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Abstract

This paper proposes to use the volumetric Laplace
spectrum as a global shape descriptor for medical
shape analysis. The approach allows for shape com-
parisons using minimal shape preprocessing. In partic-
ular, no registration, mapping, or remeshing is neces-
sary. All computations can be performed directly on the
voxel representations of the shapes. The discriminatory
power of the method is tested on a population of female
caudate shapes (brain structure) of normal control
subjects and of subjects with schizotypal personality
disorder. The behavior and properties of the volumetric
Laplace spectrum are discussed extensively for both
the Dirichlet and Neumann boundary condition show-
ing advantages of the Neumann spectra. Both, the
computations of spectra on 3D voxel data for shape
matching as well as the use of the Neumann spectrum
for shape analysis are completely new.

1. Introduction

Morphometric studies of brain structures have clas-
sically been based on volume measurements. More
recently, shape studies of gray matter brain struc-
tures have become popular. Methodologies for shape
comparison may be divided into global and local
shape analysis approaches. While local shape compar-
isons [1], [2], [3] yield powerful, spatially localized
results that are relatively straightforward to interpret,
they usually rely on a number of preprocessing steps.
In particular, one-to-one correspondences between sur-
faces need to be established, shapes need to be
registered and resampled, possibly influencing shape
comparisons. While global shape comparison cannot
spatially localize shape changes, global approaches
may be formulated with a significantly reduced number
of assumptions and preprocessing steps, staying as true
as possible to the original data.

This paper describes a methodology for global
shape comparison based on the Laplace-Beltrami
spectrum [4], [5], [6], [7]. In particular, the paper
focuses on thevolumetric Laplace spectrum of
three-dimensional solids. Previous approaches for
global shape analysis in medical imaging include the
use of invariant moments [8], the shape index [9],
and global shape descriptors based on spherical
harmonics [10]. The proposed methodology based on
the Laplace-Beltrami spectrum differs in the following
ways from these previous approaches:

- It works directly for any Riemannian manifold,
whereas spherical harmonics based methods require
spherical representations, and invariant moments
do not easily generalize to arbitrary Riemannian
manifolds. It may be used to analyze surface, solids,
non-spherical objects, etc. in different representations.

- Only minimal preprocessing of the data is required.
Three dimensional volume data may be represented
by its boundary surface, separating the object interior
from its exterior or by the volume itself (a volumetric,
region-based approach). In the former case, the
extraction of a surface approximation from a (possibly
manually segmented) binary image volume is the
only preprocessing step required. In the volumetric
case, which is the focus of this paper, even this
preprocessing step can be avoided and computations
may be performed directly on the voxels of a given
binary segmentation. This is in sharp contrast to
other shape comparison methods, requiring object
registration, remeshing, etc. The Laplace-Beltrami
spectrum is invariant to rigid transformations,
isometries, and to object discretization (as long as the
discretization is sufficiently accurate).

This paper supplements previous surface-based
Laplace-Beltrami shape analysis work on medical
data [11] as well as work on pixel data (images) [7].
Furthermore, it extends the computation of volumetric
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2.4. Implementation

To solve the Helmholtz equation on any Riemannian
manifold we employ theFinite Element Method [19].
We choose a tessellation of the manifold into so called
elements (e.g., triangles or in this work cuboid voxel).
We then choose linearly independent test functions
with up to cubic degree (the so called form functions
Fi ) defined on the cuboid voxel elements. These high
degree functions lead to a better approximation and
consequently to better results, but because of their
higher degree of freedom more node points have to be
inserted into the elements. See [5] or [6] for a more
detailed description of thediscretization used in the
FE method that finally leads to the following general
eigenvalue problemAU = λBU with the matrices

A = (alm ) :=
(∫∫

DFl G
� 1 (DFm )T dσ

)
,

B = (blm ) :=
(∫∫

FlFm dσ
)
.

(9)
Where Fl is the form function being one at node
l and zero at all other nodes. HereU is the vector
(U1, . . . , Un ) containing the unknown values of the
solution at each node andA, B are sparse positive
(semi-) definite symmetric matrices. The solution
vectors U (eigenvectors) with corresponding eigen-
valuesλ can then be calculated. The eigenfunctions
are approximated by

∑
UiFi . In case of the Dirichlet

boundary condition, the boundary nodes do not get a
number assigned to them and do not show up in this
system. In case of a Neumann boundary condition,
every node is treated exactly the same, no matter if
it is a boundary node or an inner node. Since only
a small number of eigenvalues is needed, a Lanczos
algorithm can be employed to solve this large symmet-
ric eigenvalue problem much faster than with a direct
method. In this work we use the ARPACK package to
compute the eigenfunctions and -values starting from
the smallest eigenvalue in increasing eigenvalue order.
It should be noted that the integrals mentioned above
are basically independent of the mesh (as long as the
mesh fulfills some refinement and condition standards).
Beyond that, this method is completely independent of
the given parametrization.

2.5. Form Functions

In order to compute the entries of the two matrices
A andB (equation 9) we need the form functionsFi

and their partial derivatives(∂kFi ) in addition to the
metric values from equation (2). The form functions
are a basis of functions representing the solution space.

Any piecewise polynomial functionF of degree
d can easily be linearly combined by a base of
global form functionsFi (of same degreed) having
the value one at a specific nodal pointi and zero
at the others. For linear functions it is sufficient to
use only the vertices of the mesh as nodal points.
In case of a voxel the values at the 8 vertices are
sufficient to define a tri-linear function in the inside
c1+c2u+c3v+c4w+c5uv+c6uw+c7vw+c8uvw, for
higher degrees further nodal points have to be inserted.
If we look at a 2D example (a single triangle of a
triangulation), a linear function above the triangle can
be linearly combined by the three form functions at
the corners. These local functions can be defined on
the unit triangle (leg length one) and mapped to an
arbitrary triangle. Figure 3 shows examples of a linear
and a quadratic local form function for triangles. It

Figure 3. A linear and a quadratic form function and location
of 32 nodes for cubic serendipity FEM voxel.

can be seen that the form function has the value one at
exactly one node and zero at all the others. Note that in
the case of the quadratic form function new nodes have
to be introduced at the midpoint of each edge, because
quadratic functions in two variables have six degrees of
freedom. On each element containingn nodes exactly
n local form functions will be constructed this way.
The form functions and their derivatives can be defined
explicitly on the unit triangle or unit cube. Since high
order approximations lead to much better results, we
mainly use cubic form functions of the serendipity
family for the computation of the spectra in this paper.
To set up these functions over a cuboid domain new
nodes have to be inserted (two nodes along each edge
makes 32 nodes together with the vertices, see figure
3). A cubic function of the serendipity family with
three variables has 32 degrees of freedom, that can
be fixed by giving the function values at these 32
locations. More details on the construction of these
local functions can be found in most FEM books (e.g.
Zienkiewicz [19]). For each element the results of the
integrals (9) are calculated for every combinationm, l
of nodes in the element and added to the corresponding
entry in the matrixA orB. Since this entry differs only
from zero when the associated global form functions
Fi overlap (i.e. the associated nodes share the same
element) the matricesA andB will be sparse.
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