
The Spherical Laplacian

Skew-Symmetry of the Deriv ativ e Op erator

Given two di�eren tiable functions f ; g : [a; b] ! R, we can usethe product rule to get:

Z b

a
f 0(t)g(t) dt =

h
f (b)g(b) � f (a)g(a)

i
�

Z b

a
f (t)g0(t) dt:

Thus, if f (a) = f (b) = 0, if g(a) = g(b) = 0, or if f (a) = f (b) and g(a) = g(b) then the integral reducesto:

Z b

a
f 0(t)g(t) dt = �

Z b

a
f (t)g0(t) dt:

Parameterization

We assumea parameterization of the sphere,S2 =
�

p 2 R3
�
�kpk = 1

	
, in terms of anglesof zenith, � 2 [0; � ],

and azimuth � 2 [0; 2� ):
�( � ; � ) = (sin � cos�; sin � sin �; cos� ) :

Inner-Pro ducts

Given the parameterization �, the inner-product of two functions f ; g : S2 ! R is de�ned as:

hf ; gi =
Z �

0

Z 2�

0
f (� ; � )g(� ; � ) sin � d� d� :

Laplacians

Given a function f : S2 ! R, the Laplacian of f is de�ned as:

� f =
1

sin �
@
@�

�
sin �

@f
@�

�
+

1

sin2 �

@2f
@� 2 :

Laplacians and Inner-Pro ducts

Given two functions f ; g : S2 ! R we can expressthe inner-product of the Laplacian of f with g as:

h� f ; gi =
Z �

0

Z 2�

0

�
g �

@
@�

�
sin �

@f
@�

�
+

h
g=sin�

i
�

@
@�

�
@f
@�

��
d� d� :

Since, for �xed � 0, the functions f (� 0; � ) and g(� 0; � )=sin(� 0) are periodic functions in � , with period 2� ,
we can bring over the partial-deriv ative with respect to � in the last term to get:

h� f ; gi =
Z �

0

Z 2�

0

�
g �

@
@�

�
sin �

@f
@�

�
�

@
@�

h
g=sin�

i
�

@f
@�

�
d� d� :
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Similarly, sincefor �xed � 0, the function sin � @f
@� (� ; � 0) is zero-valued at the end-points � = 0 and � = � , we

can bring over the partial-deriv ative with respect to � in the middle term to get:

h� f ; gi =
Z �

0

Z 2�

0

�
�

@g
@�

�
�
sin �

@f
@�

�
�

@
@�

h
g=sin�

i
�

@f
@�

�
d� d� :

Simplifying, the equation for the inner-product of the Laplacian of F with G reducesto:

h� f ; gi = �
Z �

0

Z 2�

0

�
sin �

@g
@�

@f
@�

+
1

sin�
@g
@�

@f
@�

�
d� d� : (1)

Discussion

1. Since our work will be considering �nite elements f (� ; � ) and g(� ; � ) that are separable, piecewise
polynomial functions, computing the inner-product of the Laplacian of f with g reducesto the problem
of computing de�nite integrals of the form P(� ) � sin � and Q(� )=sin � where P and Q are arbitrary
polynomials. The �rst integral can be computed in closedform using the identities:

Z
xn sinx dx = � xn cosx + n

Z
xn � 1 cosx dx

Z
xn cosx dx = xn sinx � n

Z
xn � 1 sinx dx:

The secondintegral will likely require approximation via discrete summation.

2. The advantage of Equation 1 is that it expressesthe inner-product of the Laplacian of f with g directly
from the partials of f . Sincethe derivativesof �nite elements canbe expressedasthe di�erence between
elements of one degreeless,the equation should give us the \ho ok" for de�ning the Poissonequation
when the constraints are given in terms of �nite di�erences.

3. Sincethe integral in Equation 1 may not be well-de�ned near the poles(where sin � goesto zero) care
must be taken in de�ning the elements whosesupport overlaps the poles. In particular, this motivates
a choiceof elements at the polesthat are strictly functions of � so that @f =@� will be zeroat the poles,
cancelingout the singularity.
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Spherical Finite Elemen ts

De�ning the Elemen ts

Notation : We denote by B 0(t) the rectangular function on the interval [� 0:5; 0:5]:

B 0(t) =
�

1 if jt j < 0:5
0 otherwise

We denoteby B d(t) the d-th order element, obtained by convolving the step function B 0 with itself d times:

B d(t) =
�

B 0(t)
� � d

which satis�es the derivative property:

d
dt

B d(t) = B d� 1(t + 1=2) � B d� 1(t � 1=2):

Sincewe work strictly with second-orderelements, we simplify the notation by setting B (t) � B 2(t), which
is a function compactly supported on the domain [� 1:5; 1:5]. For the second-orderelements, we also have
the nesting property allowing us to expressa coarserelement as the linear combination of �ner elements:

B (t) =
3X

k=0

� k B
�
2(t + 3=4 � k=2)

�
;

with weighting coe�cien ts (� 0; � 1; � 2; � 3) = 1
4 (1; 3; 3; 1).

Notation : GivenM ; N 2 Z, wede�ne the spaceof sphericalfunctions BM ;N asthe spanof the (M � 2)� N + 2
basis functions:

BM ;N = Span
�

bM ;N
0 (� ; � ); bM ;N

1;0 (� ; � ); : : : ; bM ;N
1;N � 1(� ; � ); : : : ; bM ;N

M � 2;0(� ; � ); : : : ; bM ;N
M � 2;M � 1(� ; � ); bM ;N

M � 1(� ; � )
	

:

For i 62f 0; M � 1g, the elements bM ;N
i;j are just the shifts and scalesof the second-orderelement to the center

of the (i; j )-th cell on the sphere:

bM ;N
i;j (� ; � ) = B

�
M
�

�
� �

�
M

(i + 1=2)
� �

� B
�

N
2�

�
� �

2�
N

(j + 1=2)
� �

;

and for the two \cap functions" we get elements that are rotationally symmetric about the z-axis:

bM ;N
0 (� ; � ) = B

�
M
�

�
� �

�
M

1=2
� �

+ B
�

M
�

�
� +

�
M

1=2
� �

bM ;N
M � 1(� ; � ) = B

�
M
�

�
(� � � ) �

�
M

1=2
� �

+ B
�

M
�

�
(� � � ) +

�
M

1=2
� �

:

De�ning the Prolongation Op erator

Using the the nesting property of the 1D elements, we can expressthe elements at resolution M � N as
linear combinations of elements at resolution 2M � 2N :

bM ;N
i;j (� ; � ) =

3X

k ;l =0

� k � l b
2M ;2N
2i + k � 1;2j + l � 1(� ; � )
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bM ;N
0 (� ; � ) = b2M ;2N

0 (� ; � ) +
3
4

2N � 1X

j =0

b2M ;2N
1;j (� ; � ) +

1
4

2N � 1X

j =0

b2M ;2N
2;j (� ; � )

bM ;N
M � 1(� ; � ) = b2M ;2N

2M � 1 (� ; � ) +
3
4

2N � 1X

j =0

b2M ;2N
2M � 2;j (� ; � ) +

1
4

2N � 1X

j =0

b2M ;2N
2M � 3;j (� ; � ):

Note that since for \in terior functions" we have i 62f 0; M � 1g, this implies that 2i+ k� 1 62f 0; 2M � 1g and
hencethe \in terior" function bM ;N

i;j at resolution M � N is expressedas the linear combination of \in terior
functions" at resolution 2M � 2N .
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Finite Di�erences

Given a spherical function g, expressedas the linear combination of elements at resolution M � N :

g(� ; � ) = g0b0(� ; � ) + gM � 1bM � 1(� ; � ) +
M � 2X

i =1

N � 1X

j =0

gi;j bi;j (� ; � );

we can expressthe partial derivativesof g as:

@
@�

g(� ; � ) =
M
�

"
M � 1X

i =1

(gi;j � gi � 1;j )B 1
�

M
�

�
� �

�
M

i
� � # 2

4
N � 1X

j =0

B 2
�

N
2�

�
� �

2�
N

(j + 1=2)
� �

3

5

@
@�

g(� ; � ) =
N
2�

"
M � 2X

i =1

B 2
�

M
�

�
� �

�
M

(i + 1=2)
� � #

�

2

4
N � 1X

j =0

(gi;j � gi;j � 1)B 1
�

N
2�

�
� �

2�
N

j
��

3

5

where for simplicit y of notation, we set:

g0;j � g0; gM � 1;j � gM � 1; and gi;j + N � gi;j :

Thus, if we are given the �nite di�erences of the function g, we can treat thesevaluesas the coe�cien ts for
the mixed-degreeelements whoselinear combination givesthe partial derivativesof g.
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Exp erimen tal Results

Figure 1: Parameterizations of the unit spherewith:
Left : The zenith-/azim uth-angle parameterization.
Cen ter : The TOAST parameterization with no subdivision.
Righ t : The TOAST parameterization with �v e levels of subdivision.

To evaluate our method, we comparedthe solutions to the Poissonequation using the zenith-/azim uth-
angle parameterization with two di�eren t solutions obtained using the TOAST parameterization. The �rst
TOAST parameterization is the standard parameterization, de�ning a bijective mapping from the domain
[0; 4]� [0; 1] to the unit-sphere (modulo boundary tric kery). The secondparameterization is obtained by using
the periodicit y properties of the TOAST parameterization to obtain a mapping of the domain [0; 4] � [0; 4]
which is a four-fold covering of the unit sphereand has toroidal symmetry. (The triangulation resulting from
the zenith/azim uth and TOAST parameterizationsare shown in Figure .) To comparethe parameterizations,
we usedthe fact that sphericalharmonicsat frequencyl are the eigenvectorsof the sphericalLaplacian, with
eigenvalues � l � (l + 1) so if our input constraints are the spherical harmonics, we know what the expected
solution valuesshould be.

More speci�cally , for the threeparameterizationswe compute:

1. h: The vector of samplevalues,with hi equal to value of the spherical harmonic at vertex i ,

2. D : The dot-product matrix, with D ij equal to the dot product of the i -th basiselement with the j -th
basiselement, and

3. L : The Laplacian matrix, with L ij equal to the dot product of the Laplacian of the i -th basiselement
with the j -th basiselement.

Using these,we can compute the vector of solutions values,g by computing the dot-product constraints,
and solving the Laplacian:

g = L � 1Dh:

(For full correctness,we should also incorporate the sampling matrix, to transition between sample values
and coe�cien ts, but in previous experiments we had found that it is reasonablesafeto just interpret sample
valuesas coe�cien ts.)
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Zenith/Azim uth TO AST Redundant TO AST
Solver Error Harmonic Error Solver Error Harmonic Error Solver Error Harmonic Error

Freq. k = 1 k = 5 k = 1 k = 5 k = 1 k = 5 k = 1 k = 5 k = 1 k = 5 k = 1 k = 5
1 4�10 � 3 2�10 � 3 0.033 0.010 5�10 � 4 2�10 � 5 0.306 0.306 1�10 � 4 8�10 � 6 0.309 0.309
2 1�10

� 3 8�10
� 4 0.027 0.007 5�10

� 4 2�10
� 5 0.479 0.479 2�10

� 4 9�10
� 6 0.482 0.482

3 1�10
� 3 6�10

� 4 0.046 0.011 4�10
� 4 2�10

� 5 0.652 0.652 2�10
� 4 8�10

� 6 0.655 0.655
4 9�10 � 4 5�10 � 4 0.046 0.011 5�10 � 4 2�10 � 4 0.461 0.463 3�10 � 4 2�10 � 4 0.460 0.484
5 8�10 � 4 4�10 � 4 0.068 0.017 4�10 � 4 1�10 � 5 1.168 1.167 2�10 � 4 7�10 � 6 1.174 1.173
6 8�10 � 4 3�10 � 4 0.049 0.013 4�10 � 4 1�10 � 5 0.634 0.633 2�10 � 4 8�10 � 6 0.636 0.636
7 7�10

� 4 4�10
� 4 0.075 0.023 4�10

� 4 1�10
� 5 0.591 0.588 2�10

� 4 6�10
� 6 0.590 0.589

Table 1: Solver and harmonic errors for the di�eren t parameterizations, at di�eren t frequenciesand with
di�eren t numbers of Gauss-Seidelupdates per level.

In our implementation, we sampled the unit sphereon a 256� 256 grid and solved using a multigrid
solver with oneand �v e Gauss-Seidelupdates at each resolution. A visualization of the experimental results
can be seenin Figure . The �gure highlights several important results. First, we seethat, the Laplacian
de�ned using the zenith/azim uth parameterization correctly solvesthe Poissonequation, return a spherical
function that is just a scalar multiple of the harmonic function acting as a constraints. We also seethat the
TOAST parameterization, that doesnot account for the changing area/orientation in the parameterization
doesnot return the correct solution, with noticeable seamsoccuring at the \folds" of the octahedron where
the orientation of the local frame changesdiscontinuously.

In addition to consideringthe visual appearanceof the reconstructed functions, we can also look at the
L2-error of the solution. In particular if ~f l is the solution obtained by solving the Poissonequation with
constraints given by an l-th frequencyharmonic f l : S2 ! R, we would like to compute two di�eren t errors:
First, since we are using a multigrid solver, we would like to measurethe accuracy of the solver, given by
the error

Esolver(f l ) =
kf l � � ~f l k

kf l k
:

Second,we would like to measurehow closethe computed solution to the true solution:

Eharmonic(f l ) =
kf l + l � (l + 1) ~f l k

kf l k
:

Table 1 shows these errors for the di�eren t parameterizations, for multigrid solvers with k = 1 and k = 5
updates per level. The table further corroborates the visual results we had seenpreviously. For all the
parameterizations,we �nd that the multigrid solver convergese�cien tly and hencethe failure of the TOAST
parameterizations to return the scaled harmonic is likely due to the incorrect formulation of the Poisson
equation, and not the solver itself.

Note : The previous error problem has beenresolved, so that now solutions error are not quite assmall,
and correspond more reasonablyto harmonic errors.
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Figure 2: These are the old images and should be replaced with images from the up dated solv er.
Top Row: The Laplacian constraints, corresponding to harmonics at frequencies1, 2, 3, and 4. Second
Row: The solutions obtained using the zenith/azim uth parameterization. Third Row: The solutions ob-
tained using the bijective TOAST parameterization. Bottom Row: The solutions obtained using the 4-fold
covering TOAST parameterization.
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Finite Elemen ts In terpretation

For both the TOAST and the zenith/azim uth parameterization, we can formulate what is going on in terms
of the Galerkin method. In both situations we have the following set-up:

1. We have the spaceof real-valued functions on the sphere,which we denote F .
(For all f 2 F and all p 2 S2 we have f (p) 2 R.)

2. We have the spaceof vector-�elds on the sphere,which we denote ~V.
(For all ~V 2 ~V and all p 2 S2 we have ~V (p) 2 TpS2.)

3. We have a linear operator G that takesa function on the sphereand returns a vector-�eld, G : F ! ~V.

4. And �nally , we have a �nite set of functions f 1; : : : f n 2 F spanning a sub-spaceof functions.

Given this set-up, the challengeaddressedusing both parameterizations can be stated as follows:

Given a vector �eld ~V 2 ~V, �nd the spherical function f (p) =
P

� j f j (p), minimizing:

kG(f ) � ~V k2:

Using the Galerkin method, the coe�cien ts � t = f � 1; : : : ; � n g minimizing the normed-di�erence are precisely
those satisfying the system M � = v where the matrix M and the constraint vector v are de�ned by:

M ij = hG(f i ); G(f j )i and vj = h~V ; G(f j )i :

In terms of the TOAST parameterization, there are two separateproblems. First, the operator G need
not the gradient operator (as it takesderivativesin the parameter domain, rather than over the sphere)and
second,the inner-products are computed by integrating over the parameter domain, not over the sphere.

To get a better senseof how these two problems interact, and why this problem does not arrise in the
zenith/azim uth parameterization, we need to review a bit of di�eren tial geometry, focusing on how we can
transition functions, gradient �elds, and metrics from a manfold to a parameterization domain and back.
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Di�eren tial Geometry

Pull-Bac ks and Push-F orw ards

Given a manifold M � R3 and given a parametrization of the manifold � : D ! M , where D � R2 is the
parameterization domain, the pull back � � is a map that takesfunctions de�ned over M to functions de�ned
over D . Speci�cally , given F : M ! R, the pull-back of F is de�ned through composition as:

� � F � F � � :

Using the parameterization �, we can integrate functions over M by integrating the pull-back over D
with the appropriate changeof variables term:

Z

M
F (p)dp =

Z

D
(� � F )(q)jd� jdq

where jd� j is the area term, computed as the length of the cross-product:

jd� j =

�
�
�
�
@�
@x

�
@�
@y

�
�
�
� :

We can also de�ne the push-forward � � that maps vectors in the tangent spaceTqD to vectors in the
tangent spaceT�( q) M , where the push-forward of the tangent vector ~v acts on a function F : M ! R by
di�eren tiation of the pull-back:

(� � ~v) F � ~v (� � F ) :

If we think of the tangent spaceof T�( q) M as the sub-spaceof R3 spannedby the vectors tangent to M at
�( q), the mapping from TqD to T�( q) M can be expressedas:

� �

�
� 1

@
@x

+ � 2
@
@y

�
= � 1

@�
@x

+ � 2
@�
@y

:

Finally, we canpull-back the metric on M , de�ned by its embedding in R3, to a metric on D. Speci�cally ,
given vectors~v; ~w 2 TqD, we de�ne the pull-back of the inner-product on TqD to be:

h~v; ~wi � � h� � ~v; � � ~wi :

If we choosea basis for TqD, de�ning the pull-back metric is equivalent to de�ning a symmetric, positive
de�nite, matrix Q such that ~vt Q ~w = h� � ~v; � � ~wi . And, for the canonical basis (@=@x; @=@y), the metric
tensor Q takesthe form:

Q =

0

@



@�
@x ; @�

@x

� D
@�
@x ; @�

@y

E

D
@�
@x ; @�

@y

E D
@�
@y ; @�

@y

E

1

A :

If we choosevector �elds ~V1 and ~V2 de�ning an orthonormal frame on M then relative to this frame, the
push-forward of the vector �eld can be represented by a 2 � 2 matrix P whosecolumns are the coe�cien ts
of @� =@x and @� =@y relative to ~V1 and ~V2. Note that by construction, this implies that:

Q = P t P:
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Gradien ts

Given a function F : M ! R, we can de�ne the gradient of F by di�eren tiating in the ~V1 and ~V2 directions:

r M F =
�

~V1F
�

~V1 +
�

~V2F
�

~V2:

With a little bit of work, we can show that the coe�ecien ts of the tangent vector in TqD whose push-
forward is the evaluation of the gradient �eld r M F at �( q) can be computed by applying the inverseof
the symmetric, positive-de�nite matrix Q to the partial derivativesof the pull-back of F to D . Speci�cally ,
setting f = F � � we get:

� �

�
� 1

@
@x

+ � 2
@
@y

�
= r M F (q) where � = Q� 1r f :

Thus, given two functions F; G : M ! R, with pull-backs f = F � � and g = G � � on D, we can express
the gradient �elds of the two functions, relative to the basis f � � @=@x; � � @=@yg as

r M F = Q� 1r f and r M G = Q� 1r g:

Thus, the dot-product of the gradients of the two functions is:

hr M F; r M Gi = (r f )t (Qt )� 1QQ� 1r g = (r f )t Q� 1r g

and hencethe integral of the dot-products of the two vector �elds over all of M can be computed as:
Z

M
hr M F; r M Gi dp =

Z

D
(r f )t Q� 1r gjd� jdq:

Zenith/Azim uth Parameterization

In this parameterization, the mapping � from the domain D = [0; � ] � [0; 2� ) into S2 is given by:

�( � ; � ) = (sin � cos�; sin � sin �; cos� ):

Computing the derivatives,we get:

@�
@�

= (cos� cos�; cos� sin �; � sin � )

@�
@�

= (� sin � sin �; sin � cos�; 0)

jd� j = sin �

Q =
�

1 0
0 sin2 �

�

Thus, given two functions f (� ; � ) and g(� ; � ) the inner-product of the gradients, integrated over the entire
sphere,can be expressedas:

Z

S2
hr S2 f (p); r S2 g(p)i dp =

Z �

0

Z 2�

0

�
@f
@�

@f
@�

� �
sin � 0

0 1=sin�

� �
@g
@�

@g
@�

� t

d�d�

=
Z �

0

Z 2�

0

�
sin �

@f
@�

@g
@�

+
1

sin�
@f
@�

@g
@�

�
d�d�
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Which is the expressionthat we came up with in Equation 1. (The sign change is the typical one arising
when transitioning from the dot-product of the Laplacian of f with g to the dot product of the gradient of
f with the gradient of g.)

TO AST Parameterization

In the TOAST parameterization we are less careful, ignoring both the area term and the push-forward
operator, and evaluate the integrals simply by integrating the gradients, evaluated in the parameterization
domain: Z

D

�
@f
@x

@g
@x

+
@f
@y

@g
@y

�
dxdy:

The error of this estimation can be quanti�ed at each point by measuring the extent to which the matrix
Q� 1jd� j deviatesfrom the identit y matrix. One way to do this is by computing the eigenvaluesof the matrix
at each point in the parameterization domain and measuring their geometric mean and deviation. That is,
if � 1(q) and � 2(q) are the two eigenvaluesof Q� 1jd� j at q, we de�ne the error functions em and ed as:

em (q) =
p

� 1(q) � � 2(q) and ed(q) =
p

� 1(q)=� 2(q):

Regardlessof the parameterization domain D and the mapping �, the geometric mean will always be
equal to 1. (This is becauseQ = P t P and so the determinant of Q will be equal to the square of the
determinant of P. Sincethe determinant of P is the areaof the parallelogram de�ned by @� =@� and @� =@� ,
and since this also the value of jd� j everything comesout in the wash.) In contrast, Figure indicates that
using the TOAST parameterization will result in di�eren t types of distortions as we move closer to and
further from the four singular vertices.

Figure 3: These images should be up dated with the new, sub division, results.
Left : A visualization of the area term jd� j. Righ t : A visualization of the square-root of the ratios of the
eigenvaluesof Q.
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Zenith/Azim uth TOAST
R G B R G B

Earth 3�10
� 3 3�10

� 3 4�10
� 3 2�10

� 5 2�10
� 5 2�10

� 5

Moon 1�10
� 2 1�10

� 2 1�10
� 2 2�10

� 5 2�10
� 5 2�10

� 5

Jupiter 3�10
� 3 3�10

� 3 3�10
� 3 2�10

� 5 2�10
� 5 2�10

� 5

Venus 5�10
� 3 5�10

� 3 5�10
� 3 2�10

� 5 2�10
� 5 2�10

� 5

Mars 2�10
� 2 2�10

� 2 2�10
� 2 2�10

� 5 2�10
� 5 2�10

� 5

Table 2: Error for the zenith/azim uth and TOAST solutions in the RGB channelsfor the di�eren t stitching
examplesshown in Figure .

Stitc hing

To comparethe performanceof the two parameterizations in stitching applications, we took several texture
maps and generatedtwo stitching tiles by o�setting, scaling, and exponentiating pixels on one half of the
sphere. We then stitched together the gradient �elds, computed their divergence,and usedthe Poissonsolver
de�ned by the equirectangular and TOAST parameterizations to generatea seamlessimage.

The results of thesestitching applications can be seenin Figure and Table 2

1. Earth : One tile.

2. Mo on: Two tiles, o�set = (0:15; 0:15; 0:15).

3. Jupiter : Two tiles, scale= 0:8.

4. Venus: Two tiles, exponent = 1:6.

5. Mars : Eight tiles, o�set = (0:15; 0:15; 0:15), scale= 0:8, and exponent = 1:6.
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Figure 4: Resultsof running gradient domain stitching showing the stitched colors(left), the stitching results
obtained using the equirectangular parameterization (center), and the stitching results obtained using the
TOAST parameterization (right).
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Problems

One of the problems that becomesapparent when we consider the results of Table 1 and Table 2 is that the
convergenceof the equi-rectangular parameterization is slower than that of the TOAST parameterization.
It appearsthat the error creepsin primarily near the polar caps. (This could be due to fact that at the caps
very small elements abut a very large element. Or, it could be due to the fact that numerical approximation
of the integral with the cosecant becomesunstable near the capswhere the cosecant function has a pole.) A
visualization of this can be seenwhen we solve the Poissonequation given constraints de�ned by a �rst-order
harmonic, shown in Figure .

Figure 5: The solutions at resolutions 32� 32, 64� 64, 128� 128, and 256� 256 for a cascadicsolver using
k = 5 Gauss-Seideliterations to �nd the function whoseLaplacian is a �rst-order harmonic.

The �gure shows the results of a cascadicsolver at resolutions 32 � 32, 64 � 64, 128� 128, and 256�
256. Although the solver convergesto the correct solution with su�cien t iterations (an indication that the
Laplacian matrix is probably set up correctly) with only k = 5 Gauss-Seideliterations at each resolution,
the solution exhibits distinctiv e dimples near the poles.

It's possiblethat part of the problem is due to the fact that at the poles,any spherical function expressed

15



as the sum of the basiselements must have a zerogradient (since the partial derivativesof all basisfunctions
at the polesare zero). This would explain what we are seeingin the visualization wherethe sphericalfunction
wants to have constant value near the poles(corresponding to constant radius in the visualization) resulting
in the dimpling artifact.

What makesthis particularly troublesomeis that the problem seemsto occur directly at the prolongation
phase. This can be seenfor the previous example where we prolong the correct solution from a resolution
of 32� 32 to a solution at resolution 64 � 64 as shown in Figure . Despite the fact that the solution (left)
is correct at the lower resolution, the act of prolongation alone seemsto intro duce the dimpling artifacts
the higher resolution (center). With su�cien tly many iterations (k = 64) this dimpling artifact can be
removed (right), indicating that the basishas su�cien t resolution to represent the correct solution, but the
convergenceis slow. (So perhaps using an approach such as WEB-splines, where we change the function
basisbut not the spaceof functions they span, could work.)

Figure 6: Dimpling artifacts causedby the prolongation operation can be removed with su�cien tly many
relaxation iterations.

This slow convergencecan also be seenif we plot the coe�cien t of the north-p ole basis function, the
coe�cien t of oneof its 1-neighbors, and the coe�cient of oneof its 2-neighbors asa function of the number of
Gauss-Seideliterations. As Figure (left) indicates, though the coe�cien t of the north-p ole's basis function
remains nearly constant throughout the relaxations, the coe�cien t of the adjacent basis function converges
rather slowly. Sincefor theseexamplesit appearsthat the convergenceis monotonic, it is natural to consider
an SOR schemein which we \o vershoot" in the relaxation phase. Although this appearsto work in the above
example,asdemonstratedby the tighter convergenceplots in Figure (right), the performancewith successive
over-relaxation deteriorates for the mode complicated constraints in Figure .

So the question remains: Do we try to addressthe dimpling problem by re�ning the spaceof functions,
so that the prolongation gives a better solution than the one shown in Figure , or do we modify the basis
elements but keep the samespace? The motivation for the former would be that the prolongation of the
correct solution is more reasonable. The motivation for the latter is that, as Figure (right) indicates, the
spacehas su�cien t resolution to get us to the correct answer, it's just that we needto �nd a way to get to
it more e�cien tly .

Though ts : Is it possiblethat near the poles,the high-frequencyof the elements could result in the fact
that elements with large di�erences in � -index can still e�ect each other, and so it requires more relaxation
iterations to get the e�ects to propogate? Could this be solved by explicitly running multiple passeson these
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Figure 7: The coe�cien t values for the north-p ole basis function, the coe�cien t values for one of its 1-
neighbors, and the coe�cien t values for one of its 2-neighbors as a function of the number of Gauss-Seidel
relaxations. The plots on the left show convergencewithout successive over-relaxation, and the plots on
the right show the results with SOR, where the over-relaxation value was in the range [1.0,1.75]and was
determined by the area of under the basis function.

rows beforeproceedingon to the next rows? Alternativ ely, near the poles,can we use� functions with larger
supports to reducethe frequencyand allow the system to di�use further in a single iteration?
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Zenith/Azim uth TO AST Redundant TO AST
Solver Error Harmonic Error Solver Error Harmonic Error Solver Error Harmonic Error

Freq. k = 1 k = 5 k = 1 k = 5 k = 1 k = 5 k = 1 k = 5 k = 1 k = 5 k = 1 k = 5
1 1�10 � 3 2�10 � 4 0.022 0.006 5�10 � 4 2�10 � 5 0.306 0.306 1�10 � 4 8�10 � 6 0.309 0.309
2 6�10

� 4 6�10
� 5 0.013 0.002 5�10

� 4 2�10
� 5 0.479 0.479 2�10

� 4 9�10
� 6 0.482 0.482

3 5�10
� 4 4�10

� 5 0.022 0.003 4�10
� 4 2�10

� 5 0.652 0.652 2�10
� 4 8�10

� 6 0.655 0.655
4 5�10 � 4 3�10 � 5 0.020 0.002 5�10 � 4 2�10 � 4 0.461 0.463 3�10 � 4 2�10 � 4 0.460 0.484
5 5�10 � 4 2�10 � 5 0.029 0.003 4�10 � 4 1�10 � 5 1.168 1.167 2�10 � 4 7�10 � 6 1.174 1.173
6 5�10 � 4 2�10 � 5 0.022 0.002 4�10 � 4 1�10 � 5 0.634 0.633 2�10 � 4 8�10 � 6 0.636 0.636
7 4�10

� 4 2�10
� 5 0.019 0.003 4�10

� 4 1�10
� 5 0.591 0.588 2�10

� 4 6�10
� 6 0.590 0.589

Table 3: New solver and harmonic errors for the di�eren t parameterizations, at di�eren t frequenciesand
with di�eren t numbers of Gauss-Seidelupdates per level.

New Exp erimen tal Results

To addressthe problem discussedin the previous section, we modi�ed the solver usedin the zenith/azim uth
parameterization sothat near the polesit would modify the relaxation schemeto allow the solution to di�use
acrossa greater range of � indices. Speci�cally , in performing an iteration of the Gauss-Seidelsolver, on a
spheresampledat a resolution of M � N , with N = 2n , we update as follows:

1. We update the coe�cien t corresponding to the basis function bM ;N
0 once.

2. We update the coe�cien ts corresponding to the basis functions bM ;N
1;j N=2 times.

3. We update the coe�cien ts corresponding to the basis functions bM ;N
2;j N=4 times.

4. � � �

5. We update the coe�cien ts corresponding to the basis functions bM ;N
n � 1;j twice.

6. We update the coe�cien ts corresponding to the basis functions bM ;N
m;j with m 2 [n; M � n), onces.

7. We update the coe�cien ts corresponding to the basis functions bM ;N
M � n +1 ;j twice.

8. � � �

9. We update the coe�cien ts corresponding to the basis functions bM ;N
M � 2;j N=2 times.

10. We update the coe�cien t corresponding to the basis function bM ;N
M � 1 once.

This results in a modi�ed values for the Zenith-Azimuth errors previously shown in Table 1. The new
results are shown in Table 3.

Similarly, using the updated solver, weget modi�ed valuesfor the Zenith-Azimuth errors for the stitching
errors previously shown in Table 2. The new results are shown in Table 4.
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Zenith/Azim uth TOAST
R G B R G B

Earth 1�10
� 3 1�10

� 3 2�10
� 3 3�10

� 5 3�10
� 5 4�10

� 5

Moon 9�10
� 4 9�10

� 4 9�10
� 4 4�10

� 5 4�10
� 5 4�10

� 5

Jupiter 4�10
� 4 3�10

� 4 4�10
� 4 3�10

� 5 3�10
� 5 3�10

� 5

Venus 7�10
� 4 7�10

� 4 5�10
� 4 3�10

� 5 3�10
� 5 3�10

� 5

Mars 2�10
� 3 2�10

� 3 3�10
� 3 4�10

� 5 3�10
� 5 3�10

� 5

Table 4: New error for the zenith/azim uth and TOAST solutions in the RGB channels for the di�eren t
stitching examplesshown in Figure .
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An Adaptiv e Approac h

An alternate approach that we consider is to modulate the number of elements in each row of elevation so
that the elements are associated more-or-lessequal areas. Figure comparesthe traditional zenith-azimuth
parameterization of the spherewith the adaptive parameterization.

Speci�cally , to simulate the traditional zenith/azim uth parameterization sampledon an M � N grid, we
set the number of �nite elements in the m-th row to be equal to the smallest integer c such that:

2c � sin
�

m + 0:5
M

�
�

� N :

Thus, around the equator we still have the sameN elements per row, but as we get closer to the poles, the
number of elements diminishes.

This type of parameterization could be promising for two reasons.First, it should allow the solution to
di�use in a more well-behaved fashion near the poles. Second,it leveragesthe fact that near the poles we
are over-sampling in the � direction and usesthat to reducethe dimensionality of the system.

Figure 8: Parameterizations of the unit spherewith:
Left : The traditional zenith/azim uth parameterization.
Righ t : The modi�ed zenith/azim uth parameterization where the number of elements in a row of elevation
is adapted to the surfaceof the row.

Using this new parameterization, we re-ran both the spherical harmonics experiments and the stitching
experiments. The results of these can be seen in Tables 5 and 7 respectively. Examining these tables,
several patterns appear to emerge.First, the adaptive Zenith-Azimuth appears to consistently give slightly
better harmonic errors. Second,the adaptive parameterization appearsto do noticeably worsewith just one
relaxation step, but tightens the gap asmore relaxation stepsare used. Finally, for the stitching experiments,
it seemsthat the adaptive approach seemsto slightly outperform the regular one.
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Zenith/Azim uth TO AST Adaptiv e Zenith/Azim uth
Solver Error Harmonic Error Solver Error Harmonic Error Solver Error Harmonic Error

Freq. k = 1 k = 5 k = 1 k = 5 k = 1 k = 5 k = 1 k = 5 k = 1 k = 5 k = 1 k = 5
1 1�10 � 3 2�10 � 4 0.022 0.006 5�10 � 4 2�10 � 5 0.306 0.306 3�10 � 3 2�10 � 4 0.019 0.005
2 6�10

� 4 6�10
� 5 0.013 0.002 5�10

� 4 2�10
� 5 0.479 0.479 1�10

� 3 8�10
� 5 0.010 0.002

3 5�10
� 4 4�10

� 5 0.022 0.003 4�10
� 4 2�10

� 5 0.652 0.652 8�10
� 4 5�10

� 5 0.019 0.003
4 5�10 � 4 3�10 � 5 0.020 0.002 5�10 � 4 2�10 � 4 0.461 0.463 8�10 � 4 4�10 � 5 0.018 0.002
5 5�10 � 4 2�10 � 5 0.029 0.003 4�10 � 4 1�10 � 5 1.168 1.167 7�10 � 4 3�10 � 5 0.026 0.002
6 5�10 � 4 2�10 � 5 0.022 0.002 4�10 � 4 1�10 � 5 0.634 0.633 7�10 � 4 3�10 � 5 0.022 0.001
7 4�10

� 4 2�10
� 5 0.019 0.003 4�10

� 4 1�10
� 5 0.591 0.588 6�10

� 4 2�10
� 5 0.019 0.002

Table 5: Solver and harmonic errors for the di�eren t parameterizations, at di�eren t frequenciesand with
di�eren t numbers of Gauss-Seidelupdates per level.

Zenith/Azim uth TOAST Adaptiv e Zenith/Azim uth
R G B R G B R G B

Earth 1�10
� 4 1�10

� 4 2�10
� 4 3�10

� 5 4�10
� 5 4�10

� 5 8�10
� 5 7�10

� 5 6�10
� 5

Moon 2�10
� 4 2�10

� 4 2�10
� 4 4�10

� 5 4�10
� 5 4�10

� 5 6�10
� 5 6�10

� 5 6�10
� 5

Jupiter 8�10
� 5 7�10

� 5 7�10
� 5 3�10

� 5 3�10
� 5 3�10

� 5 1�10
� 4 1�10

� 4 1�10
� 4

Venus 1�10
� 4 1�10

� 4 2�10
� 4 3�10

� 5 3�10
� 5 3�10

� 5 9�10
� 5 1�10

� 4 1�10
� 4

Mars 4�10
� 4 5�10

� 4 5�10
� 4 3�10

� 5 3�10
� 5 4�10

� 5 9�10
� 5 8�10

� 5 7�10
� 5

Table 6: Errors for the zenith/azim uth and TOAST solutions in the RGB channelsfor the di�eren t stitching
examplesshown in Figure . In this experiment, the number of iterations to k = 5.

Finally, to comparethe two di�eren t spherical parameterizations, we can also run the solvers for a large
number of iterations and then measurethe di�erence (RMS and max) between the computed solution and
the \ground-truth". One thing to keep in mind when comparing these results is that at leat part of the
reason that the adaptive approach may have a lower maximum error is due to the fact that it e�ectiv ely
performs smoothing of the gradient �eld's divergencenear the poles, precisely the area where the regular
parameterization seemsto have the most trouble.
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Zenith/Azim uth Adaptiv e Zenith/Azim uth
R G B R G B

Earth 3�10
� 4 / 3�10

� 3 2�10
� 4 / 1�10

� 3 2�10
� 4 / 1�10

� 3 3�10
� 4 / 1�10

� 3 2�10
� 4 / 9�10

� 4 2�10
� 4 / 8�10

� 4

Moon 4�10
� 4 / 2�10

� 2 4�10
� 4 / 2�10

� 2 4�10
� 4 / 2�10

� 2 5�10
� 9 / 4�10

� 4 5�10
� 9 / 4�10

� 4 9�10
� 5 / 4�10

� 4

Jupiter 4�10
� 5 / 1�10

� 3 6�10
� 5 / 1�10

� 3 6�10
� 5 / 1�10

� 3 4�10
� 5 / 4�10

� 4 5�10
� 5 / 7�10

� 4 6�10
� 5 / 8�10

� 4

Venus 9�10
� 5 / 1�10

� 3 8�10
� 5 / 1�10

� 3 3�10
� 5 / 4�10

� 3 1�10
� 4 / 4�10

� 4 1�10
� 4 / 4�10

� 4 3�10
� 5 / 2�10

� 4

Mars 5�10
� 4 / 1�10

� 2 5�10
� 4 / 2�10

� 2 5�10
� 4 / 1�10

� 2 4�10
� 4 / 7�10

� 4 8�10
� 5 / 5�10

� 4 8�10
� 5 / 5�10

� 4

Table 7: Errors for the zenith/azim uth and TOAST solutions in the RGB channelsfor the di�eren t stitching
examplesshown in Figure . In this experiment, the number of iterations to k = 5.
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