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Abstract

Oneof thechallengesin 3D shapematchingarisesfromthefact that in manyapplications,modelsshouldbecon-
sideredto bethesameif they differ by a rotation.Consequently, whencomparingtwo models,a similarity metric
implicitly providesthemeasureof similarity at theoptimalalignment.Explicitly solvingfor theoptimalalignment
is usuallyimpractical.So,two general methodshavebeenproposedfor addressingthis issue:(1) Everymodelis
representedusingrotationinvariant descriptors. (2) Everymodelis describedby a rotationdependentdescriptor
that is alignedinto a canonicalcoordinatesystemde�nedbythemodel.In thispaper, wediscussthelimitationsof
canonicalalignmentandpresenta new mathematicaltool, basedon sphericalharmonics,for obtainingrotation
invariant representations.We describethepropertiesof this tool andshowhowit canbeappliedto a numberof
existing, orientationdependent,descriptors to improvetheir matchingperformance. Theadvantage of this is two-
fold: First,it improvesthematchingperformanceof manydescriptors.Second,it reducesthedimensionalityof the
descriptor, providing a more compactrepresentation,which in turn makescomparingtwomodelsmore ef�cient.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.6 [ComputerGraphics]:MethodologyandTech-
niques

1. Intr oduction

Over thelastdecade,tools for acquiringandvisualizing3D
modelshave becomeintegral componentsof dataprocess-
ing in a numberof disciplines,including medicine,chem-
istry, architectureandentertainment.With the proliferation
of thesetools, we have alsowitnessedan explosion in the
numberof available3D models.As aresult,theneedfor the
ability to retrieve modelsfrom large databaseshasgained
prominenceanda key concernof shapeanalysishasshifted
to thedesignof ef�cient androbustmatchingalgorithms.

Oneof theprincipalchallengesfacedin theareaof shape
matchingis that in many applications,a modelandits im-
ageundera similarity transformationareconsideredto be
the same.Thus, the challengein comparingtwo shapesis
to �nd the bestmeasureof similarity over the spaceof all
transformation.Theneedfor ef�cient retrieval makesit im-
practicalto explicitly queryagainstall the transformations,
andtwo differentsolutionshave beenproposed:

� Normalization: Shapesare placedinto a canonicalco-

ordinateframe(normalizingfor translation,scaleandro-
tation) andtwo shapesareassumedto be near-optimally
alignedwheneachis in its own frame.Thus,thebestmea-
sureof similarity canbefoundwithoutexplicitly tryingall
possibletransformations.

� Invariance: Shapesaredescribedin a transformationin-
variantmanner, sothatany transformationof ashapewill
be describedin the sameway, and the bestmeasureof
similarity is obtainedat anytransformation.

We have foundthatwhile traditionalmethodsfor transla-
tion andscalenormalizationprovide goodmatchingresults,
methodsfor rotationnormalizationarelessrobustandham-
pertheperformanceof many descriptors.

In this paperwe presenta novel tool, called the Spher-
ical HarmonicRepresentation, that transformsrotationde-
pendentshapedescriptorsinto rotation independentones.
This tool contributesto thechallengesof designingeffective
shaperetrieval algorithmsin threeways.First, it is a gen-
eraltool thatcanbeappliedto many existingshapedescrip-
tors.Second,for mostshapedescriptors,the sphericalhar-
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monic representationprovidesbettermatchingresultsthan
thoseobtainedby rotationnormalization.Finally, thespher-
ical harmonicrepresentationprovidesa reductionin thedi-
mensionalityof theshapedescriptor, therebyreducingboth
thespacefor storageandthetimefor comparison– key prop-
ertiesfor the implementationof interactive shaperetrieval
systems.

Therestof thispaperis structuredasfollows: In Section2
wedescribepreviouswork in theareaof shaperetrieval.The
sphericalharmonicrepresentationis presentedin Section3,
which reviews theprincipalpropertiesof sphericalharmon-
ics and provides a methodfor obtainingrotation invariant
representationsof spherical-basedshapedescriptors.In Sec-
tion 4 wedescribethemathematicalpropertiesof thespheri-
cal harmonicrepresentationanddiscussquestionsof invert-
ibility . We provide a generalizationof our methodto voxel
gridsin Section5. In Section6 we provide empiricalresults
comparingmatchingresultsof normalizeddescriptorswith
theirrotationinvariantrepresentations.Weprovideananaly-
sisof theseresultsin Section7 andweconcludein Section8
by summarizingour resultsanddiscussingtopicsfor future
work.

2. RelatedWork

Theproblemof shapematchinghasbeenwell studiedin the
graphics/visionliteratureandmany methodsfor evaluating
model similarity have beenproposed.This paperis moti-
vatedby the increasedavailability and accessibilityof 3D
models,andfocuseson theproblemof shaperetrieval from
within large databasesof models.In this context, the chal-
lengeis to providearobustandef�cient methodfor comput-
ing modelsimilarity.

To addressthischallenge,many methodshave focusedon
separatingthe matchingprobleminto two components:An
of�ine step,in which abstracteddistinguishinginformation
is extractedfrom eachmodel independently, andan online
step,in which theinformationbetweentwo modelsis com-
pared.In orderto allow for ef�cient retrieval, theof�ine step
is usuallydesignedto extract informationwhich allows for
simpleandef�cient comparisonbetweenmodels.In partic-
ular, many existing methodsdescribea 3D shapewith an
abstractedshapedescriptorthat is representedasa function
de�nedonacanonicaldomain.Shapesarethencomparedby
computingthe differencebetweentheir descriptors,so that
noexplicit establishingof correspondencesis necessary, and
theonlineprocesscanbeef�cient.

However, in thecontext of shaperetrieval, oneof theprin-
cipal dif�culties facedby theseapproachesis that a model
andits imageundera similarity transformationareconsid-
eredto be the same.Thus,the challengein comparingtwo
modelsis to �nd the best measureof similarity over the
spaceof all transformations.This challengehas beenad-
dressedin two differentways:

� Normalizingthe modelsby �nding a canonicaltransfor-
mationfor eachone.

� Characterizingmodelswith atransformationinvariantde-
scriptorsothatall transformationsof amodelresultin the
samedescriptor.

(While explicitly solvingfor theoptimal transformationus-
ing eitherexhaustive searchor methodssuchICP 13� 14, the
GeneralizedHoughTransform15, or GeometricHashing16,
are also possible,theseapproachescannotbe applied to
databaseretrieval taskssincetheonlinecomparisonof mod-
els becomesinef�cient.) Many hybrid methodsexists and
a few representative examplesareshown in Table1, which
describeshow thesemethodsaddresstranslation,scaleand
rotation.

Representation Tr Sc Rot

CreaseHistograms2 I N I
ShapeDistributions3 I N I
ExtendGaussianImages4 I N N
ShapeHistograms5 (Shells) N N I
ShapeHistograms5 N N N
SphericalExtentFunctions6 N N N
Wavelets7 N N N
Re�ective SymmetryDescriptors8 N N N
HigherOrderMoments9 N N N
ExponentationEDT 12 N N N

Table 1: A summaryof a numberof shapedescriptors, showing
if they are (N)ormalizedor (I)nvariant to each of translation,scale
androtation.

In general,modelsarenormalizedby usingthecenterof
massfor translation,the root of the averagesquareradius
for scale,andprincipalaxesfor rotation.Wehavefoundthat
while themethodsfor translationandscalenormalizationare
robust for wholeobjectmatching10, rotationnormalization
via PCA-alignmentdoesnot provide provide a robust nor-
malizationfor many matchingapplications.This is due to
thefactthatPCA-alignmentis performedby solvingfor the
eigen-valuesof thecovariancematrix. This matrix captures
only secondorder model information,and the assumption
in usingPCA is that the alignmentof higherfrequency in-
formation is strongly correlatedwith the alignmentof the
secondorder components.(Appendix A provides an anal-
ysis of this from a signalprocessingframework.) We have
foundthat for many shapedescriptorsthis assumptiondoes
nothold,andtheuseof principalaxesfor alignmenthampers
theperformanceof thesedescriptors.

Many of the descriptorsthat have usedPCA-alignment
representa3D shapeaseitherasphericalfunctionor avoxel
grid, which rotateswith the model.Examplesof suchde-
scriptorshave included:
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� TheExtendedGaussianImage4, whichdescribesthedis-
tributionof normalsacrossthesurfaceof themodel

� ShapeHistograms5, which describethe distribution of
pointson themodelacrossall raysfrom theorigin

� SphericalExtentFunctions6, whichdescribethemaximal
extentof a shapeacrossall raysfrom theorigin

� Re�ectiveSymmetryDescriptors8, whichdescribethere-
�ecti ve self-similarity of a shapewith respectto re�ec-
tionsaboutall planesthroughtheorigin

� The voxel descriptionof Funkhouseret al. 12, which de-
scribesa modelby computingthenegativeexponentialof
its EuclideanDistanceTransform

For thesetypeof descriptors,weproposeasolutionto the
rotationproblemby providing amathematicaltool, basedon
sphericalharmonics,for obtainingarotationinvariantrepre-
sentationof thedescriptors.Ourapproachis ageneralization
of theFourierDescriptor11 methodto thesphere,character-
izing sphericalfunctionsby theenergiescontainedat differ-
ent frequencies.This ideawas intially proposedin 12, and
this paperpresentsa detaileddescriptionof the descriptor,
its properties,and empirical resultsdemonstratingits ef�-
cacy in improving thematchingperformanceof anumberof
existingshapedescriptors.

3. SphericalRotation Invariance

In this paper, we presenta tool for transformingrotation
dependentsphericalandvoxel shapedescriptorsinto rota-
tion invariantones.The key ideaof our approachis to de-
scribea sphericalfunctionin termsof theamountof energy
it containsatdifferentfrequencies.Sincethesevaluesdonot
changewhenthefunctionis rotated,theresultingdescriptor
is rotationinvariant.This approachcanbeviewedasa gen-
eralizationof theFourierDescriptormethod11 to thecaseof
sphericalfunctions.

3.1. SphericalHarmonics

In orderto be ableto representa function on a spherein a
rotationinvariantmanner, weutilize themathematicalnotion
of sphericalharmonicsto describetheway thatrotationsact
on a sphericalfunction.The theoryof sphericalharmonics
saysthatany sphericalfunction f

�

q � f � canbedecomposed
asthesumof its harmonics:

f
�

q � f ���

�

å
l � 0

m� l

å
m��� l

almYm
l

�

q � f �
	

(This decompositionis visualizedin step(1) of Figure1.)
Thekey propertyof this decompositionis that if we restrict
to somefrequency l , andde�ne thesubspaceof functions:

Vl � Span
�

Y � l
l � Y � l � 1

l ��	�	�	
� Yl � 1
l � Y � l

l �

then:
� V l is a RepresentationFor theRotation Group: For any

function f � Vl andany rotationR, we have R
�

f ��� Vl .

Figure 1: We computea rotation invariant descriptorof a spher-
ical functionby (1) decomposingthe function into its harmonics,
(2) summingtheharmonicswithin each frequency, and(3) comput-
ing thenormof each frequencycomponent.(Sphericalfunctionsare
visualizedby scalingpointson theunit sphere in proportion to the
valueof thefunctionat that point, where pointswith positivevalue
aredrawnin light grayandpointswith negativevaluearedrawnin
darkgray.)
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This canalsobeexpressedin thefollowing manner:if pl
is the projectiononto the subspaceVl thenpl commutes
with rotations:

pl
�

R
�

f � � � R
�

pl
�

f � �
	

� V l is Irr educible:Vl cannotbefurtherdecomposedasthe
directsumVl � V

�

l
�

V
� �

l whereV
�

l andV
� �

l arealso(non-
trivial) representationsof therotationgroup.

The �rst propertypresentsa way for decomposingspheri-
cal functionsinto rotation invariantcomponents,while the
secondpropertyguaranteesthat, in a linear sense,this de-
compositionis optimal.

3.2. Rotation Invariant Descriptors

Using thepropertiesof sphericalharmonics,andtheobser-
vation that rotatinga sphericalfunctiondoesnot changeits
L2-norm we representthe energies of a sphericalfunction
f

�

q � f � as:

SH
�

f � ����� f0
�

q � f ��� ��� f1
�

q � f �	� ��	�	�	 


wherethe fl arethefrequency componentsof f :

fl
�

q � f ��� pl
�

f � �

m� l

å
m��� l

almYm
l

�

q � f �

(shown in steps(2) and(3) of Figure1.)

This representationhasthepropertythatit is independent
of theorientationof thesphericalfunction.To seethiswelet
Rbeany rotationandwe have:

SH
�

R
�

f � � ����� p0
�

R
�

f � ��� ��� p1
�

R
�

f � ��� ��	�	�	 


����� R
�

p0
�

f � ��� ��� R
�

p1
�

f � ��� ��	�	�	 


����� p0
�

f ��� ��� p1
�

f �	� ��	�	�	 
 � SH
�

f �

sothatapplyinga rotationto a sphericalfunction f doesnot
changeits energy representation.

3.3. Further Quadratic Invariance

Wecanmakeour representationstill morediscriminatingby
re�ning thecaseof thesecondordercomponent.Using the
resultsfrom AppendixA weknow thattheL2-differencebe-
tweenthequadraticcomponentsof two sphericalfunctions
is minimized when the the two functionsarealignedwith
theirprincipalaxes.Thus,insteadof describingtheconstant
andquadraticcomponentsby thetwo scalars� f0 � and � f2 � ,
we canrepresentthemby the threescalarsa1, a2, anda3,
whereafteralignmentto principalaxes:

f0 


f2 � a1x2



a2y2



a3z2
	

However, caremustbetakenbecauseasfunctionson the
unit sphere,x2, y2, and z2 are not orthonormal.By �xing
anorthonormalbasis� v1 � v2 � v2 
 for thespanof � x2

� y2
� z2




we canreplacethe harmonicrepresentationSH
�

f � de�ned
in Section3.2with themorediscriminatingrepresentation:

SHQ
�

f � ��� R� 1 �

a1 � a2 � a3 �
��� f1 � ��� f3 � ��	�	�	 


whereR is the matrix whosecolumnsare the orthonormal
vectorsvi .

4. Propertiesof the SphericalHarmonic Representation

This sectionprovides a mathematicalanalysisof someof
thepropertiesandlimitationsof thesphericalharmonicrep-
resentation.In particular, we describehow thesimilarity of
sphericaldescriptors,de�ned astheoptimumover all rota-
tions, relatesto the similarity of their harmonicrepresenta-
tions.We alsodescribetheway in which informationis lost
in going from a sphericalshapedescriptorto its harmonic
representation.

1. Similarity : TheL2-differencebetweentheharmonicrep-
resentationsof two sphericalfunctionsis a lower bound
for the minimum of the L2-differencebetweenthe two
functions,takenoverall possibleorientations.To seethis,
we let f

�

q � f � andg
�

q � f � betwo sphericalfunctions,and
observe that:

� SH
�

f ��� SH
�

g���

2
�

�

å
l � 0

�

� fl ����� gl � �

2

�

�

å
l � 0

�

� fl � gl � �

2
��� f

�

q � f ��� g
�

q � f ���

2
	

Similarly, if we considerthe rotationinvariantrepresen-
tationdescribedin Section3.3,we get:

� SH
�

f ��� SH
�

g���

�

� SHQ
�

f ��� SHQ
�

g���

�

� f � g � 	

But aswe have shown, theharmonicrepresentationsare
invariantto rotation,sowe get:

� SH
�

f ��� SH
�

g���

�

� SHQ
�

f ��� SHQ
�

g���

�

min
R� SO� 3�

� f � R
�

g�	� 	

2. Inf ormation Loss: In general,if a sphericalfunction
f

�

q � f � is band-limitedwith bandwidthb, then we can
expressf as:

f
�

q � f ���

b

å
l � 0

l

å
m��� l

almYm
l

�

q � f �
	

Thus,thespaceof sphericalfunctionswith bandwidthb is
of dimensionO

�

b2
� . Theharmonicrepresentation,how-

ever, is of dimensionO
�

b� sothata full dimensionworth
of informationis lost in going from a sphericalfunction
to its harmonicrepresentation.This informationlosshap-
pensin two differentways:
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� First,we treatthedifferentfrequency componentsin-
dependently. Thusif we write:

f �

b

å
l � 0

fl and g �

b

å
l � 0

Rl
�

fl �

where Rl are rotations,then the descriptorsof the
functions f andg will be the same.That is, the de-
scriptor is unchangedif we apply different rotations
to the different frequency componentsof a spherical
function. Figure 2 shows a visualizationof this for
two sphericalfunctions.Theoneon thebottomis ob-
tainedfrom theoneon thetop by applyinga rotation
to only oneof thefrequency components.Thoughthe
two functionsdiffer by more than a single rotation,
there sphericalharmonic descriptorsare the same.
(An analagousform of information lossoccurswith
FourierDescriptorswherethephasesof differentfre-
quenciesarediscardedindependently.)

Figure 2: The bottomsphericalfunction is obtainedby rotating
one of the frequencycomponentsof the top one. Despitethe fact
that there is no rotationtransformingthefunctionon thetop to the
oneonthebottom,thedescriptors of thetwofunctionsarethesame.

� Second,for eachfrequency componentfl , the har-
monic representationonly storesthe energy in that
component.For l � 2 it is not true that if � f � � � g �

then thereis a rotation R suchthat R
�

f � � g. Thus
knowing only thenormof thel -th frequency compo-
nent doesnot provide enoughinformation to recon-
structthecomponentup to rotation.(This form of in-
formation lossdoesnot occurwith Fourier Descrip-
tors, as two circular functionswith the sameampli-
tudeandfrequency canonly differ by phase/rotation.)
Figure3 shows a visualizationof this for threespher-
ical functions.The functionsareall of the samefre-
quency andhave the sameamplitude,but thereis no
rotation that can be applied to transformthem into
eachother.

Figure 3: Three spherical functionsof the sameamplitudeand
frequencyare shown.Note that there is no rotation transforming
anyoneof theminto theother.

5. Extensionsto VoxelDescriptors

In Section3 we presenteda methodfor obtainingrotation
invariantrepresentationsof sphericalfunctions.In this sec-
tion we show how this methodcanbegeneralizedto obtain
rotationinvariantrepresentationsof voxel descriptors.

5.1. Rotation Invariant Representations

In order to obtain a rotation invariant representationof a
voxel grid we usethe obsevation that rotations�x the dis-
tanceof a point from the origin. Thus,we canrestrict the
voxel grid to concentricspheresof different radii, andob-
tain the sphericalharmonicrepresentationof eachspheri-
cal restrictionindependently. This processis demonstrated
in Figure4: First, we restrict the voxel grid to a collection
of concentricspheres.Then,we representeachsphericalre-
strictionin termsof its frequency decomposition.Finally, we
computethenormof eachfrequency component,at eachra-
dius.The resultantrotationinvariantrepresentationis a 2D
grid indexedby radiusandfrequency.

5.2. Properties

In additionto theinformationlossdescribedin Section4, the
methoddescribedabove alsolosesinformationasaresultof
the fact that the representationis invariant to independent
rotationsof the differentsphericalfunctions.For example,
theplanein Figure5 (right) is obtainedfrom theoneon the
left by applyinga rotationto the interior partof themodel.
While the two modelsare not rotationsof eachother, the
descriptorsobtainedarethesame.

6. Experimental Results

To measurethe ef�cacy of the sphericalharmonicrepre-
sentation,we computeda numberof sphericalshapede-
scriptors,andcomparedmatchingresultswhenthe spheri-
cal functionswerealignedby PCAwith theresultsobtained
whenthesphericalharmonicrepresentationwasused.

In orderto evaluateour methodwe computedthefollow-
ing sphericaldescriptors:

� Extended GaussianImage 4: This is a descriptionof a
surfaceobtainedby binningsurfacenormals.
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Figure 4: We computea rotation invariant descriptorof a voxel
grid by intersectingthe modelwith concentricspheres,computing
the frequencydecompositionof each sphericalfunction,and com-
puting thenormsof each frequencycomponentat each radius.The
resultantrotation invariant representationis a 2D grid indexedby
radiusandfrequency.

Figure 5: Themodelon the right is obtainedby applyinga rota-
tion to the interior part of the modelon the left. While the models
differ by more thana singlerotation,their rotationinvariant repre-
sentationsare thesame.

� Radial Distrib ution: This is a descriptionof a surface
thatassociatesto every raythroughtheorigin, theaverage
distanceandstandarddeviation of pointson the intersec-
tion of thesurfacewith theray.

� Spherical Extent Function 6: This is a descriptionof a
surfaceassociatingto eachray from theorigin, thevalue
equalto thedistanceto thelastpointof intersectionof the
modelwith theray.

� Sectors: This is a descriptionof a surfaceassociatingto
eachray from theorigin, theamountof surfaceareathat
sits over it. This is a continuousimplimentationof the
shellsin ShapeHistograms5, with sectorschosento cor-
respondto a singlecell within the64 � 64 representation
of thesphere.

� ShapeHistogram 5: This a �ner resolutionof the Sec-
tor descriptorthat breaksup the boundingsphereof the
modelinto a collectionof shellsandcomputesthesector
descriptorfor theintersectionof themodelwith eachone.

� Voxel 12: This is a descriptionof a shapeasa voxel grid,
wherethe valueat eachpoint is given by the negatively
exponentiatedEuclideanDistanceTransformof the sur-
face.

We evaluatedtheperformanceof eachmethodby testing
how well they classi�ed modelswithin a testdatabase.The
databaseconsistedof 1890“household"objectsprovidedby
Viewpoint 17. The objectswere clusteredinto 85 classes,
basedonfunctionalsimilarities,largelyfollowing thegroup-
ingsprovidedbyViewpointandclassesrangedin sizefrom5
modelsto 153models,with 610modelsthatdid not �t into
any meaningfulclasses12. Classi�cation performancewas
measuredusingprecision/recallplots,whichwhichgivesthe
percentageof retrievedinformationthatis relevantasafunc-
tion of thepercentageof relevantinformationretrieved.

We computedthe sphericalrepresentationsas 64 � 64
grids correspondingto regular samplingalong the lines of
longitudeand lattitudeand we usedSPharmonicKit2.5 18

to obtainthe sphericalharmonicrepresentationasan array
of 33 �oating point numbers.Both thesphericaldescriptors
andtheirsphericalharmonicrepresentationswerecompared
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usingtheL2-difference.Theresultsof theclassi�cationex-
perimentareshow in in Figure6.

Figure 6: Precisionvs. Recallplots comparingthe performance
of alignedsphericaldescriptors with theperformanceof their har-
monicrepresentations.Notethat for mostof therepresentationsthe
harmonicdescriptoroutperformsthecanonicallyalignedone.

As the resultsindicate,the applicationof the Spherical
HarmonicRepresentationimprovestheperformanceof most
of thedescriptors.Theimprovementof thematchingresults
is particularlymeaningfulwhenweconsiderthefactthatthe
SphericalHarmonicRepresentationreducesa 2D descriptor
into a1D arrayof energy values.Thus,therepresentationnot
only providesbetterperformance,but it doessowith fewer
bits of information.

7. Discussion

In this sectionwe presenta discussionof theresultsin Sec-
tion 6. In particular, we analyzethe caseof the Extended
GaussianImage,anddiscusshow this re�ects on the gen-
eral limitations of the SphericalHarmonicRepresentation.
Wealsoevaluatetheimplicationsof theSphericalHarmonic
Representationfor databaseretrieval.

7.1. Limitations

The analysisdescribedin Appendix A provides a mathe-
maticalinterpretationof thefailing of PCA-alignment.This
analysismakes the assumptionthat we are looking at the

generalclassof sphericalfunctions,sothat frequency com-
ponentsalign independently. However, in certainshapeap-
plicationsthis may not be the caseandthe descriptorsob-
tainedmay fall into a restrictive subsetof sphericalfunc-
tions. In thesecasesit is possiblethat the alignment of
different frequency componentsare correlatedand PCA-
alignmentperformswell.

Sucha casemay occurwhenthe sphericalfunctionsare
primarily axis aligned,so that, up to rotation, they can be
describedas:

å akxk



bkyk



ckzk

and the alignmentsof the different frequency components
are strongly correlated.This is the casefor the Extended
GaussianImage4 whichdescribesapolygonalmodelby the
distribution of normal vectorsover the unit sphere.When
the databaseof modelsis restrictedto householdobjects,
theobtaineddescriptorsareprimarily axisaligned(seeFig-
ure 7) and principal axis alignmentmay provide optimal
alignment,(as indicatedby the improved performancein
Figure6).

Figure 7: Imagesof modelsof a vase, a chair, andscissors, with
their associatedExtendedGaussianImages.Notethat theEGIsare
mainlyaxial functionsandconsequentlyarewell alignedbyPCA.

7.2. Implications for Model Databases

Much of the researchpresentedin this paperis guidedby
the increasedproliferationandaccessibilityof 3D models.
Thesemodelshave beengatheredinto databases,andoneof
thechallengeshasbeento designmatchingimplementations
thatarewell suitedfor databaseretrieval. Thesphericalhar-
monic representationpresentedin this paperaddressesthis
challengein two ways:

1. While asphericalfunctionof bandwidthb requiresO
�

b2
�

space,its sphericalharmonicrepresentationis of size
O

�

b� . Consequently, the sphericalharmonicrepresenta-
tions provide a morecompactrepresentationof the de-
scriptors,and can be comparedmore ef�ciently . (For
eachmethodcomparedin Section6, Table2 shows the
spacerequirementsof the descriptorand its Spherical
HarmonicRepresentation.)

2. Furthermore,the SphericalHarmonic Representations
are basedon a frequency decompostionof a spherical
function. Consequently, the representationis inherently
multiresolutionalandthis propertycanbe usedto guide
indexing schemesfor ef�cient retrieval.
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Representation PCA-Aligned Harmonic

EGI 64 � 64 33
SphericalExtentFunction 64 � 64 33
RadialDistribution 2 � 64 � 64 2 � 33
Sectors 64 � 64 33
ShapeHistogram 4 � 64 � 64 4 � 33
Voxel 32 � 64 � 64 32 � 33

Table 2: Thenumberof �oating point numbers usedto describe
each representation.ThistabledemonstratesthattheSphericalHar-
monicRepresentationprovidesa representationthat reducesthedi-
mensionalityof thespacerequiredfor storingthedescriptor.

8. Conclusionand Futur eWork

In this paperwe have introducedthe SphericalHarmonic
Representation,a rotationinvariantrepresentationof spheri-
calfunctionsin termsof theenergiesatdifferentfrequencies.
We have shown that this representationprovidesa method
for improving theperformanceof many canonicallyaligned
sphericaldescriptorsin tasksof shapematching.In addition
to providing bettermatchingperformancethis rotation in-
variantrepresentationalsoreducesthedimensionalityof the
existing descriptorsimproving both the time andspacere-
quirementsof thesemethods.

Thiswork suggestsanumberof challengesthatwewould
like to considerin thefuture:First,wewould like to explore
thepossibilityof generalizingthis methodto voxel gridsus-
ing Zernike moments.Second,we would like to consider
methodsfor reducingthe rotationindependenceof the dif-
ferentfrequency components,and,in thecaseof voxel grids,
of the different radial components.Finally, we would like
to explore extendingthis methodto capturemore rotation
invariant information in the higher frequency components,
allowing us to truly reconstructeachfrequency component
uniquelyup to rotation.
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Appendix A: A SignalProcessingFramework for PCA

This appendixpresentsa signal processingframework for
analyzingthe implicationsand limitations of model align-
mentvia PCA.Wede�ne asphericalfunctioncharacterizing
the radial varianceof a shapealongdifferentraysfrom the
origin. In particular, for a modelSanda directionv we set:

RV
�

S� v� � lim
a � 0

�

C � v� a ��� S

� x �

2

2p
�

1 � cos
�

a � �

dx

whereC
�

v� a � is the conewith apex at the origin, anglea
anddirectionv, and2p

�

1 � cos
�

a � � is theareaof the inter-
sectionof theconewith theunit sphere(seeFigure8). That
is, RV

�

S� v� givesthe sumof the squareof the distancesof
thepointslying on theintersectionwith Sandtheray, from
theorigin,with directionv. Figure9 showsavisualizationof
theRadialVariancefor a cubeby scalingtheradiusof each
pointonaspherein proportionto thevalueof thefunctionat
thatpoint.Notethatthefunctionscalesthepointsat thecor-
nersof the cubemoredrasticallybecause:(1) we integrate

c
�
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Figure 8: Thevalueof the Radial Variancein the directionv is
de�ned by intersectingthe modelwith a cone, in the direction v,
with smallanglea, andintegrating thesquare of thedistanceover
theintersectionof themodelwith thecone.

Figure9: TheRadialVariancecanbevisualizedby displacingthe
radiusat a point on the sphere, in proportion to the valueof the
functionat thatpoint.

thesquare of thedistanceto theorigin over eachpatch,and
(2) the anglebetweenthe point on the sphereandthe sur-
facenormalis large,sothatmoresurfaceareaprojectsonto
a sphericalpatch.

Whatis valuableaboutthisfunctionis thatfor any surface
S, thefunctionhasthepropertythat:

�

S
xix j dx ��� RV

�

S� v�
� xix j � S2 	

Thatis, thesecond(and0-th)ordercomponentsof theradial
variancearepreciselythe termsof thecovariancematrix of
themodel.This functiongivesa representationof theinitial
model in a signal processingframework that allows us to
make two observations:

1. Becauseof the orthogonalityof the frequency compo-
nents,principal axis registrationdoesnot take into ac-
count information at non second-orderfrequenciesand
hencemakesno guaranteesasto how they align.

2. Aligning two modelsusingtheir principalaxesprovides
theoptimalalignmentfor theirsecondordercomponents,
aswill beshown in thefollowing theorem:

Theorem: If f and g are two sphericalfunctionsconsist-
ing of only constantandsecondorderharmonics,thenthe

L2-differencebetweenthe two is minimized when eachis
alignedto its own principalaxes.

Proof: Becausef andg consistof only constantandsecond
order terms,we can representthe functionsby symmetric
matricesA andB where

f
�

v� � vtAv and g
�

v� � vtBv	

If we assumethatA andB arealreadyalignedto their prin-
cipalaxeswe get:

A �

��

a1 0 0
0 a2 0
0 0 a3

��

and B �

��

b1 0 0
0 b2 0
0 0 b3

��

Thus,if R is any rotationwe get:

� Rt �

f �
� g
�

�

�

a � b � Trace
�

ARBRt
�




b
3

å
i � j � 1

aib j

wherea ��� S2 x4dx and b ��� S2 x2y2dx de�ne the lengths
andanglesbetweenthe functionsx2

i on theunit sphere.We
would like to show that thedot productis maximizedwhen
R is a permutationmatrix sothatRARt is diagonal.

Usingthefactthatthedifferentialsof a rotationR arede-
�ned by RSwhereS is a skew-symmetricmatrix, it suf�ces
to solve for:

0 �

d
dt 	

	

	

t � 0
Trace

�

A
�

R



tRS� B
�

Rt
� tSRt

� �

� Trace
�

RtAR
�

SB � BS� �

But Sis a skew-symmetricmatrixsothat,SB � BSis asym-
metricmatrix with 0's alongthediagonal:

SB � BS �

��

0
�

b2 � b1 � S12
�

b3 � b1 � S13
�

b2 � b1 � S12 0
�

b3 � b2 � S23
�

b3 � b1 � S13
�

b3 � b2 � S23 0

��

Thus,if RtARis adiagonalmatrixthenthederivative is zero,
independentof thechoiceof S. Conversely, if thebi aredis-
tinct andRtARis notdiagonal,wecanalwayschoosevalues
for S12, S13, andS23 suchthatthederivative is non-zero,im-
plying that if RtAR is not diagonalit cannotmaximizethe
dotproduct. (Notethatif b1 � b2 � b3 thenB is a constant
multipleof theidentitysothatthedotproductis independent
of thechoiceof rotation.Similarly, if bi � b j thenrotations
in theplanespannedby xi andx j alsodo notchangethedot
product.)

ThisshowsthattheL2-differencebetweenf andg is atan
extremumif andonly if A andB arebothdiagonalmatrices.
Theminimum L2-differenceis thenattainedwhenå aibi is
maximal.So that if a1 


a2 


a3 thenwe mustalsohave
b1 


b2 


b3, andtheL2-differencebetweenf andg is min-
imizedpreciselywhen f andg arealignedto their principal
axes.
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