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Abstract
This is a primer on extended Gaussian Images. Extended Gaussian Images are
useful for representing the shapes of surfaces. They can be computed easily from:
1. Needle maps obtained using photometric stereo, or
2. Depth maps generated by ranging devices or stereo.

Importantly, they can also be determined simply from geometric models of the
objects. Extended Gaussian images can be of use in at least two of the tasks facing
a machine vision system: '

1. Recognition, and
2. Determining the attitude in space of an object.

Here, the extended Gaussian image is defined and some of its properties discussed.
An elaboration for non-convex objects is presented and several examples are shown.
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1. Introduction

In order to recognize an object and to determine its attitude in space, it is
necessary to have a way of representing the shape of its surface. Giving the distance
to the surface along parallel rays on a regularly spaced grid provides one way of
doing this. This simple representation is called a depth map. A range finder produces
surface descriptions in this form. Unfortunately, depth maps do not transform in a
simple way when the object rotates (For one thing, interpolation must be used to
get a new depth map on a regularly spaced grid). Alternatively, surface orientation
might be given for points on the surface on some regular sampling grid. This
grid may conveniently correspond to the picture cells in an image. Such a simple
representation is called a needle map (Figure 1) [13]. Photometric stereo produces
surface descriptions in this form [7, 12, 15, 28, 32, 33]. This representation too is
not directly helpful when it comes to comparing surfaces of objects that may be -
rotated relative to one another (Both depth maps and needle maps depend on the
position of the object as well as its attitude).

The extended Gaussian image, on the other hand, does make it easy to deal
with the varying attitude of an object in space [2, 3, 9, 13, 16, 29]. For one thing,
it is insensitive to the position of the object. Some information appears to be
discarded in the formation of the extended Gaussian image, however. Curiously, in
the case of convex objects, the representation is nevertheless unique. That is, no
two convex objects have the same extended Gaussian image.

This representation of the shape of the surface of an object has proven most
useful in work on automatic bin picking [4, 17, 18]. We start our discussion
with objects having planar faces. Later we consider smoothly curved objects.
Methods for computing discrete approximations of extended Gaussian images,
called orientation histograms, are presented too. Orientation histograms can be
computed from experimental data or .mathematical descriptions of the objects.
Sections marked with an asterisk may be omitted on first reading or if your interest
in the mathematical details is limited.

2. Discrete Case: Convex Polyhedra

Minkowski showed in 1897 that a convex polyhedron is fully specified (up to
translation) by the area and orientation of its faces {21, 23, 26]. We can represent
area and orientation of the faces conveniently by point masses on a sphere. Imagine
moving the unit surface normal of each face so that its tail is at the center of a unit
sphere. The head of the unit normal then lies on the surface of the unit sphere. This
sphere is called the Gaussian sphere and each point on it corresponds to a particular
surface orientation. The extended Gaussian image of the polyhedron is obtained
by placing a mass at each point equal to the surface area of the corresponding face
(Figure 2).

It seems at first, as if some information is lost in this mapping, since the
position of the surface normals is discarded. Viewed another way, no note is
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Figure 1. A needle map shows unit surface normals at points on the surface on
a regular grid. Normals which point towards the viewer will be seen as dots, while
tilted surface patches give rise to normals which are shown as lines pointing in the
direction of steepest descent.

made of the shape of the faces or their adjacency relationships. It can nevertheless
be shown that (up to translation) the extended Gaussian image uniquely defines
a convex polyhedron [29]. An iterative algorithm has recently been invented for
recovering a convex polyhedron from its extended Gaussian image [22].

2.1. Properties of the Extended Gaussian Image

The extended Gaussian image is not affected by translation of the object.
Rotation of the object induces an equal rotation of the extended Gaussian image,
since the unit surface normals rotate with the object.

Mass distributions which lie entirely within one hemisphere, that is, are zero
in the complementary hemisphere, do not correspond to closed objects. As we shall
see, the center of mass of an extended Gaussian image has to lie at the origin. This
is clearly not possible if a whole hemisphere is empty. Also, a mass distribution
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Figure 2. The extended Gaussian image of a polyhedron can be thought off
as a collection of point masses on the Gaussian sphere. Each mass is proportional
to the area of the corresponding face. Point masses on the visible hemisphere are
shown as solid marks, the others as open marks. The center of mass (shown as the
symbol @) must be at the center of the sphere if the polyhedron is a closed object.

which is non-zero only on a great circle of the sphere corresponds to the the limit
of a sequence of cylindrical objects of increasing length and decreasing diameter
(Figure 3). We will exclude such pathological cases and confine our attention to
closed, bounded objects [23, 29).

Some properties of the extended Gaussian image are important: Firstly, the
total mass of the extended Gaussian image is obviously just equal to the total
surface area of the polyhedron. If the polyhedron is closed, it will have the same
projected area when viewed from any pair of opposite directions. This allows us to
compute the location of the center of mass of the extended Gaussian image.

Imagine viewing a convex polyhedron from a great distance. Let the direction
from the object towards the viewer be given by the unit vector V. A face, with unit
normal §;, will be visible only if §; - v > 0. Suppose that the surface area of this
face is O;. Due to foreshortening it will appear only as large as would a face of area

(8; - ¥) Oy, A
normal to ¥ (Figure 4). The total apparent area of the visible surface is

AN =Y (8-9)0;
{18, >0}






















































































































