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Abstract

We present a method { termed Helmholtz stereopsis{ for reconstructing the
geometry of objects from a collection of images. Unlike existing methods for
surfacereconstruction (e.g., stereovision, structure from motion, photometric
stereopsis),Helmholtz stereopsismakesno assumptionsabout the nature of the
bidirectional re
ectance distribution functions (BRDFs) of objects. This new
method of multino cular stereopsisexploits Helmholtz reciprocity by choosing
pairs of light sourceand camerapositions that guarantee that the ratio of the
emitted radianceto the incident irradiance is the samefor corresponding points
in the two images. The method provides direct estimates of both depth and
surface normals, and consequently weds the advantages of both conventional
stereopsisand photometric stereopsis.Results from our implementations lend
empirical support to our technique.

Keyw ords: BRDF, re
ectance, surfacereconstruction, stereo,photometric stereo,
Helmholtz reciprocity
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1 In tro duction

In this paper, we present Helmholtz stereopsis,a novel method for reconstructing

the geometryof a surfacethat has arbitrary and unknown surfacere
ectance. This

method does not make the ubiquitous assumption that the re
ectance is Lamber-

tian or of someother parametric form, and it enablesthe reconstruction of surfaces

for which the re
ectance is anisotropic, and for which it varies from point to point

acrossthe surface.Helmholtz stereopsisworks by exploiting the symmetry of surface

re
ectance { pairs of light sourceand camerapositions are chosento guarantee that

the relationship betweenpixel valuesat corresponding imagepoints dependsonly on

the shape of the surface(and is independent of the re
ectance).

At a suitable scale, re
ectance is accurately described by the bidirectional re-


ectance distribution function (BRDF) [23]. The BRDF of a surfacepoint, denoted

f r (î ; ê), is the ratio of the outgoing radianceto the incident irradiance. Here, î is the

direction of an incident light ray, and ê is the direction of the outgoing ray. Theseare

typically written as directions in a coordinate frame attached to the tangent plane

of the surface. It is not an arbitrary four dimensionalfunction since,in general,it is

symmetric about the incomingand outgoinganglesf r (î ; ê) = f r (ê; î ). This symmetry

condition is a generalizationof a principle of reciprocity �rst enunciatedby Helmholtz

([13], p. 231) and is commonly referred to as Helmholtz reciprocity.

In computervision and computergraphics,modelsareusedto simplify the BRDF.

In computervision, the assumptionthat surfacesareLambertian is the basisfor most

reconstructiontechniques. In computergraphics,the vast majorit y of renderedimages

use the Phong re
ectance model which is composedof an ambient term, a di�use

(Lambertian) term and an ad hoc specular term [25]. While the isotropic Phong

model capturesthe re
ectance properties of plastics over a wide rangeof conditions,

it doesnot e�ectively capturethe re
ectanceof materialssuch asmetalsand ceramics,

particularly whenthey haveroughsurfacesor a regularsurfacestructure (e.g.,parallel

grooves). Much lesscommonare a number of physics-basedparametric models [24,

29, 5, 12, 16, 1], and each of these only characterizesa limited class of surfaces.
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A recent alternative to parametric models is the measurement of the BRDF and its

representation by a suitablesetof basisfunctions[15]. In contrast to theseapproaches,

this paper is concernedwith surfaceswith arbitrary BRDFs { thosefor which we have

no information a priori. (Of course,this includesall of the BRDF modelsmentioned

above.)

To seehow Helmholtz reciprocity can be usedfor stereopsis,considerobtaining

a pair of imagesas shown in Fig. 1. The �rst image is captured while the object is

illuminated by a singlepoint light source,and the secondimageis captured oncethe

cameraand light sourcepositions have beenswapped. That is, the camera'scenter

of projection is moved to the former location of the light source,and vice versa. By

acquiring imagesin this manner, Helmholtz reciprocity ensuresthat, for any visible

scenepoint, the ratio of the emitted radiance(in the direction of the camera)to the

incident irradiance(from the direction of the light source)is the samefor both images.

This is not true for generalstereopairs that are acquired under �xed illumination

(unlessthe BRDFs of the surfacesare Lambertian.)

We will show that three or more pairs of imagesacquiredin this manner provide

a matching constraint, which leadsto a multinocular stereoimaging geometry. These

imagescontain su�cien t information to establisha constraint that canbeusedto solve

the correspondenceproblem (and thereby solve for depth). In addition, they contain

su�cien t information to directly estimate the surfacenormal at each point without

taking derivatives of either the imagesor the depth map. The direct estimation of

surfaceorientation is similar to photometric stereopsis,but here the BRDF may be

unknown and arbitrary.

The paper is organizedas follows. In the next section,we derive the relationship

betweenimageirradiancevaluesat correspondingpixels in a reciprocal pair of images,

and demonstratea specialcasein which we canrecover depth from a singlereciprocal

pair. In Sect. 3 we describe the complete multinocular reciprocity-based method

in detail. Since the method combines the advantages of conventional multinocular

stereopsis(direct estimation of depth) with those of photometric stereopsis(direct

estimation of surfacenormals), we summarizethe similarities and di�erences of these

3



methods in Sect. 4. (SeeFig. 4.) Finally, in Sect. 5 we describe the experimental

results of our implementation.

2 Recipro cal image pairs

Considerthe binocular imaginggeometryshown in the left half of Fig. 1. As shown in

that �gure, we let ol and or denotethe positions of the cameraand light source.We

alsodenoteby p and n̂ a point on the surfaceand its associated unit normal vector.

The unit vectors v̂ l = 1
jo l � p j (ol � p), and v̂ r = 1

jor � p j (or � p) denote the directions

from p to the cameraand light source,respectively. Given this system, the image

irradiance at the projection of p is given by

i l = f r (v̂ r ; v̂ l)
n̂ � v̂ r

jor � pj2
(1)

where n̂ � v̂ r gives the cosineof the angle between the direction to the light source

and the surfacenormal, 1
jor � p j2 is the 1=r2 fall-o� from a unit-strength, isotropic point

light source,and f r is the BRDF.

Now, considerthe reciprocal casein which the light sourceis positionedat ol , and

the cameraobservesp from or . In this case,the imageirradiance is

i r = f r (v̂ l; v̂ r)
n̂ � v̂ l

jol � pj2
: (2)

Becauseof Helmholtz reciprocity, we have that f r (v̂ r ; v̂ l) = f r (v̂ l ; v̂ r), and we can

eliminate the BRDF term in the above two equationsto obtain
 

i l
v̂ l

jol � pj2
� i r

v̂ r

jor � pj2

!

� n̂ = w(d) � n̂ = 0: (3)

In this equation, i l and i r are measurements obtained from a radiometrically cali-

brated camera.Also, for geometricallycalibrated camerasand a value for the binoc-

ular disparity (or equivalently the depth d), the valuesfor ol and or are known, and

the valuesfor p, v̂ l , and v̂ r can be computed (we write w(d) to denotethis fact). It

follows that only the surfacenormal n̂ and the depth d are unknown. Note that the

vector w(d) lies in the plane de�ned by p, or and ol (the epipolar plane).
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It is interesting to note that in 1941,Minnaert [21] derived a special caseof this

constraint. The constraint was usedalong with the assumptionof isotropy of lunar

re
ectance to increasethe number of re
ectance measurements that could be made

from Earth.

Equation (3) providesa constraint on pixel valuesof corresponding imagepoints,

and unlike similar constraints usedby conventional stereopsis,this constraint is in-

dependent of the BRDF { it dependssolely on the shape of the object (the depth d

and surfacenormal n̂). However, given that there are three degreesof freedomand

only a singleconstraint, we cannot in general,recover this information from a single

pair of images. A multinocular constraint will be developed in Sect. 3, but �rst we

discussa casein which a single reciprocal pair can provide enoughinformation for

depth reconstruction.

2.1 A special case: fron to-parallel ob jects

In this section, we describe a special casein which we can recover the depth of the

scenefrom a single reciprocal pair. While the limitations may be too great to make

this special caseuseful in practice, it demonstratessome important properties of

Helmholtz stereopsis.

Consideragain equation (3). When the stereorig hasa small baselinerelative to

the scenedepth, we can write

jol � pj2 � jor � pj2; (4)

and if the surfacesare nearly fronto-parallel, we have

n̂ � v̂ l � n̂ � v̂ r � 1: (5)

Using theseapproximations the matching constraint (3) reducesto

i l = i r : (6)

That is, correspondencecan be establishedsimply by comparing pixel intensities

acrossthe epipolar linesin the two imagesjust asin standardstereovision algorithms.

Recall that unlike standardstereo,wehave lit the scenedi�erently for the two images.
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Figure 2a shows a reciprocal image pair that satis�es these assumptions. Note

that the specularities occur at the samelocations in both images,as predicted by

Helmholtz reciprocity. Thus, the specularitiesbecomefeaturesin both imageswhich

can actually aid in establishing correspondence. Also note that shadowed regions

correspond identically to half-occluded regions in both images | if a point is in

shadow in the left image, it is not visible in the right image,and vice versa.

To establish correspondencebetween the two imagesshown in Fig. 2a, we have

implemented the \W orld I I" stereoalgorithm describedin [2]. Wechosethis algorithm

both becauseit is intensity-based(not edge-based)and becauseit implicitly resolves

half-occluded regions by linking them to depth discontinuities. The result for our

implementation of [2] applied to the stereopair in Fig. 2a is shown in Fig. 2b.

We alsogathereda standardstereopair (asshown in Fig. 3a) in which the lighting

remained�xed for both the left and right images. The stereopair in Fig. 3a di�ers

from that in Fig. 2 only in the illumination { the positions of the camerasand the

scenegeometryare identical. The result for our implementation of [2] applied to the

standard stereopair is shown in Fig. 3b. Note that we usedthe sameprocedureto

establishcorrespondencesfor the new pair of images. Although the accuracyof the

stereomatching may have beenimproved by pre-�ltering the images,we avoided this

to make the point that imageintensity is very much viewpoint dependent.

There are two things to note about the results. First, the reciprocal imagesin

Fig. 2 have signi�cant specularities,but they remain �xed in the imagesand do not

hinder stereomatching. Contrast this with the imagesin Fig. 3. These also have

specularities(as seenon the frame and on the glass)and non-Lambertian e�ects, but

thesee�ects changebetweenimagesand signi�cantly hinder matching. Second,there

is little texture on the background wall, yet the reciprocal imagesallow the stereo

algorithm to estimate the depth discontinuity at the boundary of the picture frame,

becausethe half-occludedregionsand visible shadows are in correspondence.

The properties of Helmholtz stereopsisare further discussedin Sect. 4, but �rst

we will develop a multinocular constraint basedon equation (3) that will allow the

recovery of depth and surfacenormals for generalsurfaces.
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3 Helmholtz Stereopsis

In this section we describe our method for reconstructing surfaceswith arbitrary

BRDFs using a form of multinocular stereopsis.Before describingHelmholtz stere-

opsis, however, it will be helpful to provide a framework for generaln-view stereo.

(This is a generalization of the correspondenceproblem in conventional binocular

stereopsis.) Consider n calibrated cameraswhosecenters of projection are located

at oc for c = 1; : : : ; n. De�ne a cameracentered at op to be the principal camera.

This camerais used to parametrize the depth search, and while it could be one of

the cameraslocated at oc, it neednot be a physical camera(i.e., it can be virtual).

Given a point q in the principal image, there exists a one-parameterfamily of n-

point sets (q1; : : : ; qn ) { one point in each of the n images{ that could correspond

to q. We parametrize this family by the depth d, and by de�ning a discrete set of

possiblevalues for d 2 D = f d0; : : : ; dND g we can index this family of n-point sets,

Q(d) = f qc(d), c = 1; : : : ; ng.

A multinocular matching constraint provides a method of deciding, given a set

of image intensities measuredat the points Q(d), whether or not the hypothesized

depth value d could correspond to a true surfacepoint. In the caseof traditional

densestereo,the surfaceis assumedto be Lambertian, and the constraint is simply

I 1(q1(d)) = I 2(q2(d)) = � � � = I n (qn (d)) where I c(qc) is the intensity at point qc in

the imagecentered at oc. (Note that many other stereomethods exist in which the

constraint involves�ltered intensitiesasopposedto the imageintensitiesthemselves.)

Using this framework, we can proceedto develop a matching constraint for recip-

rocal imagepairs. What is unique to Helmholtz stereopsis,is that this constraint is

independent of the BRDF, and that it allows the direct recovery of both the depth

and surfacenormals.

Supposewe captureNP reciprocal pairs of imagesasdescribed in Sect.2, and sup-

posethat each of thesepairs is capturedfrom a di�erent pair of positions(ol j ; or j ); j =

1; : : : ; NP. Wecanform NP linear constraints like that in equation(3). De�ne W (d) 2

RNP � 3 to be the matrix in which the j th row is givenby w j (d) = i l j
v̂ l j

jo l j � p j2 � i r j
v̂ r j

jor j � p j2 .
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Then the set of constraints from equation (3) can be expressedas

W (d) n̂ = 0: (7)

Clearly, for a correct depth value d?, the surfacenormal lies in the null spaceof

W (d?); and it can be estimatedfrom a noisy matrix using singular value decomposi-

tion. In addition, W (d?) will be rank 2, and this canbe usedasa necessarycondition

when searching the depth. Note that at least three camera/light sourcepositionsare

neededto exploit this constraint.

An implementation of a systemthat usesthis constraint for surfacereconstruction

is discussedin Sect. 5. Next, we present a comparisonof Helmholtz stereopsiswith

someexisting reconstruction techniques.

4 Comparison with Existing Metho ds

In principle, Helmholtz Stereopsishas a number of advantages when comparedto

conventional multinocular stereopsisand photometric stereopsis.This section com-

pares thesemethods in four separatecategories. A summary of the information in

this section is contained in Fig. 4. While our implementation may not fully reveal

theseadvantages(we do not make explicit useof available half-occlusion indicators

for detecting depth discontinuities), we believe that future re�nements will.

4.1 Assumed BRDF

Most conventional densestereoreconstruction methods assumethat sceneradiance

is independent of viewing direction, i.e. that surfacere
ectance is Lambertian. How-

ever, the majorit y of surfacesare not Lambertian and thereforeviolate this assump-

tion. For thesesurfaces,large-scalechangesin sceneradianceoccur as specularities

shift with viewpoint, and small-scalechangesoccur everywhereon the surface.In ad-

dition, if the BRDF is spatially varying, thesechangesmay occur di�erently at every

point on the surface.Using traditional densestereopsis,establishingcorrespondence

in this situation is di�cult, if at all possible. Most sparse,or feature-based,stereo
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methods alsorely (albeit lessheavily) on the Lambertian assumption{ if the BRDF

is arbitrary, the detectedfeature points may be viewpoint or lighting dependent.

Whereasviewpoint is manipulatedin conventional stereopsis,in photometric stere-

opsis,the viewpoint remains�xed while the illumination is varied. Photometric stereo

methods provide an estimate of the �eld of surfacenormals which is then integrated

to recover the surfacedepth. Similar to conventional multinocular stereopsis,many

photometric methodsassumethat the BRDF is Lambertian [17,27,30]. The methods

that do not make this assumptioneither assumethat the BRDF is completelyknown

a priori, or can be speci�ed using a small number of parameters[11, 14, 22, 28]. As

mentioned in the introduction, theseparametric BRDFs are often derived from phys-

ical modelsof re
ectance and are restricted to a limited classof surfaces.When the

form of the BRDF is unknown, or when the form of the BRDF is spatially varying,

there is insu�cien t information to reconstruct both the geometryand the BRDF.

In [18], a hybrid method with controlled lighting and object rotation was used

to estimate both surfacestructure and a non-parametric re
ectance map. This is

similar to our method in that it: 1) is an active imaging technique that exploits

changesin viewpoint and illumination; and 2) considersa general,non-parametric

BRDF. However, the method requiresthat the BRDF is both isotropic and uniform

acrossthe surface(the present method makesno such assumptions).

Another reconstructionmethod for surfaceswith arbitrary BRDFs wasintroduced

(along with our preliminary work on Helmholtz stereopsis)in [19]. In addition to

recovering depth, the method alsoenablesthe recovery of a 2-D sliceof the apparent

BRDF (a coupling of the re
ectance and orientation information) at each point on

the surface.It doesnot, however, enablethe explicit recovery of the normal �eld, and

it requiresmany more imagesof the object.

The assumptionsmade about surfacere
ectance for three reconstruction tech-

niques{ conventional, photometric, and Helmholtz stereopsis{ are summarizeddia-

grammatically in Fig. 5. Note that many natural surfacesactually have surfacere-


ectance in the rightmost regionof the �gure and cannot be accuratelyreconstructed

by conventional techniques.
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In Helmholtz stereopsis,becausethe relationship between image intensities of

corresponding points does not depend on viewpoint, non-Lambertian radiometric

events such as specularities appear �xed to the surfaceof the object. In contrast

with conventional stereo(�xed illumination) images,theseradiometric events become

reliable features,and they actually simplify the correspondenceproblem.

4.2 Recovered Surface Information

In conventional binocular or multinocular stereopsis,depth is readily computed. Typ-

ically, the output of the systemis a discreteset of depth valuesat pixel or sub-pixel

intervals { a depth map. In most cases,unlessa regularization processis used to

smooth the depth estimates,the normal �eld found by di�erentiating the recovered

depth map will be very noisy. Instead of direct di�erentiation of the depth map,

regularizedestimatesof the normal �eld can be obtained, for example,basedon an

assumptionof local planarity [7], or through the useof an energyfunctional [3]. In

contrast to thesemethods, photometric stereopsisprovides a direct estimate of the

�eld of surfacenormalswhich is then integrated (in the absenceof depth discontinu-

ities) to obtain a surface. Helmholtz stereopsisis similar to photometric stereopsis

(and di�erent from the regularization techniquesusedin conventional stereopsis)in

that the normal �eld is directly estimated at each point basedon the photometric

variation acrossreciprocal imagepairs.

In this way, Helmholtz stereopsiscombines the advantages of conventional and

photometric methods by providing both a direct estimate of the surfacedepth and

the �eld of surfacenormals. It alsoprovides information about the location of depth

discontinuities (seebelow). Note that for applications such as image-basedrender-

ing and image-basedmodeling, a good estimate of the normal �eld is critical for

computing intensities and accurately measuringre
ectance properties.

4.3 Constan t In tensit y Regions

Densestereoand motion methods work best when the surfacesare highly textured;

when they are not textured, regularization is neededto infer the surface. (This can
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be achieved, for example,using a statistical prior [10, 20, 26, 3] or through surface

evolution [8].) Sparsestereo and motion methods also have di�cult y in these re-

gions. Thesemethods only reconstruct the geometryof corresponding featurepoints,

soby their nature, they cannot directly reconstruct smoothly curving surfaceswhose

re
ectance properties are constant. In contrast, photometric stereotechniques and

Helmholtz stereopsisare una�ected by lack of texture, sincethey can e�ectively esti-

mate the �eld of normals which is then integrated to recover depth. SeeFig. 6 for a

summary.

4.4 Depth Discon tin uities

Depth discontinuities present di�culties for both traditional and photometric stere-

opsis. When there is a depth discontinuity, it doesnot make senseto integrate the

normal �eld that is output by photometric stereotechniques. Likewise,traditional

stereo algorithms often have trouble locating depth discontinuities. This di�cult y

arisesfor two reasons.First, if a background object hasregionsof constant intensity

and the discontinuity in depth occurswithin oneof theseregions,it is quite di�cult to

reliably locate the boundary of the foregroundobject. Second,depth discontinuities

induce half-occlusion in adjacent regionsof the image, and theseregions,which are

not visible in at least oneof the images,often confusethe matching process.

Helmholtz stereopsissimpli�es the task of detecting depth discontinuities since,

as seenin the example in Fig. 2, the lighting setup is such that the shadowed and

half-occludedregionsare in correspondence.The shadowed regionsin the imagesof a

Helmholtz pair canthereforebeusedto locatedepth discontinuities. As shown in that

example, if one usesa stereomatching algorithm that exploits the presenceof half-

occluded regionsfor determining depth discontinuities [2, 4, 6, 10], theseshadowed

regionsmay signi�cantly enhancethe quality of the depth reconstruction.

4.5 Activ e vs. Passive Imaging

Like photometric stereopsisand unlike conventional stereopsis,Helmholtz stereopsis

is active. The sceneis illuminated in a controlled manner,and imagesare acquiredas
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lights are turned on and o�. Clearly a suitable optical systemcan be constructedso

that the cameraand light sourceare not literally moved, but rather a virtual camera

center and light sourceare co-located. Alternativ ely, as will be shown in the next

section, a simple system can be developed that captures multiple reciprocal image

pairs with a singlecameraand a single light source.

5 Implemen tation and Results

In the previous sectionsa number of claims were made about the capabilities of

Helmholtz stereopsisas a reconstruction technique. This sectiondescribesan imple-

mentation of a Helmholtz stereosystem,and givesresults that support thoseclaims.

Speci�cally, in this section,we give examplesof:

� the reconstructionof surfaceswith arbitrary, spatially varying BRDFs (surfaces

that are neither Lambertian nor approximately Lambertian)

� direct recovery of both surfacedepth and the �eld of surfacenormals

� the reconstructionof surfacesin regionsof constant imagebrightness

5.1 Capturing recipro cal images

To demonstrateHelmholtz stereopsis,we constructed a systemthat enablesthe ac-

quisition of multiple reciprocal image pairs with a single cameraand a single light

source. These are mounted on a wheel as shown schematically in Fig. 7a. First,

supposean imageis captured with the wheel in the position shown in this �gure. If

the wheel is rotated by 180� and another image is captured, these two imageswill

form a reciprocal pair, and corresponding imageirradiancevalueswill satisfy the con-

straint in equation (3). It is clear that we can capture any number of reciprocal pairs

by rotating the wheel through 360� while stopping to capture imagesat reciprocal

positions.

A picture of such a systemis shown in Fig. 7b. The camerais a Nikon Coolpix 990,

and the light sourceconsistsof a standard100Wfrosted incandescent bulb �tted with
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a small aperture. The camerais both geometrically and radiometrically calibrated.

The former meansthat the intrinsic parametersand the extrinsic parametersof each

cameraposition are known, while the latter meansthat we know the mapping from

sceneradiancevaluesto pixel intensities(including optical fall-o�, vignetting, and the

radiometric cameraresponse). Sincethe lamp is not an ideal isotropic point source,it

also requiresa radiometric calibration procedurein which we determine its radiance

as a function of output direction.

An exampleof a setof imagescapturedusingthis systemis shown in Fig. 8. For all

resultsshown in this paper the diameterof the wheelwas38cmand the distancefrom

the center of the wheel to the scenewas approximately 60cm. The reconstructions

wereperformedfrom the viewpoint of a virtual principal cameralocatedat the center

of the wheel. We chosethis camerato be orthographic to ensureuniform sampling

of object space.

5.2 Using the matc hing constrain t

In Sect. 3, we derived a matrix constraint that can be used to recover the surface

depth and orientation corresponding to each pixel q in the principal view. How this

constraint should be usedwasnot speci�ed; there are a number of possiblemethods,

many of which can be adapted from conventional stereo algorithms. Our goal is

to demonstratethe feasibility of Helmholtz stereopsisin general,so a discussionof

possiblemethods is outside the scope of this paper. Instead, we have chosenone

particularly simple implementation which will be described here. Results for four

di�erent surfacesfollow in the next section.

For each pixel q, and for each depth value d 2 D = f d1; d2; : : : ; dND g we can

construct a matrix W q (d) as in equation (7). If the hypothesizeddepth corresponds

to a true surfacepoint, this matrix will be rank 2, and the surfacenormal will be

uniquely determinedasthe unit vector that spansits 1-D null space.(Note that since

each row of W (we denotethesew j ) lies in the epipolar plane de�ned by p, ol j , and

or j , no two rows of W will be collinear, so rank(W ) � 2.)

In the presenceof noise,W is generallyrank 3, and we require a measurefor the
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coplanarity of the row vectorsw j . Sincewe know that rank(W ) � 2, a suitable mea-

sure(and onethat works well in practice) is the ratio of the secondto third singular

valuesof W . Given a matrix W q (d), we compute the singular value decomposition

W = U�V T where � = diag(� 1; � 2; � 3); � 1 � � 2 � � 3. Then, our support measure

usedin the depth search is the ratio

rq (d) =
� 2

� 3
: (8)

Note that at correct depth values,the ratio r q (d) will be large.

The condition shown in equation (7) is a necessarycondition that will be satis�ed

by true values of surface depth, but it is not su�cien t. One way to resolve the

ambiguity is to make someassumptionsabout the shape of the surface. (The BRDF

remains arbitrary). One of the simplest methods, analogousto SSD matching in

conventional binocular stereo,is to assumethat the surfacedepth is locally constant.

In the search for the depth at principal image point q � , we considerthe ratio r q (d)

at this point aswell asat points in a small rectangular window W around q � . Then,

the estimateddepth at this point is given by

d?
q �

= argmax
d2 D

X

q2 W

rq (d): (9)

Oncewe have estimatedthe depth d?, the linear least-squaresestimateof the normal

is

n̂?
q �

= argmin
n̂

kW q � (d?)n̂k2 ; kn̂k = 1; (10)

which is simply given by the right singular vector corresponding to the smallestsin-

gular value of W q � (d?).

Note that the depth map that is recovered using equation (9) will have low res-

olution due to the assumptionof local depth constancy. This initial estimate of the

depth can be re�ned using the high frequencyinformation provided by the �eld of

surfacenormals. An exampleof this will be shown in the next section.

As a �nal note, this algorithm makes no attempt at detecting half-occluded re-

gionseven though this information is available through the visible shadows. We have

14



chosenthis method simply to demonstratethat reciprocity can be exploited for re-

construction. As shown in the next section,despitethe simplicity of the method, the

surfacereconstructionsare quite good.

5.3 Results

Figures 9-12 show the results of applying this procedure to four di�erent objects.

Each �gure consistsof: (a) one of the input imagesof the object, (b) the depth

recovered using equation (9), and (c) the recovered �eld of surfacenormals. Note

that the viewpoints of the displayed imagesdi�er slightly from the reconstruction

viewpoints due to the useof a virtual principal camera.

Figure 9 is a demonstration of a surfacereconstruction in the caseof nearly con-

stant image brightness. This surface (a wax candle) is a member of the class of

surfacesdescribed at the top of Fig. 6, and it is an exampleof a casein which conven-

tional stereopsishasdi�cult y. Notice that Helmholtz stereopsisaccuratelyestimates

the normal �eld, even though the depth estimatesare poor. The poor depth esti-

matesare expectedsinceat an imagepoint q, the ratio r q (d) will be nearly constant

for a small depth interval about the true surfacedepth. The normals are accurate,

however, sinceeach correspondingmatrix W q(d) will havenearly the samenull space.

Figure 10shows the resultsfor a surfacethat is clearly non-Lambertian. The spec-

ularities on the nose,teeth and feet attest to this fact. Note that the reconstruction

method is not expectedto succeedin regionsof very low albedo(e.g., the background

as well as the iris of the eyes) sincetheseregionsare very sensitive to noise.

Figures 11 and 12 show two more examplesof surfacereconstructions. Again,

note that the recoveredsurfacenormalsare accuratedespitethe low resolutionof the

depth estimates,even in regionsof nearly constant imagebrightness.

As mentioned at the end of the last section,it is possibleto obtain a moreprecise

surfacereconstructionby integrating the estimatednormal �eld. The examplesabove

demonstratethat this �eld is accurately estimated, even in regionswhere the depth

is not. To illustrate how surfacescan be reconstructed in this way, we enforced

integrability (using the method of Frankot and Chellapa [9] with a Fourier basis)
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and integrated the vector �elds shown in Figs. 9c and 12c. The results are shown in

Figs. 13 and 14. As seenin these �gures, the high resolution information provided

by the surfacenormals enablesthe recovery of precisesurfaceshape | more precise

than what we would expect from most conventional n-view stereo methods. Note

that it would be possibleto obtain similar reconstructionsusing photometric stereo,

but this would require an assumedmodel of re
ectance at each point of the surfaces.

6 Conclusion

This paper presents a novel surface reconstruction method that combines the ad-

vantages of both conventional n-view and photometric stereo techniques in that it

directly estimatesboth the depth and the �eld of surfacenormals of an object. In

contrast to conventional methods, however, it can recover this geometricinformation

for surfacesthat have arbitrary, unknown, and possibly spatially varying BRDFs.

The method is termed Helmholtz stereopsis,and it works by exploiting the physical

principle known as Helmholtz reciprocity.

Helmholtz stereopsisis a form of activemultinocular stereo,andassuch, it requires

that multiple imagesbecaptured. This paper presented an implementation of a simple

wheeldesignthat is capableof gathering theseimagesin a controlled mannerwith a

singlecameraand a simple approximation to a point light source. The results from

this implementation demonstrateits abilit y to recover surfaceshape.

The goal of this paper was to show empirically that the reciprocity condition sat-

is�ed by the BRDF could be exploited for surfacereconstruction; there are a number

of possibilities for future work. The rig that was used here was manually rotated

and required a full geometriccalibration a priori. One could imagine an automated

systemwith a servo motor, a video camerareplacing the digital still camera,and a

self-calibration routine.

The imagingcon�guration usedin this paper waschosenbecauseof its low costand

simplicity. It is expected that alternative con�gurations will provide more accurate

reconstructions,and enablemore robust employment of the matching constraint. In

particular, wehopeto investigatemoredirect methodsof combining depth andsurface
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orientation information.

In addition, although reciprocal imagepairs contain information that can be used

for locating depth discontinuities, this information was not explicitly used in our

implementation. The correspondencebetween shadowed and half-occluded regions

is neverthelessa powerful sourceof information, one that we plan to exploit in the

future.

There are two limitations of the Helmholtz stereomethod. First, we expect the

accuracyof the results to be a�ected by the presenceof signi�cant interre
ections.

Second, the accuracy may be decreasedfor surfaceswhose re
ectance cannot be

accurately represented by a BRDF, or whosere
ectance is represented by a BRDF

that deviates from the principle of Helmholtz reciprocity. (While deviation from

Helmholtz reciprocity is seeminglyrare, it doesexist; the most commonexampleis

the Faraday isolator, noted by Helmholtz himself [13].)

The severity of theselimitation remainsto be studied in detail, but the quality of

the results in this paper seemto indicate that Helmholtz stereopsisis a robust and

generalreconstruction technique. This is especially true given the simplicity of the

imaging system and the simplicity of the reconstruction algorithm that were used.

There are a number of directions for future work, and we feel that the full power of

this method will be revealedasmore sophisticatedimplementations are developed.
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fixed specularity

Figure 1: The setupfor acquiring a pair of imagesthat exploits Helmholtz reciprocity.
First an imageis acquiredwith the sceneilluminated by a singlepoint sourceasshown
on the left. Then, a secondimage is acquired after the positions of the cameraand
light sourceare exchangedasshown on the right.
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(a)

(b)

Figure 2: Result of stereomatching applied to a reciprocal pair: (a) a stereopair of
imagesacquiredby swapping the cameraand light source,and (b) the disparity map.
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(a)

(b)

Figure 3: Result of stereomatching applied to a conventional stereopair: (a) a stereo
pair from the samecamerapositions as in Fig. 2, but under �xed lighting; and (b)
the disparity map.
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Figure 4: A comparisonof Helmholtz stereopsiswith conventional multinocular and
photometric stereopsis.A detailed discussionof the entries in this table is given in
Sect.4.

LAMBERTIAN KNOWN
PARAMETRIC/ ARBITRARY

conventional stereopsis

photometric stereopsis

Helmholtz stereopsis

Figure 5: A summaryof the assumptionsmadeabout surfacere
ectance by three re-
construction techniques. Both conventional multinocular stereopsisand photometric
stereopsisassumethe BRDF is Lambertian or of someother known parametric form.
Yet, many natural surfaces(e.g., human skin, the skin of a fruit, glossypaint) do not
satisfy these assumptions. In contrast to the other methods, Helmholtz stereopsis
makesno assumptionabout the BRDF.
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Figure 6: A summaryof the surfacepropertiesrequiredfor Lambertian surfacerecon-
struction by conventional and Helmholtz stereotechniques. Even when the BRDF
is Lambertian, conventional stereopsisis only capableof recovering surfacegeometry
in regions of texture (i.e., varying albedo) or high curvature (i.e., edges). Neither
photometric stereopsisnor Helmholtz stereopsissu�er from this limitation.
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Figure 7: (a) A wheel is usedto capture multiple reciprocal image pairs employing
a single cameraand a single light source. By rotating the wheel through 360� , any
number of �xed-baseline pairs can be captured. For example,imagescaptured at ol2

and or2 will form a reciprocal pair. (b) An exampleof the wheeldesignshown in (a).
The light sourceconsistsof a standard 100W frosted incandescent bulb �tted with a
small aperture.
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Figure 8: An exampleof 6 reciprocal imagespairs captured using the rig described
in Fig. 7. Reciprocal imagepairs are arrangedvertically.

(a)

(b) (c)

Figure 9: (a) one of 36 input images(18 reciprocal pairs), (b) the recovered depth
map, and (c) a quiver plot of the recovered �eld of surfacenormals. As expected,
even though we obtain a poor estimateof the depth dueto lack of texture, the surface
normalsareaccuratelyrecovered. (Note that the imagein (a) is taken from a position
above the principal view usedfor reconstruction.)
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(a) (b) (c)

Figure 10: As in the previous�gure: (a) oneof 34 input images(17 reciprocal pairs),
(b) the recovered depth map, and (c) a quiver plot of the recovered �eld of surface
normals. As evidencedby the specularities in (a), the surface is non-Lambertian.
Regionsof very small albedo(e.g., the iris of the eyes,the background) aresensitive to
noiseand erroneousresults are expectedthere. Elsewhere,the depth and orientation
are accurately recovered. A 9 � 9 window was usedin the depth search.
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(a)

(b) (c)

Figure 11: A reconstructionfor the marked interior regionof a ceramic�gurine shown
in (a). Figures (b), and (c) are the depth map, and normal �eld. The low resolution
of the depth map is causedby the 11� 11 window usedin the depth search, but this
does not a�ect the accuracyof the estimated surfacenormals. Eighteen reciprocal
imagepairs were used.
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(a)

(b) (c)

Figure 12: A reconstruction for the face of a plastic doll shown in (a). Figures (b)
and (c) are the estimated depth map and normal �eld. Eighteen reciprocal image
pairs and a 9 � 9 window were used.

Figure 13: The surfacethat resultsfrom integrating the normal �eld shown in Fig. 9c.
Every third surfacepoint is shown, and the surfaceis rotated for clarity.
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Figure 14: Three views of the surfacethat results from integrating the normal �eld
shown in Fig. 12c. To demonstrate the accuracy of the reconstruction, we have
refrained from texture-mapping the albedo onto the recovered surface, and a real
image taken from each corresponding viewpoint is displayed. The specularities on
the doll's faceclearly show that the surfaceis non-Lambertian.
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