Convex Hulls (2D)

O’Rourke, Chapter 3
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Announcements

* For the assignments, polygon meshes (including
triangulations) are represented using indirection.

That is, we store an array of vertices (coordinates in R%)
and a polygon is represented as an array of indices into
the vertex list.
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Convexity

A set S Is convex if for any two points p,q € S the

line segment pqg c S.

Not convex

Convex?




Convexity - -

A set S Is convex If it Is the intersection of (possibly
Infinitely many) half-spaces.
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Convexity

Given points {p4, ..., p,} € R%, a point g € R4 is a
convex combination of the points if g can be

expressed as the linear sum:
n

q:zai°pi

=1

with a; = 0and a; + -+ a,, = 1.
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Convex Hull

The convex hull of a set of points § ¢ R%,
denoted H (S), Is the:

o set of all convex combinations of points in S,

o set of all convex combinations of d 4+ 1 points in S,
o Intersection of all convex sets C w/ S c C,

o Intersection of all half-spaces H w/ S c H,

o smallest convex polygon containing S. (S)

P1
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Convex Hull

Note:

If p € S c R? and p lies on a line with such
that all points of S are to one side of the line,
then p must be in on the boundary of the

convex hull.
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Convex Hull

Proof:

The convex hull is the intersection of all half-
spaces Hw/ S c H.

Any such H must contain p € S either inside
or on the boundary.

S o
At least one such H has p on ° 5 °
the boundary. °o o
p
= p must be on the boundary of \e ° .
the intersection of all such H. °

- o
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Convex Hull

Note:

If p € S c R? and p is a vertex of the convex
hull then p must be a convex vertex.

Otherwise, we could create
a line segment with vertices
Inside of the hull but which
iIsn’t strictly interior.
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Convex Hull

Claim:
If P c R? is a polygon whose vertices are all

convex, then P IS convex.

We will show that If it IS not convex, some
vertex must be reflex.
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Convex Hull

Proof (by induction):
Otherwise, we could add a diagonal
partitioning into sub-polygons P, and P,.

= By induction, each half is convex.
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Convex Hull

Proof (by induction):
If P Is not convex there must be a segment
p{p, between the two parts that exits P.

If p, and p, are in the same sub-polygon P;,
the line segment between them must be In

the sub-polygon as well.

= The line segment p;p,
cannot exit P.
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Convex Hull

Proof (by induction):
So, WLOG, p,; € P;and p, € P,.

Choose g on the diagonal.

The edges p;q and p,q are entirely inside P.
= There must be a reflex vertex inside triangle Agp,p;.
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Convex Hull
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The extreme points of a set of points S c R*
are the points which are on the convex hull
and have interior angle strictly less than .
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Convex Hull

Goal:

Given a set of points S = {p, ..., p,} © R%,
compute the convex hull 7 (S) efficiently.

* Do we want all points on the hull or just the

extreme ones?
H(S)

* Do the output vertices need
to be sorted or Is the set of
(extreme) vertices sufficient?
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Convex Hull

Goal:

Given a set of points S = {p,, ..., p,} © R?,
compute the convex hull H (S) efficiently.

* Do we want all points on the hull or just the

extreme ones?
H(S)

* Do the output vertices need
to be sorted or is the set of
(extreme) vertices sufficient?
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Convex Hull (2D)

Note:

If a vertex is extremal with respect to some
direction, it must be on the hull.

= We can find a hull | .
vertex in linear time. o , ©
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Convex Hull (2D)

Nailve Algorithm:

For each directed edge e € S X S, check if the
half-space to the right of e is empty of points
(and there are no points on the line outside

the segment). .

o o
Otherwise the segment
®-is_.nog on the hull

[

o

I the rest of the Y,
points are on one o
side, or interior, the °

segment is on the hull®
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Convex Hull (2D)

Naive Algorithm 0(n>):

For each directed edge e € S X S, check if the
half-space to the right of e is empty of points
(and there are no points on the line outside

the segment). .
Note: " e o°
The output is the set :
of (unordered) extreme \ .
points on the hull. o ’
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Convex Hull (2D)

Naive Algorithm O (n3):
For each directed edge e € S X S, check if the
half-space to the right of e is empty of points
(and there are no pomts on the line outside
the segment).

Note: g
The output is the set

of (unordered) extreme .
oints on the hull. o
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Convex Hull (2D)

Naive Algorithm++:

Grow the hull by starting at a hull vertex and
searching for the next edge on the hull by
trying all possible edges and testing If they
are on the hull. .
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Convex Hull (2D)

Naive Algorithm++ O(n“h)":

Grow the hull by starting at a hull vertex and
searching for the next edge on the hull by
trying all possible edges and testing If they

are on the hull. .
Note: T :
By explicitly forcing the f
output to be sorted, we .
end up with a faster o ’

©

algorithm.
\_ “h is the number of points on the hull. /
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Convex Hull (2D)

Naive Algorithm++ O(n“h)":

Grow the hull by starting at a hull vertex and
searching for the next edge on the hull by
trying all possible edges and testing if they
are on the hull.

Note:

By explicitly forcing the
output to be sorted, we
end up with a faster
algo

“h is the number of points on the hull. /
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Convex Hull (2D)

Note:
The next edge on the hull is the one making

the largest angle. (If two points make the
same angle, ignore the closer one.)

@)

@) Q
@)

Gift Wrapping: : O ((f

Grow by finding the edge
making the largest angle.

©

\_
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Convex Hull (2D)

Note:
The next edge on the hull is the one making

the largest angle. (If two points make the
same angle, ignore the closer one.)

@)

@) Q
@)

Gift Wrapping 0 (nh): . ((f

Grow by finding the edge
making the largest angle.

©

-
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Convex Hull (2D)

Note:
The next edge on the hull is the one making

the largest angle. (If two points make the
same angle, ignore the closer one.)
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Gift Wrapping O(nh): °
Grow by finding the edge

Mak
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Convex Hull (2D)

Observation:

Given a hull edge (a, b), we can find the point
¢ furthest from the edge in linear time.

1. The point c Is on the hull. o
C
2. The triangle Aabc ’ )
partitions the input © | . °
into three regions: ol

|.  Points inside Aabc. /b
Il. Points to the right of bc. '

. lll. Paints to the right of ca. )
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Convex Hull (2D)

Observation:

Given a hull edge (a, b), we can find the point
¢ furthest from the edge in linear time.

= Divide-and-conquer: o
o Discard points inside Aabc @ _ o
o Separately compute the .
half-hulls™ to the rightof ¢ &+~ ©

bc and the right of cd. .
\ (O

o Merge the two hulls. Vcb

“The half hull to the right of bc is the hull of the points onaor to the right of be, (i.e.
\.including b and c¢) not including the edges touching either b or c. )
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Convex Hull (2D)

QuickHull( S c R#)

o (a,b) « HorizontalExtrema( S )

o A < Right(S ,ab) °
o B « Right( S, ba) ° e °

o Q4 « QuickHalfHUll( A , ab ) ° o
o Qp « QuickHalfHull( B , ba ) ’

o return {a} U Q, U{b} U Qp ° e
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Convex Hull (2D)

QuickHull( S c R#)

o (a,b) <« HorizontalExtrema( S )

o A « RightOn(S , ab ) °

o B « RightOn( S , ba ) e °

o Qa « QuickHalfHull( A , ab ) 0.0
o Qp <« QuickHalfHull( B , ba ) a®

o return {a} U Q, U{b} U Qg ° e
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Convex Hull (2D)

QuickHull( S c R?)
: 1(4a, b) - HorizontalExtrema( S )
< RightOn( s , ab )
o B « RightOn( S , El))
o Q4 < QuickHalfHull( A , ab )

o Qp « QuickHalf
(@) H u I l ( B F \&‘- ——————————————— ! -—_—‘,
refurn {a} U Q4 U th} U Q'B “ :

——————————————————————————

——————————
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Convex Hull (2D)

QuickHull( S c R#)

o (a,b) « HorizontalExtrema( S )

o A « RightOn( S, ab ) U5

o BeRighTOn(S,El)) "(‘

. Qu - QuickHalfHull( A, @B) 0 .,

> Qp < QuickHalfHull( B , ba ) <

o return {a}uU Q, U {b} U Qg /
Qa
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Convex Hull (2D)

QuickHull( S c R#)
o (a,b) « HorizontalExtrema( S )
o A « RightOn( S , ab )
o B « RightOn( S , ba )
o Q4 < QuickHalfHull( A , ab)

o Qg « QuickHalfHull( B ,Ei)
o return {a}U Q, U {b} U Qp




Convex Hull (2D)

(Recursion Level 0)

QuickHalfHull( Sc R2, ab € S x S )

o if(S=={a,b})return @

o else
» ¢ « Furthest(S , ab)
» A < RightOf( S ,ac) a®
»B(—RighTOf(S,c_b)) °
» Q4 < QuickHalfHull( A , ac) °
» Qg « QuickHalfHull( B, cb )
»return Q4 U {c} U Qg




Convex Hull (2D)

(Recursion Level 0)

QuickHalfHull( Sc R2, ab € S x S )
o if(S=={a,b})return @

o else
o FurﬂrheSt( S ‘ a; ) .......................... ,‘b
» A « Righ’rOn( S ac ) @
»B(—RighTOn(S,C_b)) o
» Q4 « QuickHalfHull( 4 , ac) o
» Qp < QuickHalfHull( B , cb ) ®c

»return Q4 U {c} U Qg
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Convex Hull (2D)

(Recursion Level 0)

QuickHalfHull( Sc R2, ab € S x S )
o if(S=={a,b})return @
o else
» ¢ « Furthest(S , ab)
» A < RightOn( S , ac )
» B < RightOn( S , cb )
» Q4 < QuickHalfHull( A , ac)

» Qg « QuickHalfHull( B, cb )
»return Q, U {c} U Qg
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Convex Hull (2D)

(Recursion Level 0)

QuickHalfHull( Sc R2, ab € S x S )
o if(S=={a,b})return @
o else
» ¢ « Furthest(S , ab)
» A « RightOn( S , ac ) { a
» B < RightOn( S , cb )
» Qg <« QuickHalfHull( A , ac )

» Qg <« QuickHalfHull( B, Cb )
»return Q, U {c} U Qg




Convex Hull (2D)

(Recursion Level 1)

QuickHalfHull( Sc R2, ab € S x S )
o if( S =={a,b} ) return ¢
o else
» ¢ « Furthest(S , ab)
» A « RightOn( S , ac ) a“\
» B < RightOn( S , cb )
» Q4 < QuickHalfHull( A , ac)

» Qg « QuickHalfHull( B, cb )
»return Q, U {c} U Qg
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Convex Hull (2D)

(Recursion Level 0)

QuickHalfHull( Sc R2, ab € S x S )
o if(S=={a,b})return @
o else
» ¢ « Furthest(S , ab)
» A « RightOn( S , ac ) a
» B < RightOn( S , cb )
» Q4 < QuickHalfHull( A , ac)

» Qp < QuickHalfHull( B , cb )
»return Q, U {c} U Qg

Q4

<
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N
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Convex Hull (2D)

(Recursion Level 1)

QuickHalfHull( Sc R2, ab € S x S )
o if(S=={a,b})return @

o else
» ¢ « Furthest( S , ab ) o
» A « RightOn( S , ac)
» B < RightOn( S , cb ) . o
» 0, « QuickHalfHUll( A , @@ ) i
» Qp « QuickHalfHull( B , cb ) "

»return Q, U {c} U Qg
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Convex Hull (2D)

(Recursion Level 1)

QuickHalfHull( Sc R2, ab € S x S )
o if(S=={a,b})return @
o else
» ¢ « Furthest(S , ab)
» A < RightOn( S , ac )
» B < RightOn( S , cb )
» Q4 < QuickHalfHull( A , ac)

» Qg « QuickHalfHull( B, cb )
»return Q, U {c} U Qg




Convex Hull (2D)

(Recursion Level 1)

QuickHalfHull( Sc R2, ab € S x S )
o if(S=={a,b})return @

o else
» ¢ « Furthest(S , ab) o
» A < RightOn( S , ac )
» B < RightOn( S , ch ) OcQB
» Qq <« QuickHalfHull( 4 , a__CZ) ' 0.
» Qg < QuickHalfHull( B , cb ) “

»return Q, U {c} U Qg
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Convex Hull (2D)

(Recursion Level 1)

QuickHalfHull( Sc R2, ab € S x S )
o if(S=={a,b})return @

o else
» ¢ < Furthest(S ab ) 0
» A « RightOn( S , ac)
» B < RightOn( S , cb ) o
» 0, « QuickHalfHUll( A , @@ ) i
» Qp « QuickHalfHull( B , cb ) "

»return Q, U {c} U Qp




Convex Hull (2D)

(Recursion Level 0)

QuickHalfHull( Sc R2, ab € S x S )
o if(S=={a,b})return @
o else
» ¢ « Furthest(S , ab)
» A « RightOn( S , ac )
» B < RightOn( S , cb )
» Qq < QuickHalfHull( A ,

» Qp < QuickHalfHull( B , cb
»return Q, U {c} U Qg




Convex Hull (2D)

(Recursion Level 0)

QuickHalfHull( Sc R2, ab € S x S )

o if(S=={a,b})return @

o else
» ¢ « Furthest(S , ab)
» A < RightOn( S , ac ) a®
» B < RightOn( S , cb )
» Q4 < QuickHalfHull( A , ac) /
» Qg « QuickHalfHull( B, cb ) ¢
»return Q, U {c} U Qp
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Convex Hull (2D)

QuickHull Complexity:
Like QuickSort:

o In the worst case, the complexity can be 0(n?).

° 000
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Convex Hull (2D)

QuickHull Complexity:
Like QuickSort:

o In the worst case, the complexity can be 0(n?).

° 0009
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Convex Hull (2D)

QuickHull Complexity:
Like QuickSort:

o In the worst case, the complexity can be 0(n?).

o 29
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Convex Hull (2D)

QuickHull Complexity:
Like QuickSort:

o In the worst case, the complexity can be 0(n?).
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Convex Hull (2D)

QuickHull Complexity:
Like QuickSort:

o In the worst case, the complexity can be 0(n?).
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Convex Hull (2D)

QuickHull Complexity:
Like QuickSort:

o In the worst case, the complexity can be 0(n?).
o In practice it is O(nlogn).
o The implementation is output sensitive.
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Convex Hull (2D)

Graham’s Observation:

If P c R? is a convex polygon and p € P is a point in
the interior of the polygon, then the angle of the line
segments between p and the ordered vertices of P

IS monotonic.

P
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Convex Hull (2D)

Graham’s Observation:

WLOG assume p and v; lie on a vertical line with p
below v;.

Since the polygon is convex, p is to the left of v;v;, .

= v;,4 IS to the left of the vertical.

Since the polygon is convex, p is to the left of v;_{v;.

= v;_4 IS to the right of the vertical.

= The angles 4pv;_q, £pv;, £Lpv;,4
Increase monotonically. v, & \
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Convex Hull (2D)

GrahamScan( S c R?)
o p « PointOnHull( S )
o H « SortByAngle(S ,p)

o while( RemoveReflexVertex( H ) X }
o return H
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Convex Hull (2D)

GrahamScan( S c R?) NnRKHNRKN :
o p « PointOnHuUlI( S ) | i
o H « SortByAngle(S ,p) :
o while( RemoveReflexVertex( H ) X }
o return H

Vi+1

Note: p

At every iteration, the vertices of H are sorted by
angle relative to p.

= Hull vertices can never be removed because the
angle between the previous and next vertex is
always convex.




Convex Hull (2D)

GrahamScan( S c R? )
o p « PointOnHull( S )
o H « SortByAngle(S ,p)
o while( RemoveReflexVertex( H ) X }
o retfurn H

Correctness:

o The output polygon has only convex vertices.
= It's convex.

= H c H(S).
o All hull vertices are Iin H.
= H(S) c H.
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Convex Hull (2D)

GrahamScan( S ¢ R%)
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Convex Hull (2D)

GrahamScan( S c R#)
o p « BottommostRightmost( S )
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Convex Hull (2D)

GrahamScan( S c R? )
o p « BottommostRightmost( S )

o S « SortByAngleAndLength(p , S — {p} )
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Convex Hull (2D)

GrahamScan( S ¢ R%)
o p « BottommostRightmost( S )

o § « SortByAngleAndLength(p , S — {p} )
o if( angle(p;) == angle(p;41) ): S « S — {p;}

Pa

Pe
Ps P3

p7 D>

P1
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Convex Hull (2D)

GrahamScan( S c R?)
o p « BottommostRightmost( S )

oS « SortByAngleAndLength(p , S — {p} )
o if(angle(p;) == angle(p;+1) ): $ « S — {p;}

ol « 2

© Q N {p; pl}
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Convex Hull (2D)

GrahamScan( S c R* )
o p « BottommostRightmost( S )
o § « SortByAngleAndLength(p , S — {p} )
o if( angle(p;) == angle(p;+1) ): S « S — {p;}
o[ « 2
< {p,p1} o P4
o while( i < [S]) & o
»if( Left( p; , LastEdge( Q ) )

- Push( p; , Q) ¥ P2
-il<i+1

»else
- Pop( Q)
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Convex Hull (2D)

GrahamScan( S c R* )
o p « BottommostRightmost( S )
o § « SortByAngleAndLength(p , S — {p} )
o if( angle(p;) == angle(p;41) ): S « S — {p;}
o[ « 2
< {p,p1}
o while( i < [S]) & pt
»if( Left( p; , LastEdge( Q ) ) ’

- Push( p; , Q) ¥ ’ P2
—ie<i+1

»else
- Pop( Q)

P1
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Convex Hull (2D)

GrahamScan( S c R# )
o p « BottommostRightmost( S )
o § « SortByAngleAndLength(p , S — {p} )
o if( angle(p;) == angle(p;41) ): S « S — {p;}
ol « 2
< {p,p1} \Qp‘*
o while( i < [S]) ¢ s Sp,
»if( Left(p; ,LastEdge( Q))

- Push(p;, Q) S S
-le<i+1

»else
- Pop( Q)

-7

P1
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Convex Hull (2D)

GrahamScan( S c R# )
o p « BottommostRightmost( S )
o § « SortByAngleAndLength(p , S — {p} )
o if( angle(p;) == angle(p;41) ): S « S — {p;}
ol « 2
< {p, 01}
o while( i < [S]) £
»if( Left( p; , LastEdge( Q ) )

- Push( p; ., Q) S
-l<i+1

»else
- Pop( Q)

P1
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Convex Hull (2D)

GrahamScan( S c R# )
o p « BottommostRightmost( S )
o § « SortByAngleAndLength(p , S — {p} )
o if( angle(p;) == angle(p;41) ): S « S — {p;}
ol « 2
< {p, 01} R P8
o while( i < [S]) £
»if( Left( p; , LastEdge( Q ) )

- Push( p; , Q) ¥ P2
-il<i+1

»else
- Pop( Q)

P1
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Convex Hull (2D)

GrahamScan( S c R?)
o p « BottommostRightmost( S )

o § « SortByAngleAndLength(p , S — {p} )

o if( angle(p;) ==
ol « 2
< {p,p1}
o while( i < [S])
»if( Left(p; , LastEdge( Q ) )

-PUSh(pl Q)
-i1<i+1

»else
- Pop( Q)

angle(p;4+1) ): S « S — {p;}

Pa

(%

P2

P1
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Convex Hull (2D)

GrahamScan( S c R* )
o p « BottommostRightmost( S )
o § « SortByAngleAndLength(p , S — {p} )
o if( angle(p;) == angle(p;41) ): S « S — {p;}
o[ « 2
< {p,p1} P
o while( i < [S]) c:
»if( Left( p; , LastEdge( Q ) )

- Push( p; , Q) ¥ P2
-il<i+1

»else
- Pop( Q)

P1
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Convex Hull (2D)

GrahamScan( S ¢ R%)
o p « BottommostRightmost( S )
o § « SortByAngleAndLength(p , S — {p} )
o if(angle(p;) == angle(pi41) ): S « $ — {p}
o i «— 2
< {p,p1} P4
0 whlle( i <|S])

»if( Left( p; , LastEdge( Q ))

- Push( p; ., Q)
-l<i+1

»else
- Pop( Q)

P1
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Convex Hull (2D)

GrahamScan( S c R?)
o p « BottommostRightmost( S )
o § « SortByAngleAndLength(p , S — {p} )
o if(angle(p;) == angle(p;+1) ): S < S — {p;}
ol « 2
< {p, p1} P4
o while( i < [S]) 5
»if( Left(p; , LastEdge( Q) )

- Push(p; . Q) % b2
-i1<i+1

»else
- Pop( Q)

(%

P1
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Convex Hull (2D)

GrahamScan( S c R?)
o p « BottommostRightmost( S )
o § « SortByAngleAndLength(p , S — {p} )
o if( angle(p;) == angle(p;+1) ): S « S — {p;}
ol « 2
o Q < {p,p1}
o while( i < [S])

»if( Left( p; , LastEdge( Q) )
- Push(p; , Q)

—

~—l«<i+1
»else
- Pop( Q)

0O(n)
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Lower Bound Complexity

Recall:

Sorting n numbers has lower bound complexity
O(nlogn).

Approach:

We will show that computing the 2D hull has the
same complexity by reducing sorting to the problem
of computing the convex hull.
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Lower Bound Complexity "

370
9 *lv"l)’ v

Sorting —» Convex Hull Reduction (Shamos)ﬁ

Given a set of points {x;} c R:
o Choose a function f(x) w/ f"(x) >0 V= ()
o LIft the points onto the curve
o Compute the convex hull

o Return the points on the
lower hull, starting w/
the left-most.




