Search and Intersection
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Segment-Triangle Intersection

Barycentric Coordinates:

Given points vy, ..., v, € R% (with n < d) a point p in
the (n — 1)-dimensional hyperplane passing
through the {v;} can be expressed as:

n n
pZEAi'vi with 122/11"
=1 =1
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Segment-Triangle Intersection

Barycentric Coordinates:

Given points vy, ..., v, € R% (withn — 1 < d) a point
p In the (n — 1)-dimensional hyperplane passing
through the {v;} can be expressed as:

n n
p=z/1ivi with 1=Z}{i.
i=1 1=1

The point p is In the convex hull of the points if 4; >
Oforalll<i<n.
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Segment-Triangle Intersection

Barycentric Coordinates:

If a point p Is on the plane passing through the {v;}
we can get the barycentric coordinates of p by
solving the (over-constrained) n X d linear system:

N
AN =p o Lo = ¢
v]C-l PRras UTCLZ An pd
1 1 1 1
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Segment-Triangle Intersection

Barycentric Coordinates:

If a point p Is on the plane passing through the {v;}
we can get the barycentric coordinates of p by
solving the (over-constrained) n X d linear system:

v% co e v% Al pl
AN =p o S =
Vfl Vﬁl A, Pd
1 1 1 1

In general, the least-squares solution is given by
the solution to the normal equation:

(ATAA = ATp
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Segment-Triangle Intersection

Barycentric Coordinates:

If a point p Is on the plane passing through the {v;}
we can get the barycentric coordinates of p by
S

In general, the least-squares solution is given by
the solution to the normal equation:

(ATAA = ATp
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Point-Triangle Intersection

Barycentric Coordinates (n = 3):

U3

%1

For a point p with barycentric coordinates (14, 4,, A3):
 plisoutside the triangle if 4; < 0
* pisonanedgeif0<1; <1andoneofthe 4;is0

« pisonavertexif0 < A; <1 andtwo of the 4; are 0

¢ pisinsideif 0 < 4; < 1. y
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Barycentric Coordinates (n = 3):

U3

(1,-1,1)¢ 0,—, )

(%1

For a point p with barycentric coordinates (14, 4,, A3):
 plisoutside the triangle if 4; < 0
* pisonanedgeif0<1; <1andoneofthe 4;is0

« pisonavertexif0 < A; £1andtwo ofthe A; are 0

¢ pisinsideif 0 < 4; < 1. y
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Intersection

Given primitives A and B, we would like to
know if/how and where the primitives
Intersect.
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Intersection

Given primitives A and B, we would like to
know if/how and where the primitives
Intersect.

In general:

* Answering iIf/how can be done using
iInteger arithmetic.

* Answering where requires using floating

point precision (or at least rational

numbers).
N Y,




-
Segment-Segment Intersection

Given segments (p4, g;) and (p,, g,) in R?,
we would like to determine if/how and where
they intersect.

q1
P2




-
Segment-Segment Intersection

Points on pg can be expressed as:
dt)=p+t-(qg—p), t € [0,1].

q1
P2
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Segment-Segment Intersection

Points on pg can be expressed as:
®t)=p+t-(q—p)), t € [0,1].

The where question can be computed by first
intersecting the lines, solving:

pr +t1(q1 —p1) = p2 +t2(q2 — p2)

q1
P2

P1 ) j
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Segment-Segment Intersection

Points on pg can be expressed as:
®t)=p+t-(q—p)), t € [0,1].

The where question can be computed by first
intersecting the lines, solving:

pr +t1(q1 —p1) = p2 +t2(q2 — p2)

Rewriting, we get:
a1 —pP1 P2 —q2 (t1 _(pz —Dp7
b \py =Py
q> )




-
Segment-Segment Intersection

(tl) _ (qi“ -pf P} - q%) <p§ ~ pf)
o Qf—m}_] pg_q%’ p%’_pi/

The matrix i1s not invertible If the vectors

g, — p; and g, — p, are linearly dependent
(1.e. the segment directions are parallel).

Otherwise, If t; € [0,1] they Intersect.
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Segment-Segment Intersection

(tl) _ (Qf —pi P — CI%C) <p%c ) pf)
ty Qf—m}_] pg_q%/ p%’_pi,
The matrix Is not invertible If the vectors

g, — p; and g, — p, are linearly dependent
(1.e. the segment directions are parallel).

Otherwise, If t4,t, € [0,1] they Intersect.

p = p; + t1(q; — p1) gives the where.
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Segment-Segment Intersection
If/How:

()= 5 ()= a=eC
t,) \c d f]  ad —bc\—c
e Parallel ® ad — bc = 0.

o t1=0®de_bf=0

e t, =0 —ce+af =0.
e ty =1 de—bf =ad — bc.

e t, =1 —ce+af =ad — bc.

—b
a

)7

)
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Segment-Segment Intersection

If/How:

=0 ()=l DO
t,) \c d f] ad—=bc\-c a)\S
e Parallel ® ad — bc = 0.

o t1=0®de_bf=0

e t, =0 —ce+af =0.
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Parallel Intersection:

We have a parallel intersection If:
o The lines are parallel (ad — bc = 0)

And
o Points pq, g1, and p, are collinear

o Point p, is between g, and g,, or
o Point p, Is between g, and g,, or
o Point g, Iis between p,; and p,, or
o Point g, Iis between p; and p,.
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Segment-Segment Intersection

Parallel Intersection:

We have a parallel intersection If:
o The lines are parallel (ad — bc = 0)

o Points p4, g4, and p, are collinear

Point », IS between g; and
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* Primitive Intersection
o Segment-Segment (2D)
o Segment-Triangle (3D)
o Point-Polygon/Polyhedron (2D/3D)
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Segment-Triangle Intersection

Given a segment pg and a triangle Av,v,v5 in R3,
an intersection can be computed first intersecting
the line with the plane containing the triangle.
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Segment-Triangle Intersection

Given a segment pg and a triangle Av,v,v5 in R3,
an intersection can be computed first intersecting
the line with the plane containing the triangle.

The plane containing the triangle is:
m={p€ RB‘(p,n) —d = 0}
with normal n € R? and distance d € R to the origin:
n=w,—v)XWw;—vy) and d = (v, n)
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Segment-Triangle Intersection

Given a segment pg and a triangle Av,v,v5 in R3,
an intersection can be computed first intersecting
the line with the plane containing the triangle.

The plane containing the triangle is:
m={p€ R3‘(p,n) —d = 0}
with normal n € R? and distance d € R to the origin:
n=w,—v)XWw;—vy) and d = (v, n)

Note:

Representing requires twice the number of bits of
precision.
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Segment-Plane Intersection

Where:

The point of intersection is the solution to:
(p+tlq—p)n)—d=0,

or equivalently:
_ d—(p,n)
(g —p,n)

t




-
Segment-Plane Intersection

Where:

The point of intersection is the solution to:
(p+tlq—p)n)—d=0,

or equivalently:
_ d—(p,n)
(g —p,n)

There Is a solution if g — p and n are not
orthogonal < pqg Is not parallel to .

t
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Segment-Plane Intersection

Where:

The point of intersection is the solution to:
(p+tlq—p)n)—d=0,

or equivalently:
_ d—(p,n)
(g —p,n)

There Is a solution if g — p and n are not
orthogonal < pqg Is not parallel to .

t

_ Otherwise, If t € [0,1] they Intersect. y
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Segment-Plane Intersection

If/How:

_ d _<p:n>
(@ —p,n)

e Parallel ® (g —p,n) = 0.
o Inplanes d — (p,n) = 0.

t

e t=0d—(p,n)=0.
° t=1<:)d—(p,n)=(q—p,n).
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Segment-Plane Intersection
[f/How:

_ d — (p:n>
(@ —p,n)

e Parallel & (g — p,n) = 0.
o Inplanes d — (p,n) = 0.

t

e t=0d—-(p,n)=0.

e t=1d-—(p,n)=(—p,n).




-

Segment-Triangle Intersection

If/How:

Given the point of intersection of pg with the
plane i, we can use barycenctric coordinates

to test if the point of intersection is:

o On atriangle edge
o On atriangle vertex
o Inside the triangle
o Qutside the triangle
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Segment-Triangle Intersection

If/How:

Given the point of intersection of pg with the
plane i, we can use barycenctric coordinates

to test if the point of intersection Is:

o On atriangle edge
o On atriangle vertex
o Inside the triangle
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Segment-Triangle Intersection

After intersecting the segment with the plane, there
are two cases:

1. The segment intersects the plane containing the
triangle at one of the segment’s endpoints.

2. The segment intersects the plane containing the
triangle in the interior of the segment.

In either case we would like to answer the if/how of
segment-triangle intersection.
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Segment-Triangle Intersection
lf/How (Case 1):

Suppose we have a triangle Av,;v,v; in R3 and a
point p in the plane through the {v;}.

The barycentric coordinates of the point p w.r.t. the
{v;} are the same as the barycentric coordinates of
the projection p w.r.t. the projection of the {v;}, for
any projection that doesn’t “collapse” the triangle to
a line segment.
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Segment-Triangle Intersection
lf/How (Case 1):

Suppose we have a triangle Av;v,v; in R3 and a
point p in the plane through the {v;}.

The barycentric coordinates of the point p w.r.t. the
{v;} are the same as the barycentric coordinates of
the projection p w.r.t. the projection of the {v;}, for
any projection that doesn’t “collapse” the triangle to
a line segment.

That Is, as long as the direction of projection is not
perpendicular to the triangle’s normal.
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Segment-Triangle Intersection
lf/How (Case 1):

Suppose we have a triangle Av;v,v; in R3 and a
point p in the plane through the {v;}.

The barycentric coordinates of the point p w.r.t. the
{v;} are the same as the barycentric coordinates of
the projection p w.r.t. the projection of the {v;}, for
any projection that doesn’t “collapse” the triangle to
a line segment.

= We can reduce the problem of computing the
barycentric coordinates from 2D to 3D by
projecting out one of the coordinate axes.
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Segment-Triangle Intersection
lf/How (Case 1):

= If the segment intersects the plane at one of the
segment’s endpoints, we have reduced the 3D
segment-triangle if/how problem to the 2D point-
triangle if/how problem.
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Segment-Triangle Intersection
lf/How (Case 1):

= If the segment intersects the plane at one of the
segment’s endpoints, we have reduced the 3D
segment-triangle if/how problem to the 2D point-
triangle if/how problem.
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Point-Triangle Intersection (2D)

Barycentric Coordinates (Geometric):

Compute the ratio of the signed areas of the
Apv;v; ., With the signed area of Av,v,v;.
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Point-Triangle Intersection (2D)

Barycentric Coordinates (Geometric):

Compute the ratio of the signed areas of the
Apv;v; ., With the signed area of Av,v,v;.

_ Area(p, vy, ;)

a =
Area(vll U3, 773)
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Point-Triangle Intersection (2D)

Barycentric Coordinates (Geometric):

Compute the ratio of the signed areas of the
Apv;v; ., With the signed area of Av,v,v;.

Area(p,vq,v
_ (p, v1,v3) >0

a =
Area(vli U3, v3)

Area(p,v,,v
_ (p, vz, v3) >0

- Area(vli Uy, v3)
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Point-Triangle Intersection (2D)

Barycentric Coordinates (Geometric):

Compute the ratio of the signed areas of the
Apv;v; ., With the signed area of Av,v,v;.

Area(p, v, v
_ (D, v1,v2) >0

a =
Area(vll U3, 773)

Area(p,v,,v
_ (p, vz, v3) >0

~ Area(vy, vy, v3)
_ Area(p,v3,v;)

k V= Area(vli U3, U3)

<0
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Point-Triangle Intersection (2D)

Barycentric Coordinates (Geometric):

Compute the ratio of the signed areas of the
Apv;v; ., With the signed area of Av,v,v;.

Area(p, v, v
_ (p, v1,v;) >0

a =
Area(vli U3, v3)

Area(p,v,, v
_ (p, v2 3)>O

~ Area(vy, v,,v3)
_ Area(p,vs,v1)

\ r= Area(vll VU3, v3)

<0
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Point-Triangle Intersection (2D)

Areas:

We can test Iif there Is an intersection by looking at
the signs of the areas of the triangles made

between the point and the edges.
——+
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Point-Triangle Intersection (2D)

++ + —— -

++ — ——+
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Segment-Triangle Intersection

If/How (Case 2):

If the pq Intersects m properly, we can
classify the point of intersection by
considering the volumes of the three

tetrahedra.
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Segment-Triangle Intersection

If/How (Case 2):

If the pq Intersects m properly, we can
classify the point of intersection by
considering the volumes of the three

tetrahedra.

P v,
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Segment-Triangle Intersection
[f/How:

o If end-points are on the plane:
» Do point-triangle (2D) intersection
If interior of the edge crosses:
» Do segment-triangle (3D) intersection
If segment and plane are parallel
» ...
Otherwise
» No Intersection

o

o

(@)
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e Review

* Primitive Intersection
o Segment-Segment (2D)
o Segment-Triangle (3D)
o Point-Polygon/Polyhedron (2D/3D)
» Winding Number
» Parity Test
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Point-Polygon/Polyhedron

Winding Number:

Given a point p and a curve C In the plane,
we can compute the number of times the
curve winds around p.




Point-Polygon/Polyhedron

Winding Number:

Given a point p and a curve C In the plane,
we can compute the number of times the
curve winds around p.

ah
L/




Point-Polygon/Polyhedron

Winding Number:

Given a point p and a curve C In the plane,
we can compute the number of times the
curve winds around p.

A
N




Point-Polygon/Polyhedron

Winding Number:

Given a point p and a curve C In the plane,
we can compute the number of times the
curve winds around p.

N

-
N




Point-Polygon/Polyhedron

Winding Number:

Given a point p and a curve C In the plane,
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Point-Polygon/Polyhedron

Winding Number:

Given a point p and a curve C In the plane,
we can compute the number of times the
curve winds around p.
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Point-Polygon/Polyhedron

Winding Number:

Given a point p and a curve C In the plane,
we can compute the number of times the
curve winds around p.
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Point-Polygon/Polyhedron

Winding Number:

Given a point p and a curve C In the plane,
we can compute the number of times the
curve winds around p.
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Point-Polygon/Polyhedron

Winding Number:

Given a point p and a curve C In the plane,
we can compute the number of times the
curve winds around p.

/\ c
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Point-Polygon/Polyhedron

Winding Number:

Given a point p and a curve C In the plane,
we can compute the number of times the
curve winds around p.
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Point-Polygon/Polyhedron

Winding Number:

Given a point p and a curve C In the plane,
we can compute the number of times the
curve winds around p.
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Point-Polygon/Polyhedron

Winding Number:

Given a point p and a curve C In the plane,
we can compute the number of times the
curve winds around p.
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Point-Polygon/Polyhedron

Winding Number:

Given a point p and a curve C In the plane,
we can compute the number of times the
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Point-Polygon/Polyhedron

Winding Number:

Given a point p and a curve C In the plane,
we can compute the number of times the
curve winds around p.
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Point-Polygon/Polyhedron

Winding Number:

Given a point p and a curve C In the plane,
we can compute the number of times the
curve winds around p.
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Point-Polygon/Polyhedron
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Point-Polygon/Polyhedron

Winding Number:
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Point-Polygon/Polyhedron

Winding Number:
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Point-Polygon/Polyhedron

Winding Number:
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Point-Polygon/Polyhedron

Winding Number:

Given a point p and a curve C In the plane,
we can compute the number of times the
curve winds around p.
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Point-Polygon/Polyhedron

Winding Number:

Given a point p and a curve C In the plane,
we can compute the number of times the
curve winds around p.
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Point-Polygon/Polyhedron

Winding Number:

Given a point p and a curve C In the plane,
we can compute the number of times the
curve winds around p.

N
L/




Point-Polygon/Polyhedron

Winding Number:

Given a point p and a curve C In the plane,
we can compute the number of times the
curve winds around p.

O
N
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Point-Polygon/Polyhedron

Winding Number:

Given a point p and a curve C In the plane,
we can compute the number of times the
curve winds around p.

(1
J
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Point-Polygon/Polyhedron
Winding Number:

Given a point p and a curve C In the plane,
we can compute the number of times the
curve winds around p.

A point is interior If Its
winding number Is
odd/one.
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Point-Polygon/Polyhedron
Winding Number:

Given a point p and a curve C In the plane,
we can compute the number of times the
curve winds around p.

A point is interior If Its
winding number Is
odd/one.
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Point-Polygon/Polyhedron

Parity Test:

Given a point p and a curve C In the plane,
we can compute the number of times a ray
emanating from p crosses the curve.
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Point-Polygon/Polyhedron

Parity Test:

Given a point p and a curve C In the plane,
we can compute the number of times a ray
emanating from p crosses the curve.

A point is interior If the

number of crossings
IS odd.
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Point-Polygon/Polyhedron
Parity Test:

When the curve Is a polygon, we can test
using, e.g. a ray directed along the positive x-
axis, and test for intersection with edges.
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Point-Polygon/Polyhedron

Parity Test:

When the curve Is a polygon, we can test
using, e.g. a ray directed along the positive x-
axis, and test for intersection with edges.

What happens if the
intersection Is
degenerate?

(We cannot use the
parity of the count of
_ connected components.)
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Point-Polygon/Polyhedron

Parity Test:

When the curve Is a polygon, we can test
using, e.g. a ray directed along the positive x-
axis, and test for intersection with edges.

What happens if the
intersection Is
degenerate?

(We cannot use the
parity of the count of
_ connected components.)
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Point-Polygon/Polyhedron

Parity Test:

When the curve Is a polygon, we can test
using, e.g. a ray directed along the positive x-
axis, and test for intersection with edges.

What happens if the
intersection Is
degenerate?

(We cannot use the
parity of the count of
_ connected components.)




-
Point-Polygon/Polyhedron

Parity Test (Avoid Degeneracies):

o Test for degeneracies, and if encountered, cast a
different ray in some other (random) direction.

o With high likelihood, that ray won’t be degenerate.

o Otherwise, cast again.




-
Point-Polygon/Polyhedron

Parity Test (Avoid Degeneracies):

o Test for degeneracies, and if encountered, cast a
different ray in some other (random) direction.

o With high likelihood, that ray won’t be degenerate.

o Otherwise, cast again.
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Point-Polygon/Polyhedron

Parity Test (Handle Degeneracies):

* Define a ray-edge intersection if the ray
Intersects and one of the end-points is above.

(Equivalent to shifting the ray up by a tiny amount.)




[

Point-Polygon/Polyhedron

Parity Test (Handle Degeneracies):

* Define a ray-edge intersection if the ray
Intersects and one of the end-points is above.
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Point-Polygon/Polyhedron

Parity Test (Handle Degeneracies):

* Define a ray-edge intersection if the ray
Intersects and one of the end-points is above.

(Equivalent to shifting the ray up by a tiny amount.)
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Point-Polygon/Polyhedron

Parity Test (Handle Degeneracies):

* Define a ray-edge intersection if the ray
Intersects and one of the end-points is above.

Boundary (Closed Polygons):

* A point on the boundary is inside.
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Point-Polygon/Polyhedron

Parity Test (Handle Degeneracies):

* Define a ray-edge intersection if the ray
Intersects and one of the end-points is above.

Boundary (Partitioning Polygons):

A point on an edge is inside
If the points to the right are.

(Equivalent to shifting
the ray up and right by
a tiny bit.)




