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Duality

Definition:

Given a point p = (a, 8) In the plane, define the
dual line to be the (non-vertical) line with equation:

p* ={(x,y)|ly = 2ax — B}

Given a (non-vertical) line L = {(x,y)|y = mx + b},
define the dual point to be the point with

—
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Duality

Properties:

Given a point p and lines L, L, and L,:

e (p")"=pand (L) =L

e peLIff. " €p™.

e pELNL,Iff. L7,L5 €p”.

e [ Is below/above p iff. L* Is above/below p*.

e pison the parabola y = x? iff. p* is tangent to
the parabola at p.
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Duality

Properties:

 Givenapointp = (a,B):

o The slope of p* Is the slope of the tangent to the

parabola at (a, a?).

o p* passes through the point (a, a? + (a® — ,3))

D NZ

<
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Linear Programming

Goal:

Given a set of linear constraints:

C; = {pl{p,n;) = d;}
and a linear energy function:

E(p) =(p,n)+d

we would like to find the point p that satisfies the
constraints and minimizes the energy.
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Linear Programming

Approach:
o Since the constraints are linear, each one defines a
half-space of valid solutions.
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Linear Programming

Approach:
o Since the constraints are linear, each one defines a
half-space of valid solutions.

o The Intersection of these
half-spaces is convex.

o Since the energy is
linear, it has a constant
gradient VE pointing
away from the minimum.

o The minimizer is the point
In the convex region which
IS extreme along
direction VE.
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Linear Programming

Approach:
o Since the constraints are linear, each one defines a
half-space of valid solutions.
o The intersection of these ﬂ
| ‘
away from the minimum.
o The minimizer is the point

half-spaces Is convex.
o Since the energy is

In the convex region which
IS extreme along

linear, it has a constant
gradient VE pointing
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Half-Spaces and Convex Hulls (2D) #&

Notation:

Given a set of points, P = {p4, ..., pn }:
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Half-Spaces and Convex Hulls (2D) (#

Notation:

Given a set of points, P = {p4, ..., pn }:
o Denote the convex hull of the points as: H(P)
o Denote the upper hull of the points as: U(P)




Half-Spaces and Convex Hulls (2D) %

Notation:

Given a set of points, P = {p4, ..., pn }:
o Denote the convex hull of the points as: H(P)
o Denote the upper hull of the points as: U(P)
o Denote the lower hull of the points as: L(P)
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Half-Spaces and Convex Hulls (2D)

Goal:

Given a set of half-spaces, represented by directed
lines {L,, ..., L,,} compute the convex hull, 7,
corresponding to the boundary of their intersection.
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Half-Spaces and Convex Hulls (2D) #5"

Approach:

Consider the upper/lower hulls, U/L, iIndependently.

o For the upper (resp. lower) part, assume all line
segments have (0, —o0) (resp. (0, «)) to their left.
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Half-Spaces and Convex Hulls (2D) ‘#"

Approach:

Consider the upper/lower hulls, U/L, iIndependently.

An edge e c U Is the set of points on a line that are below
all the other lines:
eclL; and Below(v,L,)Vk+#i,vEe




Approach:

Consider the upper/lower hulls, U/L, iIndependently.
An edge e c U Is the set of points on a line that are below
all the other lines:

eclL; and Below(v,L,)Vk+#i,vEe

Dually:
L; ev*® and Below(L,,v)Vk #i,vEe
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Approach:

Consider the upper/lower hulls, U/L, iIndependently.

An edge e c U Is the set of points on a line that are below
all the other lines:

eclL; and Below(v,L,)Vk+#i,vEe
Dually:
L; ev*® and Below(L,,v)Vk #i,vEe

< Lines v*, with v € e, pass through L; and have all
other {L}, ..., L},} below.
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Approach:

Consider the upper/lower hulls, ‘U/L, independently.
An edge e c U Is the set of points on a line that are below
all the other lines:

eclL; and Below(v,L,)Vk+#i,vEe
Dually:
L; ev*® and Below(L,,v)Vk #i,vEe
< Lines v*, with v € e, pass through L; and have all
other {L3, ..., L, } below.

< L is a vertex of:
U* = ULy, ..., Ly)
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Approach:

Consider the upper/lower hulls, U/L, iIndependently.
An edge e c U Is the set of points on a line that are below
all the other lines:

eclL; and Below(v,L,)Vk+#i,vEe

Dually:
L; ev*® and Below(L,,v)Vk #i,vEe

L; L:
S
L; L
Ly L




Approach:

Consider the upper/lower hulls, U/L, iIndependently.

A vertex v € U lies on the intersection of two lines and Is
below all the other lines:
veL;NL; and Below(v,Ly)Vk #1i,j
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Approach:

Consider the upper/lower hulls, U/L, iIndependently.

A vertex v € U lies on the intersection of two lines and Is
below all the other lines:
veL;NL; and Below(v,Ly)Vk #1i,j

Dually:

L’{,L}f e v* and Below(L,,v*)Vk #1,j
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Approach:

Consider the upper/lower hulls, U/L, iIndependently.

A vertex v € U lies on the intersection of two lines and iIs
below all the other lines:

veL;NL; and Below(v,Ly)Vk #1i,j

Dually:
L’{,L}f e v* and Below(L,,v*)Vk #1,j

< The line segment L;L; has all other {L3, ..., L} below.

L6 L5 L4‘
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Approach:

Consider the upper/lower hulls, U/L, iIndependently.

A vertex v € U lies on the intersection of two lines and Is
below all the other lines:
veL;NL; and Below(v,Ly)Vk #1i,j

Dually:
L;,L; € v* and Below(Ly,v*)Vk #1,j

L™
< The line segment L;L; has all other {L3, ..., L} below.

L6 L5

< L;L; Is an edge of
U* =U0(L3, ..., L)




Approach:

Consider the upper/lower hulls, U/L, iIndependently.

A vertex v € U lies on the intersection of two lines and Is
below all the other lines:
veL;NL; and Below(v,Ly)Vk #1i,j

Dually:

L’{,L}f e v* and Below(L,,v*)Vk #1,j

Ly L3Ls




Half-Spaces and Convex Hulls (2D) %
Implementation: |

UpperHull( {Ly, ..., Ly} )
o {v1, ..., Un} < UpperHull( {L3, ..., L3} )
o return {v;, ..., v;}

This gives the lines in the (CCW) order in which they
appear on the intersection of half-spaces.




Half-Spaces and Convex Hulls (2D) %
Implementation: |

UPPZI"HU”( {L1; ey Ln} )
o {v1, ..., Un} < UpperHull( {L3, ..., L3} )
o return {v;, ..., v;}

LowerHull( {L{,...,L,})
o {Vq, ..,V } < LowerHull( {L3, ..., L3} )
o return {vy, ..., vy}
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Half-Spaces and Convex Hulls (2D) #

Implementation:

UpperHull( {Ly, ..., L,})
o {v1, ..., Un} < UpperHull( {L3, ..., L3} )
o return {v;, ..., v;}

LowerHull( {Ly, ...,L,})
o {Vq, ..., Vy} < LowerHull( {L}, ..., L7} )
o return {vy, ..., v}

Taking the intersection
(in linear time), we get
the convex hull.

\_




-

Half-Spaces and Convex Hulls (2D)

Implementation:

(in linear time), we get
the convex hull.

g
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Half-Spaces and Convex Hulls

Writing p € R®" = R*"! x R as:
p — (a1; ---;an—l;ﬁ) — (C_{)':B)

we can define duality in n-dimensional space.
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Half-Spaces and Convex Hulls

Writing p € R®" = R*"! x R as:
P = (a1; "'ian—l'ﬁ) — (C_f'ﬁ)

we can define duality in n-dimensional space.

Given a point p = (a, 8), define the dual hyper-
plane to be the (non-vertical) plane:

p* ={(X,y) e R" 1 x R|y = 2(¥, &) — B}
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Half-Spaces and Convex Hulls

Writing p € R®" = R*"! x R as:
P = (a1; "'Jan—liﬁ) — (C_f'ﬁ)

we can define duality in n-dimensional space.

-

Given a point p = (a, 8), define the dual hyper-
plane to be the (non-vertical) plane:

p* ={(X,y) e R" 1 x R|y = 2(¥, &) — B}

Given a plane H = {(x,y)|y = (m, x) + b}, define the

dual point to be the point with coordinates:

T
_ \2, 7

J
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Half-Spaces and Convex Hulls

Writing p € R® = R*"1 x R as:

dual point to be the point with coordinates:

m
i = (2, )
N 2’ Y,
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Half-Spaces and Convex Hulls

In 3D:

Let {H,, ..., H,,,} be oriented hyper-planes in R3 with
(0,0, —0) to the left and let U be the intersection of
the associate half-spaces.
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Half-Spaces and Convex Hulls

In 3D:

Let {H,, ..., H,,,} be oriented hyper-planes in R3 with
(0,0, —0) to the left and let U be the intersection of
the associate half-spaces.

{H;,H}, Hy} is a triangle of U{H], ..., Hy,})

)
H; n H; n Hy Is a vertex of U.

L ];
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Half-Spaces and Convex Hulls

In 3D:

Let {H,, ..., H,,,} be oriented hyper-planes in R3 with
(0,0, —0) to the left and let U be the intersection of
the associate half-spaces.

{H;,H} is an edge of U({H;, ..., Hm})
0

H; n H; contains an edge of U.
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Half-Spaces and Convex Hulls

In 3D:

Let {H,, ..., H,,,} be oriented hyper-planes in R3 with
(0,0, —0) to the left and let U be the intersection of
the associate half-spaces.

H; is a vertex of U{Hj, ..., Hp})
0

H; contains a face of U.
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Half-Spaces and Convex Hulls

More Generally:

Let {H,, ..., H,} be oriented hyper-planes in R" with
(0, ...,0,—00) to the left and let U be the intersection
of the associate half-spaces.
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Half-Spaces and Convex Hulls

More Generally:

Let {H,, ..., H,} be oriented hyper-planes in R" with
(0, ...,0,—00) to the left and let U be the intersection
of the associate half-spaces.

{Hg;, ...,H{‘k} s a k-simplex of U{HS, ..., H5))
0

N%; H;, contains one (n — d)-dimensional face of U.
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Convex Polygon Intersection

Notation:

Given a (directed) edge f = (a,b) we referto b as
the head of f.
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Convex Polygon Intersection

Notation:

Given a (directed) edge f = (a,b) we referto b as
the head of f.

Given edges e and f we say that e Is interior /
exterior to f if the head of e Is left / right of f.
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Convex Polygon Intersection

Notation:

Given a (directed) edge f = (a,b) we referto b as

the head of f.

Given edges e and f we say that e Is interior /

exterior to f if the head of e Is left / right of f.

Given edges e and f we say that e aims at f If

moving forward along e we intersect
the line containing f.




-

Convex Polygon Intersection

Given convex polygons P and @, find the
(convex) Intersection P N Q.
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Convex Polygon Intersection

Given convex polygons P and @, find the
(convex) Intersection P N Q.

Note that if dP and dQ intersect (non-
degenerately) there will be either two or four
points of intersection.
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Convex Polygon Intersection

Given convex polygons P and @, find the
(convex) Intersection P N Q.

Approach:

Find the intersections between dP and dQ
and track which polygon
IS Interior between
successive
crossings.
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Convex Polygon Intersection

“Simple” Algorithm:

Start with some edge e € 9P and f € 90Q.
Successively try:
1. Advance on e (resp. f) while it is exterior
2. Advance on e (resp. f) Ifitaims at f (resp. e)
3. Can’t happen
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Convex Polygon Intersection

1. Advance e (resp. f) while it Is exterior

If e IS exterior to f:
= The head of e Is to the right of f
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Convex Polygon Intersection
1. Advance e (resp. f) while it Is exterior

If e IS exterior to f:
= The head of e Is to the right of f
= The head of e Is outside of Q
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Convex Polygon Intersection
2. Advance on e (resp. f) If itaims at f (resp. é)

If e aims at f

o Approximate P by the line [, through e and
approximate the Q by the line I¢ through f.
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Convex Polygon Intersection o
2. Advance on e (resp. f) Ifitaims at f (resp. e)

If e aims at f:

o Approximate P by the line [, through e and
approximate the Q by the line I¢ through f.

o Advancing e Is approximated by moving
forward on .
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Convex Polygon Intersection
2. Advance on e (resp. f) Ifitaims at f (resp. e)

If e aims at f:

o Approximate P by the line [, through e and
approximate the Q by the line I¢ through f.

o Advancing e Is approximated by moving
forward on .

o This should bring
us closer to Q If
advancing along
le gets us to .

—
— -
—
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Convex Polygon Intersection

3. Can’t happen

e and f Interior and neither aims at the other:

Given e:
o The head of f must be to the left of e
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Convex Polygon Intersection
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Convex Polygon Intersection

3. Can’t happen

e and f Interior and neither aims at the other:

Given e:

o The head of f must be to the left of e
o f alms away from e

o The head of e
must be to the

eft of % ;
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Convex Polygon Intersection

3. Can’t happen

e and f Interior and neither aims at the other:

Given e:

o The head of f must be to the left of e
o f alms away from e

o The head of e \
must be to the \

left of f f
= eamsat f
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Convex Polygon Intersection

"Simple” Algorithm:

One can show that:

1. Once we iterate enough, one of the two edges
advances to an intersection.
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Convex Polygon Intersection

"Simple” Algorithm:

One can show that:
1. Once we iterate enough, one of the two edges
advances to an intersection.

2. The edge at the intersection either waits for
the other edge, or they meet up at one of the
next intersections.
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Convex Polygon Intersection

"Simple” Algorithm:

One can show that:
1. Once we iterate enough, one of the two edges
advances to an intersection.
2. The edge at the intersection either waits for
the other edge, or they meet up at one of the
next intersections.

3. Once they meet, they walk in lock step
through the subsequent crossings.
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Convex Polygon Intersection

"Simple” Algorithm:

One can show that:

1. Once we iterate enough, one of the two edges
advances to an intersection.

2. The edge at the intersection either waits for
the other edge, or they meet up at one of the
next intersections.

3. Once they meet, they walk in lock step
through the subsequent crossings.

All In linear time.
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Convex Polygon Intersection

"Simple” Algorithm:

One can show that:

1. Once we iterate enough, one of the two edges
advances to an intersection.

2. The edge at the intersection either waits for
the other edge, or they meet up at one of the
next intersections.

3. Once they meet, they walk in lock step
through the subsequent crossings.

All In linear time,

Animation Y,
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