FFTs In Graphics and Vision

The Spherical Laplacian
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Assignment 1 (Smoothing)

SquareGrid<> f;
FourierKey2D<> fK;
double scl = 0.0;

f.resize( res);

for(int y=-res/2 ; y<res/2; y++ ) for( int x=-res/2 ; x<res/2 ; x++)
f(x,y)=exp(-(x*x+y*y)/ (2.* Smooth.value * Smooth.value ) ), scl += f(x ,y):

scl=res*res/(scl*4*PL*PI),

for(int y=0; y<res ; y++ ) for( int x=0 ; x<res ; x++ ) f( x ,y ) *= scl;

xForm.ForwardFourier( f , fK);

for(int i=0 ; i« fK.resolution() ; i++ ) for(int j=0; j< fK.size() ; j++)
gk (i, j)>=fK(i,j) bK(i, j)*=fK(i,j),rK(i, j)*=fK(i, j):

xForm.InverseFourier(rK ,r ), xForm.InverseFourier(gK,h g ), xForm.InverseFourier( bK ,b b );
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Assignment 1 (Continuous Laplaciaify

for( int i=0 ; i<rK.resolution() ; i++ )

{
int _i = ikrK.resolution()/2 ? i : rK.resolution()-i;
for(int j=0; j<rK.size(); j++)
{
double scl = - 4. *PL*PI* (_i*_i+j*j)/ (res*res);
rK (i,j) *= scl , gK (i,j) *= scl , bK (i,j) *= scl;
}
}

xForm.InverseFourier(rK ,r ), xForm.InverseFourier(gK,h g ), xForm.InverseFourier( bK ,b b );
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Stokes’ Theorem

Stokes’ Theorem equates the integral of the
divergence of a vector field over a region to the
integral of the vector field over the boundary:
f(v F)dV = | (F,7)-dA
% )%
where 1 is the normal at the boundary.
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Stokes’ Theorem

Stokes’ Theorem equates the integral of the
divergence of a vector field over a region to the
Integral of the vector field over the boundary:

f(v-ﬁ)dv= (F,7) - dA
V aVv

al N

(F,7) - dA
15)74
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e Tangent Spaces
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Tangent Spaces

Given a curve C(t) = (x(t),y(t)), the tangent line to
the curve at a point p, = C(t,) IS the line passing
through p, with direction C’(t) = (x'(to),y'(t)).

This is the line that most closely approxmates the
curve C(t) at the point p,.

Tangent Line




-

Tangent Spaces

Often, we want a unit vector.

In this case, we need to normalize:

Tc(t) =

Tangent Line

C'(¢)

[¢3]
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Tangent Spaces

Given a surface S(u, v) the tangent plane to the
curve at a point p, = S(uy, vy) Is the plane passing
through p,, parallel to the plane spanned by:

0S(u,v) 0S(u,v)
and
du

(Uo,V0)

This is the plane that most
closely approximates
S(u,v) at the point p,.
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In the case of the sphere, points are parameterized

by the equation:
®d(0,¢p) = (cosb -singp,cos¢,sinb - sin )

and two tangent directions are:

0D

%z (—Slng ’Sin¢;O)COSQ .Sln¢)

0D . .

— = (cos 8 - cos¢p,—sin¢,sin b - cos @)

0¢p

1
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Tangent Spaces

0D
00
0D
0¢
Taking the dot-product of the tangent vectors gives:
od AP

06 " 96

= (—sin®@ - sin¢,0,cos O - sin ¢)

= (cos @ - cos¢p,—sing,sinb - cos @)

= sin? 0 - sin® ¢ + cos? @ - sin? ¢

= sin? ¢ - (sin? 6 + cos? 0)
= sin” 6
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Tangent Spaces

0P _ .
5 = (—sin®@ -sin¢,0,cos 8 - sin ¢)
0P . .
% = (cos @ - cos¢p,—sing,sinf - cos @)
Taking the dot-product of the tangent vectors gives:
0® 00| _
FERET] A
0P 0P
3% 3% = c0s? 0 - cos? ¢ + sin® ¢ + sin? @ - cos? ¢

= (cos? 6 + sin? @) - cos? ¢ + sin? ¢
= cos® ¢ + sin? ¢
=1
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Tangent Spaces

0P . . .
i (—sinf - sin¢,0,cos 8 - sin ¢)
0D . :
% = (cos @ - cos¢p,—sing,sinb - cos @)
Taking the dot-product of the tangent vectors gives:
od 0P -
3839 = sin“ 0
0d 0P
56 39| ~
od 0o _ _ _ .
%,% = —sinf -cosf -sin¢g -cos¢ +sinb - cosO -sing - cos P

=0

)
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Tangent Spaces

So, the vectors:
Dy (0, ) = d o406 )—aq)
o0.0)=Gnoae 9 Pe0.9) =55
form an orthonormal basis for the tangent plane to
the sphere at the point (8, ¢).
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Function Gradients

The gradient of a function is a vector which tells us
how the function changes as we move in different
directions.

)
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Function Gradients

The gradient of a function is a vector which tells us
how the function changes as we move in different
directions.

Given a function f and given a direction v:

d
o » fp+tv) =(Vf(p),v)

\_ >
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Function Gradients

To compute the gradient, we can choose two
orthogonal unit vectors u and v, and set:
d d
Vi) =—| fle+tw-u+t— flp+tv) v

t=0 t=0
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Curve Gradients

Given a curve C(t), and given a function f(t) the
gradient of the function is a vector field on the curve

telling us how the function changes as we move
along the curve.

2
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Curve Gradients

Example:

Let C be the curve defined by:
C(t) = (t,t%)

and let f(t) be the function on
the curve defined by:

flo) =t

What is the gradient V. f of
f along the curve?

Y
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Curve Gradients

Example:

Note that:
Vef #1

This would imply that at any
point on the curve moving a
unit distance forward would
change the value by a
constant amount.

C(t) = (¢t,t%)
ft)=t

2
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Curve Gradients

Example:

Note that: C(t) = (t,t2)
Vef # 1 f(t) =t

Aswe movefromt=1tot =2,

the function changes by a value
of 1.

Similarly, as we move from
t =10tot = 11, the function
changes by a value of 1.

But in the first case, we have moved a distance of:
L d, ~ ||C(2) — C(D]|| = /12 + 32 23
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Curve Gradients

Example:

Note that: CO8) = (.62)

As we move fromt=1tot = 2,
the function changes by a value
of 1.

Similarly, as we move from

t =10tot = 11, the function
changes by a value of 1.

And In the first case, we have moved a distance of:
\- d, ~ [|C(10) — C(AD)|| = /12 + 212 3

2
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Curve Gradients

Example:
We need to measure the ratio Ct) = (¢, t2)
of the change in f over the fo) =t
distance traveled.
ft+e)—f(t)
Vef(t) =
IC(t +¢) — C(t)|
U

Vef(t) = |c (t)I
1

V142t
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Spherical Gradients

\(: s «;9
7o

Given a function on the sphere, (8, ¢), we Wouldd
like to compute the gradient:

Vi (0, 9)

We need to pick two directions in parameter space
whose images on the surface of the sphere are
orthogonal.

The directions 6 and ¢
are two such directions:
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Spherical Gradients

We could try taking the partial derivatives in the 6

and ¢ directions:

V6, ¢) =(

&, o)

of of
09’a¢>

5,0,  Shifting by a constant & will
move us different distances
depending on where we are on
the sphere.

)
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Spherical Gradients

How does the scale change as we change 6 or ¢ by
a value of £?

At the point p = ®(60, ¢), changing the value of 6 by
g, moves us a distance of er along the circle about
the y-axis, where r Is the radius of the circle.

On the sphere, the radius is
defined by:

r(¢) =sin¢




Spherical Gradients

How does the scale change as we change 6 or ¢ by
a value of £?

At the point p = ®(6, ¢), changing the value of ¢ by
g, moves us a distance of € along a great circle
regardless of where on the sphere we are:
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Spherical Gradients

Taking the scaling into account, we get:

VFO,p) ~ <f(9+€,¢)—f(9,¢)’f(9,¢+8)—f(9,<l))

gsin ¢ €

U
(1 of of
vi (8'¢)_<sin¢69'6¢>

)
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* The Spherical Laplacian
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The Spherical Laplacian

Recall:

The Laplacian operator is self-adjoint (symmetric)

= There Is an orthogonal basis of eigenvectors.

The Laplacian operator commutes with rotations

= If F; are the eigenfunctions of the Laplacian
with eigenvalue A, rotations fix F).

= The irreducible representations are subspaces
of the F/l'

)
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The Spherical Laplacian

All this implies that for a fixed degree [, the
spherical harmonics of degree .

Y™(8,¢) = e™? - P"(cos ¢)
(with [m| < I) must be eigenvectors of the
Laplacian with the same eigenvalue.

1. What is the Laplacian?

2. What are the eigenvalues?

%
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The Spherical Laplacian

function (8, ¢)?

Recall:

The Laplacian of a function is the divergence of
Its gradient:

Af =V-(Vf)

How do we compute the Laplacian of a spherical

*




The Spherical Laplacian

By Stokes’ Theorem, we can compute the integral
of the Laplacian (the divergence of the gradient)
over a region by computing the surface integral of
the gradient field over the boundary.




The Spherical Laplacian

Consider the “square” on the sphere with vertices
(0,0), (0+¢,¢), (0+edp+e),and (6,¢ + ).

The integral of the Laplacian
IS approximately:

fAf dR = Area(R) - Af (6, )
- = &% -sing - Af (0, )

\_ *)




The Spherical Laplacian

Consider the “square” on the sphere with vertices
(0,0), (0+¢,¢), (0+edp+e),and (6,¢ + ).

On the curve ¢, the boundary ( , ,¢)
iIntegral of the Laplacian is
approximately:

f (Vf,n) - dA =~ Length(c,) - (Vf, D)

1 of of

=&-sin(@ +¢)- <<sin(¢ +£)00° of ’(0'1)>

= ¢-sin(¢p + &) -%(6,q§+e)

>




The Spherical Laplacian

Consider the “square” on the sphere with vertices
(0,0), (0+¢,¢), (0+edp+e),and (6,¢ + ).

On the curve c, the boundary
iIntegral of the Laplacian is
approximately:

0
f (Vf,n) - dA = —e-sinqb-%(@,gb)
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The Spherical Laplacian

Consider the “square” on the sphere with vertices
0,0), (0 +¢¢), (0+e¢+e),and (6,9 +¢).

On the curve c; the boundary
iIntegral of the Laplacian is
approximately:

f (Vf,n) - dA =~ Length(cs) - (Vf, Pp)

W ETA

sing 00 0¢

%




The Spherical Laplacian

Consider the “square” on the sphere with vertices
(0,0), (0+¢,¢), (0+edp+e),and (6,¢ + ).

On the curve c, the boundary
iIntegral of the Laplacian is

approximately:

1 o
fc ()~ e s 0.9
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The Spherical Laplacian

Consider the “square” on the sphere with vertices
(0,0), (0+¢,¢), (0+edp+e),and (6,¢ + ).

Summing these together, we
can approximate the boundary
integral by:

(Vf,n) - dA~e< cl)[ (6 +¢¢)—

OR

e(sm(qb +e)—£(0 b+ ) —smqb—(j;(e CP))

\_ Y
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The Spherical Laplacian

Consider the “square” on the sphere with vertices “

6,9), @+¢c0), 0+ d+¢€),and (6,9 + ¢).

E, )
Summing these together, we AR
can approximate the boundary
iIntegral by:
(Vf,ﬁ)-dAze( ! 0 [ (6, ¢)]>+e(e— smgb—(@ qb)D
- sing 96 |96 ¢
)




-

The Spherical Laplacian

Consider the “square” on the sphere with vertices
(0,0), (0+¢,¢), (0+edp+e),and (6,¢ + ).

Summing these together, we
can approximate the boundary
iIntegral by:

o 1 a [of o[  of
aR(Vf,n)-dA ~ g2 (sincpae [69 >+€2 (ﬂlsmgb%)
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The Spherical Laplacian

Using the fact that the boundary integral can be
approximated by:

(Vf,ﬁ)-dAz£2< _1 0 laf]>+e <6 lsm D
R sin¢ 00 |00 oo 6q§

and the surface integral can be approximated by:

fAf dR ~ £? - sin¢ - Af (6, ¢p)
R

We can apply Stokes’ Theorem to get:
1 0%f 1 ]

Af =
f= 51n2¢692+sm¢6¢ SING 35

)
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The Spherical Laplacian

) 1 0% 1
= Sinz ¢ 267 sm¢0¢ sin ¢

To compute the eigenvalues of the Laplacian
associated to the spherical harmonics, we need
to compute:

AY™(6,¢) = A (eik@ - P/ (cos qb))

*/
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The Spherical Laplacian

P N
= Sinz g 262 smqbé‘qb sin ¢

Taking the derivative with respect to 6 is easy:

0?2 1 07 .
_ 0
SinZ ¢ 902 Y/"(0,¢) = SN2 967 (e‘m - P{™(cos d)))
m?2
=~ p e'™8 . pM(cos ¢)
2
~ 7 sin? ¢ He. @)
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The Spherical Laplacian

12f1

Al =Gnzoae2 T sm¢0¢ sin ¢ 8gb]

Taking the derivative with respect to ¢ Is more

complicated
1 9 —— 1 9
smgbaq_’) 51n¢—¢ 0,0)| = smqbagb

elmH 0 i

N sin ¢ acp

v 5 (6m0-170.0)

sin ¢ 6_ (cos qb)]

This requires taking the derivatives of the
associated Legendre polynomials.

Y
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Assoclated Legendre Polynomials

Recall:

The associated Legendre polynomials are
defined by the (somewhat hairy) formula:

(_1)7?1 m dl+m
P (x) = ST (1—x%)2 T Tem (x? — 1)

k 48)
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Associated Legendre Polynomials %

One can show, (but we won’t) that the associated “
Legendre polynomials satisfy the identities:

dP/"(cos¢) l-cos¢-P/"(cos¢p) — (L +m)-PZ; (cos )
do - sin ¢

0= (I —m)-P/™ (coso)
—cos¢p - (2l —1) - P, (cos ¢)
+({+m—1)-P",(cos ¢p)
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The Spherical Laplacian

Laplacian, we get (see appendix):

Plugging these identities into the equation for the

Y™ Yy
U= 2 Lym 2, 1t
smgbaqb[sm =F=-0D-YV"+m Sn? &
u
1 92ym
(L + DY
sinZ ¢ 062 +sm¢a¢ [Sm I+ DY,
u

AY,"(0,¢) = =1L+ DY (6, ¢)

%
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Smoothing

In the case of a functions on a plane, we had
Newton’'s Law of Cooling:

“The rate of heat loss of a body is proportional to the
difference in temperatures between the body and its

surroundings.”

2
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Smoothing

In the case of a functions on a plane, we had
Newton’'s Law of Cooling:

“The rate of heat loss of a body is proportional to the
difference in temperatures between the body and its

surroundings.”

This can be expresses as a PDE:

0F
— =1 AF

%
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Smoothing

Using the fact that the spherical harmonics are
eigenvectors of the Laplacian, we get solutions of
the form:

F{”(B, ¢, t) — e—A.l(l+1)t . Ylm(H, ¢)

Since the linear sum of solutions Is also a
solution, solutions to the PDE will have the form:

oo [
F(8,0,t) =Z Z . e~ ML ym(g )

[=0 m=—1
and we have freedom in choosing the linear

coefficients.
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Smoothing

To satisfy the initial condition:

F(6,¢,0) =f(6,¢)

we need to compute the spherical harmonic
decomposition of f:

f(6,9) =£: i fm) - Y™ (6, ¢)

[=0 m=—1
Then we set the solution to be:

0o [
F(6,¢,t) =Z Z f(l,m) - e DL ym(g )
[=0 m=-—1

%)
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Smoothing

Cooling Cow

%
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The Spherical Wave Equation

We can repeat the same type of argument for the
wave equation, where the acceleration Is
proportional to the difference in values:

0°F

I
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The Spherical Wave Equation

Again, using the fact that the spherical harmonics

Y, are eigenvectors of the Laplacian with
eigenvalues [(l + 1) we get solutions of the form:

Flm+ (9, Qb, t) — e iyn-l(l+Dt . Ylm(g’ ¢)
F™(0,¢,t) = e WniHDt . ym(g, )

%)
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The Spherical Wave Equation

Thus, given the initial conditions:

F(6,9,0) = f(6,¢)

0
—F —

we get the solution:

o) l
FO.,0=) » flkD-cos(Jn 10+ Dt) (0, )

[=0 m=-1
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The Spherical Wave Equation

co [
F(H,cp,t):z: z Fk,1) - cos (Y - 10+ Dt) 7™ (6, $)

[=0 m=-1

Waving Cow

Waving Gaussians



../../../Talks/Video/SphereWave.avi
../../../Talks/Video/SphereWave3.avi

)




-
Appendix

1 0
smqbagb

smc,b 0P

Ylm(e ¢)] — elmG

o

sin gb 0 [
cos ¢ dP™(cos gb) d%P™(cos ¢)

0P,

sin qb i (cos d))]

sin ¢

0¢

92

)

J
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Appendix

dP/™(cos ¢) _l-cos¢- P™(cos¢p) — (I + m)P";(cos ¢)

d¢

sin ¢

0={—-—m) -P™(cos¢) —cos¢p-(2l—1) -P",(cos¢p) +(l+m—1) - P™,(cos ¢)

_cospl-cos¢- P*(cos¢) — (I +m) - P, (cos ¢) N a

(cos ¢ OP™(cos ¢) N

9%P™(cos )
sin ¢ d¢ )

02

 sing

__cos¢

" sin2 ¢
cos

" sin? ¢

sin ¢ do

(l ~cos¢ - P*(cos¢p) — (I +m) - P, (cos <;b))

(L-cos¢p - P™(cosp) — (L +m) - P™; (cos p))

P (cos¢) U +m

l-cos¢-P"(cos¢p) — (I +m) P (cosop)
( sin ¢ )

) 0PIy (cos ¢>)>
)

—l-sin¢ - P"(cos¢) +1-cos¢p 3%
+

—1-sing - P[*(cos¢) + - cos¢ o6

sin ¢

P (cos ) (U +m)

0P (cos ¢)

a9

sin¢

%
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Appendix

dP/™(cos ¢) _l-cos¢- P™(cos¢p) — (I + m)P";(cos ¢)

d¢ sin ¢
0={—-—m) -P™(cos¢) —cos¢p-(2l—1) -P",(cos¢p) +(l+m—1) - P™,(cos ¢)

dP™(cos ¢) P, (cos ¢)

—l-sin¢g - P"(cos¢) +1-cos¢p 3% —(+m) 9%

sin ¢

1 PP(cos ) +1- Zi:;.l: l-cos¢ - P["(cos ¢)s)in—¢(l + m)P™, (cos ¢p) CU+m Siiqb (I—1)-cos¢p-P™ (cos d;?n—(p(l —1+m) P, (cos )

_ —l-sin*¢ - P"(cos ) +1* - cos?* ¢ - P[*(cos¢) — - (I +m) - cos¢ - Py (cosp) = (L +m)(I = 1) - cos ¢ - P%y(cosp) + (L + m)(I — 1 +m) - P*; (cos )
h sin? ¢

(=L sin? ¢ - +12 - cos? ¢) - P"(cos ) — (L + m)(2l — 1) - cos ¢ - P[*; (cos ) + (L + m)(L — 1 +m) - P, (cos ¢)

sin? ¢




-
Appendix

dP/™(cos ¢) _l-cos¢- P™(cos¢p) — (I + m)P";(cos ¢)

d¢ sin ¢
0={—-—m) -P™(cos¢) —cos¢p-(2l—1) -P",(cos¢p) +(l+m—1) - P™,(cos ¢)

(=1-sin?¢ - +1% - cos? ¢) - P[*(cosp) — (1 + m)(2Ll — 1) - cos ¢ - P[*; (cos ) + (1 + m)(I — 1 + m) - P[", (cos ¢)

sin? ¢
3 ((=12 =D -sin?¢p +12) - P/"(cos p) — (1 + m)(2L = 1) - cos ¢ - Py (cos ) + (L + m)(I — 1 + m) - P, (cos ¢)
h sin2 ¢
12-PM™(cosp) —(L+m)(2L—1) -cos¢p - P™; (cos ) + (L + m)(L — 1 +m) - P, (cos ¢)

=(=12=1-P"(cos¢) +

sin? ¢
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dP/™(cos ¢) _l-cos¢- P™(cos¢p) — (I + m)P";(cos ¢)

d¢ sin ¢
0={—-—m) -P™(cos¢) —cos¢p-(2l—1) -P",(cos¢p) +(l+m—1) - P™,(cos ¢)

(<~ 1) - PP (cos ) + 12.-P™(cosp) — (I +m)(2L—1) - cos ¢ - P/, (cos ) + (L + m)(I — 1 +m) - P", (cos ¢)

sin? ¢
C (L D) PP(cos ) + m? - P™(cos ) + { —m)(L +m) - P"(cos ) — (I + m)(2L — 1) - cos ¢ - P[*; (cos @) + L+ m)(L — 1+ m) - P/, (cos )
- L sin?
_ m P™(cos¢p) l+m (I—m) -P™(cos¢p) — (21 —1)-cos¢p - P*; (cos¢p) + (I —1+m) - P, (cos¢)
= (=12 =D P["(cos ¢) +m?- sinZ ¢ sin? ¢ sin? ¢
= (=12 = 1) - P["(cos §) + m? -%f;‘p)




