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Abstract

In many shape analysis applications, the ability to find thet otation that aligns two models is
an essential first step in the analysis process. In the pashatis for model alignment have either used
normalization techniques, such as PCA alignment, or haviopeed an exhaustive search over the
space of rotation to find the best optimal alignment. Whilenmalization techniques have the advantage
of efficiency, providing a quick method for registering twbapes, they are often imprecise and can
give rise to poor alignments. Conversely, exhaustive $e@rguaranteed to provide the correct answer,
but even using efficient signal processing techniques,tyipie of approach can be prohibitively slow.

In this paper we present a new method for aligning two 3D shapée show that the method is
markedly faster than existing approaches based on effisignal processing and we provide registration
results demonstrating that the alignments obtained usimgreethod have a high degree of precision

and are markedly better then those obtained using norntializa

Index Terms

Alignment, Matching, Retrieval, Shape Descriptors, SigPracessing

. INTRODUCTION

In many shape analysis applications, finding the rotatiat best aligns two 3D models is
a necessary step in the analysis process: Systems for mgt8Di models [22], [4] generally
assume that the shape of a model is unchanged when acted aothyi@n, so that comparing two
models requires finding the rotation at which the two modedsagtimally pairwise aligned. In
systems allowing a user to construct new models by tramseparts from existing ones [23],
[3], an alignment step is necessary before replacing thepalt with the new. Methods for
transfering texture, segmentation, and surface detdi],fjist need to establish correspondences
between the two surfaces and solving for the optimal rigidybalignment is a necessary first
step in this process. Often, hole-filling methods [16] usadh patches from the surface of a
model to fill in parts with missing data, and again finding ttensformation that best aligns the
complete patch to the patch with missing data is a necessapyirs the process.

One approach to addressing this problem is to representreadel by a function (defined
either on the sphere or in 3D) and then to find the rotation itinatmizes the distance between
the two functions. This approach transforms the alignmeoblem into a correlation problem,

making it possible to use recently developed, efficient aigmocessing techniques to find the
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optimal rotation. However, while these signal processegahhiques have running times that are
markedly faster than a brute force search over the spaceativetations, (takingD(b*) time to
align two spherical or 3D functions of band-widthas compared to the brute force approaches
which takes orde©(b°) andO(1°) respectively), they are still too slow for applications ihigh
many candidate models need to be compared against a singtg qu

To address this concern, previous research has approabbedotrelation problem using
parameter factorization techniques: The space of rotmi®parameterized by two variables, the
value of the correlation is optimized over the first varialaled then refined by holding the first
variable fixed and optimizing over the second. Thus, rathan tperforming a computationally
expensive search over the entirety of the three-dimenkgpeace of rotations, models can be
efficiently aligned by performing independent optimizasoover two smaller spaces.

An example of such an approach is proposed by Makatlial. [11], [12]) where the space
of rotations is parameterized using the axis/angle parmnmzation, representing each rotation
by the axis about which the rotation occurs and the angle efrdiation. The initial axis
optimization step can then be performed using the Fast gahétarmonic Transform and the
angular refinement can be performed using the Fast Fouraarsiarm.

The key challenge in this type of approach results from thetfeat the values of the correlation
are not separable. Thus, the value of the axis parametaniaptg the initial alignment step is
not guaranteed to be equal to, or even close to, the valueedxis parameter at the optimizing
the full correlation.

In this paper, we show that the initial step of optimizing ioWee axis of rotation can be
interpreted as global optimization of an axially symmetric subset of the modelu3hby pre-
processing the models so as to ensure that the axially symeregbsets are as large as possible,
we obtain an axis parameter in the first step whose value ig tik@ly to be close to the value of
the axis parameter optimizing the full correlation. Altlgbuthis approach is only guaranteed to
give the correct alignment when the initial model is axiajymmetric, the pre-processing steps
ensures that even when the model is not axially symmetecaxis parameter obtained in the first
step is as meaningful as possible. This results in an alighmlgorithm that is more accurate
than previous methods, even for classes of models that ddana axial symmetry, closely
approximating the results of exhaustive search withoutirimeg the prohibitive computational

cost.
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The remainder of the paper is structured as follows. In 8ecli we review a number of
exisiting shape descriptors that represent a 3D model ascidn defined, either on the surface
of a sphere, or in three-dimensions and in Section Il weesswihe standard signal processing
techniques that have been used to align two such shape messriln Section IV, we present
our approach for efficiently finding the rotation aligningovinodels and discuss the theoretical
bounds of this approach. We present empirical results inid@e® demonstrating the efficacy

of our method and conclude by summarizing our approach iticev|.

[I. RELATED WORK

In order to find the rotation that best aligns two 3D modelss ifirst necessary to define a
measure of model similarity. Then, the optimal rotation bardefined as the rotation minimizing
the distance between two models. In practice, directly aging the distance between two
surfaces is a difficult and time consuming task. Instead,ajhygoach that is commonly taken
is to represent a 3D surface by a structured representairoshape descriptqrthat captures
much of the salient model information. Two models can thercémpared by independently
computing each of their shape descriptors and then defihiagneasure of model similarity in
terms of the distance between the descriptors.

Because of the importance of model comparison to many difteareas of shape analysis,
a large number of different shape descriptors have beenopeal ranging from structural
descriptors that represent a 3D model by a graph and defirgisgtasmce between two models in
terms of the topological similarity of the associated gsaf#g. [18], [17], [15], [6]) to statistical
shape descriptors that represent a model as a vector in adimezhsional space and define the
measure of model similarity in terms of the norm of the ddéfece of the vectors.

In general, the structural shape descriptors are desigmdgk tinvariant to transformations
and while well suited for model comparison, cannot be usedaligning two shapes. Similarly,
statistical shape descriptors that are designed to baawotaivariant (e.g. [13], [8]) cannot be
used for alignment because the measure of similarity betvwe® models does not change
when either of the models is rotated. Instead, in this workwill focus on the statistical shape
descriptors that represent a model by rotation-varyingtions (e.g. [7], [1], [22], [21], [4],
[3]). These are descriptors that represent a 3D model by @itumdefined either on the surface

of the sphere or in three-space, satisfying the propertyrtiating a model and then computing
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its shape descriptor is equivalent to first computing thepshaescriptor and then applying the

rotation to the descriptor.

[1l. SIGNAL PROCESSINGREVIEW

In this section we present a review of the signal processiagéwork that serves as the
foundation for our research. We begin by establishing rwtatWe present a review of the
spherical harmonic and Wigner-D decompositions. Finally, describe how these tools can be

used to solve for the optimal alignment of two spherical fiorcs.

A. Notation

« Parameterizing the SpherVe parameterize points on the surface of the sphgteusing

angles of elevatiot € [0, 7] and azimuthp € [0, 27):
®(0,¢) — (sin(0) cos(¢), sin(0) sin(¢), cos(6)).

Note that this parameterization has the property that atiootabout thez-axis by ¢,

degrees, corresponds to a shift in the azimuthal value:

(97 ¢) = (97 (b + ¢O)

. Parameterizing RotationdNe parameterize the space of rotatiof§}(3), in terms of the
triplet of Euler angle® € [0, 7] and ¢, € [0,27), expressing every rotation as a rotation

about they-axis, multiplied on the left and right by rotations abou¢ thaxis:

cosp —sing 0 cosf 0 sin6 cosy —siny 0
R(¢,0,v) — sing cos¢ 0 0 1 0 siny  cosvy 0
0 0 1 —sinf 0 cosf 0 0 1

Note that this parameterization has the property that tketiom R(¢, 6, 1) can be decom-

posed as the product of rotations:

R(¢,0,¢) = R($)R(0,¢)

where R(0, ) is a rotation mapping the poink(f, 7 — ) to the vector(0,0,1) on the

z-axis andR(¢) is a rotation byp degrees about the-axis.
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« Action of Rotations on Spherical FunctiorGiven a function on the surface of a sphere
and given a rotatiorkR € SO(3) the rotated functiorR( f) is defined as the function whose

value at a poinp is:

B. Spherical Harmonics

Given a functionf (¢, ¢) defined on the surface of the sphere, sampled onam grid, then

it can be expressed in terms of the orthonormal sphericahdiaic basis

m 2041 (l—m)! _ . i
Y (9,¢>:\/ T R os0)e™,

where theP™ are the associated Legendre polynomials= n/2 is the band-width of the
spherical signal) < [ < b and|m/| < [. In particular, there are complex coefficients such

that f can be expressed as the sum:

b—1
F0,0) =Y "> f"Y™(0,9). @)

1=0 [m|<i
The spherical harmonicEy;”} are solutions to Laplace’s Equation in spherical coor@isa@nd
satisfy the condition that for any rotatioR, the functionsY;” and R(Y;”") are orthogonal
wheneverl #£ I
(V"R =0 VI#L. 2

Furthermore, because the associated Legendre polynofjiakre independent af, the spher-
ical harmonics have the property that a rotation about Maxis by ¢, degrees acts on the

harmonics by multiplication:
lem<97 ¢ - ¢0) = eiimqao}/vlm(ev ¢)

While a brute-force computation of the forward and inverghesical harmonic expansions
would requireO(b*) time, (computing anO(b?) dot-product for each of)(b*) coefficients),
recent developments in signal processing have providedesfti algorithms that compute the
transforms inO(b? log® b) time [2], [5], [20].
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C. Wigner-D Functions

Given a functionF'(¢, 0, ) defined on the space of rotations, if the function has bareihwi
b, then it can be expressed in terms of the orthonormal Wignbasis{D!, .(¢,60,%)}, with

0 <1< band|m]|,|m| <1, with complex coefficients™ ™"

F(¢,0,0) = Z > B DL (6,6,0). (3)
=0 |m|,|m/|<I

The Wigner-D functions{Dfn,m,} express the correlation of the spherical harmonics over the

space of rotations, so that for any rotatiéne SO(3) the Wigner-D functions satisfy:
Dy o (B) = (R(Y"), 7). @)

While a brute-force computation of the forward and inversggir-D expansions would
requireO(b%) time, (computing arO(b?*) dot-product for each o (b*) Wigner-D coefficients),
recent developments in signal processing have providedesfti algorithms that compute the
transforms inO(b*) time [10], [19].

D. Optimal Alignment

In many applications, it is often necessary to find the rotaf? € SO(3) that minimizes the

Lo-distance between two spherical functioghand g:

IR(f) = gl = I R(HI* + llgll* — 2(R(f), 9)-

Since rotations do not change the size of a functipR(f)|| = ||f]|) finding the rotation

minimizing the L,-distance is equivalent to finding the rotation maximizihg tlot-product:

(R(f),9)

If the functions f and g are expressed in terms of their spherical harmonics, thetyiag

Eq. 2 and Eq. 4, the function giving the dot product at evetgtion R can be expressed as:

Z s gz Z fl ( )- (5)

Iml, Im/|<l Im, \m’|<l
Since the equation on the right expresses the dot product laea sum of the Wigner-D

functions, the rotation maximizing the dot product can béawied by computing the inverse
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Wigner-D transform to get the value of the dot product at e@tbcretized) Euler angle and
then finding the Euler angle with largest value.

While a brute-force computation of the dot-product at evestation would requireO(v°)
time, (computing ar®(v?) dot-product for each af (%) rotations), using the spherical harmonic
transform to get the harmonic coefficients foindg (orderO(b? log? b) time), cross-multiplying
the spherical harmonic coefficients in Eq. 5 (ordgph?) time), computing the inverse Wigner-D
transform (ordeiO(b?) time) and sampling the obtained dot-product function (prdé?) time)
gives an ordeO(b*) algorithm for finding the rotation that minimizes ttig-distance between

two spherical functions.

E. Extending to 3D Functions

We can generalize this method to functions defined on theantef the unit sphere. I is a
function defined on the interior of a unit sphere, we can r&gmeF’ as a collection of spherical

functions{F.}, by restricting the functiorf’ to spheres with different radii:
F.(p) = F(rp)Vdmr?

where the square-root accounts for the change of area, sdothany two functionst' and G

defined in the interior of the sphere, we have:

[, rec@= [ £

Now, we can apply the method described above, expressingatheroduct ofF’ with G as:

RO -3 Y ( / 1<Fr>?Wdr) Dy (R).

1=0 |ml,Jm’|<l
If we sample the radii aD(b) different points, computing the harmonic coefficients o th
spherical restrictions take®(b* log® b) time, computing the inverse spherical harmonic transform
takesO(b? log” b) time, cross-multiplying the spherical harmonic coeffitgetakes order (b*)
time, computing the inverse Wigner-D transform takes or@éb*) time and sampling the
obtained dot-product function take3(b®) time, giving an orderO(b*) algorithm for finding
the rotation that minimizes thg,-distance between two functions defined on the interior ef th

unit sphere.
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IV. APPROXIMATING OPTIMAL ALIGNMENT

In this section we present our approach for efficiently figdthe rotation that aligns two
models. Given a shape descriptor that represents the mea@ekpherical function, we describe
a method for aligning two models in a way that minimizes fhiedistance between the shape
descriptors. We begin by showing that in the case that onleedfito models is axially symmetric
(i.e. obtained by rotating a curve about some fixed axis) tbénal rotation can be found
efficiently. Then, we show how the method for axially symneetnodels can be generalized to

models that are not axially symmetric, to give an approxaraatd efficient alignment method.

A. Axially Symmetric Alignment

In general, when we consider the correlation of the funcfiavith the functiong, the resulting
correlation function is a function defined on the three-disienal space of rotation, for every
R € SO(3) giving the value of the dot-produc(f), g). However, in the case that the functign
is axially symmetric with respect to theaxis, (i.e. rotations about theaxis leavey unchanged)

the correlation function becomes much simpler. If we exptég rotationR(¢, 6,) as:

R(¢,0,¢) = R($)R(0,9)

where R(6, 1) is a rotation taking the poin® (6, 7 — ¢) to the positivez-axis andR(¢) is a
rotation by¢ degrees about theaxis, then the value of the dot produet(f), ¢) is independent

of the value of¢:

(R(9,0,9)(f),9) = (R(O)R(0,9)(f), 9) = (R(O,¥)(f), R(=¢)(9))

Thus the correlation function becomes a function definedhentivo-dimensional sphere, for
every pointp € S? giving the value of the dot-produdtR,(f),g) where R, is any rotation
mapping the poinp to the positivez-axis.

We can leverage the simplicity of the correlation functionthe case that the functionis
axially symmetric with respect to theaxis to give an alignment method that is markedly faster
than the general method requiring the use of the inverse &¥iBrtransform. In particular, if the

function ¢ is axially symmetric with respect to theaxis, the spherical harmonics coefficients
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of ¢ satisfy the condition:
9" =0 Ym # 0

In this case, the expression for the dot producy afith every rotation off becomes:

Z > 1D, (6)

1=0 |m|<I

Taking advantage of the identity

| Am
we express the initial correlation function as:
b
(R(g,0.7 = ¥)(}).0) = D 2Hlfl Y0, ),

1=0
<l

giving an expression for the dot product as a linear sum oésgdl harmonics. Thus, instead of
requiring the use of the inverse Wigner-D transform (whigkes ordeiO(b*) time to compute),
in the case that the functiopis axially symmetric with respect to theaxis we can compute
the correlation function by simply computing the inverséesical harmonic transform (taking
O(b?log? b) time).

B. General Alignment

In general, however, a function need not be axially symmetth respect to the-axis and
the method described above cannot be applied directly tothadoptimal alignment between
two functions. We propose a novel method for aligning twoesal functions that aligns the

functions f and g in four steps:

1) Compute ther-axially symmetric component of:

b 27
9(0,0) = > af¥2(60.6) = [ 9060
1=0 0

2) Use the method described above to find the best rotafipn= R(6,), aligning the
function f with the functiong.

3) Find the optimal rotation about theaxis R; = R(¢) aligning Ry(f) with g.

4) Set the aligning rotation to be the product of the two iotet R = R R».
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The idea behind this approach is to factor the alignmentIproltso that instead of directly
searching over the three-dimensional space of rotatiarth&optimal alignment, we first search
over the two-dimensional sphere to find the best rotatiamalg f with the z-axially symmetric
component ofg and then perform a search over the one-dimensional spacgaifons about
the z-axis. Since aligningf with the z-axially symmetric component oj can be performed
in O(b%log?b) time (using the fast spherical harmonic transform) andesiligning about the
z-axis can be done i®(b* logb) time (using the fast Fourier transform) the overall runninge
of our method isO(b? log® b). This is particularly meaningful when we consider the faetttthe
input functions are of siz€(b*) and the space of rotations is of sig€b*), as we provide an
alignment method whose complexity is smaller than the spécetations.

In general, the method we propose is not guaranteed to gevephimal alignment as the
optimal rotationR(¢, 0, 1) aliging f with g does not necessarily have the property tRéd, 1)
is the optimal rotation aligning’ with the axially symmetricj. In particular, in the case that
the L,-norm of g is much smaller than thé,-norm of g, aligning f with g we ignore much of
the information contained ip and the obtained alignmeft(6, /) may not be meaningful.

To address this problem we propose a pre-processing stephichwhe functiong is first
aligned so as to maximize the amount of informationginTo do this, we use the symmetry
descriptor of [9]. In particular, using the method of Kazhdd al, we compute the spherical
function (SD? (g)) (p) giving the squard.,-norm of the axially symmetric component @fvith
respect to the axig. Finding the axig, at which the function(SD?2 (g)) (po) is maximized, we
rotate the functiony so thatp, maps to the positive-axis. In the case that the initial function
g was axially symmetric about some axis (not necessarilyzthgis), this pre-processing step
is guaranteed to align so that it is axially symmetric about theaxis. In general, this method
guarantees that the amount of information contained irzthrially symmetricg is maximized.
Thus, even in the case thais not axially symmetric, or has multiple axes with equal ayatry
values, we ensure that the amount of informatioryirs maximized, and hence the alignment
R(6,1) obtained in the first step of our method is as meaningful asiples

Note that though computing the symmetry descriftdr? (g) takes orde(b*) time, it needs
to be done on a per-model basis and hence can be performed@paqeessing step, so as not

to affect the overall running time of our method.
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Figure 1 outlines the steps of our approach: In a pre-protgsgage, the axial symmetry
descriptor of each target model is computed (1). In this aligation, the axial symmetry
descriptor is visualized by scaling points on the unit sphiar proportion to the measure of
axial symmetry about the corresponding axes. The modeldn tbtated so that the axis of
maximal symmetry (highlighted in gray) is aligned with thexis (2). Then, when a query is
presented, the query is correlated with thaxially symmetric component of each target model
(2), the query is then rotated so that the axis of maximal sgtmm(highlighted in gray) is
aligned with the positive-axis (2), the correlation of the query with the target abibwetz-axis
is computed (3), and the query is rotated about tkexis by the angle that maximizes the

correlation (4).

C. Bounding the Approximation

One of the advantages of our alignment method is that it gesvia method for efficiently
culling a large subset of rotations which are guaranteedmptovide the optimal alignment. In
particular, if R(0, ) is any rotation mapping the poipt= ®(6, 7 —1)) to the positivez-axis, we
can use the values of the axial correlation functiéé, ))(f), g) to bound the correlation value
(R(¢,0,v)(f),g) for any rotation bys degrees about the-axis. Specificaly, if(SD? (f)) (p)
is the function giving the squark,-norm of the axially symmetric component gfaboutp, we

know that L,-norm of the non-axially symmetric component pfaboutp is:

VIR = (SDZ(£)) (p)-

Thus the product of thé,-norm of the non-axially symmetric component paboutp with the

Ly-norm of the non-axially symmetric component @fabout thez-axis is equal to:

ASymDot(p) = /|If|I* = (SDZ(f)) (p) (lg — glI)

and we can bound the value of the correlatid®(¢, 0,1)(f),g) in terms of the value of the
axial correlation functionR,(f), g) and the product of the norms of the non-axially symmetric

components off andg:

ASymDot(p) = [[(R(¢,0,¢)(f), 9) — (R(0,¥)(f), -

Note that the smaller the value of the non-axially symmetamponent ofy about thez-axis

(expressed agg — g||) the smaller the valuelSymDot(p), and hence the tighter the bound on
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[Axial Symmeltry Descriptor]
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Fig. 1. The steps of our alignment approach: In a preprocgsstage, the axial symmetry descriptor is computed (1),thed
model is rotated so that the axis with largest symmetry vaha@s to thez-axis (2). Then, when a query model is presented,
the query is correlated with the-axially symmetric component of the target model (1), thergus rotated so that the axis
with largest symmetry values maps to the positivaxis (2), the correlation of the models about thexis is computed (3),
and the query is rotated about theaxis by the angle that maximizes the correlation (4).
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the value of the correlatiofR(¢, 6, ¢)(f), g). Thus, by aligningy, in the pre-processing step so
as to to maximize the size of theaxially symmetric componeri, we encourage the obtained

approximate alignment to be a good one.

D. Extending to 3D Functions

As in Section llI-E the method for finding the approximateaient of two functions defined
on the surface of a sphere can be generalized to functionsededin the interior of the sphere.

In particular, defining the restriction df to the sphere with radius as F;.:
F.(p) = F(rp)Vdmr?

we can apply the method described above, defining the sphdraamonic expansion of the

axial correlation function as:

S o ([ @) viro.n

1=0 |m|<I

If we sample the radii aD(b) different points, computing the harmonic coefficients & Hxial
correlation function take®(b?) time, computing the inverse spherical harmonic transfakes
O(b*log? b) time, and correlating the functions about thaxis takesO (b’ logb) time. Thus,
the total running time for finding the approximate alignmehtwo functions defined in 3D is
O(b*logb) time. Since the complexity of each function is its@lfv?), this provides an alignment

method that is only marginally slower than the time requit@dead in the functions.

V. EXPERIMENTAL RESULTS

To evaluate the efficacy of our approach, there are two qestibat we need to consider.
First, how efficient is our method in practice? And secondy good is the obtained alignment?
In this section we present the results of experiments dedigm address these two concerns and

we provide a brief discussion comparing our method to prevmork.

A. Efficiency

To evaluate the efficiency of our method, we generated spdleand 3D functions of different
band-widths, and compared the alignment times of our mettitdthe alignment times of the

fast signal processing approach described in Section.|TH2se experiments were run on a PC
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Spherical Functions (3D) Voxel Functions

b |Fast SR Our Method Fast SR Our Method

8 0.003 < 0.001| 0.003 < 0.001

16 | 0.023 0.001| 0.026 0.005
32| 0.288 0.005| 0.487 0.048
64 | 3.001 0.020 | 3.445 0.265
128| 26.698 0.090 | 34.589 3.135

TABLE |

TIME, IN SECONDS FOR ALIGNING TWO FUNCTIONS DEFINED ON A SPHERE AND ON 8D VOXEL GRID: COMPARING THE

EFFICIENCY OF THE FAST SIGNAL PROCESSING APPROACH WITH OURLAGNMENT METHOD AT DIFFERENT BAND WIDTHS.

with a 2.0GHz Pentium M processor with 2 GB of RAM and the ressof these experiments
are shown in Table 1.

As expected, theD(b?logb) complexity of our approach for spherical functions makes it
markedly faster than the fast signal processing method @itH) complexity, giving alignment
times that are more than 100 times faster at high band widilse, we can observe that since
the fast signal processing method has complegity!) when aligning both spherical and 3D
function, there is only a small increase in compute time fbBr fBnctions. In our approach,
however, aligning 3D functions changes the computationldoeck from the calculation of
the Spherical Harmonic Transform, to the correlation of 3dctions about a fixed axis. As a
result, the overall complexity of the approach changes ft@ft’ log®b) to O(b*logb). None-
the-less, our approach still remains noticeably fastan tha fast signal processing method, with

alignment times that are more than 10 times faster at highl badths.

B. 3D Model Alignment

The alignment algorithm we propose is a general scheme Hratbe applied to any shape
spherical or 3D shape descriptor that rotates with the mo&lelsuch, the accuracy of the
alignment will depend on the specific shape descriptor useddresent the 3D model. In order

to evaluate how well our method works in practice, we use tiferént shape descriptors:
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« Spherical Extent Function: [22] This a shape descriptor that represents each model by
a function defined on the surface of a sphere. The value ofuhetibn at any direction
is defined by the distance, or extent, of the shape in thattre Specifically, for any
direction v, the value of the function is computed by intersecting thedehavith the ray,
starting at the origin and having directionand computing the distance to the last point of
intersection. In the case that the ray never intersects theemthe value of at is set to O.
Computing theL,-difference between two spherical extent functions, ons gee sum of
squared distances that points on one model need to be mowedanto lie on the second
model. (Note that since points can only be moved along raysith the origin, the defined
measure of similarity is not necessarily thenimumsum of squared distances.)

« Minimum Sum of Squared Distance: [3] More recently, a shape descriptor has been
proposed that enables the efficient computation of the mimnsum of squared distances
between two models. This descriptor represents a model by3twfunctions. The first is
a rasterization function, with value equal to 1 at any poimeisecting the surface of the
model and value O everywhere else. The second function isghared Euclidean Distance
Transform (EDT), whose value at any point is equal to the ssfudistance to the surface
of the model. Given two such shape descriptors, the meadwgiendarity is defined as the
dot product of the rasterization of the first model with theagd EDT of the second, plus
the dot product of the rasterization of the second model thiéhsquared EDT of the first.
Since the dot product of the rasterization of one model withgquared EDT of the second
gives the sum of the values of the squared EDT of the first model all the points on the
surface of the second model, the resulting measure of sitgila precisely the minimum
sum of squared distances between the two surfaces.

Although this method does not define the measure of simyjlagtthel,-difference between
two functions, we can still apply our approach to find the tiotaminimizing the sum of

the dot products.

We define the alignment error as the probability that a randoiation would align better.
Specifically, given the functio®,, x(R) returning the distance between two mod&fsand N

at rotation R, we define the alignment error of a given rotatip as the fraction of rotations
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that align better:
I{R € SO@3)| Dyn(R) < Darn(Fo)}|]

1SOB)II
where the measure of rotations aligning better is compute@xplicitly performing the full

correlation using the Wigner-D transform (as described e@ati®n 111-D). Thus, if R, is the

optimal rotation computed using exhaustive search, weyawsave Errof; y(Ry) = 0.

Figure 2 gives an example of this error metric for the caserwive would like to align a
model of a dog with itself. The graph on the left shows therevedues for the subset of rotations
obtained by rotating the model about the view direction while images on the right show the

alignments at some of these rotations.

— Spherical Extent Function
40% 4| —Sum of Squared Distances
S 30%
E { 4 N
‘g’ Error (SEF) =0%  |Error (SEF)=1%
€ 20% Error (SSD)=0% _ |Error (SSD)= 1%
)
=
10%
0% : : 5 \S )
0 180 270 360 Error ( i (SEF) = 16¢ Error (SEF) = 3%
Angle of Rotation Error (SSB) = 23% |Error (SSD) =" Error (SSD)= 14% |Error (SSD)= 3%

Fig. 2. Aligning a model of a dog with itself. The graph on tleé Ishows the error values for the subset of rotations obthin
by rotating the dog about the view direction while the figuoesthe right show the alignments at some of these rotationte N

that since we are aligning a model with itself, rotating dyand 360° — o degrees give the same alignment error.

We evaluated the performance of our alignment method byrgéng a dataset consisting of
120 classified models with 10 models in each class. We thahaisemethod to align every pair
of models within a class and computed the alignment errdsle®all and Ill give the average
and worst alignment error for each class using the spheeixiaint function and the minimum
sum of squared distances to compare models. The tablesatgoace the results of our method
to two existing methods: (1) PCA alignment, which aligns thedel so that the eigen-values of
the covariance matrix are aligned with coordinate axes,(ahtflakadiaal.’s rotation estimation
method [11], [12] which does not take into account maximahsyetry information.

As the table indicates, for both types of shape descriptars approach accurately finds the

aligning rotation, with alignment errors that never exeté#. In contrast, aligning with PCA
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PCA Alignment, Makadiaet al. Our Method
Class Average/ Max | Average/  Max | Average/ Max
Cars <0.01% / <0.01% | 1.93% [ 14.84% | < 0.01% / < 0.01%
Humans |<0.01%/ 0.01%| 139%/ 7.23%|<0.01%/ 0.05%
Swords | <0.01% / <0.01% | 0.71% / 5.04% | <0.01% / 0.01%
Pistols 001%/ 007%| 1.51%/ 7.08%| 0.01%/ 0.11%
Planes 011% /  310%| 1.11%/ 511%| 0.01%/ 0.27%
Boats 019% [  1.11%| 2.95% / 893%|<0.01%/ 0.03%
Shelves 019% |  6.93%| 6.43% / 17.17% | < 0.01% /  0.04%
Helicopters| 0.48% / 6.83% | 1.54% [/ 7.94%|<0.01% / 0.04%
Molecules |  1.97% [ 9.95% | 1.99% / 10.10% | 0.15%/ 0.75%
Heads 3.02% [ 14.75% | 1.69% [ 521%| 0.03%/ 0.56%
Chairs 3.73% | 29.45% | 0.41% 1 5.60%| 0.08%/ 0.93%
Plants 4.79% 1 26.86% | 1.59% [ 5.45%| 0.01%/ 0.17%

18

TABLE 1l
ALIGNMENT ERRORS USINGSPHERICAL EXTENT FUNCTIONS: A COMPARISON OF THE ACCURACY OFPCA, MAKADIA et

al.’ s ROTATION ESTIMATION METHOD, AND OUR APPROACH

can give quite noticeable error values. Specifically, thesalts accenuate a limitation of PCA
alignment: PCA alignment will work well for classes of maosl@h which the principal axes are
well distinguished. For classes of more isotropic modelghsas vases (which have a strong
axis of axial symmetry), and heads, plants, and moleculésciwdo not have a strong axis of
axial symmetry), PCA is less robust and the resulting aligniis less accurate. In contrast, the
results of our experiments indicate that our method aligondets well, independent of class and

the extent of axial symmetry contained in the model.

C. Comparison to Previous Methods
The alignment algorithm we have presented in this paperstakg@arameter factorization

approach similar to that proposed by Makadtaal. — parameterizing rotations by the axis and

October 8, 2006 DRAFT



APPROXIMATE AND EFFICIENT ROTATION ALIGNMENT OF 3D MODELS 19

PCA Alignment, Makadiaet al. Our Method

Class Average/ Max | Average/  Max | Average/ Max

Cars <0.01% / <0.01% | 7.32% [ 21.63% | < 0.01% / < 0.01%
Humans | <0.01% / <0.01% | 3.98% / 22.51% | < 0.01% /  0.03%
Swords | <0.01% / 0.01% | 11.64% / 30.34% | < 0.01% / < 0.01%
Pistols 0.03% /  0.56% | 2.82% [ 14.52% | < 0.01% [  0.05%
Planes <0.01% /1 0.04% | 4.65% [ 24.60% | <0.01% /  0.05%
Boats 0.05% /  021% | 10.39% / 27.31% | <0.01% [  0.01%
Shelves 0.49% |  4.49% | 5.12% [/ 23.30% | < 0.01% /  0.03%
Helicopters| 0.22% [  2.77% | 2.09% [ 19.36% | 0.02% / 0.21%
Molecules | 3.31% / 20.09% | 2.19% [/ 16.06% | 0.08% / 0.70%

Heads 1.44% 1 10.85% | 1.39% /1 7.58%| 0.01% /1 0.21%

Chairs 087% 1 7.38% | 091%/ 3.25%|<0.01%/ 0.01%

Plants 4.49% | 24.47% | 0.73% [ 10.53% 0.01% / 0.08%
TABLE Il

ALIGNMENT ERRORS USINGMINIMUM SUM OF SQUARED DISTANCES. A COMPARISON OF THE ACCURACY OFPCA,

MAKADIA et al! S ROTATION ESTIMATION METHOD, AND OUR APPROACH WITH BAND-WIDTH b = 64.

angle of rotation, using the Fast Spherical Harmonic Tiamnsfto compute the optimal axial
alignment, and then refining the alignment by using the Fastrier Transform to find the
optimal angle of rotation.

The key contribution of our approach is the observation thatnitial axial alignment can be
interpreted as the optimal alignment of th@xially symmetric component of the query model
to the target. Thus, by introducing a pre-processing stap dahgns the query model so at to
maximize thez-axial symmetry, we obtain a parameter factorization apginothat forces the
optimization over the first parameter to return a paramed@revthat is more consistent with the
value of the parameter optimizing the full alignment.

This improves on the alignment results of previous appresch two ways:
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« Accuracy: Since our pre-processing step maximizes the amount of hnofdemation used
in the first optimization step, we obtain alignment resuitst tare more accurate than those
of previous methods. This is evidenced by the results in€égabland Il which compare the
inter-class alignment performance of our method to the ottt Makadiaet al. [11], [12].

In these experiments, we find that though Makaeliaal.s method can out-perform PCA
in the case of isotropic model alignment, it's inaccuratengestion of the axial correlation

parameters gives alignment results that are almost 50 tiesssaccurate in experiments
with the Spherical Extent Function and almost 500 times &essirate in experiments with
the Minimum Sum of Squared Distances descriptor.

« Consistency: The incorporation of the pre-processing step in our atboriguarantees that
the alignment of two shapes computed by our method will bepeddent of the initial poses
of the models. Since the query model will always be alignedhsd its axis of maximal
symmetry aligns with the-axis, after the pre-processing step, the pose of the qaerply
vary by a reflection through the origin and/or a rotation dlibe z-axis. Since the angular
correlation will resolve differences in rotation about th@xis and axial correlation will
resolve reflections through the origin, the final alignmenthe query will be unaffected by
its pose. In contrast, alignment methods such as those gedpny Makadiat al., perform
the axial and angular correlation without a pre-processteg. Consequently the alignment
results will vary with the initial pose of the model.

Figure 3 highlights the difference between our method aedhikthod of Makadiat al.in an
example of aligning a horse to a cow using the spherical éfterction descriptor. The middle
column shows the results of the axial alignment and angef@mament steps when Makadk&
al.’s alignment method is used. The right column shows the te@ilthe axial alignment and
angular refinement steps when our pre-processing step astasdign the cow so that it’'s axis
of maximal rotational symmetry aligns with theaxis.

As the figure indicates, without a pre-processing step, #i@ alignment step finds a poor
alignment between the horse and the cow models. As a redtdt, performing the axial
alignment, there is no rotation about theaxis that can rotate the horse to the cow, and the
parameter factorization fails to return the proper aligntnn contrast, when our pre-processing
step is applied, the axial alignment step aligns the horgbea@ow so that the poses of the two

models only differ by a rotation about theaxis. The angular refinement then finds this rotation,
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and the parameter factorization returns the proper alignroBthe horse to the pre-processed

cow model.

Target Pre-Processed Target

Initia

Axial Alignment Axial Alignment

'Angular Refinement] \Angular Refinement

Fig. 3. An example of the results of using the parameter fation approach to align a model of a horse to a model of a
cow. The middle columns shows the results of the axial aligmnand angular refinement steps when the parameter fattoriz
is applied without a pre-processing step. The left colunowshthe results of the axial alignment and angular refineratapts
when our pre-processing step is applied to align the cow abthe axis of dominant rotational symmetry is aligned whh t

z-axis.

V1. CONCLUSION

In conclusion, this paper present a novel approach that eapplied to a wide class of shape
representation to facilitate the task of registration.his fpaper, we have provided a method for
efficiently finding the rotation aligning two models by trémsning a search over the three-
dimensional space of rotations into a search over the twaedsional surface of the sphere,

followed by a one-dimensional search over the circle. Weeldemonstrated that this approach
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provides a method for aligning models that is more efficibantstandard fast signal processing
techniques and gives rise to alignment results that are marerate than those obtained using
standard normalization methods. Thus, we have providedval ramd general tool that can be
applied to the wide class of shape analysis problems in wthiehability to register two 3D

models plays a fundamental role.
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