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Medial Axis Transformation of a Planar ’Shape-

D. T. LEE, MEMBER, 1EEE

Abstract—The medial axis transformation is a means first proposed by
Blum to describe a shape. In this paper we present a 0(x'log n) algo-
rithm for computing the medial axis of a planar shape represented by
an n-edge simple polygon. The algorithm is an improvement over most
previously known results in terms of both efficiency and exactness and
has been implemented in Fortran. Some computer-plotted output of
the program are also shown in the paper.

" Index Terms—Analysis of algorithm, computational complexity, con-
tinuous skeleton, divide-and-conquer, medical axis transformation, sim-
ple polygon, Voronoi diagram.

I. INTRODUCTION

HE MEDIAL axis transformation is a technique first pro-

posed by Blum {2] as a means to describe a figure. It is
formally defined as follows: given an object represented, say
by a simple polygon G, the medial axis M(G) is the set of
points {q} internal to G such that there are at least two points
on the object’s boundary that are equidistant from {g} and are
closest to {g}. Because of its shape, the medial axis of a figure
is also called the skeleton or the symmetric axis of the figure.
Associated with the medial axis is a radius function R, which
defines for each point on the axis its distance to the boundary
of the cbject. With the axis and the radius function one can
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reconstruct the figure by taking the union of all circles cen-
tered on the points comprising the axis, each with a radius
given by the radius function.

Since the introduction of the notion of medial axis, there
has been a great deal of work involving the computation of the
medial axis reported [1], [3], [4]-[8]}, [10]-[13]. Most of
the previously known results take time proportional to n?
where n is the number of boundary edges of the figure. Re-
cently, Lee and Drysdale [8] and Kirkpatrick [7] have pre-
sented a general algorithm for finding continuous skeletons of
a set of disjoint objects. Lee-Drysdale’s algorithm runs in
O(n log® n) time whereas Kirkpatrick’s runs in O(n log 1) time.
The 0(n log 1) time algorithm by Kirkpatrick [7] is asymptoti-
cally optimal but is very tedious to implement. In this paper
we shall give an algorithm which is simpler to implement and
computes the medial axis of a simple polygon in O(n log n)
time. The output of the algorithm would be precisely the
medial axis of the polygon if the computer had arithmetic
with infinite precision. The computer-plotted diagrams shown
in the paper are exact to within the precision of the computer
used. The medial axis of a simple polygon is a tree-like planar
graph composed of straight-line segments and portions of para-
bolic curves. Before we give the description of the algorithm
in the next section we shall introduce a few definitions and
present some preliminary results.

Definition 1: A closed line segment a, b consists of two end-
points @ and b, and a straight-line portion which is denoted by
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