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Figure 1: Piecewise smooth color interpolation in a colorization &pgtion: (a) input gray image with color strokes overlai(h) solution
after 20 iterations of conjugate gradient; (c) using 1 itéoa of hierarchical basis function preconditioning; (d3ing 1 iteration of locally

adapted hierarchical basis functions.

Abstract

This paper develops locally adapted hierarchical basistims for
effectively preconditioning large optimization probleitigt arise
in computer graphics applications such as tone mappingjera

domain blending, colorization, and scattered data intatjpm. By

looking at the local structure of the coefficient matrix amalfprm-

ing a recursive set of variable eliminations, combined withim-
plification of the resulting coarse level problems, we abtaédses
better suited for problems with inhomogeneous (spatialyiwng)

data, smoothness, and boundary constraints. Our apprecves
the need to heuristically adjust the optimal number of pnelco
tioning levels, significantly outperforms previously posed ap-
proaches, and also maps cleanly onto data-parallel actiniées
such as modern GPUs.
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Generation—Display algorithms; G.1.8 [Numerical AnasysPar-
tial Differential Equations—Multigrid and multilevel medds
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1 Introduction

A large number of computer graphics problems can be forradlat
as the solution of a set of spatially-varying linear or nmedr par-
tial differential equations (PDEs). Such problems incledenpu-
tational photography algorithms such as high-dynamic eaoge
mapping [Fattal et al. 2002], Poisson and gradient-domknds
ing [Pérez et al. 2003; Levin et al. 2004b], and colorizafioevin

et al. 2004a). They also include various physically-basedieh
ing problems such as elastic surface dynamics [Terzopaards
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Witkin 1988], as well as the regularized solution of computie
sion problems such as surface reconstruction, optic flow/saape
from shading [Terzopoulos 1986].

The discretization of these continuous variational protdeising
finite element or finite difference techniques yields langgrse sys-
tems of linear equations. Direct methods for sparse sysfBuif§
et al. 1986] become inefficient for large multi-dimensiopabb-
lems because of excessive amount§ilbin that occurs during the
solution. In most cases, iterative solution are a betteiceh®@aad
2003]. Unfortunately, as the problems become larger, thfope
mance of the iterative algorithms usually degrades duedarth
creased condition number of the associated systems.

Two different classes of techniques, both based on muléHhi-
erarchical) representations, have traditionally beend tis@cceler-
ate the convergence of iterative techniques [Saad 2003. fif$t
are multigrid techniques [Briggs et al. 2000], which int&gie be-
tween different levels of resolution in an effort to alteeig re-
duce the low- and high-frequency components of the errofotdn
tunately, these techniques work best for smoothly varyegi(oge-
neous) problems, which is often not the case for computgrhiza
applications.

The second class of techniques are optimization algorithue

as conjugate gradient preconditioned using a variety dfirtieies
[Saad 2003]. Among these techniques, multi-level predandi

ers such as hierarchical basis functions and wavelets §Yitamt
1986; Szeliski 1990; Pentland 1994; Gortler and Cohen 1865]
well suited for graphics applications because they exphaitnatu-
ral multi-scale nature of many visual problems.

While multi-level preconditioners have proven to be quitee
tive at accelerating the solution of such tasks, some pnubles-
main. First, the choice of basis functions and the numbee\afls
is problem-dependent [Szeliski 1990]. Second, these itthgas
perform poorly on problems with large amounts of inhomodggne
such as local discontinuities or irregularly spaced data.

In this paper, we go back to basics and ask the question: ris #me
optimalset of hierarchical basis functions that can perfectly gnec
dition an arbitrary multi-dimensional variational proti@ It turns
out that for a one-dimensional first order system, we cantoacts
such a multi-resolution basis. For higher-dimensionabfams, we
can use a similar methodology to derive locally adaptedingical



basis functions thaapproximatean optimal preconditioning of ar-

bitrary problems and significantly outperform previouslibfished 101

techniques (Figure 1). The key to our approach is to caseéxt 160 1

amine the the local structure of the coefficient matrix tfgren a 140 —
recursive set of variable eliminations combined with a difiza- 120 —s
tion of the resulting coarse level problems. 100 f
We begin this paper with a review of variational problems toeir 80

discretization (Section 2). In Section 3, we review presigule- 60 1

veloped techniques, both direct and iterative, for sohdogh lin- 201

ear systems, including the use of multigrid and multi-lepesd- w0 / \

conditioners. In Section 4, we derive optimal hierarchicases / \ / \

for the one-dimensional first order problem. In Section 5,dse T a4 s e s s o m o .

velop a methodology for constructing locally adaptive aiehical

bases for two-dimensional first order problems such as Goiss- Figure 2: Input data and output solution. The input data values
age blending, HDR tone mapping, and colorization. We alse di  gre d = {150,50,200} at i = {3,8,15} and O elsewhere. The
cuss how to map these algorithms onto GPUs. Section 6 peesent data weights are yw= 100at i = {3,8,15} and 1 elsewhere, which

some experimental results, including comparisons withvipes causes the interpolated curve f to sag towards 0. The smesshn

approaches, while Section 7 discusses areas for furthesines function is $ = 10 except for $; = 0, which causes a “tear” in the
reconstructed f curve betweer-i{11,12}. (The tear is not read-

2 Problem formulation ily apparent because of the linear interpolation used byputing
software.)

Many problems in computer graphics can be formulated using a

variational approach which involves defining a continuous two-

cﬁmensmnal optimization prc_)b_lem, adding approprigulariza- ., 2D problems Two-dimensional variational problems can be for-
tion terms and then discretizing the problem on a regular grid 1, 1ated in a similar manner. Again, we wish to reconstructracf
[Qortler and Cohen 1995; Zhang et al. 2002; Fattal et al. 2002 i, f(x,y) through a set of data poinfsl} at locations{(xq, i)}
Pérez et al. 2003; Levin et al. 2004a; Levin et al. 2004b]. e Th ,uh associated weightéwy }. The two-dimensional first order

discretization of these variational formulations leadgjtadratic smoothness functionafrembranemodel [Terzopoulos 1983]) can
forms with large sparse symmetric positive definite (SPDffto be written as

cient (a.k.a. Hessian or stiffness) matrices that have aralag¢m-
bedding in a two-dimensional grid and are hence amenabl@ltd m _ /SX £2 o £2 dxd 4
level approaches, s xy) fe(xy) +9(xy) fy (x y)dxdy (4)

dimensional curve interpolation, where the problem is twore P y \2
struct a functionf (x) that approximately interpolates a set of data Es= zg((fiﬂvi —fij—g)?+ s (fijea—fij - g% ©
points {dg} at locations{x} with associated weightéwy}. To b
make the problem well-posed, we add a first order smoothness

X Y i i
penalty (functional), The data valueg,ﬁj and g ; are gradient data terms (constraints)

used by algorithms such as HDR tone mapping, Poisson bigndin
_ /s(x)fz(x)dx, 1) and_gradient-domain blending [Fattal et z_al. 2002; Pé_re_ﬂi. Q003;
ST X Levin et al. 2004b]. (They are 0 when just discretizing the-co
ventional first order smoothness functional (4).) The sinoess
weightss® ands’ control the location of horizontal and vertical tears
(or weaknesses) in the surface. The two dimensional desdegt
energy is written as

wheres(x) is the spatially varyinggmoothnessveight, which can
be used to locally control discontinuities. Second ordeoctm
ness functions can also be used, but we leave their discuasith
solution to future work [Szeliski 2006].

To discretize the above problem, we choose a regular gricirapa Bg=) wi;(fij— di j)2. (6)
of sizeh and place all of our data constraints at discrete grid loca- ]
tions, which results in the discrete energy
2 To obtain the discrete energies using finite element arslysr-
Eq =3 wi(fi—d), @ zopoulos uses piecewise linear right-angigdngular spline ele-

' ments for the membrane model. Because the squared degivativ
with w; = 0 where there are no data points.  Figure 2 shows a get integrated over local two-dimensional patches of &feahe
sample set of input data valués and weightsw;, which we can  discrete first order squared smoothness terms become imdieqte
think of points pulling on the final surfacg with strong springs. of h.

(Weaker springs connect the remaining points to the 0 basgli ) .
For both the one and two-dimensional problems, the totaigref

To discretize the smoothness functional, we use finite ai¢a&al- the discretized problem can be written aguadratic form

ysis [Bathe and Wilson 1976], which models the functidm) as

a piecewise linear spline [Terzopoulos 1983]. After anelly in- E_Eg+Es=x"Ax—2x"b+c, @)
tegrating the energy functiona, we obtain

wherex = [fp... fo_1] is called thestate vector

Es= fig—fi)? 3
S IZS( = )% @) The sparse symmetric positive-definite matixs called theHes-

) ) 5 % sian since it encodes the second derivative of the energy func-
with the value fors given bys = h™< [(+* s(x)dx= s/h, for a con- tion. (In numerical analysig\ is called thecoefficientmatrix [Saad
stants(x) =s. 2003], while in finite element analysis [Bathe and Wilson @97



it is called thestiffnessmatrix.) For the one-dimensional first or-
der problemA is tridiagonal, while for the two-dimensional prob-
lem, it is multi-banded with 5 non-zero entries per row. Wk ba
theweighted data vectorMinimizing the above quadratic form is
equivalent to solving the sparse linear system

Ax=b. 8)

3 Direct and iterative techniques

The solution of sparse positive definite (SPD) linear system
equations breaks down into two major classes of algorititinsct
and iterative.

Direct methods use sparse matrix representations togettiesta-
ble factorization algorithms such as LU (lower-upper) oofeksky
decomposition to obtain sparse symmetric factor matrices/fiich
forward and backward substitution can be efficiently peried
[Duff et al. 1986]. Unfortunately, for two-dimensional fnems,
the factored matrices suffer frofill-in, i.e., the zero entries sep-
arating the main diagonal band and the off-diagonal bandhsctw
result when the 2D variables are placed in raster order)epétced
with non-zero values. Furthermore, direct solvers, beaguen-
tial in nature, are not directly amenable to data-paraltelcation
on GPUs.

Iterative relaxation algorithms such as gradient descemicessive
over-relaxation (SOR), and conjugate gradient descentmmza

the quadratic energy function (7) using a series of stepssiina

cessively refine the solution by reducing its energy [Sad@BR0
Basic iterative algorithms can be accelerated using atyasfeech-

nigques, including multigrid, hierarchical basis precaiotiing, and
tree-based preconditioning.

Multigrid Multigrid methods operate on a pyramid and alternate
between solving the problem on the original (fine) level ang- p
jecting the error to a coarser level where the lower-frequexom-
ponents can be reduced [Briggs et al. 2000; Saad 2003]. Téis a
nation between fine and coarse levels can be extended redyrsi
by attacking the coarse level problem with its own set ofritegel
transfers, which results in the commonly udédycleandW-cycle
algorithms [Briggs et al. 2000].

While multigrid techniques are provably optimal for simplemo-
geneous problems, their performance degrades as the praae
comes more irregular. Algebraic multigrid solvers (AMGhish
locally adapt the interpolation functions to the local strwe of the
coefficient matrix, can be more effective in these casegfidret al.
2000; Saad 2003]. However, to our knowledge, AMG solverghav
not previously been applied to computer graphics probleffitse
technigues we develop are related to AMG (as we discus9,later
though we use preconditioned conjugate gradient as our blgi-
rithm rather than multigrid, since it can compensate forithper-
fect coarsening that is endemic in most real-world problésesad
2003].

Hierarchical basis preconditioning An alternative approach to
solving sparse multi-dimensional relaxation problem® alsgaws
its inspiration from multi-level techniques. However, tiesd of
solving a series of multi-resolution sub-problems interspd with
inter-level transfers, preconditioned conjugate gradieses the
multi-level hierarchy topreconditionthe original system, i.e., to
make the search directions more independent and bettexdscal
These techniques were first developed in the numerical sisaly
community by Yserentant [1986] and applied to computerowvisi
problems by Szeliski [1990]. More recent versions usinfedét
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Figure 3:Multiresolution pyramid with half-octavej(iincunxsam-
pling (odd levels are colored gray for easier visibility) igfarchi-
cal basis function control variables are shown as black dots

basis functions (such as wavelets) and some amount of Ideala
tation have been proposed by Pentland [1994], Yaou and Chang
[1994], Gortler and Cohen [1995], and Lai and Vemuri [1997].

The basic idea is to replace the originabdal variablesx =
[fo... fa—1] with a set ofhierarchicalvariablesy that lie on a multi-
resolution pyramid, which has been sub-sampled so thasitha
same number of samples as the original problem (Figure 3). Be
cause some of these new variables have larger bases (irdluenc
gions), the solver can take larger low-frequency steps @era-
tively searches for the optimal solution.

To convert between the hierarchical (multi-resolutionyl arodal
bases, we use a set of local interpolation steps,

X=Sy=S1S- S 1y. 9)

The columns ofS can be interpreted as th@erarchical basis
functionscorresponding to the nodal variables [Yserentant 1986;
Szeliski 1990]. In the wavelet community, this operatiomcédled

the lifting schemefor second generation wavelefSchroder and
Sweldens 1995; Sweldens 1997].

The form of the individual interlevel interpolation funetis § is
usually similar to that used in multigrid, e.qg., linear ingelation
for one-dimensional problems and bilinear interpolation tivo-
dimensional problems. Figure 4 shows a set of hierarchiasé$®
that correspond to using uniform linear interpolation athestage.

Hierarchical basis preconditioning often outperforms tigud re-
laxation on the kind of non-uniform scattered data intemioh
problems that arise in low-level vision [Szeliski 1990]. wkver,
as more levels of preconditioning are used, the performatarts
to degrade once the hierarchical bases become larger thanat
ural” local spacing of the data. This is due to the fact that th
bases are not properly adapted to particular interpolaiioblem

at hand. While attempts have been made to take into accotimt bo
the strength of the data constraints [Lai and Vemuri 199d]laoal
discontinuities [Szeliski 1990; Zhang et al. 2002], thegiin still
remains whether one can derive@gtimalset of hierarchical basis
functions, or at least a more principled way to adapt themhéo t
local structure of the underlying problem.

4 One-dimensional problems

The basic idea in using a hierarchical basis is to interpdla so-
lution obtained with a coarser level approximation and enthdd

a localcorrectionterm. However, what if we were given the exact
solution at the coarser level? Could we therfectlypredict the
solution at the finer level?



Figure 4: Regular (non-adaptive) hierarchical basis functions.
Note how some of the functions (at the ends and in the middée) a
very broad, corresponding to the coarse-level bases, withers
become progressively narrower.

For the first order one-dimensional problem, it turns out tecan
because each variable only interacts with its two near@ghbers.
Thus, if we place all the even variables in the coarse levélkaep
the odd variables at the fine level, we can solve for each fied le
variable independent of the others. Consideritheow from the
tridiagonal system of linear equations (8),

8ji—1Xi—1+aiiX +air1%+1=bi. (10)
We can write the solution fog as
Xi = ai]l[bi —&,j_1% -1 — & j+1Xi+1]- (11)

Note that this “interpolant” doesot, in general, interpolate the two
parentsx;_1 andxiy1 sincea;j_1/a; + ajit1/a, < 1 whenever
w; > 0, i.e., whenever there is any data present at a node. Irafact,
the data weight at a poimt; — o, we getx; — bj /& ; = d; and the
target data value is interpolated exactly without using smooth-
ing. This is an example of what Sweldens calisighted wavelets
[Sweldens 1997].

We can now substitute the above formulaxpfor all odd values of
i simultaneously and obtain a new energy function that doemno
volve the odd variables. This process is commonly knoweyatc
reduction[Golub and Van Loan 1996].

Another way to view this operation is to say that (11) definés a
cally adapted basis (interpolation) function [Kobbelt é8chroder
1998]. Figure 5 shows the locally adapted hierarchicalsfasic-

tions for the data weighting and smoothness function intced in

Figure 2. Notice how none of the functions span the discaittin
in the smoothness function and how the local shape of theitursc
is controlled by the data spacing and strength.

If we permute the entries iA andS so that the fine level variables
come first and the coarse level variables come second, weeean r
write these matrices as

LR

ET F
The resultingpreconditionedcoefficient matrix can therefore be
written as

For the one-dimensional first order problebn,is a diagonal ma-
trix, E has a bandwidth of two, arfél is also diagonal. The result-
ing (smaller) coarse-level coefficient matd§ = F — ETD~1E is
therefore tri-diagonal, just like the original coefficienatrix A. We
can therefore recurse on this matrix to construct a localbpted
set of hierarchical basis functions that that convert thgirmel co-
efficient into a diagonal matriA. In the iterative methods com-
munity, the above algorithm is calledcmplete factorizatiomf

[ fD‘lE} (12)

o' I

D 0

oT F— ET D—lE (13)
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Figure 5: Locally adapted hierarchical basis functions. Note how
none of the functions span the break at {11,12} and how the
shape of individual functions varies according to the lodata
weights and smoothness values. This particular set of hiasas
exact preconditioner for the 1-D problem.

A, since no approximations are used in this derivation [Etait.
1994]. It is a special instance of the more gené@mabmplete LU
factorization with multi-eliminatiofiLUM) algorithm [Saad 2003,
§12.5], which we describe in the next section.

The construction described above leads to the following re-
interpretation of the well known cyclic reduction algorith
[Kobbelt and Schroder 1998]:

For a one-dimensional first-order problem, using the pration

tioner SﬁflST, where S is defined using the set of locally adapted
hierarchical basis functions S= [ | D', | as described

above andA is the resulting diagonal (preconditioned) multi-level
coefficient matrix, results in perfect preconditioning amehce a
one-step solution.

Unfortunately, this result only holds for one-dimensiofit order
problems. However, the general methodology developedeatan
be modified so that it can be applied to two-dimensional oig,
as we describe next.

5 Two-dimensional problems

In two dimensions, most hierarchical basis function apghea (as
well as pyramid-based algorithms) eliminate odd rows araons
simultaneously, so that each coarser level has one quartenay
variables as the finer one [Szeliski 1990]. However, the livel
variables being eliminated are not independent, which sakdf-
ficult to apply the previous methodology.

Instead, we eliminate the red elements in a red-black chiecked
first, and then eliminate the other half of the variables to/ena
full level up in the pyramid. In the numerical analysis commity
this is known atepeated red-black (RRB) orderirigr elimination)
[Brand 1992; Ciarlet Jr. 1994; Notay and Amar 1997], and iam p
ticular instance of more genenalulticoloringstrategies that can be
applied in conjunction witincomplete LU with multi-elimination
(ILUM) preconditioning [Saad 2003]. (Half-octave pyramidre
also used in image processing [Crowley and Stern 1984], avher
they are sometimes calleghincunxsampling [Feilner et al. 2005].)
Pictorially, we can view this as
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where thex'’s are eliminated in the first pass and the diamonds are
eliminated in the second. The gray lines indicate the coiores
(non-zero entries i) between variables, while the blue lines in-
dicate undesirable connections, which must be eliminaed]e-
scribed below.
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Figure 6:Two-dimensional cliques of neighbors and how they are éduring the simplification process. (a—c): The left hart 9if each
arrow diagram shows the original (non-zero) connectionsMeen the crosses and the circle along with their originalghies. The right
hand side shows the connections after variable eliminafidre non-diagonal connections shown in blue are elimingedistributed to the
black ones) in the final step. (d): General case of diagongkeseight redistribution.

Using this scheme, thB matrix is diagonal, th€&e matrix is 4- special cases:
banded (4 nearest neighbors), andEhmatrix is diagonal (crosses
and diamonds are independent of each other). The res@ﬁng
matrix is 9-banded, i.e., each circle (or diamond) depenmdaai
only its immediate 4-neighbors (gray lines in the above idiag
and Figure 6), but also on its diagonal 2-D neighbors (lightb
lines).

Heuristic 1:  For the two-dimensional membrane, after multi-
elimination of the red (cross) variables, distribute anyidgo-
nal” connection strengths in the rotated grid to each cortitets
nearest neighbors, using the relative weighting of the ineb4-
connections, with appropriate scaling.

In order to keep the bandwidth from growing, we would like to More formally, if a variablex; originally has connections to its 4

eliminate these diagonal connections. But how? The uswatan  N€ighbors of weigha; ... am (Figure 6d), and the interpolation
[Brand 1992; Saad 2003] is to perforimcomplete factorizatian (adapted hierarchical b§§|s) welgklts 8fe..sm, the entrles in the
which means simply dropping the undesired element (ILU®), o New coarser-lev_el coefficient matrdq (13) corresponding to that
perhaps adding these dropped values to the diagonal torgeese finite element will be

affine/interpolatory properties of the resulting systemofkn as A

modified ILUor MILU). (A blend of these two approaches, known djk = &iSjSk, etc.
relaxed ILUor RILU, is to add a fractiom of the dropped elements
to the diagonal [Saad 2003].)

This paper takes an alternative approach. Rather thanirlyird€

the undesired matrix elements as abstract quantities, evethiem

as springs whose impact on the system must be approximated b
stiffening adjacent (non-eliminated) springs. The goabisnake

the coarsenednergy functior(quadratic form with enforced zero

(14)

(The entryaj, will also receive a contribution from the finite ele-
ment bordering it on the other side.)

This formula works fine, except that it introduces undesestties

between nodeg andl (and alsdk andm, not shown in Figure 6d),
Mwhich must be re-distributed to the neighboring pgks.. jm. To

do this, we first compute the relative weights for the fouoahlble

entries) be as good as possible an approximation to thenafigi links, A A
Wik = &jk/ ) &m, (15)
energy. o
Let us start with some special cases. If the data constraigbi and then update each of the allowable link weights by
strong that the connections B LE are essentially zero, we do not A . A
have a problem. The same is true when a circle only depends on a Ajk < Ajk + SNWijkajl - (16)
adjacent pair of neighbors (Figure 6a), since this inducsngle . . . o
new link (dependence). (The diagonal entries are also adjusted to maintain thenbalbe-

_ _ tween off-diagonal and diagonal entriesAqn.) The scaling factor
When three out of the four connections are non-zero (Figh)e 6 sy = 2 is chosen so that the coarse level coefficient matrix in ho-

we can view this configuration as a triangular finite elemeifit. mogenous (constant smoothness) regions is the same as beuld
the original weights between neighbors are 1, it is easy tocte obtained by applying finite element analysis at the coaesel (see
strate (by substituting the average valpg + x +x)/3 for x;)* [Szeliski 2006] for more details and a discussion of altévea).

that the resulting energy has connections of strengthbetween

the neighbors shown in Figure 6b (right size of the first ajrdvor 5.1 GPU implementation

a triangular element of ard® with unit smoothness = 1, the di-

agonal connections should Bg, so that they add up to 1 after the  Implementing the locally adaptive hierarchical basis prefitioned
other side of each link is also eliminated. (Recall that thidiel- conjugate gradient algorithm is straightforward, as ibimes only
ement analysis in Section 2 indicates that the membrang\iver a small extension to the conjugate gradient and multiggdrithms
2D does not scale with.) Therefore, a sensible heuristic is to “dis-  already developed by Bolet al. [2003]. The basic operations
tribute” half of the strength along the vertical blue linestach of its in conjugate gradient, namely the evaluation of the residector
two neighbors, which results in the desired pair of val{is, 1/2). r, which involves the sparse matrix multiplicatidex— b, and the
computation of the new conjugated directiband step size, which
involve the computation of two inner products, map natyrafito
the GPU. (Note that th& matrix, which has only 4 non-zero entries
per row, is stored naturally alongside all of the other ve(tonage)
quantities as a 4-banded float image.) Similarly, the tansétion
of the current direction vector by tH8 and S matrices [Szeliski
What about the case when the strengths are not all the same? AL1990] involves nothing more than the inter-level transfggrations

general heuristic rule can be formulated that reduces taboge ~ Present in multigrid, where the spatially varying entriesachS
matrix can be again stored in a 4-banded image aligned with th
INote how we now use single subscripts to index the variables quantities they are being applied to.

For the fully four-connected case (Figure 6¢), a similarlysia

shows that the vertical and horizontal strength should lenlgv
distributed between the adjacent neighbafter being scaled up
by a factor of 2 which results in a final strength on each of the
diagonal (black) edges.
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Figure 7: Simple two-dimensional discontinuous interpolation
problem. The two rows show the solution after the first anH fift
iterations, and the three columns show regular conjugaselgmt,
hierarchical basis preconditioning (3 levels), and LAHBiegon-

ditioning. Note how conjugate gradient hardly makes anypss,
while regular HBFs over-smooth the solution.

6 Experimental results

To evaluate the performance of our new algorithm, we have
compared it to regular conjugate gradient descent, rednfzm-
adaptive) hierarchical basis preconditioning, and thriferdnt
variants of incomplete factorization (ILUO, MILU, and RILWith

w = 0.5). Figure 7 shows a simple 2D interpolation problem that
consists of interpolating a set of 4 sparse constraints ajuare
grid with a tear halfway across the bottom edge. As you can see
conjugate gradient hardly makes any progress, even aftgei20
tions. Regular hierarchical basis preconditioning staftstrong,

but after 5 iterations, it has not yet accurately modeleddibeon-
tinuity. Locally adaptive hierarchical basis precondititg, on the
other hand, achieves a visually acceptable solution inglesiter-
ation.

Figure 8 shows a plot of the RMS error (relative to the minimemn
ergy solution, expressed in gray levels) for all of thes@algms.
As you can see, LAHBF significantly outperforms all previgus
published algorithms, which can also be verified by lookittha
semi-log plots of the error curves [Szeliski 2006].

We next evaluate the performance of our algorithm on a nummber
computer graphics applications.

Colorization Colorization is the process of propagating a small
number of color strokes to a complete gray-scale image,ewhil
attempting to preserve discontinuities in the image [Lewiral.
2004a]. As such, is it a perfect match to the controlled-icoity
interpolators developed in this paper. The actual smosthterm
being minimized in [Levin et al. 2004a] involves differescke-
tween a pixel's value and the average of its eight neighbés.
such, it is not a first-order smoothness term and is not djrect
amenable to our acceleration technique. Instead, we reeplec
term used in [Levin et al. 2004a] with a simpler term, i.e., e
the horizontal and vertical smoothness strengths invemepor-
tional to the horizontal and vertical grayscale gradients.

Figure 1 visually shows the result of running our algorittas well

as conventional preconditioned conjugate gradient on flagse

set of color strokes shown in Figure 1a. As you can see, conju-
gate gradient hardly makes any progress, even after 2Qidesa
while LAHBF preconditioned conjugate gradient convergegist

a few iterations. Figure 9 shows the convergence of these alg
rithms (RMS error in the reconstructed chrominance sigredsa
function of the number of iterations.
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Figure 8:Error plot for the simple two-dimensional problem. The
LAHBF preconditioned solver converges in just a few itenadi,
while regular HBFs converge more slowly and require maneal s
lection of the number of levels for best performance. ThelWMIL
algorithm performs better than non-adapted bases, butssghifi-
cantly underperforms the new algortihm.

Poisson (gradient domain) blending Poisson blending is a
technique originally developed to remove visual artifagdte to
strong intensity or color differences when a cutout is mhatéo

a new background [Pérez et al. 2003]. It has since beendedien
to non-linear variants [Levin et al. 2004b], as well as aguplio
image stitching, where it is used to reduce visual discoities
across image seams [Agarwala et al. 2004]. Poisson blenelieg
on reconstructing an image that matches, in a least-sqsenss, a
gradient field that has been computed from the various imges
contribute to the final mosaic.

Figure 10 shows an original two-image stitch where blendiag
been applied. The left image shows the unblended result. The
middle image shows the label field, indicating where eactelpix
is drawn from. The right image shows the blended result,inbta
using just a few iteration of LAHBF preconditioned conjuggta-
dient. (Notice that a slight seam is still visible, becalsexbntrast

is not properly matched across images. This suggest thadlibig

in the log-luminance domain might be more appropriate.uféd.0
also shows the corresponding error plots. As before, welsge t
LAHBF converges in just a handful of steps. In these examples
rather than selecting a single pixel as a hard constraintrtmve
the overall shift ambiguity, we used a weak constraint towahe
unblended original image.

Tone mapping Our final graphics application is gradient do-
main high dynamic range compression [Fattal et al. 2002}hin
technique, the gradients of a log-luminance function ast éiom-
puted and then compressed through a non-linearity (Figlee),

A compressed log-luminance function is then reconstrufiteah
these gradients. Figure 11c shows the sparse set of constuaed

to clamp the dark and light values, Figure 11d shows the recon
structed log-luminance function, and Figure 11le shows tire c
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Figure 9: Error plot for the simple colorization problem. The
LAHBF preconditioned solver converges in just a few itenadi,
while regular HBFs and MILU converge more slowly. (For a semi
log plot, please see [Szeliski 2006].)

vergence plots. As before, we see that our new approachsoffer
significant performance improvements. We have also applied
algorithm to a newly developed interactive tone mappingéigm
[Lischinski et al. 2006] with good results [Szeliski 2006].

Performance The performance of our algorithm on the three
real-world examples discussed above is summarized in Thble
These numbers were obtained on a Xeon 2.8GHz PC running on
unoptimized C++ code. The time taken and memory size are
roughly proportional to the problem size. Computing thealtyc
adaptive basis functions takes a little longer than actuading
them as a preconditioner, which is about twice as slow as &he b
sic conjugate gradient update step. The convergence (flotsns
previously should therefore have their top lines (regutarjegate
gradientL = 0) squished left by a factor of three to make the com-
parisons sensible in terms of run times. However, the adgastof
LAHBF over conjugate gradient still remain quite dramatic

7 Discussion

Our experimental results demonstrate that our locally tedipier-
archical basis functions significantly outperform unaddgierar-
chical bases as preconditioners for the kinds of first-oogémiza-
tion problems presented in the previous section.

As we mentioned before, our technique is closely relatedtb al-
gebraic multigrid and ILUM. Incomplete LU (lower-upper)tar-
ization with multi-elimination (ILUM) on a red-black (mudilor)
grid performs the same first step of problem reduction/erang
as our algorithm. The major difference comes in how the unde-
sired off-diagonal entries are treated. In ILUM, it is triéatial to
simply drop coefficient matrix entries that are of small magfe
relative to other entries in a given row. (This is known as Nvith
thresholding, or ILUT [Saad 2003, p. 306].) In our approaekher
than dropping such terms we-distributethese entries to other off-
diagonal and on-diagonal entries in a way tpatservesa good
finite-element approximation to the original variationeblplem.

Algebraic multigrid techniques attempt to remedy some @& th
shortcomings of traditional multigrid techniques, whicdsame a
fixed uniform set of coarsening and interpolation kernejsadapt-
ing these kernel to the underlying structure (continuity atiff-
ness) of the finite element problem being solved. As disclisse

[ Applic. [ Prob. size | Setup | LAHBF | CG [ Prec. | Mem (MB) |

Color. 320x 262x 2 31 157 30 94 15/35
Blend. | 686x686x3 262 797 280 | 563 106/ 220
Compr. | 423x636x 1 359 1984 150 | 1200 1741373

Table 1: Performance of LAHBF on three sample problems. The
problem size is given in pixels (widthheight) by the number func-
tions (r.h.s. columns) being reconstructed. The setupfficmnt
matrix computation), locally adaptive HBF pre-computati@on-
jugate gradient iteration, and hierarchical preconditiog steps
are given in milliseconds (msec). The memory footprint iy
and shows the memory without and with hierarchical prectioh

ing.

operators as ILUM. As with ILUM, small terms in the resulting
coarser level coefficient matrix are again neglected inmalkeep
the system bandwidth from growing excessively. Again, the a
proach presented in this paper suggests a more principkt@fan
fective way for re-distributing these neglected terms.

Another class of recently developed pre-conditioning méaphies re-

lies ontreesdefined over the original connectivity graph [Gremban
1996]. These techniques, also knowncasnbinatorial precondi-
tionersbecause of their close connection to graph theoretic algo-
rithms, are known to perform well on sparse irregular lingys-
tems. (http://www.preconditioners.com contains a godorial in-
troduction as well as pointers to the most recent literayW¢hile

we have not yet had a chance to compare the performance of our
approach to these new techniques, we believe that for therigb g
based first order problems that we address in the paper, cl te
niqgue will perform better because it does not neglect a sutfse
connections in the original problem, as the tree-basechiqubs

do.

Future work The basic approach developed in this paper can be
extended in a number of ways. We are currently working on ex-
tending our technique to second order problems in both ode an
two dimensions.

We are also interested in extending our approach to nonrgtiad
energy minimization problems such as dynamic programming
(which can be used for stereo matching or speech recoghition
While 1-D versions of these problems are known to have efect
sequential solutions, our approach can be used to pazelliiese
algorithms onto architectures such as GPUs. The extensigst
MRFs is likely to be quite challenging, but could have largggdfs

for problems such as stereo matching and graph cut segnoentat

Finally, we would like to apply our techniques to a wider raraf
computer graphics applications such as fluid simulations.

8 Conclusions

In this paper, we have shown how to locally adapt hierar¢hiasis
functions to inhomogeneous problems so that they are méee-ef
tive at preconditioning large first-order optimization plems that
arise in computer graphics. Our approach is based on ansixten
of repeated red-black (RRB) ILUM preconditioners that uies
nite element analysis to redistribute off-diagonal terma manner
that preserves good approximations to the underlying tranial
problem. The resulting algorithm performs significantlytbethan
previously proposed approaches, is simple to implemeiat,aéso
maps naturally onto a GPU. We have demonstrated that owerdurr

[Saad 2003, p. 444], more recent AMG techniques use the samealgorithm has a wide range of applications in computer geaph

basic multi-elimination equations to define the interletrahsfer

and we plan to extend its range of applicability in the future
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Figure 10:Poisson blending example. The leftimage shows the unlderdalt, the middle image shows the pixel labels, and the ifgage

shows the final blended image.
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Figure 11: Gradient domain high dynamic range compression: Leftmestimages: horizontal and vertical compressed gradienti$iel
middle image: light and dark value constraints; right imageconstructed compressed log-luminance function.
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