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Groups

A group is a set of elements G with a binary
operation (often denoted “-") such that for all
f,g,h € G, the following properties are satisfied:

o Closure:

g-hea
o Associativity:
f-@g-h)=({-9)h
o |dentity: 31 € G s.t.:
l-g=9g-1=g
o Inverse: ‘v’gEGEIg1 Gst
g-gt=g"tg=1

Ifitisalsotruethat f-g=g-fforall f,g € G,
the group is called commutative, or abelian.
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Groups

Examples

Under what binary operations are the following
groups, what is the identity element, and what is
the Iinverse:

(0]

(0]

(0]

O

O

Z: Integers?

R>9: positive real-numbers?

R?/(2mZ?): points in R? modulo addition by integer
multiples of 2m in either coordinate?

V. vectors in a fixed vector space?

GL(V): invertible linear transformations of a vector
space?
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Groups

Examples

Are these groups commutative:
o Z under addition?

o R~? under multiplication?

R?/(2nZ?*) under addition?

O

IV under addition?

O

O

GL(V) under composition?
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Representations

Often, we think of a group as a set of elements
that act on some space.:

E.Q.:
o |nvertible linear transformations act on vector
spaces

o 2D rotations act on 2D arrays

o 3D rotations act on 3D arrays

A representation is a way of formalizing this...
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Representations

A representation of a group G on a vector space
V, denoted (p, V), is a map p that sends every
element in G to an invertible linear transformation
on V, satisfying:

p(g-h)=p(g)-p(h) Vghea.

Note:
o p(1) =1 since:
p(g) =p(g-1)=p(g) - pQ1)
o (p(9))” = plg™") since:
p(D)=p(g-9g " =p@- pl@™"
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Representations

A representation of a group G on a vector space
V, denoted (p, V), is a map p that sends every
element in G to an invertible linear transformation
on V, satisfying:

p(g-h) =p(g)-p(h) Vg,hea.

For simplicity, we will write:
Analogy: p(9) = py

Linear maps are functions between vector spaces
that preserve the vector space structure:

L(av, + Bvy) = aL(vy) + FL(v,)
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Unitary Representations

If the vector space V has a Hermitian inner
product, and the representation preserves the
iInner product:

(v, W) = (pg (1), pg(W)) Vg EGv,WwEV

the representation is called unitary.

Note:

For nice (e.g. finite, compact) we can always
define a Hermitian inner product such that the
representation is unitary.
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Unitary Representations

Examples

o V = R" is the space of n-dimensional arrays with
the standard inner-product

o G = GL,(C) is the group of invertible n X n matrices
o p Is the map:
pm(V) = Mv

Representation?

Unitary?
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Unitary Representations

Examples
o V = R" is the space of n-dimensional arrays with
the standard inner-product
o G = GL,(C) is the group of invertible n X n matrices

o p Is the map:

pm(V) = Mv
Representation? Yes

Unitary? No
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Unitary Representations

Examples
o V = R" is the space of n-dimensional arrays with
the standard inner-product
o G = GL,(C) is the group of invertible n X n matrices

o p Is the map:

pm(V) =V
Representation?

Unitary?
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Unitary Representations

Examples

o V = R" is the space of n-dimensional arrays with
the standard inner-product

o G = GL,(C) is the group of invertible n X n matrices
o p Is the map:

pm(v) =V
Representation? Yes

Unitary? Yes
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Unitary Representations

Examples
o I is a complex Hermitian inner product space

o G = SU(V) is the group of unitary transformations
onV

o p Is the map:
py(v) =Uv

Representation?

Unitary?
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Unitary Representations

Examples
o V' Is a complex Hermitian inner product space
o G = SU(V) is the group of unitary transformations
onV
o p Is the map:

py(v) =Uv
Representation? Yes

Unitary? Yes
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Unitary Representations

Examples

o V = L%(5%) is the space of functions on a sphere
with the standard inner-product

o G =50(3) Iis the group of 3D rotations
o p Is the map:

lor(F)](p) = f(Rp) VREG
Representation?

Unitary?




-

Unitary Representations

Examples
o V = L?(5%) is the space of functions on a sphere

with the standard inner-product
o G = S0(3) is the group of 3D rotations

o p Is the map:

lor(f)](@) = f(Rp) VREG

Representation? No

lor(ps(N)] @) = [ps(F)1(Rp)
= f(SRp)

losr () 1(p)

lorRs (F)1(D)

N
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Unitary Representations

Examples

o V = L?(5%) is the space of functions on a sphere
with the standard inner-product

o G = S0(3) is the group of 3D rotations
o p Is the map:
[or(D1() = f(R™'p) VREG

Representation?

Unitary?
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Unitary Representations

Examples
o V = L%(5%) is the space of functions on a sphere
with the standard inner-product

o G =50(3) Iis the group of 3D rotations
o p Is the map:
[or(D1() = f(R™'p) VREG

Representation? Yes
lor(ps ()| @) = [ps(FHIRp)
= f(ST'R™'p)
= f((RS) ")
= [prs(F)](p)

. Unitary? Yes )
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Unitary Representations

Examples
o V = L*(R?/(2rZ?)) is the space of periodic
functions in the plane
o G = R?%/(2nZ?) is the group R* modulo addition by
Integer multiples of 2z in either coordinate
o p Is the map:

[Pap (D)), ¥) = f(x —a,y — b)
Representation?

Unitary?
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Unitary Representations

Examples
o V = L*(R?/(2nZ?)) is the space of periodic
functions in the plane

o G = R?/(2wZ?) is the group R? modulo addition by
integer multiples of 2 in either coordinate
o p Is the map:

lpapr (D], y) = f(x —a,y —b)

Representation? Yes

Unitary? Yes
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Big Picture

Our goal is to try to better understand how a
group acts on a vector space:
o How translational shifts act on periodic functions,

o How rotations act on functions on a sphere/circle
o Etc.

To do this we would like to simplify the “action” of
the group into bite-size chunks.

We will always be assuming that
our representations are unitary
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Sub-Representation

Given a representation (p, V) of a group G, If
there exists a subspace W c V such that the
representation fixes W'

pgw)eW VgeGand weW

then we say that W is a sub-representation of V.
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Sub-Representation

Maschke’s Theorem:

If W Is a sub-representation of V, then the
perpendicular space W+ will also be a sub-
representation of V.

Formally:

W+ is defined by the property that every vector in
W+ is perpendicular to every vector in W:
(w,w'y=0 VweW and w' e W+t




( '.xij%)\
Sub-Representation

Claim: W+ will also be a sub-representation of V.

Proof: (By contradiction)

We would like to show that the representation p
sends W+ back into itself...
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Sub-Representation

Claim: W+ will also be a sub-representation of V.

Proof: (By contradiction)

We would like to show that the representation p
sends W+ back into itself... Assume not.

There exist w’' e W+, w e W, and g € G s.t.
(W, pg(W’» + 0

Since p is unitary, this implies that:

(pg_l(W)' Pg1 (pg(W,))> # 0
)
\_ (pg_l (W)'W,> * 0 J
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Sub-Representation

Claim: W+ will also be a sub-representation of V.

Proof: (By contradiction)

We would like to show that the representation p
sends W+ back into itself... Assume not.

There exist w’' e W+, w € W, and g € G s.t.:

I\ yi A

But this would contradict the
Since p|assumption that the representation

p maps W back into itself!
——— .

)
\_ (pg—1(W),W'> a 0 J
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Sub-Representation

Example:

1. Consider the group ¢ = S0(2) of 2D rotations,
acting on vectors in R?® by rotating around the
y-axis.

What are the two sub-representations?

a) The y-axis: The group acts on this sub-space
trivially, mapping every vector to itself

b) The xz-plane: The group acts as a 2D rotation on
this 2D space.
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Sub-Representation

Example:

2. Consider the group ¢ = S0 (2) of 2D rotations,
acting on functions on the unit disk L*(D?).
What are two sub-representations?

a) The space of functions that are zero for all points p
with |p| < 1/2

b) The space of functions that are zero for all points p

with [p| = 1/2

P NORGEER:,
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Irreducible Representations

Given a representation (p, V) of a group G, the

representation is said to be irreducible if the only

subspaces of IV that are sub-representations are:
W=V and W = {0}
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Structure Preservation

We had talked about linear transformations as
maps between vector spaces, that preserve the
underlying vector space structure:

L(av + fw) = aL(v) + BL(w)

We had talked about a representation as a map
from a group into the group of invertible linear
transforms that preserves the group structure:

p(g-h)=p(g)- p(h)




-
Structure Preservation

Given a representation (p,V) a group G, what
does it mean for a map ®:V — V to preserve the
representation structure?

o Since ® is a map between vector spaces, it should
preserve the vector space structure:
= & is a linear transformation.

o @ should also preserve the group action structure:

D(pg(v)) = pg(P())

Such a map is called G-linear.
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Structure Preservation

Claim:
If ®:V — V Is G-linear, then both the kernel and
the image of ® are sub-representations.
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Structure Preservation

Claim:
If ®:V - V Is G-linear, then both the kernel and

the image of ® are sub-representations.

Proof:

If v € Kernel(®) then, for g € G we have:
0= o) = py(P(v))
= (pg (U))

)
pg(v) € Kernel(®)
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Structure Preservation

Claim:
If &:V - V is G-linear, then both the kernel and

the image of ® are sub-representations.

Proof:

If w = ®(v) € Image(®d) then, for g € G we have:
pg(W) = pg(cb(v))
= (pg (U))
€ Image(d)
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Schur’s Lemma

Given an irreducible representation (p,V) of a
group G, if ® is G-linear then & is scalar
multiplication:

d =1-1d.
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Schur’s Lemma

Proof:

1. Since @ is a linear transformation, it has a
(complex) eigenvalue A.
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Schur’s Lemma

Proof:

1. Since @ is a linear transformation, it has a
(complex) eigenvalue A.

2. Since & is G-linear,sois (& —1-1d.):
(@ —2-1d.)(pg(»)) = @(py(¥)) =2+ pg(v)
— pg(q)(v)) - pg(/1 $ V)
= pg((CI) — 1 Id.)(v))
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Schur’s Lemma

Proof:

3. Since A is an eigenvalue of &, (& — 4 -
must have a non-trivial kernel W c V.

Id.)
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Schur’s Lemma

Proof:

3. Since A is an eigenvalue of ®, (& —1-1d.)
must have a non-trivial kernel W c V.

4. This implies that the kernel of (& — 1 -1d.)
must be a sub-representation of V.
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Schur’s Lemma

Proof:

3. Since Ais an eigenvalue of ®, (& —1-1d.)
must have a non-trivial kernel W c V.

4. This implies that the kernel of (& — 1 -1d.)
must be a sub-representation of I/.

5. Since (p,V) Is irreducible and the kernel of
(®—A-1d.) Isnotempty, W = V.
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Schur’s Lemma

Proof:

3. Since Ais an eigenvalue of ®, (& —1-1d.)
must have a non-trivial kernel W c V.

4. This implies that the kernel of (& — 1 -1d.)
must be a sub-representation of I/.

5. Since (p,V) Is irreducible and the kernel of
(®—A-1d.) Isnotempty, W = V.

6. Since the kernel is the entire vector space:
(P—-1-1d)=0 & d=2-Id
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Schur’s Lemma (Corollary)

Corollary:

All irreducible representations of commutative
groups must be one-dimensional.
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Schur’s Lemma (Corollary)

Proof:

1. Fix some element h € G.
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Schur’s Lemma (Corollary)

Proof:

1. Fix some element h € G.

2. Since G Is commutative, p; must be G-linear:
pg(Pn()) = pgn(®)
= Ph-g (v)

= Ph (pg (U))
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Schur’s Lemma (Corollary)

Proof:

1. Fix some element h € G.
2. Since G Is commutative, p; must be G-linear.

3. Since (p,V) Is irreducible, p, = 1 - 1d.
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Schur’s Lemma (Corollary)

Proof:

1. Fix some element h € G.

Since ¢ is commutative, p, must be G-linear.

Since (p,V) is irreducible, p, = 1 - 1d.

W DN

Since this is true for any h € G, any subspace
W c V is a sub-representation.
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Schur’s Lemma (Corollary)

Proof:

1. Fix some element h € G.
2. Since G iIs commutative, p; must be G-linear.
3. Since (p,V) is irreducible, p, = A - Id.

4. Since this is true for any h € G, any subspace
W c V is a sub-representation.

5. Since V is irreducible, V is one-dimensional.
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Example:

Since 2D rotations commute, we can decompose
the space of functions on a circle into 1D
(complex) subspaces that rotate into themselves.
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Example:

Since 2D rotations commute, we can decompose
the space of functions on a circle into 1D
(complex) subspaces that rotate into themselves.
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Example:

Since 2D rotations commute, we can decompose
the space of functions on a circle into 1D
(complex) subspaces that rotate into themselves.
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Example:

Since 2D rotations commute, we can decompose "
the space of functions on a circle into 1D
(complex) subspaces that rotate into themselves.
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Example:

Since 2D rotations commute, we can decompose

the space of functions on a circle into 1D

(complex) subspaces that rotate into themselves.
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Example:

3D rotations don't commute, so the space of
spherical functions need not decompose into 1D
(complex) irreducible sub-representations.
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Example:

3D rotations don’t commute, so the space of
spherical functions need not decompose into 1D
(complex) irreducible sub-representations.
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Example:

3D rotations don’t commute, so the space of
spherical functions need not decompose into 1D
(complex) irreducible sub-representations.
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Example:

3D rotations don't commute, so the space of
spherical functions need not decompose into 1D
(complex) irreducible sub-representations.
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Example:

3D rotations don't commute, so the space of
spherical functions need not decompose into 1D
(complex) irreducible sub-representations.
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Why do we care?

In signal/image/voxel processing, we are often
interested in applying a filter to some initial data.

E.g. Smoothing:




-

Why do we care?

In signal/image/voxel processing, we are often
Interested In applying a filter to some Initial data.

E.g. Smoothing:

W oA
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Why do we care?

In signal/image/voxel processing, we are often
Interested In applying a filter to some Initial data.

E.g. Smoothing:

L
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Why do we care?

In signal/image/voxel processing, we are often
interested in applying a filter to some initial data.

E.g. Smoothing:

T VY
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Why do we care?

In signal/image/voxel processing, we are often
interested in applying a filter to some initial data.

E.g. Smoothing:

oY
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Why do we care?

In signal/image/voxel processing, we are often
Interested In applying a filter to some Initial data.

E.g. Smoothing:

L Y
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Why do we care?

In signal/image/voxel processing, we are often
Interested In applying a filter to some Initial data.

E.g. Smoothing:

LA
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Why do we care?

In signal/image/voxel processing, we are often
interested in applying a filter to some initial data.

E.g. Smoothing:

L A
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Correlation

What we are really doing is computing a moving

iInner product:

1)

—TT T

% (9(0), f(6))
—TT T
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Correlation

What we are really doing is computing a moving

iInner product:

1)

—TT T

%
—7TT VIA

(9(8), (6 — ap)

LT

aq
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Correlation

What we are really doing is computing a moving
iInner product:

F6) % ‘“%
JL - - Oiz

—TT T
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Correlation

What we are really doing is computing a moving
iInner product:

(9(8),f(0 — ag))

- [ %
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Correlation

We can write out the operation of smoothing a
signal g by a filter f as:
(g * f)(a) = (g, pa(f))

where p, is the linear transformation that
translates a periodic function by «a.

f(6) % (9(0), f(6 — ag))

—T T —T T a3
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Correlation

We can think of this as a representation:

o V =IL*(R?/(2rZ?)) is the space of periodic functions
on the line

o G = R?/(2nZ?) is the group R? modulo addition by
Integer multiples of 2z in either coordinate

o p, IS the representation translating a function by «a.

This is a representation of a commutative group...

Warning:
The domain of functions in V and the space G are both
parametrized by points in the range [0,2m).

* Though the parameters domains are the same, we should think

of them as distinct. (The former is the circle St, the latter is the
rotation group SO (2).)
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Correlation

= There exist orthogonal one-dimensional
(complex) subspaces V4, -, V,, < V that are the
irreducible representations of V.

Setting ¢/ € V; to be a unit-vector, we know that
the group acts on ¢’ by scalar multiplication.

That is, there exist y/: G - C s.t.
Pa((]) =x/(a) -’
Since the ¢/ are unit vectors:

X' (@) = (pe({7), )

\In reality, there are infinitely many such subspaces. )
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Correlation

= There exist orthogonal one-dimensional

(complex) subspaces Vy, -+, V,, € V that are the

irreducible representations of V.

Setting ¢/ € V; to be a unit-vector, we know that

the group acts on ¢’ by scalar multiplication.

That is, there exist y/: G —» C s.t.:

Note:

Since the V; are orthogonal, the function

SInce| pagis {¢1,---,7™} is orthonormal.

A\A) = \Pa\S" ),67)

\In reality, there are infinitely many such subspaces.
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Correlation

Setting ¢/ € Vi to be a unit-vector, we know that

the group acts on ¢’ by scalar multiplication:
pa(8) =1/ (@) - ¢

We can write out vectors f,g € V in the basis

{¢t,...,{"} as:
f=0 4t "
) g =80+ +80"
with f, g € C™.
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Correlation

Then the correlation can be written as:

(g * @) =(g,pa(f))

Expanding in the function basis {¢?, ..., {™}:

(g *f)a) = Z 807, pa Z e
j k

Key Idea:
Since the subspaces V; are orthogonal sub-representations, we

shouldn’t have to consider the inner-product between vectors
from different subspaces.

- J




Correlation

(g *fa) = 2 87, pa 2 f, ("
j k

Using the linearity of p, and the (conjugate)-symmetry of

the inner-product:
(2 g,-zf,zf“kpa(ck)>
j K

= (7)) fupal@)
Ji k

Z (¢, pa(T))
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Correlation
9+ N@ =) 8- Fild), pa(T¥))
J,k

Because p, Is scalar multiplication in V;:

(9 N@ = ) 8- fuld ¥ (@7¥)
J.k
= & fe A4 @(¢,7%)
J.k

And finally, by the orthonormality of {¢%, ..., C"):

= Z f; - 7/ (a)

J
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Correlation

9+ N@ =) 8§ 7@
J

This implies that we can compute the correlation
by multiplying the coefficients of f and g.

Correlation in the spatial domain is
multiplication in the frequency domain!
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Correlation
What is y/(a)?

Since the representation is unitary, |x/(a)| = 1.

3¢/:G > R

U
s.t. ¥/ (a) = e~ ¥ (@




-
Correlation

What is y/(a)?

vi(a) = e~ @ for some #:G — R.

Since it's a representation:

U
X'(a+p)=x (@) x'(B) Va,BEG
U
P+ p) =7 @+ 7B
U

dk; ER  s.t. () = K-
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Correlation

What is y/(a)?

x’ () = e™™i* for some «k; € R.

Since it's a representation:
U
1=y (2m) = e7Hj%7
U
Kj € Z
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Correlation
What is y/(a)?
(9+N@ =) &F-F@
J

Thus, the correlation of the signals f, g: St - C
can be expressed as:

9+ @ =) g+ - e
J

where Kj € L.
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Correlation

What is ¢/?

By definition of y/, we have:
pa({) = x/(a) - = e7Hi% . {J

for some k]- e 7.

On the other hand, we have:
[0 (¢9)](0) =7 (6 — @)
={/(6) - e7t®
U
J(6) = ;- etti®




