


protected vertex box. The proof for that case requires

extensive analysis and appears in the full paper.

3 Warping box faces

Warping consists of moving box vertices. We warp the

faces of a box away from P faces to achieve good aspect

ratio when we triangulate. It is only necessary to warp

box faces that are close to P faces, where the definition

of “close” is below. Note that P vertices are already

guaranteed to be well separated from box faces because

of the special reorganization at the end of the vertex

phase. Thus, we only need to warp for P edges and P

faces.

The warping is done in two passes. The first warping

pass is for box edges close to P edges. We say that a box

edge E is close to a P edge F if the distance from E to

F is less than h/8. Here, his the size of the smallest box

sharing the box edge E. Note that the boxes containing

E are all edge-protected, since they are all adjacent to

a box containing F. This means that the sizes of these

boxes are all within a factor of two from each other.

For every close edge E, we move it away from F as

follows. We move every point on the edge, including

the endpoints, by distance h/8 in the direction that is

orthogonal to E and F, oriented away from F. (If E

and F happen to be parallel, we move the points of E

in the direction orthogonal to E and coplanar with F.)

Even though the boxes after warping have compli-

cated shapes, we still let the “size” of a box b be its

prewarped edge length, and we continue to use nota-

tion h(b) for this size.

The second warping pass is for box vertices close to P

facets. We say that a box vertex v is close to a P facet

F if the distance between them is at most h/16, where

h is the size of the smallest box containing v. For such

a vertex, we move it distance h/16 away from the facet

in the direction orthogonal to the facet.

An unfortunate consequence of moving box vertices

is that for some box facets, the vertices of the facet are

no longer coplanar. This inconsistency is removed when

we triangulate box facets in the following section.

4 Two dimensional triangula-

tion

After warping, we triangulate facets of boxes. This is a

preliminary step to the three dimensional triangulation

algorithm of the next section. Suppose two boxes b, V

are adjacent, and suppose their intersection is a facet

S. If we assume that h(b) > h(b’), then S is a facet of

b’. Under these circumstances, we always triangulate S

by considering it a facet of b’, not b. (If b, b’ are the

same size, we break ties arbitrarily). This means that

we can always assume that when triangulating a square

S, there is no box vertex in the interior of S. There are

four box vertices at the corners of S, and there maybe

additional box vertices at points along edges of S.

Note that a protected vertex box (after the centering

step described in the full paper) is always adjacent to

boxes the same size or smaller. This means that, with-

out loss of generality, we do not have to triangulate and

warp facets of a protected vertex box; instead we can

triangulate and warp the facets of the boxes adjacent to

it as in the last paragraph.

We now describe the triangulation of a box facet S.

Note that after warping, the points of S are not neces-

sarily coplanar, although the points are nearly coplanar

because the warping distances are small.

The triangulation of a box facet S breaks down into

four cases, and cases C and D have two subcases. The

cases depend on which P faces pass through the facet.

Note that we only have to triangulate the portion of S

interior to P, which we call m. Note that T is bounded

by a closed path of line segments. We can think of n

as a ‘(perturbed polygon” (since the vertices are nearly

coplanar). The six sub cases are illustrated in Figure 4;

the regions ir are shaded. Each vertex of m is the inter-

section of a P edge with a box facet, or tlhe intersection

of a P facet with a box edge, or a box vertex.

Case A, no P faces pass through the Jzcet S. In this

case, we put in a new point v at the center of the pre-

warped box facet, and we connect v to every segment

along the boundary of S.

Case B, two P facets F, G and thetr common edge E

pass through facet S. Let v be the ir vertex where E

passes through the prewarped version of facet S. Then

we connect v to all segments on the boundary of n,

triangulating 7r.

Case C, one P facet F passes through (two edges of)

the facet S. Let x, y be the two points where F passes

through two edges of S, and let v be the midpoint of

x, y. Let c be the center of S (before warping). Let h

be the edge length of S (before warping).

Subcase Cl, v is within h/4 of c. Then we connect v

to every segment along the boundary of ;?. This divides

the region into triangles.

Subcase C2, v is further than h/4 from c. Then

we connect c to every segment along the boundary of

m. This divides polygonal region m into triangles and

quadrilaterals. Then we insert a diagonal (arbitrarily)

into each quadrilateral, triangulating m.

Case D, two P facets F, G pass through facet S, but

no P edge. Let x, y and x’, y’ be points where F, G

respectively cross through the boundary of S. Let v, v’

be the midpoints of these segments. Let c be the center

of S (before warping). Let h be the edge length of S

(before warping).



Figure 4: The six cases for triangulating a box facet.

Subcase Dl, v or v’ is within h/4 of c. Say v is within

h/4 of c. Then we connect v to every segment along the

boundary of r. This divides r into triangles.

Subcase D2, v and v’ are both further than h/4 from c.

Then we connect c to every segment along the boundary

of ~. This divides ~ into triangles and quadrilaterals.

Then we insert a diagonal (arbitrarily) into each quadri-

lateral, triangulating T.

In the full paper, a case analysis of the smallest pos-

sible distance between r vertices and an analysis of the

angles at v or c subtended by an edge of ir results in the

following theorem.

Theorem 2 Let B be a box. For any triangle T on a

facet of B, let r be the radius of the largest inscribed

circle. Then r > k . CY. h(B), where k is a constant.

General results have been obtained for two-

dimensional triangulations with guaranteed inscribed-

circle radius bounds. Bern, Edelsbrunner, Eppstein,

Mitchell, and Tan [1991] have a result concerning opti-

mal two-dimensional triangulation of polygons, assum-

ing new points cannot be introduced. Bern, Dobkin, and

Eppstein [1991] have similar results in the case that new

points can be introduced. We have not been able to in-

corporate these algorithms in the present version of our

triangulation algorithm because we need to introduce

new points, but the new points have to be introduced

in a carefully controlled fashion.

5 Three dimensional triangula-

tion

We now describe how to form tetrahedral from the trian-

gles in the last section. We triangulate on a box by box

basis. The details of how we triangulate depends on a

case analysis of what is contained in a box, and how it

intersects the box. However, the general principle is to

find a central vertex, and then form one tetrahedron or

prism for each triangle in the box by taking the convex

hull of this vertex and the triangle. The organization

of the argument is very similar to the two-dimensional

triangulation in the last section. We cover two of the

possible cases here; all the cases are enumerated in the

full paper.

Vertex box tetrahedral. For a box b containing a

vertex of P, the three-dimensional triangulation is par-

ticularly easy. We take as the central vertex v the P

vertex itself. For each of the triangles of ir on the sur-

face of b, we form a tetrahedron by taking its convex

hull with v.

Facet box tetrahedral. Consider a box b containing

one P facet F. We introduce a central vertex v at the

centroid of the prewarped box. If v is within distance

h(b)/4 to F, then we move v to the closest point of F

to v.

We now have three cases. The first case is if v lies

in the interior of P, but not on F. For each m triangle

on the boundary of the box we form a tetrahedron by

taking its convex hull with v. We also triangulate the

polygonal region of F fl (PA b) and form a tetrahedron

for each triangle of F fl (P A b) by taking its convex hull

with v. This polygonal region is nearly convex (it would

be convex if the triangles on each the surface of the box

were coplanar). To form a triangulation of F fl (PA b),

we make a new vertex centrally located in the region

and take its convex hull with each edge of the region, as

in Case A of the two dimensional triangulation.

The second case is that v lies on F. We take the

central vertex v, and proceed as if it were a vertex of

P. That is, for each n triangle of I(b), we generate a

tetrahedron by taking the convex hull of it and v.

The third case is if v lies outside of P. For each r

triangle of I(b) we form a tetrahedron by taking the

convex hull of it with v. These tetrahedral are clipped

by F into “prisms” with nonparallel sides, and a trian-

gular top and bottom. Zero, one or two of the vertices

of the top may also be vertices of the bottom. If two

vertices are shared, then a prism is a tetrahedron. If

one vertex is shared, a prism is split into two tetrahe-

dral by introducing a facet between the shared vertex,

and one distinct vertex of the top and one distinct ver-

tex of the bottom. If no vertices are shared between the

top and bottom, a prism is split into three tetrahedral by

introducing two facets. One facet is between two of the

top vertices and the opposite bottom vertex. The other

facet is between the opposite bottom vertex, one of the

other bottom vertices, and the opposite top vertex.
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6 Aspect ratio of tetrahedral

Our triangulation is optimal in two respects. First, the

maximum aspect ratio among tetrahedral of our trian-

gulation is optimal up to a constant multiple. Second,

compared to all other triangulations of fixed aspect ra-

tio, our triangulation has the minimum number of tetra-

hedral up to a constant multiple. In this section we

establish the first optimality property, focusing on the

optimality of the aspect ratio.

Recall that the tetrahedra we form are either the con-

vex hull of a central vertex and a triangle on the surface

of a box or a facet of P, or else a portion of a prism. We

now want to argue about the aspect ratio of all tetra-

hedral arising in the algorithm of the previous section.

There are three types of tetrahedral arising in the tri-

angulation. A Type A tetrahedron has one vertex v

centrally located in the box, and the other vertices on a

box face. This type of tetrahedron arises in the cases of

triangulating a box with a vertex, a box with an edge,

or a box with a facet in which the vertex v in the last

section lies near the center of the box, is in P, and is

not close to the second facet (if the box has two facets).

Also some of the tetrahedral arising from the case of two

facets in a box and v on one of the facets are of this

type.

A Type B tetrahedron arises only in the two-facet case

described in the full paper.

A Type C tetrahedron arises from a vertex v in the last

section outside P. This happens only with boxes with

one or two facets and no edges. W@ causes P A b to be

divided into prisms, and then each pri

x

is divided into

tetrahedra. These tetrahedral arise in c es analogous

to triangles in cases C2 and D2 in Figure 4.

Intuitively, all three types of tetrahedral have aspect

ratio at most I/a, because they involve a base (the

base being a triangle) whose inscribed radius is between

ICIcxh(b) and k2h(b), and the apex is well-centered over

the base, and is distance between k3cxh(b) and k~h(b)

from the base. Here, kl, . . . . k~ are constants.

The aspect ratio computations are very technical and

involved. In the full paper we prove aspect ratio bounds

for all types of tetrahedral by constructing an inscribed

and a cent aining sphere. These proofs are omitted here.

The containing sphere haa radius no more than the box

size, and the inscribed sphere has radius at least a con-

st ant times the size of an adjacent box.

Hence the result is that we can prove a theorem show-

ing that the aspect ratio of any tetrahedron in our tri-

angulation is bounded by a constant multipled by the

ratio between h(b) and h(b’), where b, b’ are adjacent

boxes. We already know from Theorem 1 that this ra-

tio is bounded above by k/ci.

We can also show that any triangulation of P must

have a tetrahedron of aspect ratio at least k/a by

considering the tetrahedron that must fit “inside” the

sharpest interior angle of P. The details are in the full

paper.

Let T be a three dimensional triangulatic,n. Let A(T)

be its aspect ratio, defined to be be the maximum over

all tetrahedron t E T, of the aspect ratio of t.We may

now state the theorem concerning the optimality of the

aspect ratio of our triangulation of P.

Theorem 3 (Aspect ratio optimality)

A(AOc~) < kA(A*)

where k is a true constant, independent of P and a,

and AOcT is the triangulation of P arzsing from our

algorithm, and A* is any other triangulati(~n of P.

7 Optimality
of ~OCT

In this section we prove

of the car(dinality

that the number c)f tetrahedral

in our triangulation is no more than a constant factor

larger than any other triangulation with a bounded as-

pect ratio. The reasoning in this section is as follows.

We first prove that any triangulation with bounded as-

pect ratio, which we denote A*, has certain geometric

properties concerning how fast the sizes of the tetrahe-

dral can change. We use these geometric properties to

derive upper bounds on how large the tetrahedral of A*

can be in terms of the boxes of our octree. We also give

lower bounds on how small the tetrahedral of our trian-

gulation A°CT can be compared to the size of boxes in

our octree. Comparing these two sets of bounds shows

that our triangulation is within a constant factor of op-

timal.

Conformal. Any triangulation AT of P, including

our triangulation, that we consider in this paper must be

conformai to P. This means that the following condition

must hold. Let x be a point on a P face F. Let F’ be

the lowest dimensional face of bT cent aining x. Then

F“ c F.

Characteristic length function. We define fT :

P + JR to be the characteristic length junctzon of a

triangulation AT. This function is defined as follows. If

z is a point of P, then we define ~T (z) to be the longest

edge among all tetrahedral that contain x.

Aspect ratio bound. We let A denote the maxi-

mum aspect ratio of all tetrahedral of A*. In rest of this

section there will be many constant factorfi that depend

on A, usually denoted c1, C2, . . . .

The following is one of many lemmas that we prove

in the full paper relating aspect ratio to how the char-

acteristic length function of A* may change over P.
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L&7
Figure 5: An illustration of case 2. in Theorem 4.

Lemma 1 Given a bounded aspect ratio triangulation

A*, two points x, y, and any two faces F, G containing

X, Y respectively, dejine H = FnG. If H # 0, then there

exists a constant c1 depending on A such that f* (x) >

c1 . f*(y).

Geodesic distance. We let distp (F, G) denote the

geodesic distance in P between two closed subsets F, G

of P. In other words, this is the length of the shortest

path in P between a point of F and a point of G. This

distance is always at least as great as the Euclidean

distance.

We now state the following theorem about the

geodesic distance between points on faces in a triangula-

tion. The theorem has two cases, depending on whether

the faces have a common point or not. See Figure 5.

Theorem 4 Let F, G be two faces of A*. Let H =

F n G. Let z, g be two points such that x E F, y E G.

Then there ezist constants C2 and C3 depending on A,

such that

I. If H # 0 and distp(~, H) > t, then dist~(z, Y) 2

Czt.

2. If H = fJ, then distp(x, y) ~ c3f*(iz).

Combining the previous theorem and lemma shows the

following.

Theorem 5 For a triangulation A“ with aspect ratio

bound A, there exist constants C4 and C5 dependent on

A such that for all x, y E P,

fx(%) S max(c~ . fx(v), C5 . dist~(z, y)).

An observation about our triangulation lloc~ is that

the characteristic length function at a point in a box is

always bounded below by a constant multiple of the size

of an adj scent box. Thus from Theorem 1 and Theorem

3, we have that the characteristic length function at a

point in our triangulation is always at least the size of

the box containing that point times a constant multiple

depending on A.

We can prove that any triangulation A* with aspect

ratio bounded by A has its characteristic length function

bounded above by a constant multiple of the box sizes

in our octree, where this constant depends on A. We

first note that if a box b containing a point x on a P face

F was split to a certain size, then we may find another

P face G that does not contain F, and a point y E G

such that distp(~, y)<6@(b).

Consider a vertex z of P. We may apply Theorem 4

Case 2 to the P faces F and G of the last paragraph

(F is z, and G is disjoint from F) to show that f.(z)

is at most a constant factor larger than the size of the

box containing x. As in Theorem 4, this constant factor

depends on A. From Theorem 4 and Lemma 1 we can

show that this result also holds for an arbitrary point

in a protected vertex box.

For a point x on a P edge F, we use a similar argu-

ment. We find a distinct P face G and y c G as in the

vertex case. By conformality, there are two faces of A*

contained in the two faces F and G of P, respectively,

that contain our points x and y. We use Theorem 5 and

Theorem 4 applied to these triangulation faces, and the

fact that we have proved the result for P vertices, to

conclude that f* (c) is at most a constant factor larger

than the size of the box cent aining x. Again this con-

stant factor depends on A. The result generalizes to an

arbitrary point of P in a protected edge box. Similar ar-

guments prove the result for points in a protected facet

box, and finally for an unprotected box (containing no

P faces). The full proof appears in the full paper.

Thus, we show that the tetrahedral in AOcT are never

more than a constant factor smaller than those in A*.

A straightforward volume counting argument then gives

the following result.

Theorem 6 For all polytopes P and constants A, there

exists a constant c“, dependent only on A and a, such

that

lA°CT I < C“l A* 1,

where IA* [ denotes the number of tetrahedral of A“ and

similarly for I AOcT 1.

8 Conclusions

An important open question is the running time. We

demonstrated a running time bound of 0(-yn log n) for

our algorithm, which is inferior to Bern, Epstein and

Gilbert’s running time of O(n log n + -y) for two dimen-

sional regions. However, we have recently found out

by private communication with those authors that this

bound does not actually hold for the algorithm that

they propose for two-dimensional nonconvex polygons.

Therefore, it is not clear what is the best possible run-

ning time for triangulation of nonconvex polyhedral re-

gions in either two or three dimensions.

It would be interesting to generalize our algorithm

to work for higher dimensional regions. Also, the non-
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degeneracy conditions on the input region could be re-

laxed.

Another open question concerns optimizing the tetra-

hedral for properties other than aspect ratio. For ex-

ample, is there an algorithm for triangulating a three-

dimensional nonconvex polyhedral region to maximize

inscribed sphere radius of the tetrahedral?

Finally, we have plans to implement this algorithm.

The two-dimensional analog of this algorithm has been

implemented by the first author in C++.
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