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Abstract—We report on our experience with integrating and such as nonlinear optimization, computer tomography, gsip
using graphics processing units (GPUs) as fast parallel ding-  cal seismic modelling, semiconductor device simulatiarg] in
point co-processors to accelerate two fundamental computianal  the solution of partial differential equations in genefBhe per-
scienti ¢ kernels on the GPU: sparse direct factorization and non- formance of all these applications rely heavily on the aiity

linear interior-point optimization. Since a full re-imple mentation . . :
of these complex kernels is typically not feasible, we ideify e.g. of fast sparse matrix solution kernel routines on CPUs or &PU

the matrix-matrix multiplication as a rst natural entry-p oint There are many algorithms for factoring large sparse linear
for a minimally invasive integration of GPUs. We investigae the systems of equations. Since the early 1990's, it is cleat tha
performance on the NVIDIA GeForce 8800 multicore chip. We exploiting cache memories has become crucial for achieligl
exploit the architectural features of the GeForce 8800 GPUA performance in sparse matrix factorization [7], [8]. They ke

design ak? ef clientGPU-pk)]aratl)lel gpfiésﬁ maérix Solvel’:Apr(Iotypef to group consecutive columns with identical nonzero stmect
approach to leverage the bandwidth and computing power o . . o i
GPUs for these matrix kernel operation is demonstrated restting tqgether n Qrder to gprOIt cache memories in sparse ma
in an overall performance of over 110 GFlops/s on the desktop for {iX factorizations. Multifrontal and supernodal codes/édeen

large matrices. We use our GPU algorithm for PDE-constraind ~ developed that can effectively exploit the memory hierggh
optimization problems and demonstrate that the commodity @U  of cache-based microprocessors. With the right dataisimeic
is a useful co-processor for scienti ¢ applications. the vast majority of oating-point operations can be penfied
Index Terms—GPGPU, graphical processing units, sparse Within highly-tuned BLAS 3 operations [9] such as the matrix
matrix decomposition, sparse direct solvers, large-scaleonlinear ~matrix multiplication routines and near peak performanae be
optimization expected on modern architectures. For a recent detailecysur
on sparse matrix techniques for large linear systems ofteEmsa
|. INTRODUCTION the interested reader should consult [10].

RAPHICS processing units (GPUs) have evolved into a very o
G attractive hardware platform for general purpose computd. Contributions
tions due to their extremely high oating-point processimgsfor- We map two fundamental computational kernels as general-
mance, huge memory bandwidth and their comparatively lost curpose sparse matrix building blocks onto the GPU: a sparse
[1]. The rapid evolution of GPUs in performance, architeetu direct linear factorization method for nonsymmetric anansy
and programmability can provide application potential dv&y metric inde nite matrices based on thea®iso framework
their primary purpose of graphics processing. High-end &P4], [5], [6] and an interior-point optimization solver fdarge-
[2] or the STI Cell-processors [3], which are integrated lie t scale nonconvex PDE-constrained optimizations [11]. Barté&
Sony PlayStation 3, typically deliver performance of assteane workhorses of physical modeling and optimization appiarat.
order of magnitude higher compared to that of the CPU, while analyze their performance on NVIDIAs GeForce 8800 in
at the same time equipped up 10GB of GPU main memory. realistic large-scale applications.
This commodity graphics hardware can become a cost-efégcti
highly parallel platform to solve scienti ¢ problems.

In this paper we present an extensive matrix algorithmiéoper ) ) . .
mance study on GPUs using the novel NVIDA CUDA technolog?/ The remainder of Fhe paper is organized as follows: In Se(_:tlo
platform to build general-purpose sparse matrix buildifgks. I we pr_esgnt a brief overview of related work. In Section
Following the current trend to perform computationallyeimsive Il we will investigate the parallel performance on GPUs for

operations on a specialized processor rather than on the, CSEVeral dense matrix computational kerels that arise amssp

we will use a GPU as a mathematical co-processor to acoelerdialrix factorizations. We then present our algorithmicigieso

sparse direct linear solvers [4], [5], [6]. Our stream cotimiunit paralle!ize sparse matrix factorizations on the .GPU apdu:tis
is based on the NVIDIA GeForce 8800 which features a scalatiiiategies to optimize the GPU performance in Section IV. In
ultra-threaded architecture, high performance paratietgssing Section V we use the GPU to accelerate large-scale nonconvex

on 128 shader processors and is equipped W68MB on-board interior-point optimizations problems that arise e.g. iDE?
memory. constrained optimizations.

B. Organization

Our primary goal is to investigate the performance accttera
of dense and sparse matrix solution kernels. These matrari Il. RELATED WORK
algebra algorithms are of importance and represent fundeie A, Scienti c Computations on GPUs

kernels in many computationally intensive scienti ¢ ajoplions There have been several GPU-parallel implementationsrand i
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al. [12] analyzed the peak performance of a cache and battdwid The plots show that for large matrices the GPU outperforms

ef cient GPU solver for dense matrix decompositions. Damga the CPU by nearly an order of magnitude: the CPU performs the

al. [13] propose to exploit single-precision operationseméver multiplication at a relative constant rate i GFLOP/s, while the

possible and resort to double-precision at critical staghie GPU reaches a performance of more ti&0 GFLOP/s for large

attempting to provide the full double precision results present matrices when omitting data transfers.

results for dense matrices on the IBM Cell processor. Unfortunately, multiplying matrices sizezb0 200 and below
Several GPU-based algorithms for sparse matrix multipboa has the contrary effect. The multiplication of small magscis

on emerging architectures have been proposed e.g. in [13], [ carried out faster by the CPU — even if no data transfer to and

[16], [17]. These are all iterative methods such as conpigdtom the GPU system is involved. This is due to the fact that

gradient and multigrid solvers as described e.g. by Goexldetke multiplication on the GPU is carried out by many threaus i

et. al. [14]. Our work is related in spirit to these framewsorkparallel, which require some startup overhead.

for linear algebra kernels and nonlinear optimizations loesé

architectures. However, there is little research on usiR@&for B. Triangular Matrix Equation With Multiple Right-Hand-&is

large-scale sparse direct factorizations or interionponethods  Another important dense matrix routine for sparse direwdr

for nonlinear problems although these two algorithmic k&SN solvers is the aPACK strsm method. In this section we will

represent workhorses in scienti ¢ computations. evaluate the GPU performance sifsm for quadratic matrices.
The QuBLAS implementation achieves an impressive performance

[1l. BASIC LINEAR ALGEBRA KERNELS ONCPUs AND GPUs  of up to70 GFLOPF/s for large matrices. Again, the CPU performs

NVIDIA provides a highly tuned library containing basic lineaf! @ relative ponsl,tant rate ofdcwc’a]z GFLO'_D/sdan? hencE, theh
algebra routines, GBLAS. CUBLAS is a high-level API designed GPU strsm  is almost an order of magnitude faster than the

for compatibility with the original BRTRAN subprograms. It is GF;L; strlsm fo_r Iarr(;:)e quadratic matrices. . fth
built solely on top of @WDA. The entire set of single precision e plot again shows two measurement versions of the compu-

real BLAS routines [9] are available throughuBLAS as well as Fa;uon perfor[nange on th_e GIP(;J ont%e W(gg%m takmg(;ia:jtasfmla d
some single precision complex functions. Into account and once Including the up- and downloads,

We performed benchmarks for the computationally intensi\yAélh'Chtenta"S a_constfar;rt] peél;;)bmancle pen?ltty of c]f:(?ttgﬁ FLolp/S'
routines of interest in respect of the sparse direct linedves S0, two versions of the implementation of the solve ar

PARDISO[4], [5], [6], namely the matrix-matrix multiplication depiptgd. The_ upper curve being the performance of a _s@ngle
(sgemn), the solving of a triangular matrix equatiostism ) precision 82-bit) and the lower curve that of a double precision
and the LU and LDL T decomposition ggetrf, ssytrf )’ (64-bit) solver. It is demonstrated that a performance gaimmofdr

Unfortunately, the factorization routines being aHack rather 2 |_T_hach||e\:edtvtvr:1en. pﬁ?u?'? |53rgduced f“ﬁ”.‘“t’ 3t2hbltl. left
than a B.As routine, are not part of GBLAS. We have therefore € pfOtha Iet ”9[ tho | fltg.t ljs at.ZO(:Ln Tho € Ovzz;be
implemented it ourselves using existingy&_As functions. Al- corner of the plot at the left to identify the the compu n

. L cross-over point. It shows that for matrix sizes as small as
though therefore not being ne-tuned, it yields reasonabkults .
for Ia?rge matrices 9 y from 150 150 the GPU outperforms the CPU in our hardware
We have compared the performance results with benchmafi¥' guration.
using the Intel Math Kernel Library (MKL) done on a dual-core

3:4 GHz Intel Pentium D CPU, which hass KB of L1 cache = DeN'Se Linear Factorization Solvers
and2 MB of L2 cache. As already mentionedsgetrf  is not part of WBLAS. The

following benchmark has been done using a one-to-one atos|
. ) o of the original LAPACK FORTRAN code to a code using existing
A. Matrix-Matrix Multiplication CuBLAS functions. As in LAPACK, both blocked and non-blocked
Fig. 1 and Fig. 2 show the result of the 32-tdgemm versions have been implemented.
benchmark. The performance of an optimized CPU version andFig. 4 displays the time used by the constituents of the ledck
two versions of the GDA implementation of the matrix-matrix LU decomposition that are computationally most intensidso,
multiplication A B have been measured, whexe2 R™ X and the total time consumed by the factorization is shown. The- ho
B 2 RK ". The two plots in Fig. 1 display the performancezontal axis represents the block size, the vertical axisvshbe
results of the CPU using the Intel MKL 9.1 library, whereas thtime used by the decomposition. The blocked LU decompasitio
plots in Fig. 2 show the GPU performance results. The rst GPdonsists of three computational main components, the xaatri
performance measurement, which is displayed in the rst, rownatrix multiplication égemn), the triangular solvestrsm ), and
includes the data transfer to the GPU before the multipboat a rank 1 updaté := xy T + A (sger ). The Figure suggests
as well as the data transfer back to the CPU system after that nearly no time (in relation to the other constituents) i
computation. The second measurement found in the bottom roaensumed bystrsm , which is the bottom most curve. For small
omits GPU data transfers. blocks, many matrix-matrix multiplications are requireshich
For the benchmarksn andn were varied, wheredswas xed then dominate the calculation. As the block size increaseif
at 50 for the two plots in the left and at096 for the plots in the matrix-matrix multiplications are required, and also wigdtger
right column. matrix blocks, the performance of the multiplication ireses
The parametersy andn vary along the horizontal and verticalas outlined in Section IlI-A. The time used ksger almost
axes, respectively. The color shades correspond to therperincreases linearly with block size. Other function callsBoAs
mance. Note that the two columns and rows use different colewel 1 routines are omitted in the plot as they consume atanhs
scales. amount of time.



Matrix-Matrix Multiplication AB=C: CPU Performance in MFLOP/s, k=50 Matrix-Matrix Multiplication AB=C: CPU Performance in GFLOP/s, k=4096
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Fig. 1. Performance measurements for 32dgemmon the CPU for xedk =50 (left) andk = 4096 (right).
Matrix-Matrix Multiplication AB=C: GPU (with read/write) Performance in MFLOP/s, k=50 Matrix-Matrix Multiplication AB=C: GPU (with read/write) Performance in GFLOP/s, k=409
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Matrix-Matrix Multiplication AB=C: GPU (without read/write) Performance in MFLOP/s, k=50 Matrix-Matrix Multiplication AB=C: GPU (without read/write) Performance in GFLOP/s, k=4096
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Fig. 2. Performance measurements for 32dgemmGPU for xed k = 50 (left) andk = 4096 (right). The top row includes the read/write
data transfer from CPU main memory into GPU memory, wherkasbttom row assumes that all data can be stored on GPU memory



Performance of TRSM for large matrices Performance of TRSM for small matrices
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Fig. 3. Performance of triangular soljd/s]trsm on CPU and GPU for large (left < 4096) and small (rightn < 256) n n matrices.

For our hardware and software environment, a block size of

32‘by'32 has proven to glve the beSt Speed'up Thls IS due tO th‘ LU decomposition of a 2048" 2048 matrix with varying block sizes
faCtS that 1500 T T T T T
. . . GPU-SGER
the QuBLAS implementations obgemmand strsm  yield i GPUSGEMM
best performances if the matrix sizes are divisible 1y T e
because of the GPU's memory organization;
for larger block sizes less matrix-matrix multiplicatioasd 1°°°’C§‘> i

solves are required while the performance of the routines
increase with matrix size;
for all block sizes larger than a threshold value, the rank
1 update being a Brs level 2 routine dominates the
calculation. In the case of factoring2048-by-2048 matrix
the QUBLAS implementation ofsger merely reached.:3
GFLOP/s, whereas the performance sifsm is as high as
50 GFLOP/s.
Choosing xed block sizes of32-by-32 (Fig. 4), for matrices T bz o o
sized3968 3968 a speed-up factor d:5 with respect to the
optimized single precision implementation on the CPU ished,
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Fig. 4. Inuence of block size for a 32-bit GPU factorization with

as depicted in Fig. 5 our own CUDA-basedsgetrf  routine for a matrix of sizen =
2000 The important components afgetrf — are: sger , sgemm
D. Analysis and Computational Complexity andstrsm .
Performance of GETRF
The performance measurements show that in general the GP » ‘ ‘ ‘ ‘ ‘

. . . —+— GPU (w/o read/write)
version of a linear algebra kernel performs well, i.e. otfgrens . opU it readhutie)
the CPU, if the kernels are applied to large matrices, wherea 2l | —e—cpu ]
in the case of small matrices the performance of the CPL
yields better results than that of the GPU implementatidms T 20} 1

fact suggests that, if using the GPU as a hardware acceleratc
for computations involving small matrices the CPU should be
favored.

In the scatter plot in Fig. 6 the number of oating point
operations used for the matrix-matrix multiplication haseb
plotted against the performance rate. The number of opesati
appears on the horizontal axis, while the performance igguo ° f
on the vertical axis. The data has been taken from Fig. 1 ani
plotted in a different fashion in order to nd the cross-oyeint U ———
where the performance of the GPU surpasses that of the CPl
There are three sets of data: the performance of the matrix-
matrix multiplication on the GPU excluding and includingtala Fig. 5. Performance of dense linear factorizatisgetrf on CPU
transfers and the CPU's performance sfjemm Each dot in and GPU.
the Figure represents tlsgemmperformance of a matrix-matrix
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system it is desirable to maintain the sparsity of the sysiem
x GPUwD readiurite to minimize Il-in. One strategy e.g. for sparse matricestds
* use the minimal degree algorithm, which picks the varialites
eliminate by the degree of the node (i.e. the number of adjace
nodes) corresponding to the variable when the matrix is etw
as the adjacency matrix of a graph. It could be shown that the
minimum degree algorithm assigns the same priority to athef
rows — viewed as nodes of the graph — belonging to a supernode.
Once the supernode structure is given by means of a permu-
tation matrix, the basic structure of the supernodal fazation
algorithm is as follows:
The algorithm in RRDISO implements a left-looking fac-
torization procedure. The matrices involved in the aldonit
| ‘ ‘ are schematically depicted in Fig. 7 and Fig. 8. In fact, the
° fop © : supernodes ;, U; are sparse block matrices with hopefully many
zero rows. By omitting all the zero rows the blocks could be
thought of as dense matrices with which Level-3 linear algeb
Fig. 6. Number of operations for a matrix-matrix multiplicationoperations can be performed. The main work consists of three
plotted against the performance of CPU and GPU versions ef tEomputationaIIy intensive dense linear algebra operatidhe
computation kernel. matrix-matrix multiplicationsd/sgemm in lines 3 and 4, the LU
decompositiond/sgetrf in line 6, and two triangular solve
with d/strsm in lines 8 and 9.
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multiplication A B, whereA 2 R™ X andB 2 R* " and
m;n 240 andk = 120.

The plot indicates thaf[ fo_r our hardwar(_e and _software COR gL\ GPGPU Strategy | — Sparse Factorization usiG@BLAS
ration the cross-over point is @& 10° oating-point operations
. . . . Kernels
if all sgemmcalls are simply to be substituted by a corresponding
function call involving the download of the matrices to th@G As a minimally invasive approach to enhancing the sparse
the multiplication on the GPU and the retrieval of the resifila  solver with a GPU, we identi ed all the computationally intdve
more code-invasive approach is chosen and the data happbes tlinear algebra routines in the solver core schematicallyirmd
already present in GPU memory at the time of the multiplarati in Figure 8, and replaced them by a code switching to the GPU
the lower threshold value ¢f4 10° operations could be chosenequivalent when the number of oating-point operations esds

for optimal results. the threshold value of 10° determined in the previous section.
The cross-over point fostrsm lies below the matrix size of Alone this little effort resulted in a considerable speeddighe
150 150. numerical solving process An acceleration of up to 7 conmpéwe

Fig. 5 suggests that theuBLAS enhanced version algetrf 64-bit CPU can be achieved using the 32-bhit GPU on the CUDA
should only be used if the matrices become as larg&6as platform.
1600. In order to further improve the performance of the dense
solver, a proper GDA kernel should be implemented and opti-
mized. B. GPGPU Strategy Il — Mapping Linear Algebra Kernels to
the GPU

IV. GENERAL-PURPOSESPARSEDIRECT LINEAR SOLVERS

The other extreme of strategy |, is to adapt the entire nuwakri
ON THE GPU

factorization code, i.e. the sparse LU decomposition, ¢oGIPU.

In this section we concentrate on enhancing the parallectir In this case, ideally the entire matrix would be transferted
solver RARDISO [4], [5], [6] with GPU code — specically by the GPU once and be retrieved by the CPU system once the
using the @BLAS library. PARDISO is a sparse direct solver for LU or LDL T decomposition is completed. This, however, works
large systems of linear equations, which has been develathe only for matrices with relatively few non-zero elements het
University of Basel and is part of the Intel Math Kernel Libra triangular factors, since the GPU memory of the GeForce 8800
[4]. According to [18] it is currently among the fastest dire is currently limited to768 MB. A solution to this problem is to
solver available for sparse linear systems. develop a hybrid strategy that transfers data to the GPU ibitly

PARDISO uses a supernodal approach to the matrix factorize currently needed and keeps it on the GPU as long as possible
tion. A supernodes collection of adjacent matrix columns sucHor reuse. Recall from Fig. 7 and Fig. 8 and that a supernode
that the sparsity pattern below the diagonal block is idahtin is updated by the supernodes to its left, which have potgntia
each column. In order to arrive at a matrix structure parig¢gd already been loaded from the CPU. When running out of memory
into supernodes, a permutation matrix is applied to theimmalg it should be examined whether supernodes currently loaadted i
matrix. The motivation to use supernodes is twofold: rs#dince GPU memory could be truncated (in the updating process ot th
supernodes could be considered as dense matrices tharedatentire supernodes are used) or if certain supernodes habe to
into the matrix to factor to use highly optimized dense highdiscarded. Preliminary tests have shown that this strategyd
performance BAs Level 3 routines. The second observation is ofurther speed up the solver considerably. The implememtati
the algorithmic level. While eliminating variables from passe however, is still work in progress.



@ U 1 for j =0 to # supernodeslo
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Fig. 7. A step in the left-looking factoring algorithm used byFig. 8. Supernodal LU decomposition for non-symmetric ies.
PARDISO to factor structurally symmetric matrices: The supernodes
Lj andU; receive updates frorh and Uk while being factored.

C. GPU/CPU Sparse Factorization for Non-Symmetric Masicdabeled with (UF) are from the public sparse matrix collectj19]

This section gives an overview of the non-symmetric masricénd those labeled with (CP) arise in computational physics.
that are used for the numerical experiments. Some general in
formation about the matrices is given in Table I. Those ndirke
with a (SD) in the column “source” are from semiconductor
device simulation. Others, labeled with (UF) are from a mubl
sparse matrix collection [19] and all other matrices ardegit
from automobile crash simulation (AF) or electromagnetiavey name | unknowns | _elements| GFlops | source

TABLE Il
GENERAL INFORMATIONS AND STATISTICS OF THE SYMMETRIC
INDEFINITE MATRICES USED IN THE NUMERICAL EXPERIMENTS

simulation (EM). The Table lists the number of unknowns in 1 stokesl 307,995 10,900,171} 3,956 |  (FL)
. stokes2 505,940 | 8,609,590 1,805| (FL)
the matrix, the number of nonzero elements and the number of 3 |joor 052203 | 23.737.339 125 | (UR)
oating-point operations in GFlops to factor the matrix. 4 cranksegl 52,804 | 5,333,507 49 | (UF)
5  cop300kkkt_b 373,990 | 4,950,222 404 | (FL)
TABLE | 6 anderson-50 125,000 500,000 882 (cP)
7  afshell9 504,855 | 9,046,865 71| (UF)
GENERAL INFORMATIONS AND STATISTICS OF THE NONSYMMETRIC 8 bmw3.2 227,362 5.757.996 51 (UF)
MATRICES USED IN THE NUMERICAL EXPERIMENTS 9 anderson-80 512,000 2,048,000 6,780 (CP)
name | unknowns| elements| GFlops | source
1 iis-para-19] 155924 8,374,204 4447 (SD) The computational results are shown in the right graphic of
;2>, :{')Z'rgagl“ igg'ggi g'ggi’ﬁ%‘ 3‘3“6‘ ESE)) Fig. 9. The Figure shows the GFlop/s rate on 64-bit CPU, 82-bi
4 barrier2-9 115:625 2:158:759 198 | (UF) CPU and 32-bit CPU using thg GPU stratggy I. An acceleration
5 S-1300 7,800 | 40,560,000 123 | (AF) of up to 7 can be achieved using the 32-bit GPU on the CUDA
6  747-200k 198,098 | 3,043,006 72 | (EM) platform.
7 747-400k 402,902 | 6,231,526 246 | (EM)

V. GENERAL-PURPOSENONLINEAR INTERIOR-POINT

In all following numerical experiments we used the follogin
OPTIMIZATION ON A GPU

architectures:
an Intel Pentium 4 CPU with 3.40 GHz and 2MB L2 Cache, Ngnlinear programming is the problem of optimizing a nonlin

an NVIDIA GeForce 8800 GPU. ear nonconvex objective function to satisfying a set of imear
the Intel MKL library Version 9.1. constraints, either of equalities or of inequalities. Thendard
The computational results are shown in the left graphic @rm is to minimize an objective to nd a local solution of the
Fig. 9. The Figure shows the GFlop/s rate on 64-bit CPU, 82-kjptimization problem
CPU and 32-bit CPU using the GPU strategy |I. An acceleration

of up to 4 can be achieved using the 32-bit GPU on the CUDA min f (x) (1a)
platform. x2R

s.t. c(x)=0 (1b)

x O (1c)

D. GPU/CPU Sparse Factorization for Symmetric Inde nite Ma

trices The nonlinear programming problem is given by an objective
This section gives an overview of the symmetric inde nite-mafunctionf : R" ! R and constraint functions : R" | R™,

trices that are used for the numerical experiments andrirdion  which are both assumed to be twice continuously differbigia

about the matrices is given in Table Il. Those markeded witfor simplicity in the notation we assume without loss of gatigy

an (FL) in the column “source” are from uid dynamics, thosehat all variables have only a lower bound.



Performance of PARDISO for various non-symmetric matrices Performance of PARDISO for various symmetric matrices
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Fig. 9. Performance in GFlops/s for sparse factorization for nomagtric (left) and symmetric inde nite matrices (right) &4-bit CPU,
32-hit CPU and 32-bit GPU using GPU strategy I.

TABLE Il
SIZE OF NONLINEAR PROGRAMMING PROBLEM FOR THE3D
PDE-CONSTRAINED OPTIMIZATION PROBLEM WITH BOUNDARY CONTROL
AS A FUNCTION OF THE DISCRETIZATION PARAMETERN .

If we use interior-point methods, a sequence of correspondi
barrier problems

X :
: ' _ (i)
Xné“gn x)=1(x) ' In(x*) (2a) Problem || Variables with Variables with Variables with
i=1 Size upper bounds| lower/upper bounds equality constraints
s.t. c(x)=0; (2b) N N3 BN 2 N3
N =20 8,000 2,400 8,000
N =30 27,000 5,400 27,000
is solved to increasingly tighter tolerances, while theriear N =40 64,000 9,600 64,000

parameter is driven to zero. Eventually, a series of large-scale
symmetric inde nite Karush-Kuhn-Tucker (KKT) linear sgshs

de ned by the following nonlinear elliptic operator:

Wi + xl Ak Xk - r' (xXp)+ Ax « i on :

AT o ‘ c(xk) Yo Y+ y)® = 0

have to be solved during the optimization process Hle,{t(es-,) y(x) 27
9 e op process. ke ya) = 2 2(xa(x1 1)

r c(xx) denotes the gradient of the constraints axgd denotes Fxo(xa 1)+ xa(xz 1)
the Hessian of the Lagrangian function for (1) with respect.t 2172 373 (5)

In the following, we will use graphics processing units ttveo on :

the series of symmetric inde nite KKT matrices that arise in @y(x) = u(x)
interior-point optimization as implemented irdPT[11], which 1:8  u(x) 25
is a primal-dual interior point software package for lasgpele ug(x) 0

nonlinear programming. We will use a 64-bit CPU, a 32-bit CP
and a 32-bit GPU version of the sparse direct solverRISO
[5], [6], which is one of the sparse direct solvers integiaie
IPOPT, to factor the KKT matrices.

l'Ilhese equations represent a simpli ed Ginzburg-Landau ehod
for super-conductivity in the absence of internal magnetids
and the statg represents the wave function [20]. We will use
second-order nite-difference approximation to disazetEqn. 4
As a large-scale nonlinear programming example we choos@@j Eqn. 5 and the size of the nonlinear programming problem
nonlinear PDE-constrained optimization problem with Nemm 55 3 function of the discretization parameteiis shown in Table
boundary conditions. The domain= (0 ;1) (0;1) (0;1) .
is represented by a three-dimensional cube and the goal is tqrjgyre 10 shows the performance of our optimized GPU
compute the optimal boundary contre{x) and statey(x) with  parallel sparse direct solveraRDISO for various discretization
respect tox = (x1;x2; x3) that minimizes the objective function sjzesN in comparison to a 32-bit and 64-bit CPU version. Is is
clearly visible that for larger-scale optimization prable can be
achieved up to a factor &5 while at the same time computing

z z the correct local solution of the optimization problem.

fyiw =5 (00 %) de+ 5 (ux)  u(x)®dx (4)

NI =

VI. CONCLUSION

We have reported on our experience with using graphics
with a Tikhonov regularization of = 0:01. The constraints are processing units as fast co-processors for general-peirpparse
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Fig. 10. Nonlinear interior-point optimization speedup against@4 (18]

CPU with 32-bit CPU and 32-bit GPU using GPU strategy |.

[19]
matrix building blocks. We have shown that a minimally invas
approach to instrumenting a direct solver for large spaysteems
of linear equations already results in considerable spgedrhe
approach consisted in identifying and replacing comporaitily
intensive operations by their GPU counterparts, which, pamed
to a CPU, typically perform better by one order of magnitude.
We have applied the GPGPU-enhanced KKT solver to a nonlinear
PDE-constrained optimization problem and have seen that fo
increasing problem dimension our optimization problemnepie
achieved a speed-up up to a factb compared to the origi-
nal 64 bit CPU implementation. This demonstrates that current
commodity GPUs are powerful, yet inexpensive devices that ¢
act as fast numerical co-processors for sparse matrix tscien
applications.

[20]
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