE to indicateanexpressionof typet which is
constrainedby theconstraintsin E.

Following de�nesa closedconstraintsetE. A closedconstraintset
E will have any typeerrorsimmediatelyapparentin it. In thede�-
nition E1 ] E2 denotestheclosedunionof setsof constraints:union
followed by closure. ] 1 denotesclosurewith respectto Phase1
only.

DEFINITION 4.2 (CLOSED CONSTRAINT SET). A set of type
constraintsE is closediff

Phase1

1. (Match) If f `nk (t k) ! t 0
k = h[> a ] ! a0i ; [> a ] =

`nd (t o)g � E thenf a0= t 0
d; t o = t dg � E if d � k elsefail.

2. (Variant) If `n(t ) = `n(t 0) 2 E thent = t 02 E.

3. (Same-Arg) If hn ! a i = hn ! a0i 2 E thena = a02 E.

4. (Transitivity)If f t = t 0; t 0= t 00g � E thent = t 002 E.

5. (Symmetry)If t = t 02 E thent 0= t 2 E.

Phase2

� (Simulate) If `nk (t k) ! t 0
k = h[> a ] ! a0i 2 E and

:9 n; t : [> a ] = `n(t ) 2 E then[> a ] = [< `ni (t i ) j : : : ] 2 E,
such that i � k andE ] 1 f [> a ] = `ni (t i)g is consistent.

The closureis divided in two sequentialphases.Phase2 is com-
putedonly afterPhase1 completes.



(num)
/0 ` inf i : Intn /0

i 2 Num

(variant)
G` inf e: t nE
G` inf `n(e) : `n(t ) nE

(var)
x 2 dom(G) G(x) = t nE
G` inf x : t nE

(abs)
8i � k: Gk[ f 7! a f ; xi 7! a i ] ` inf ei : t i nE

G` inf l f `nk (xk) ! ek : `nk (ak) ! t k nE a f = `nk (ak) ! t k 2 E
wherea f andak arefreshtypevariables

(app)
G` inf e: t nE G` inf e0: t 0nE
G` inf e e0: a nE f t = h[> a0] ! a i ; [> a0] = t 0g � E

(let)
G` inf e: t nE G` inf e0[e=x] : t 0nE
G` inf let x = e in e0: t 0nE

wherea anda0arefreshtypevariables.

Figure3. Type Infer enceRules

The (Match) rule is the crux of our type inferencesystem. It en-
ablesmatch-functions to choosethe return type correspondingto
the argumenttype. The closurerule for normal functions is “ if
t 1 ! t 0

1 = t ! t 0 2 E then f t = t 1; t 0
1 = t 0g � E”. (Match) is

thegeneralizationof this rule to match-functions. Whentheargu-
menttype to the match-functionis known, i.e. it is `nd (t o), then
(Match) simply selectsthe matchingsub-functionandappliesthe
above regularfunctionclosurerule. Unknown argumentsintroduce
no immediatetypeerrorsandsoarenot analyzed.If thevariantis
not in thematch-type,thereis noclosureof E: closurefails.

(Variant) ensuresthat if two variantsareequalthey have thesame
argumenttype.

(Same-Arg) ensuresthat identical variants applied to the same
match-functionhave identicalcomponenttypes.

(Simulate)addsprecisionto the typeof anunknown argumentap-
plied to a known match-function. So if `nk (t k) ! t 0

k = h[> a ] !
a0i 2 E but :9 n; t : [> a ] = `n(t ) 2 E afterPhase1, then[> a ]
doesn't haveaknown concretetype.However, theaboveconstraint
doesimply that[> a ] couldhave beeǹ n1 (t 1) or `n2 (t 2) or . . .or
`nk (t k), andit wouldstill havebeenconsistent;anythingelsewould
have madeit inconsistent.So to �nd all thevalid `ni (t i)'s we add
[> a ] = `ni (t i) to E for all i � k separatelyandcomputetheclo-
surewith respectto Phase1. If theresultingclosedsetis consistent
we know that`ni (t i) is a valid typefor [> a ]. At theendof all the
simulationswe add[> a ] = [< `ni (t i) j : : : ] to E where`ni (t i) is
a valid typefor [> a ].

The closureis trivially seento be computablein O(n3) time, as-
sumingK � n, wheren= j E j andK = max(k) 8k: `nk (t k) ! t 0

k =
ht ! a0i 2 E. In therarecasewhereK � n, the time complexity
would beO(n3K). ThefactorK is introduceddueto (Match) hav-
ing to searchthroughat mosteachof theK sub-functionsto �nd a
match(or anabsencethereof).

Wenow de�ne thetypeinferencealgorithm.

ALGORITHM 4.1 (TYPE INFERENCE). Given an expression e
its typet nE (or type-error) canbeinferredasfollows:

1. Producetheuniqueproof tree /0 ` e : t nE via the typeinfer-
encerulesin Figure3.

2. ComputeE+ = closure(E).

3. If E+ is consistentthent nE+ is the inferred typefor e, else
there is a type-error in e.

By inspectionof the type inferencerulesin Figure3, it is easyto
seethisprocessis deterministic,basedonthestructureof e, modulo
thechoiceof freshtypevariables.

We don't prove the soundnessof the type inferencealgorithm.
Ratherwe give a Simp�cation Algorithm 4.2,which simpli�es the
inferred constrainedtypesto direct-typesasper the type rules in
Figure2 whichwehavealreadyprovensound,andprovethesound-
nessof thissimpli�cation algorithm.However, it wouldnotbevery
dif�cult to verify thatthesoundnessof thetypeinferencealgorithm
aswell.

4.1 Equational Simpli�cation

Now we presentanalgorithmfor reducinga constrainedtypet nE
to an unconstrainedtype t s which containsall the type informa-
tion of t nE, and prove its soundness.This meansdirect types
containingthe completetype information, without hard-to-digest
type equations,canbe presentedto programmers.This improves
on [Gar98] which is a lossymethod.

We now give thealgorithmfor simpli�cation. In the following al-
gorithmwe handlesymmetryimplicitly.

ALGORITHM 4.2 (SIMPLIFICATION). A constrained type t nE
canbereducedto t s by thefollowingsteps:

1. For all constraintsof theform a = hn ! t 0i 2 E

E1 = E � f a = hn1 ! t 0
1 i ; : : : ; a = hnk ! t 0

k ig
[ f a = hnk ! t 0

k ig

2. For all constraint setsof the form f a f = `nk (t k) ! t 0
k, [>

a ] = t ; a f = h[> a ] ! a0 j : : : ig � E1,

E2a = E1 � f a f = `nk (t k) ! t 0
kg

t 2nE2 = [µa f : `nk (t k) ! t 0
k=̀ nk (t k) ! t 0

k] (t nE2a)

if t occurs in `nk (t k) ! t 0
k then:

t 3nE3 = [a f ([ > a ]) =a0] (t 2nE2)
else

t 3nE3 = t 2nE2

E4 = E3 � f a f = h[> a ] ! a0 j : : : ig

3. For all constraint setsof the form f [> a ] = t ; a f = h[>
a ] ! a0 j : : : ig � E4,

if a f occurs in t then:
E5 = E4 � f a f = h[> a ] ! a0 j : : : ig



[ f a f = µa f : ht ! a0 j : : : ig
else

E5 = E4

4. t s = Unify(E5) (t 3)

Unify( /0) = /0
Unify(E [ f a = t g) = if t � a0 then

if a � lexicographica0 then
Unify([a0=a]E) � [a0=a]

else
Unify(E)

elseif a occursin t then
Unify([µ a: t =a]E) � [µ a: t =a]

else
Unify([t =a]E) � [t =a]

Unify(E [ f [> a ] = [> a0]g) = Unify(E [ f a = a0g)
Unify(E [ f [> a ] = `n(t )g) =

Unify([`n(t )=[> a ]]E) � [`n(t )=[> a ]]
Unify(E [ f `nk (t k) ! t 0

k = hn ! t 0ig ) =
if t 0 � a and:9 t :a = t 2 E then

Unify([`nk (t k) ! t 0
k (n) =a]E)�

[`nk (t k) ! t 0
k (n) =a]

else
Unify(E)

Unify(E [ f t = t g) = Unify(E)
Unify(E [ f `n(t ) = `n(t 0)g) = Unify(E)
Unify(E [ fh n1 ! a1 i = hn2 ! a2 ig ) = Unify(E)
Unify(E [ f [> a ] = [< `nk (t k) ]g) =

Unify([[< `nk (t k) ]=[> a ]]E)�
[[< `nk (t k) ]=[> a ]]

Unify(E [ f µ a: `nk (t k) ! t 0
k = hn ! t 0ig ) =

if t 0 � a and:9 t :a = t 2 E then
Unify([(µa: `nk (t k) ! t 0

k) (n) =a]E)�
[(µa: `nk (t k) ! t 0

k) (n) =a]
else

Unify(E)

Figure4. Unify(E)

Unify(E) de�ned in Figure4 is a recursive function, which takes
in a set of constraintsand returns a composition of substitu-
tions. Whenthis compositionis appliedto t in Step4 above, the
constraint-freetyperesults.Steps2 and3 generaterecursive types.

The above algorithm can be thought of as 3 phases,revolving
aroundUnify:

1. Pre-Unify: whichaddsandremovescontraintsfrom E to gen-
erateE0. This includesSteps1, 2 and3.

2. Unify: which computesUnify(E0) which generatesa compo-
sition of substitutionss.

3. Post-Unify: which appliess to t to generateunconstrained
direct-typet s i.e. Step4.

NotethatUnify() simplythrowsawaysomeconstraintslike`n(t ) =
`n(t 0) and hn1 ! a1 i = hn2 ! a2 i ; this is sound as closure
would have extracted all relevant information from thesecon-
straints,hencethey canbediscardedsafely.

Theexamplesin Section5 illustratethesigni�canceof eachof the
stepsaswell Unify().

4.2 Soundnessof Simpli�cation

Weprove thefollowing lemmas,

LEMMA 4.1 (TERMINATION OF SIMPLIFICATION).
simplify(t nE) = t s iff E is closedandconsistent.

The full proof appearsin Appendex A.2. Thesimpli�cation algo-
rithm is soundin thesensethata derivation in the(non-inference)
typesystemmaybeconstructedusingthetyperesultingfrom sim-
pli�cation. Thus,the type inferencealgorithmplus simpli�cation
amountsto a type inferencealgorithmfor the non-inferencetype
system.

LEMMA 4.2 (SOUNDNESS OF SIMPLIFCATION). If G ` inf e :
t nE and simplify(t nE+ ) = t s, where G = x j 7! a j and
simplify(a j nE+ ) = t j , andE+ is non-cyclic,thenG0` e: t s where
G0= [t j=a j ]G.

Thefull proof appearsin Appendex A.2.

For simplicity, we only considernon-cyclic E i.e. it doesn't con-
stain cyclic constraintsand henceno recursive types, in all the
proofs.

5 Examples

We now illustrate our type inferencesystemto infer constrained
types and equationalsimpli�cation algorithm to simplify these
inferred constrainedtypes into human-readablenon-constrained
types.Let usstartwith a basicmatch-function:

l f `int () ! 1 j `bool() ! `true() (1)

Thefollowing would betheinferredtypeof (1):

(`int () ! Int j `bool() ! `true()) n /0

Sincethesetof constraintsis /0, theabovewithout /0 is thesimpli�ed
typeaswell. An exampleof a correspondingapplicationcouldbe:

(l f `int () ! 1 j `bool() ! `true()) `int () (2)

(app) would derive thetypeof (2) as:

0anf (`int () ! Int j `bool() ! `true()) = h[> 0b] ! 0ai ; [> 0b] = `int ()g

On closure,(Match) would generateInt = 0a 2 E+ . Had `bool() had
beenthe argument,then (Match) would have generated̀true() =
0a, thus achieving the desiredresult of tying the return type of a
function to the argumenttype insteadto the whole function. The
simpli�ed typeof (2) would be Int by directsubstitutionof 0a using
theconstraintInt = 0a.

Let usnow look atamoreinterestingexample,whenthetypeof the
argumentis unknown:

l f `redirect(m) ! e1 m (3)

wheree1 is (1) above. If m is assignedtypevariable0m, theinferred
typeof just e1 m by (app) would be:

0anf (`int () ! Int j `bool() ! `true()) = h[> 0b] ! 0ai ; [> 0b] = 0mg

[> 0b] = 0m constrains0m to a varianttype. Henceif theabove type
is 0anE0 thetypeof (3) by (abs) would be:

`redirect(0m) ! 0anE0 [ f 0f = `redirect(0m) ! 0ag � 0anE

Thesimpli�ed typeof (3) would thenbe:



`redirect([ > 0b]) ! (`int () ! Int j `bool() ! `true()) [> 0b]
or
`redirect([ < `int () j `bool() ]) !

(`int () ! Int j `bool() ! `true()) [< `int () j `bool() ]

mainlydueto Unify() on`int () ! Int j `bool() ! `true() = h[> 0b] ! 0ai
andPhase2 of closure.As is clearlyevidentthis simpli�ed typeis
moreprecisebut verboseandhenceless-readableaswell.

Now considerthe following applicationwith �rst-class message
passingwhere`int () is the�rst-classmessage:

(l f `redirect(m) ! e1 m) (`redirect(`int ())) (4)

(app) would infer its typeas:

0bnE [ f `redirect(0m) ! 0a = h[> 0c] ! 0bi ; [> 0c] = `redirect(`int ()) g

Thesimpli�ed typeof (4) wouldbeInt. Let usgothroughthesteps.
(Match) closureon theabove constraintgenerates:

f 0a = 0b; `int () = 0mg

Next, `int () = 0m with [> 0b] = 0m on (Transitivity)gives [> 0b] = 0m
andf (`int () ! Int j `bool() ! `true()) = h[> 0b] ! 0ai ; [> 0b] = `int ()g
on(Match) generates:

mathrmInt = 0b

Unify() with Int = 0b generatesa substitution[Int=0b] andhencethe
simpli�ed typeis Int.

Letsnow considerthecasewhenthematch-functionis unknown:

l f `dummy(o) ! o (`zero()) (5)

(abs) with (app) will infer thefollowing constrainedtype:

`dummy(0o) ! 0bnf 0o = h[> 0c] ! 0bi ; [> 0c] = `zero()g

Thesimpli�ed typewould be:

`dummy(h`zero() ! 0bi ) ! 0b

by Step1 of Algorithm 4.2andsubstitutionsby Unify().

Now considera minorvariantof (5):

l f `dummy(o) ! o (`m()) ;o (`n()) (6)

Thesimpli�ed typeof (6) mainlyby Step1 of Algorithm 4.2would
be:

`dummy(h`m() ! 0a j `n() ! 0bi ) ! 0b

Let uslook at thecasewhenboththematch-functionandtheargu-
mentis unknown:

l f `dummy(o) ! l f `redirect(m) ! o m (7)

(abs) and(app) would infer thetypeof (7) as:

`dummy(0o) ! `redirect(0m) ! 0anf 0o = h[> 0b] ! 0ai ; [> 0b] = 0mg

andthesimpli�ed typewouldbe:

`dummy(h[> 0b] ! 0ai ) ! `redirect([ > 0b]) ! 0a

Now letsconsiderthemostcomplicatedexamplewhich shows the
realusefulnessof (Simulate)closurerule:

l f `redirect(m) ! (l f `a(x) ! x > 0 j`b(x) ! x+ 1) m;
(l f `b(x) ! x+ 0 j `c(x) ! x == 1) m

(8)

It canbe deducedby inspectionthat m could only be substituted
`b at run-time since it is the only variant namepresentin both
match-functions andhencethereturntypeof l f redirect couldonly
be Int andnever Bool.

Oursystem(withoutClosurePhase2) will, however, generateonly
thefollowing constraintsevenafterclosure:

f (`a(x) ! Bool j `b(x) ! Int) = h[> 0m1 ] ! 0ei ; [> 0m1 ] = 0m
(`b(x) ! Int j `c(x) ! Bool) = h[> 0m2 ] ! 0f i ; [> 0m2 ] = 0mg

Thereis no constrainton returntypes0e and 0f nor any constraint
of the form 0m= Int. This constraintsetis still consistentsincethe
messagem in theprogramis not sentandhencetheabove codeis
essentiallydead. The simpli�ed type of (8), anologousto that of
(3), would be:

`redirect([ > 0m2 ]) ! (`b() ! Int j `c() ! Bool) [> 0m2 ]

If m weresentin thefutureassay`a(5), thentheconstraints

f (`b(x) ! Bool j `c(x) ! Int) = h[> 0m2 ] ! 0f i ; [> 0m2 ] = `a(Int)g

would be generatedand (Match) would fail. Thus the program
would not typecheck.

Had(Simulate)beencomputed,it would have generated

[> 0m1 ] = [< `b() ]; [> 0m2 ] = [< `b() ]

resultingin thesimpli�ed typeof (8) to be:

`redirect([ < `b() ]) ! (`b() ! Int j `c() ! Bool) [< `b() ]

which clearly implies that Int is the only possiblereturn type for
`redirect.

Now lets take a look at expressionswhich result in cyclic types
i.e.µ a: t . Neithertypederivationnor closuregeneratecyclic types;
they areonly generatedduringsimplify(),

l f `this() ! f (9)

Thesimpli�ed typewould be:

µ 0f : `this() ! 0f

maily dueto Step2 of Algorithm 4.2.

Considera similar example:

l f `this(x) ! f x (10)

Thesimpli�ed typewould be:

µ 0f : `this([ > 0a]) ! (0f ) [> 0a]

andwith (Simulate)

µ0f : `this(µ[> 0a]: [< `this([ > 0a]) ]) !
0f ( µ[> 0a]: [< `this([ > 0a]) ] )

maily dueto Step2 of Algorithm 4.2andUnify oncyclic constraint
0m= [< `this(0m) ] suchthat0m= [> 0a] is in thegeneratedsetof con-
straints.

Letsconsideranexampleof self-application:

l `dummy(x) ! x (`self(x)) (11)

Thesimpli�ed typewill be:

`dummy(µ0s:h`self (0s) ! 0ai ) ! 0a



maily dueto Step3 of Algorithm 4.2.

6 Encoding Objectsand Other Features

Wenow show how acollectionof simplemacrosallow object-based
programsto befaithfully encodedinto DV.

Thebasicideais to encodeclassesandobjectsasmatch-functions
and messagesas polymorphic variants, thus reducingmessage-
sendingto simple function application. Thereis nothingunusual
in thetranslationitself, themainfeatureis theexpressivenessof its
typing: matchtypesallow arbitraryobjectsto typecheckencoding
messagesasvariants.

DEFINITION 6.1. The object syntaxis de�ned by the following
translation.

(class) Jclass(l this`nk (xk) ! ek) K= l this ! l this`nk (xk) ! Jek K
(new) Jnew eK= JeK()
(send) Je1  e2 K= Je1 KJe2 K
(message)J`n(e) K= `n(JeK)

Since match-functions are recursive, we get recursive objects
with this for self-referencewithin the object. We now illus-
trate this encodingwith ftpProxy example from the introduction.

Jlet ftp = new(class(l f `get () ! 1)) in
let ftpProxy=

new(class(l f `send(m) ! (ftp  m))) in
ftpProxy `send(`get()) K

+ (translationto DV)

let ftp = (l f ! l f `get() ! 1) () in
let ftpProxy=

(l f ! l f `send(m) ! (ftp m)) () in
ftpProxy`send(`get())

It createsnew ftp andftpProxyobjectswith ftpProxydelegatingmes-
sagesto ftp. For simplicity, ftp returnsaninteger in responseto the
`get request.

Thesimpli�ed typeof ftpProxyproducedby our systemwould be:

`send([ > 0m]) ! (`get() ! Int) [> 0m]

andwith (Simulate):

`send([ < `get () ]) ! (`get() ! Int) ([ < `get () ])

which is similar to example(3) in Section5. We do not dealwith
inheritancehere,but thevariousstandardapproachesshouldapply.

We show that recordsand if-then-elsecan also be encodedwith
variantsandmatch-typesalone,thusde�ning averyexpressive lan-
guage.

6.1 EncodingRecords

In Section1.1we discussedthedualityof variantsandrecords.We
showedhow theML typesystemallows only recordswith all ele-
mentsof thesametypeto beencodedin termsof variants.Wenow
show how match-functions canfully andfaithfuly encoderecords.
This shouldnot besurprisinggiventheabove encodingof objects.

A match-functionis essentiallya sophisticatedform of the ML
match statement. Hence, record encodingof a match-function
would be identicalto thatof match given in Section1.1. Thekey

observation is that,sinceevery caseof thematchcanreturna dif-
ferenttype,it allows recordswith differently-typed�elds to been-
coded.For example,therecordf l1 = 5; l2 = `wow(3)g is encodedas
l f `l1 (x) ! 5 j `l2 (x) ! `wow(3) andhastype (`l1 (0a) ! Int j `l2 (0b) !
`wow(Int)) .

6.2 Encoding if-then-else

if -then-elsestatementscanbeeasilyencodedvia match-functions
using polymorphic variants `true() and `false() to correspondto
booleanvaluestrue andfalserespectively. This encodinghasthe
addedadvantagethat the two “branches”canhave differentreturn
types.if -then-elseis thenencodedas

Jif e then e1 elsee2 K= (l f `true() ! e1 j `false() ! e2) e

7 RelatedWork

Previous paperscontainingstatictype systemsfor �rst classmes-
sagesincludethoseby Wakita[Wak93],Nishimura[Nis98], Müller
& Nishimura[MN00], andPottier [Pot00]. The main advantage
of our systemis it is signi�cantly simpler. No existing program-
ming languageimplementationefforts have includedtyped �rst-
classmessages,this is an implicit indicationof a needfor a more
simpletypesystemthatcapturestheir spirit.

Wakita [Wak93] presentsan inter-object communicationframe-
work basedon RPC-like messagepassing.He doesnot presenta
type systemfor his languageso a comparisionwith his systemis
notpossible.

Nishimura[Nis98] developsa secondorderpolymorphictypesys-
temfor �rst-classmessages(referringto themasdynamicmessages
in the paper),wheretype informationis expressedby kindingsof
theform t :: k, wheret is a typevariableindexing thetypeinforma-
tion of theobjector messageandk is a kind representingthe type
information. It hasno type directly representingthe type struc-
tureof objectsandmessages.This systemis very complicatedand
Müller andNishimurain [MN00] (samesecondauthor)attemptto
presenta simplersystem.

Müller etal [MN00] presentamonomorphictypeinferencesystem
basedon OF (objectsandfeatures) constraints.They extendtradi-
tional systemsof featureconstraintsby a selectionconstraintxhyi z
intendedto model the behavior of a genericmessage-sendopera-
tion. This doessimplify things a little, but, is arguably still not
simpleenoughto beimplementedin a programminglanguage.

Bugliesi and Crafa [BC99] also attemptto simplify Nishimura's
original work [Nis98]. However, they choosea higher-ordertype
system,andabandontypeinference.

Pottier[Pot00]likeusdoesnotde�ne a typesystemorientedsolely
around�rst-class messages;it is a very generaltype systemthat
happensto be powerful enoughto also faithfully type �rst-class
messages.His approachis in someways similar to ours in that
conditionaltypesareused. His systemis very expressive, but is
alsoverycomplex andis thusmoresuitedto programanalysisthan
theproductionof human-readabletypes.

8 Implementation

We have implementedan interpreterfor DV in OCaml. It hasan
OCaml-styletop-loop,in which theusercanfeeda DV expression.



The interpreterwill typecheckit, computeits simpli�ed human-
readabletype,evaluateit to a valueandthendisplayboththevalue
andthetype.

Thecoreof theinterpreter, which includestheTypeInference(4.1)
andSimpli�cation (4.2)Algorithms,is only a few hundredlinesof
code.Thisfurthervalidatesourassertionaboutthesimplicity of the
DV typesystem.

The sourcecodealongwith documentationandexamplescanbe
foundat http://www.cs.jhu.edu/˜pari/match-functions/ .
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dier Rémy, and Jérôme Vouillon. The Objective
Caml systemrelease3.07, Documentationand user's
manual. INRIA, http://caml.inria.fr/ocaml/htmlman/,
2002.

[MN00] Martin Müller andSusumuNishimura.Typeinference
for �rst-classmessageswith featureconstraints.Inter-
nationalJournal of Foundationsof ComputerScience,
2000.

[Nis98] SusumuNishimura. Static typing for dynamicmes-
sages. In POPL'98: 25th Annual ACM SIGPLAN-
SIGACT Symposiumon Principles of Programming
Languages, 1998.

[Oho95] AtsushiOhori. A polymorphicrecordcalculusandits
compilation.ACM TransactionsonProgrammingLan-
guagesandSystems, 1995.

[Pot00] François Pottier. A versatileconstraint-basedtype in-
ferencesystem.Nordic Journalof Computing, 2000.

[PW91] Lewis J. PinsonandRichardS. Wiener. Objective-C:
ObjectOrientedProgrammingTechniques. Addison-
Wesley, 1991.
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A Proofs

A.1 Soundnessof the Type System

Weprove soundnessof thetypesystemby demonstratinga subjectreductionproperty.

LEMMA A.1.1 (SUBSTITUTION). If Gk[x 7! t x] ` e : t andG` e0: t 0
x such that t x � t 0

x, thenG` e[e0=x] : t 0such that t � t 0.

PROOF. Follows inductionon thestructureof e. For simplicity we ignorethe(sub ) caseaswell asrecursive match-functions.

1. (num)e� i. Proofis trivial.

2. (var) e � x andx 2 dom(G).

By (var ), G` x : t whereG(x) = t .

By inductionhypothesis,let G(x[e0=x]) = t 0wheret � t 0.

Hence,by (var ), G` x[e0=x] : t 0.

3. (variant)e � `n(ev)

By (variant ), let G` `n(ev) : `n(t v) whereG` ev : t v. Also let x 7! t x 2 G.

By inductionhypothesis,let G0` ev [e0=x] : t 0
v andG0` e0: t 0

x, whereG0= G� f x 7! t xg suchthatt x � t 0
x andt v � t 0

v.

Now, `n(ev) [e0=x] = `n(ev [e0=x]). Hence,by (variant ), G0` `n(ev[e0=x]) : `n(t 0
v). Also, by Case6 of De�nition 3.1,`n(t v) � `n(t 0

v).

4. (abs)e � `nk (xk) ! ek

By (abs ), G` `nk (xk) ! ek : `nk (t k) ! t 0
k where8i � k: Gk[xi 7! t i ] ` ei : t 0

i . Also let x 7! t x 2 G and,without lossof generality,
x =2 f xig.

By inductionhypothesis,let 8 i � k:G0k[xi 7! t i ] ` ei [e0=x] : t 00
i , whereG` e0: t 0

x andG0= G� f x 7! t xg suchthatt x � t 0
xandt 0

k � t 00
k.

Now, (`nk (xk) ! ek)[e0=x] = `nk (xk) ! (ek[e0=x]). Thus, by (abs ), G0 ` `nk (xk) ! (ek[e0=x]) : `nk (t k) ! t 00
k. Also, by Case2 of

De�nition 3.1,`nk (t k) ! t 0
k � `nk (t k) ! t 00

k.

5. (app)e � eo ev. Thereare3 differentcases:

(a) (app)1. By (app)1, G` eo ev : t 0
d whereG` eo : `nk (t k) ! t 0

k; G` ev : `nd (t d) for d � k. Also, let x 7! t x 2 G.

By inductionhypothesisandCase2 of De�nition 3.1,let G0` eo [e0=x] : `nk (t 00
k) ! t 000

k andG0` ev [e0=x] : `nd (t 00
d) whereG` e0: t 0

x

andG0= G� f x 7! t xg suchthatt x � t 0
x, t k � t 00

k andt 0
k � t 000

k.

Now, (eo ev) [e0=x] = (eo [e0=x]) (ev [e0=x]). Thus,by (app)1, G0` (eo [e0=x]) (ev [e0=x]) : t 000
d andby hypothesiswe know t 0

d � t 000
d.

(b) (app)2. By (app)2, G` eo ev : `nk (t k) ! t 0
k ([ < `ni (t i) j : : : ]) whereG` eo : `nk (t k) ! t 0

k; G` ev : [< `ni (t i) j : : : ] for i � k.
Also, let x 7! t x 2 GandG0= G� f x 7! t xg. Assume,G` e0: t 0

x suchthatt x � t 0
x. Also, (eo ev) [e0=x] = (eo [e0=x]) (ev [e0=x]).

Now theretwo possiblechoicesfor theinductionhypothesis:

i. By inductionhypothesisandCase2 of De�nition 3.1, let G0` eo [e0=x] : `nk (t 00
k) ! t 000

k andG0` ev [e0=x] : [< `ni (t 00
i) j : : : ]

suchthatt k � t 00
k andt 0

k � t 000
k.

Thus, by (app)2, G0 ` (eo [e0=x]) (ev [e0=x]) : `nk (t 00
k) ! t 000

k ([ < `ni (t 00
i) j : : : ]) and by Case 2 of De�nition 3.1,

`nk (t k) ! t 0
k ([ < `ni (t i) j : : : ]) � `nk (t 00

k) ! t 000
k ([ < `ni (t 00

i ) j : : : ]).

ii. By inductionhypothesisandCases2 and6 of De�nition 3.1,let G0` eo [e0=x] : `nk (t 00
k) ! t 000

k andG0` ev [e0=x] : `ni (t 00
i) for

somei � k suchthatt k � t 00
k andt 0

k � t 000
k.



Thus,by (app)2, G0` (eo [e0=x]) (ev [e0=x]) : t 000
i andby Cases2 and5 of De�nition 3.1, `nk (t k) ! t 0

k ([ < `ni (t i) j : : : ]) �

`nk (t 00
k) ! t 000

k ([ < `ni (t 00
i ) j : : : ]) � t 000

i .

(c) (app)3. By (app)3, G` eo ev : t d whereG` eo : hnk ! t k i ; G` ev : nd for d � k. Also, let x 7! t x 2 GandG0= G� f x 7! t xg.
Assume,G` e0: t 0

x suchthatt x � t 0
x. Also, (eo ev) [e0=x] = (eo [e0=x]) (ev [e0=x]).

Now theretwo possiblechoicesfor theinductionhypothesis:

i. By inductionhypothesisandCase2 of De�nition 3.1, let G0` eo [e0=x] : hn0
k ! t 0

k i andG0` ev [e0=x] : n0
d suchthatnk � n0

k
andt k � t 0

k.

Now, (eo ev) [e0=x] = (eo [e0=x]) (ev [e0=x]). Thus,by (app)3, G0 ` (eo [e0=x]) (ev [e0=x]) : t 0
d andwe know by hypothesis

t d � t 0
d.

ii. By induction hypothesis,let G0 ` eo [e0=x] : `nk+ l (t 0
k+ l ) ! t 00

k+ l and G0 ` ev [e0=x] : `nd (t 0
d) such that nk � `nk (t 0

k) and

t k � t 00
k.

Thus,by (app)3, G0` (eo [e0=x]) (ev [e0=x]) : t 00
d andweknow by hypothesist d � t 00

d.

6. (let) e � let y = e1 in e2.

By (let), let G` e: t 2 whereG` e1 : t 1 andG` e2 [e1=y] : t 2. Also, let x 7! t x 2 G. Without lossof generality, we assumex 6= y.

By inductionhypothesis,let G0` e1 [e0=x] : t 0
1, G0` e2 [e1=y] [e0=x] : t 0

2 andG` e0: t 0
x, whereG0= G� f x 7! t xg suchthatt x � t 0

x, t 1 � t 0
1

andt 2 � t 0
2.

Now, x 6= y implies (let y = e1 in e2) [e0=x] = let y = e1 [e0=x] in e2 [e0=x]. Similarly, e2 [e1=y] [e0=x] = e2 [e0=x] [e1=y]. Henceby (let ),
G0` e[e0=x] : t 0

2.

LEMMA A.1.2 (SUBJECT REDUCTION). If /0 ` e : t ande� ! 1 e0 then /0 ` e0: t 0such that t � t 0.

PROOF. Follows by stronginductionon thedepthof thetypederivationtree,i.e., theinductionhypothesisappliesto all treesof depthn� 1
or less,wheren is thedepthof theproof treeof /0 ` e : t . Hence,following areall thepossiblerulesthatcanbeappliedasthe laststepof
thetypederivationof /0 ` e: t . (Notethat(app)2 and(app)3, will never beappliedasthelaststep,sincetheargumentin (app)2 andboththe
applicandandtheargumentin (app)3 areprogramvariables,andhencetheapplicationexpressionis not closed.By thesameargument(var )
will alsonever bethelaststep.Thesecasesarehandledin theSubstitutionLemma.)

1. (num). Proofis trivial.

2. (variant ).

Hence,e � `n(ed) andlet thelaststepof thetypederivationbe /0 ` `n(ed) : `n(t d) and /0 ` ed : t d thepenultimateone.

By (variant), `n(ed) � ! 1 `n(e0
d) whereed � ! 1 e0

d.

By inductionhypothesis,let /0` e0
d : t 0

d suchthatt d � t 0
d. Henceby (variant ), /0` `n(e0

d) : `n(t 0
d). Weknow byCase6 of De�nition 3.1,

`n(t d) � `n(t 0
d).

3. (abs )

Hence,e � `nk (ak) ! ek. Theproof in this casetrivial, sincea `nk (ak) ! ek 2 Val, henceit evaluatesto itself.

4. (app)1

Hence,e � eo ev. The caseswheneo andev arenot both valuesareanalogousto Case2. Supposenow that both eo; ev 2 Val then
e� (l f `nk (xk) ! e0

k) `n(v).

Henceby (app)1, let thethelaststepof thetypederivationbe /0` e: t 0
d for d � k and,/0` l f `nk (xk) ! e0

k : `nk (t k) ! t 0
k, 8 i � k: /0k[ f 7!

`nk (t k) ! t 0
k; xi 7! t i ] ` ei : t 0

i and /0 ` `n(v) : `nd (t d) bethepenultimateones,wheren � nd; while be /0 ` v : t d thesecondto last.



By (app), let e � ! 1 ed [v=xd] [l f `nk (xk) ! e0
k=f ] � e0.

Now by LemmaA.1.1, /0 ` e0: t 00
d suchthatt 0

d � t 00
d.

5. (let )

Hence,e � let x = e1 in e2. Therearetwo possiblecases:

(a) e1 =2 Val.

Henceby (let ), let thelaststepof thetypederiviation be /0 ` e: t and, /0 ` e1 : t 1 and /0 ` e2 [e1=x] : t bethepenultimateones.

By (let), let e � ! 1 (let x = e0
1 in e2) � e0wheree1 � ! 1 e0

1.

By inductionhypothesis,let /0 ` e0
1 : t 0

1 suchthatt 1 � t 0
1 and /0 ` e2 [e0

1=x] : t 0suchthatt � t 0. Henceby (let ), /0 ` e0: t 0where
t � t 0.

(b) e1 2 Val. Solet e � let x = v in e2.

Henceby (let ), let thelaststepof thetypederiviation be /0 ` e: t and, /0 ` v : t v and /0 ` e2 [v=x] : t bethepenultimateones.

By (let), let e � ! 1 e2 [v=x] � e0.

Wealreadyknow, /0 ` e2 [v=x] : t andby Case1 of De�nition 3.1,t � t .

6. (sub )

In a typederivationwe cancollapseall thesuccessive (sub )'s into one(sub ). Hence,we know that thepenultimaterule will not bea
(sub ), andthusby the(strong)inductionhypothesiswe canassumethelemmato hold up to thesecondto lastruleandprove it for the
penultimaterulevia oneof theabove cases.Thelaststepthenfollows via (sub ).

LEMMA A.1.3 (SOUNDNESS OF TYPE SYSTEM). If G` e: t thene eitherdivergesor computesto a value.

PROOF. By inductionon thelengthof computation,usingLemmaA.1.2.

A.2 Soundnessof Simpli�cation

LEMMA A.2.1 (CANONICAL CONSTRAINT FORMS). Followingare thecanonicalconstraint formst 1 = t 2 thatcanoccurin anyconsis-
tentE:

1. a = t

2. t = t ;

3. `n(t ) = `n(t 0)

4. `n(t ) = [> a ]

5. [> a ] = [> a0]

6. `nk (t k) ! t 0
k = hn ! t 0i

7. hn1 ! a1 i = hn2 ! a2 i

8. [> a ] = [< `nk (t k) ]

9. µ a: `nk (t k) ! t 0
k = hn ! t 0i

andtheir correspondingsymmetricconstraints.

PROOF. Directly follows from De�nition 4.1.



LEMMA A.2.2 (TERMINATION OF UNIFY). Unify(E) terminatesfor all closedandconsistentE.

PROOF. Unify(E) is a recursive function with E = /0 as its baseor terminatingcase. At eachlevel of recursionUnify(E) removes one
constraint,exceptat Unify(E [ f [> a ] = [> a0]g) whenit addsa = a0 to E. But it canbeeasilyseenthata = a0 will beremovedat the
next stepwithout addingany additionalconstraints.Also thereis a casefor eachcanonicalconstraintform in any consistentE. Also sinceE
is closednoneof theintermediatesubstitutionswill produceaninconsistentconstraint.HenceultimatelyE will bereducedto /0 andUnify(E)
will terminate,returninga compositionof substitutions.

LEMMA A.2.3 (TERMINATION OF SIMPLIFICATION). simplify (t nE) = t s iff E is closedandconsistent.

PROOF. Step4 of Simpli�caton Algorithm 4.2impliessimplify(t nE) = t s if f Unify(E5) terminates.By LemmaA.2.2Unify(E5) terminates
iff E5 is closedandconsistent.It canbeeasilyseenthat thepreviousstepsof simplify (t nE) do not introducenor remove any inconsistent
constraintsin E5. HenceE5 is closedandconsistentif f E is closedandconsistent.

LEMMA A.2.4 (TYPE STRUCTURE PRESERVATION BY SIMPLIFICATION). If simplify(t nE) = t s and t 6� a or [> a ] thent s hasthe
sameoutermoststructure as t i.e. for example, simplify(`n(t 0) nE+ ) = `n(t 0

s) for somet 0
s, simplify (`nk (ak) ! t 0

k nE+ ) = `nk (t ks) ! t 0
ks

for somet ks andt 0
ks, andsoon.

PROOF. Unify(E) only producessubstitutionsof the form [t 00=a] or [t 00=[> a ]]. Hence,at Step4 whenthe compositionof substitutions
generatedby Unify(E+

5 ) areappliedto t only the type variablesinsidet will get subsituted,never t itself, thusat theendt will retainits
outermoststructure.

LEMMA A.2.5 (SUB-SIMPLIFICATION).

1. If simplify (`nk (ak) ! t k nE) = `nk (t 0
k) ! t 00

k thensimplify(ak nE) = t 0
k andsimplify(t k nE) = t 00

k.

2. If simplify (`n(t ) nE) = `n(t 0) thensimplify(t nE) = t 0andvice-versa.

3. If simplify ([ < `ni (t i) j : : : ]nE) = [< `ni (t 0
i) j : : : ] thensimplify (t i nE) = t 0

i andvice-versa.

PROOF. Directly follows from thefactthatUnify(E) only producessubstitutionsof theform [t 00=a] or [t 00=[> a ]].

LEMMA A.2.6 (PRE-UNIFY PROPERTY).

1. If a = t 2 E andt 6= hn ! t 0i for anyn; t 0, thena = t 2 Pre-Unify(E).

2. If a = t 2 E andt = hn ! t 0i for somen; t 0, thena = hn ! t 0 j : : : i 2 Pre-Unify(E).

PROOF. Directly follows from inspectionof Pre-Unify.

LEMMA A.2.7 (CONFLUENCE). If t = t 02 E, where E is closed,consistentandnon-cyclic,and t ; t 06= hn ! t 00i for anyn or t 00, then
simplify(t nE) = simplify(t 0nE).

PROOF SKETCH. Weobserve thatUnify(E) only producessubstitutionswhichsubstituteatypefor atypevariableor avariant-typevariable.
And thesimpli�ed typeis generatedby applyingthis compositionof substitutionsto t . Hence,simplify(t nE) = s t andsimplify(t 0nE) =
s0 t 0. Now, sinceE is sameboths ands0containtheexactsamesubstitutions,but their ordersmightdiffer.

Hence,simplify(t nE) 6= simplify (t 0nE) implies s t 6= s0 t 0, which further implies that two differentsubstitutions[t 1=a] and[t 2=a] exist
in s ands0 suchthat t 1 andt 2 have a differentoutermoststructures.In a closedandconsistentthis is only possiblewith t 1 = `nk (t k) ! t 0

k
andt 2 = hnk ! t 00

k i . However, duringtheStep2 of Algorithm 4.2we remove a = hnk ! t 00
k i , thusleaving only a = `nk (t k) ! t 0

k in theE
passedto Unify(). Thus,theabove casewill never ariseandthelemmawill alwayshold.

LEMMA A.2.8 (SOUNDNESS OF SIMPLIFICATION). If G ` inf e : t nE and simplify(t nE+ ) = t s, where G = x j 7! a j and
simplify(a j nE+ ) = t j andE+ is non-cyclic,thenG0` e : t s where G0= [t j=a j ]G.

PROOF. Following inductionon thestructureof e.

1. (num)e� i. Proofis trivial.

2. (variant)e � `n(e0).

By (variant), G` inf `n(e0) : `n(t 0) nE whereG` inf e0: t 0nE. By assumptionsimplify (`n(t 0) nE+ ) = t s.

As perLemmaA.2.4, let simplify(`n(t 0) nE+ ) = `n(t 0
s). Henceby LemmaA.2.5,simplify (t 0nE+ ) = t 0

s.



By inductionhypothesis,let G0` e0: t 0
s. Henceby (variant ), G0` `n(e0) : `n(t 0

s).

3. (var) e � x andx 2 dom(G). (If x =2 dom(G) inferencefails).

By (var), G` inf x : t nE whereG(x) = t nE.

By inductionhypothesis,let simplify(t nE+ ) = t s suchthatG0(x) = t s. Hencesimplify (t nE+ ) = t s.

By (var ), G0` x : t s.

4. (abs)e � l f `nk (xk) ! ek.

By (abs), G` inf e : `nk (ak) ! t k nE where8 i � k: Gk[ f 7! a f ; xi 7! a i ] ` inf ei : t i nE anda f = `nk (ak) ! t k 2 E. By assumption
simplify(`nk (ak) ! t k nE+ ) = t s. Henceby LemmaA.2.3E+ is consistent.

By Lemma A.2.4, let simplify (`nk (ak) ! t k nE+ ) = t s = `nk (t 0
k) ! t 00

k for some t 0
k and t 00

k, and then by Lemma A.2.7,

simplify(a f nE+ ) = `nk (t 0
k) ! t 00

k. Thenby LemmaA.2.5,8 i � k: simplify(a i nE+ ) = t 0
i andsimplify(t i nE+ ) = t 00

i .

Now, by inductionhypothesis,let 8 i � k: G0k[ f 7! `nk (t 0
k) ! t 00

k; xi 7! t 0
i ] ` ei : t 00

i . Henceby (abs ), G0` e : `nk (t 0
k) ! t 00

k.

5. (app)e � eo ev.

By (app), G` inf e : a nE whereG` inf eo : t onE, G` inf ev : t vnE and f t o = h[> a0] ! a i ; [> a0] = t vg � E. By assumption
simplify(a nE+ ) = t s. Henceby LemmaA.2.3 E+ is consistent.Now, we observe from the type inferencerules in Figure3 and
De�nition 4.1thatt o � `nk (ak) ! t 0

k or ao andt v � `nd (t ) or av. Hencetherearethefollowing possiblecombinations:

(a) t o � `nk (ak) ! t k andt v � `nd (t ).

Sof `nk (ak) ! t k = h[> a0] ! a i ; [> a0] = `nd (t )g � E. By (Match), we know f a = t d; t = adg � E+ whered � k.

By Lemma A.2.4, let simplify(`nk (ak) ! t k nE+ ) = t s = `nk (t 0
k) ! t 00

k for some t 0
k and t 00

k, then by Lemma A.2.5,

simplify(ak nE+ ) = t 0
k andsimplify (t k nE+ ) = t 00

k, andsimilarly let simplify (`nd (t ) nE+ ) = `nd (t 0), thensimplify(t nE+ ) =
t 0. By LemmaA.2.7,simplify(t nE+ ) = simplify(ad nE+ ) i.e. t 0= t 0

d andsimplify(a nE+ ) = simplify(t d nE+ ) which implies
simplify(a nE+ ) = t 00

d.

Now, by inductionhypothesis,let G0` eo : `nk (t 0
k) ! t 00

k andG0` ev : `nd (t 0
d). Now, by (app)1, G0` eo ev : t 00

d.

(b) t o � `nk (ak) ! t 0
k andt v � av.

Sowe know, f `nk (ak) ! t k = h[> a0] ! a i ; [> a0] = avg � E. Now thereare2 possiblecases:

i. av = `nd (t ) 2 E+ . Sameas5a.

ii. av = `nd (t ) =2 E+ .

Hence:9 n; t : [> a0] = `n(t ) 2 E+ . Thus(Simulate)will ensure[> a0] = [< `ni (a i ) j : : : ] 2 E+ wherei � k. Henceby
(Transitivity), av = [< `ni (a i ) j : : : ] 2 E+ . Also, noticethat sincea is freshly generatedby (app), `nk (ak) ! t k = h[>
a0] ! a i is theonly constraintin E thata occurs;andsince(Match) is theonly closurerule which cangenerateanother
constraintcontaininga in E+ , which is notapplicablein this case,we caninfer that:9 t : a = t 2 E+ .

By Lemma A.2.4, let simplify(`nk (ak) ! t k nE+ ) = t s = `nk (t 0
k) ! t 00

k for somet 0
k and t 00

k, then by Lemma A.2.5,

simplify(ak nE+ ) = t 0
k andsimplify(t k nE+ ) = t 00

k. And by LemmaA.2.7, simplify(av nE+ ) = [< `ni (t 0
i) j : : : ]. Hence,

without loss of generality, Unify(`nk (ak) ! t k = h[> a0] ! a i ) during simplify (a nE+ ) will generatea substitution
[`nk (ak) ! t k ([ > a0]) =a]; which would be the only subsitutionon a. Also, Unify([ > a0] = [< `ni (a i) j : : : ]) will
generate[[< `ni (a i ) j : : : ]=[> a0]]. Hence,simplify(a nE+ ) = `nk (t 0

k) ! t 00
k ([ < `ni (t 0

i) j : : : ]).

Now, by inductionhypothesis,let G0 ` eo : `nk (t 0
k) ! t 00

k andG0 ` ev : [< `ni (t 0
i ) j : : : ]. Hence,by (app)2, G0 ` eo ev :

`nk (t 0
k) ! t 00

k ([ < `ni (t 0
i) j : : : ]).



Now, supposePhase2 is notcomputed.

Hence,Unify() will generatesubstitution[[> a0]=av] andthussimplify(a nE+ ) = `n(t 0
k) ! t 00

k ([ > a0]).

Also,by inductionhypothesis,let G0` eo : `nk (t 0
k) ! t 00

k andG0` ev : [> a0]. Hence,by (app)2, G0` eo ev : `nk (t 0
k) ! t 00

k ([ >
a0]).

`nk (t 0
k) ! t 00

k ([ > a0]) is not only almostasexpressive as `nk (t 0
k) ! t 00

k ([ < `ni (t 0
i) j : : : ]), but alsosigni�cantly more

compactandlessredundantfrom theperspective of ahuman-reader. A human-readerwouldeasilydeducethat[> a0] could
be replacedby `ni (t 0

i) for all i � k which is only a little lessprecisethat [< `ni (t 0
i ) j : : : ], which canonly be replacedby

`ni (t 0
i)'scontainedinsideit wherei � k .

(c) t o � ao andt v � `nd (t ).

Sowe know, f ao = h[> a0] ! a i ; [> a0] = `nd (t )g � E. Again thereare2 possiblecases:

i. ao = `nk (ak) ! t k 2 E+ . Sameas5a.

ii. ao = `nk (ak) ! t k =2 E+ .

Now duringsimplify (aonE+ ), Step1 of Algorithm4.2will addao = h[> a0] ! a j : : : i toE+ andremoveao = h[> a0] !
a i from E+ . Henceby LemmaA.2.7, let simplify(ao nE+ ) = h`nd (t 0) ! a j : : : i andsimplify(`nd (t ) nE+ ) = `nd (t 0),
suchthat by LemmaA.2.5 simplify (t nE+ ) = t 0. However, since(Match) is not applicablein this casewe caninfer that
:9 t : a = t 2 E+ andthussimplify(a nE+ ) = a.

Now, by inductionhypothesis,let G0` eo : h`nd (t 0) ! a j : : : i andG0` ev : `nd (t 0). Hence,by (app)3, G0` eo ev : a.

(d) t o � ao andt v � av. Sameas5c.

6. (let) let x = e1 in e2.

By (let), G` inf e: t 2nE whereG` inf e1 : t 1nE andG` inf e2 [e1=x] : t 2nE.

Now, by inductionhypothesis,let simplify(t 1 nE) = t 0
1 andsimplify(t 2 nE) = t 0

2 suchthatG0` e1 : t 0
1 andG0` e2 [e1=x] : t 0

2. Hence
by (let ), G0` e : t 0

2.


