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Reconstructionof Solid Models fr om Oriented Point Sets

MichaelKazhdar

Abstract

In this paperwe presenia novel approad to the surfacereconstructiorproblemthat takesasits inputan oriented
point setand returnsa solid, watertight model. Theidea of our appmoad is to useStoles' Theoemto compute
the characteristicfunctionof the solid model(the functionthat is equalto oneinsidethe modeland zeio outside
of it). Speci cally, we provide an efcient methodfor computingthe Fourier coefcients of the characteristic
functionusingonly the surfacesamplesand normals,we computethe inverse Fourier transformto get bad the
characteristicfunction,andwe useiso-surfacingtechniquesto extract the boundaryof the solid model.
Theadvantae of our approac is thatit providesan automatic,simple and ef cient methodfor computingthe
solidmodelrepresentedby a point setwithoutrequiringthe establishmentf adjacencyrelationsbetweersamples
or iteratively solvinglarge systemf linear equations.Furthermoe, our appmoach can be directly appliedto
modelswith holesandcradks,providinga methodor hole- lling andzipperingof disconnectegolygonaimodels.

CatgoriesandSubjectDescriptorgaccordingo ACM CCS) 1.3.5[ComputerGraphics]:ComputationaGeometry

andObjectModeling

1. Intr oduction

Reconstructing3D surfacesfrom point samplesis a well

studiedproblemin computergraphics.The ability to recon-
struct suchsurfacesprovides a methodfor zipperingsam-
ples obtainedthroughscanning, lling in holesin models
with degeneraciesand re-meshingexisting models.While

therehasbeenmuchwork in this area,we provide a novel

approachhatis basedon basiccalculus,providing asimple
methodfor reconstructingsolid modelsfrom orientedpoint
sets(point sampleavith associateshormals).

Our approachakesadwantageof thefactthatan oriented
pointsetsampledrom the surfaceof asolid modelprovides
preciselyenoughinformation for computingsurface inte-
grals.Thus,by formulatingthesolutionof thesurfacerecon-
structionproblemin termsof volumeintegrals,we canapply
Stoles' Theorento transformthe volumeintegralsinto sur
faceintegrals and computea discreteapproximationusing
the orientedpoint samples.

In practice,our approachprovides a methodfor recon-
structinga watertight modelfrom an orientedpoint setin
threeeasysteps(1) Thepoint-normalpairsaresplattednto
a voxel grid. (2) The voxel grid is corvolved with aninte-
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gration lter . (3) Thereconstructedurfaceis extractedasan
iso-surficeof thevoxel grid.

The adwantageof our approachis its simplicity: Splat-
ting the orientedpoint samplesinto the voxel grid canbe
donewithout necessitatinghe establishmenbf adjaceng
relations betweenthe samples.Corvolving with a Iter
canbe efciently performedusingthe FastFourier Trans-
form [FFTW]. And nally, standardmethodssuchas the
MarchingCubesalgorithm[LC87] canbeusedto extractthe
reconstructedurface,returninga triangulationthatis guar
anteedo bewatertight.

Figure 1 demonstratesur methodfor an orientedpoint
setobtainedby samplingthe surfaceof adinosauthead.The
original modelis shavn on the left, the samplesareshavn
in the middle,andthe reconstructeanodelis shavn on the
right. Note that even thoughthe pointswere sampledfrom
a model which was not watertight, (thereare holesin the
eyes,thenostrils,andthemouth)our methodsucceeds re-
turninga seamlesseshthatcloselyapproximatesheinput
data,accuratelycapturingthe ne modeldetails.

Our methodaddressethe surfacereconstructiorproblem
by approximatingntegrationby a discretesummatioranda
directimplementatiorof our methodassumeshatthe sam-
plesare uniformly distributed over the surfaceof a model.
However, in mary situations theinput samplesarenot uni-
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Figure1: Theinitial model(left), a non-uniformsamplingof points
fromthe model(middle),andthereconstructedvatertight, surface
obtainedusingour method(right).

formly distributed. To this end, we also presenta simple
heuristicmethodthatassignsa weightto eachpoint-normal
paircorrespondingo thesamplingdensityaboutthesample.
We show thatthis heuristicprovidesa robustmethodfor as-
signingweightsthatapproximateheregionalsamplingden-
sity allowing for thereconstructiomf surfacesrom samples
thatarenot uniformly distributed.Figure 1 shovs anexam-
ple of the useof this method:Though,the samplesare not
uniformly distributedoverthesurfaceof theoriginaltriangu-
lation, with densersamplingin regionsof highercurature,
ourweightingmethodassignghecorrectweightsto thesam-
plesandthe reconstructedgurfacecloselyapproximateshe
inputsamplein regionsof bothdenseandsparsesampling.

The remainderof this paperis structuredas follows: In

Section2 wereview previouswork in surfacereconstruction.

We presenburapproactin Section3 andprovide resultsand
discussionn Sectiord. Finally, we concludein Section5 by
summarizingour resultsand discussingpossibledirections
for futureresearch.

2. RelatedWork

The importanceof the surfacereconstructiomproblemhas
motivated a large body of researchin computergraphics
andpreviousapproachesanbebroadlygroupednto oneof

threecateyories:(1) Methodsthataddresshe surfacerecon-
structionproblemthroughthe useof computationabeome-
try techniques(2) methodsthat addresshe surfacerecon-
structionproblemby directly tting a surfaceto the point
samples,and (3) methodsthat addressthe surface recon-
structionproblemby tting a 3D functionto the point sam-
plesandthenextractingthe reconstructedgurfaceasaniso-

surfaceof theimplicit function.

In general, the computationalgeometry based meth-
ods proceed by computing either the Delaunay trian-
gulation of the point samplesor the dual Voronoi di-
agram and using the cells of these structuresto de-
ne the topological connectiity betweenthe point sam-
ples [Bo84 EM94, ABK98, AC 00, ACK01, DG03. The
adwantageof thesetypesof approachess thatthecompleity
of thereconstructedgurfaceis on the orderof the complex-
ity of theinputsamplesMoreover, for mary of theserecon-
structionmethodsijt is possibleto boundthe quality of the
reconstructionf the samplingdensityis known. However,
thesemethodssuffer from two limitations:First, they require
the computatiorof the Delaunaytriangulationwhich canbe

inef cient for large point samples.Second thesemethods
tendto performlesseffectively whenthe point samplesare
notuniformly distributedover the surfaceof themodel.

Surface tting methodsapproachhereconstructiomprob-
lem by deforminga basemodelto optimally t the input
samplepoints[TV91, CM95]. Theseapproachesepresent
thebaseshapeasa collectionof pointswith springsbetween
themandadaptthe shapeby adjustingeitherthe springstiff-
nesse®r the point positionsasa function of the surfacein-
formation.As with thecomputationajeometriapproaches,
thesemethodshave theadvantageof generating surfacere-
constructionwhosecompleity is onthe orderof the sizeof
the input samplesHowever, thesemethodstend to be re-
strictive asthe topology of the reconstructeduriaceneeds
to bethesameasthetopologyof thebaseshapelimiting the
classof modelsthatcanbereconstructedsingthis method.

The third class of approachestaken in reconstruct-
ing surfaces uses the point samples to dene an
implicit function in 3D and then extracts the re-
constructedsurface as an iso-surfice of the function,
[HD 92, CL96, Wh98 CB 01, DM 02, OBS04 TOO04.
The advantageof thesetypes of approachess two-fold:
First, the extracted surface is always guaranteedto be
watertight, returninga modelwith a well-de ned interior
andexterior, andsecondtheuseof animplicit functiondoes
not place ary restrictionson the topological compleity
of the extracted iso-surfice, providing a reconstruction
algorithmthatcanbe appliedto mary different3D models.
In general,this type of approachhas the limitation that
the compleity of the reconstructiorprocessis a function
of the resolutionof the voxel grid, not the outputsurface,
and mary of theseapproachesise hierarchicalstructures
to localize the de nition of the implicit function to a thin
region aboutthe input samplestherebyreducingboth the
storageandcomputationatompleity of thereconstruction.

3. Approach

The goal of our work is to pravide a methodthat takes as
its input an orientedpoint setsampledrom the surfaceof a
modelandreturnsawatertight reconstructiorf thesurface.
Our approachis to constructthe characteristidunction of
the solid de ned by the point samples- the functionwhose
valueis oneinside of the solid andzerooutsideof it —and
thento extracttheappropriatdso-suraice.

To computethe characteristicfunction of the solid we
computdts Fouriercoefcients. In practice pnewouldcom-
pute the Fourier coefcients by integrating the comple
exponentialsover the interior of the model. However, by
Stokes' Theoremwe canexpressthis volumeintegral asa
surfaceintegral, only usinginformationaboutthe positions
andthenormalsof pointson theboundarySincethisis pre-
cisely the information provided asthe input to our method
we have sufcient informationto computethe Fourier coef-
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cients of the characteristidunction, allowing usto usethe
inverseFouriertransformto computeits values.

We beggin our discussionby reviewing Stokes' theorem.
Next, we provide amethodfor expressingeachof theFourier
coefcients of the characteristidunctionin termsof a sur
faceintegral. Then,we provide anef cient methodfor com-
putingthe Fouriercoefcients anddescribea methodfor se-
lecting the iso-value to be usedfor the iso-surfice extrac-
tion. Finally, we provide a simple heuristicfor addressing
the problemof non-uniformlysamplednput data.

3.1. Stokes' Theorem

Stolkes' Theoremis an extensionof the Fundamentalhe-
oremof Calculuswhich provides a methodfor expressing
the integral of a function over the interior of aregion asan
integral over theregion's boundaryIn our work, we will be
consideringaspeci c instanceof Stokes' Theorenmknown as
the DivergenceTheoemor Gausss Theoem Speci cally,

if M R3isathree-dimensionaolid andE = (FaRiFy)

R3! R3isavectorvaluedfunction,the DivergenceTheo-

remexpresseshevolumeintegral asa surfaceintegral:
z z

N F(p)dp=  tF(p);n(p)idp
M m™

whereN E = TR=x+ TR=1y+ TF=1zisthedivergence
of £ andn(p) is thesurfacenormalatthepoint p.

Our approachis motivated by the obsenation that if
fpi;Ag M is auniformly sampledpoint set, the volume
integral canbeapproximatedisingMonte-Carlaintegration:

z

N E(p)d M "’\‘ HE (i)l :
M p p N I?.l pl s .

In the next section,we shawv thatthe surfacereconstruction
problemcanbe reducedo the computatiorof volumeinte-

grals.Usingthe abose Monte-Carloapproximationwe can

computethesevolume integrals asa summationover a set

of surface samplesproviding a methodfor reconstructing
surfacesfrom orientedpoint sets.

3.2. De ning the Fourier Coef cients

To reconstruch surfacefrom a setof sampleswe will rst

constructhecharacteristicfunctionof thesolid model.This
isafunctionde nedin 3D whosevalueis equalto oneinside
the solid and zero outside.Oncethe characteristidunction
is obtained,we canobtainthe surfaceby usingiso-surfice
extraction. Insteadof computingthe characteristidunction
directly, we rst computeits Fourier coefcients andthen
computetheinverseFourier Transformof thesecoefcients.

Thoughlessdirect, this approachs easyto implementbe-
causethe Fourier coefcients canbe expressedas volume
integralsandhencecanbe computedrom anorientedpoint
setwith a Monte-Carloapproximatiorof Stokes' Theorem.
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Ourgoalis to computethecharacteristiéunctionby com-
puting its Fourier coefcients. Speci cally, if M is a solid
modelandcy is its characteristiéunction,we would liketo

computethe coefcients:
Z

em(l;m;n) i em(xy;2)e M2 gydydz

z

- e i(I pxt mpy+ an)dp:
p2M

(Note that since the function cy is equalto one inside
the model and zero outside, integrating the complex ex-
ponentialsagainst the characteristidunction is equialent
to computingthe integral of thesefunctionsover the solid
model.) Using the DivergenceTheorem,we know that if
F:mn: R3! R¥isafunctionsuchthat:

N Bmn (XY, =€ i(x+my n2)

thevolumeintegral canbe expressedsthe surfaceintegral:
z z
e i(Ipx+ mpy+np;) 4 p=
M

em(l;mn) = ﬁMfF(p);ﬂ(p)idp

wheren(p) is theunit normalof thesurfaceM at p.

Sincetheinput to our algorithmis an orientedpoint set,
we can computethe Fourier coefcients of the character
istic function using a Monte-Carloapproximation.Speci -

em(l;m;n) = MR mn(Bj);Aji

1

I Qo=

1
N

In orderto be ableto evaluatethe abore summationex-
plicitly, we needto choosethe functions® ., whosediver-
gencesare equalto the complex exponentials.Perhapshe
mostdirectway to dothis s to setf., to bethefunction:

0

i i(Ix+ my+n
I+m+ne ( VN2

Rmn(Xy:2 = % me I(Ix+ my* n2) g :
+ri‘r+ne i(Ix+ my+ n2)
Thelimitation of thistypeof functionis thatit is anisotropic,
treating different directionsdifferently. Thus, the obtained
characteristi¢dunctiondoesnot rotatewith themodel.

To avoid this problem,we usefunctionsf.,, thatdo not
dependnthealignmentof the coordinateaxis:

0 . _ 1
I2+rTI:2+n2e (b mys 2
Aimn(Xy:2) = %’ 7|2+rlgz]+nze I(Ix+ my+n2 &i (1)
I2+rir?2+n2e (e mys 2

Figure 2 demonstrateshe differencesin the characteristic
function obtainedusing the different /., for individual
point sampleswith different normal orientations(left and
middle) and a point setconsistingof 100 pointsrandomly
distributedover the boundaryof the squareThemiddlerow
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Figure 2: Characteristic functionsobtainedfrom a point with a
90 degyreenormal(left), a pointwitha 60 degreenormal(middle),
anda point setsampledromthe boundaryof a squae (right). Re-
constructionsare shownusingthefunctionsf ., whosecoorinate
functionsare equal (middle) and functionsde ned by Equation1
(bottom).Pointswith positivevalueare drawnin white, pointswith
negativevaluein bladk, and pointswith zeo-valuein gray.

shaws the characteristidunction obtainedusing the func-
tions /.y whosecoordinatefunctions are equal. In this
casetheanisotropimatureof thefunctionresultsin charac-
teristicfunctionsthatdo not rotatewith the normals,result-
ing in anon-uniformdistribution of noisein thereconstruc-
tion of the square.In contrastthe characteristidfunctions
obtainedusing Equationl1 (botom)rotatewith the normals
andgive riseto a smootherreconstruction(The uniqueness
of thefunctionsf., is discussedn the Appendix.)

Oneshouldnotethatcomputingthe Fourier Coefcient of
the characteristidunction usinga Monte-Carloapproxima-
tion of Stokes' Theoremde nes all the Fourier coefcients
of thecharacteristidunctionexceptthe constanorderterm.
Thus,theobtainedfunctionis well de ned up to anadditive
constantFurthermorejn the casethatwe do not know the
samplingdensity(i.e. the surfaceareaassociateavith each
samplepoint), the resultantcharacteristidunction is only
well de ned upto amultiplicative constant.

3.3. Computing the Fourier Coef cients

While themethoddescribedn the previoussectionprovides
a direct way for obtainingthe Fourier coefcients of the
characteristidunction, it requiresa summationover all of

the input samplesto computea single Fourier coefcient.

Thus, in the casethat both the numberof input samples
andthereconstructiorband-widtharelarge, explicitly com-
puting the summationbecomesprohibitively slow. In this

section,we shav that this summationcan be expressedas
a corvolution so that the Fast Fourier Transformcan be
usedto computethe characteristi¢unctionef ciently . Con-
sequentlyif N is the numberof input samplesandb is the
reconstructiorband-width,usingthe FFT for surfacerecon-

structionwe obtain a reconstructionalgorithm with com-
plexity O(b3logb+ N), (ascomparedo the O(b3N) com-
plexity of theexplicit summatiorapproach).

Our approachis to representhe orientedpoint setby a
gradienteld whichis almosteverywherezeroexceptatthe
samplelocations.At theselocationsthe value of the gradi-
ent eld is equalto the normalof the correspondingpoint
sample.Speci cally, wesetN : R3! RS to bethefunction:

1N
N(P) = < & b, (P
=1

whered, is theKronecler Deltafunctioncenteredatp. The
adwantageof this representatiorns that its Fourier coef-
cientsare closely relatedto the Fourier coefcients of the
characteristidunction. Speci cally, if we sett = (I;m;n)
thentheT-th Fourier coefcients of the characteristidunc-
tion andthet-th Fouriercoefcients of thegradienteld are:
! 5”1 e MPipm 1 N()=
NKrkZ (2 I

em(t) = Nae "
N .~

=1

Thus,thetT-th Fourier coefcient of the characteristidunc-

tion canbe obtainedby multiplying thet-th Fourier coef-

cientof thegradienteld by i=ktk? andtakingthe dot prod-

uctwith thevectort:
~ i - )
M = —MN®;Ti:
w(M) = SN

(Notethat, by abuseof notation,T;l(T) is a3D complex vec-
tor, obtainedby computingthe Fourier coefcients of each
of the coordinatefunctionsof N independently

In practice we implementthis reconstructiorof thechar
acteristicfunction by “splatting” the samplenormalsinto a
voxel grid, (where eachvoxel storesa 3-vector) and then
convolving the “splatting” function with a lter F whose
(I; m; n)-th Fouriercoefcient is:

i(hbmn)

(12+ m2+ n?)’

This is an extendednotion of the standardcorvolution. In
generalconvolving the point sampleswith a Iter resultsin
a functionthatis the sumof the lIters centeredat eachof
the samplepoints.Theresultof our extendedconvolutionis
asummatiorof Iters thatarenotonly centeredatthe sam-
ple pointsbut alsoalignedwith the normals.Intuitively, this
meansthat the reconstructiorof the characteristidunction
is performedby taking functionsshavn in the bottomrow
of Figure2, translatingthemto align with the samplepoints
androtatingthemto align with thenormals.

l‘:(l;m;n) =

One can view this reconstructionof the characteristic
function asan integration. Speci cally, we know thatinte-

grationactson the complex exponentialsy:
z

dkddqg = !

_ kg
ke'
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sothatintegrationis equivalentto corvolution with a lter
whosek-th Fourier coefcient is  ik=kkk?. In this context,
multiplication of the'-th Fouriercoefcient of N by it=ktk2
canbeviewedasanintegrationof the surfacegradient eld
—avector eld which pointsin the directionof the surface
normalsat the surfacepointsandis zero everywhereelse.
Integrating this gradient eld, we obtaina function that is
constantlmosteverywherewith a sharpchangen valueat
thesamplepointssothatpointsinteriorto themodelall have
the sameconstantvalue ¢; and points outsideall have the
sameconstanvaluecy, with ¢, 6 ¢;. (We make thenormals
inwardfacingsothatthevalueof the characteristiédunction
is largerinsidethemodelandsmalleroutside This givesrise
to thechangan signof theintegration Iter .)

3.4. Extracting the Iso-Surface

In order to extract an iso-surfice from the characteristic
function, we needto choosean appropriateiso-value. We
describewo waysin which this canbe done.

First, we canusethe factthat the characteristidunction
hasa value of oneinsidethe solid anda value of zeroout-
sideof it. This motivateschoosinganiso-valueequalto 0:5.
Since,asdiscussedh theprevioussectionthecharacteristic
functionis only de ned upto anadditive constantyve would

rst needto computethe constanbrdercoefcient, or solid

volume. (This can be done,for example,by using a func-
tion suchas Fy.0(XY;2) = %:) However, this type of
approachastwo limitations: First, it assumeshatthe sam-
pling densityis givensothattheambiguityin themultiplica-
tive scalefactor of the characteristidunction hasbeenre-
solved. Secondandmoreimportant,this methodfails to be
robustin the casewhentheinput pointsaresamplesfrom a
modelthatis notwatertight. In this casethe computedvol-
umewill vary with the translationablignmentof the points
andtheshapeof thereconstructedurfacewill dependnthe
coordinateframeof input samples.

Insteadwe cancomputetheaveragevalueof theobtained
characteristidunction at the samplepositionsp;. Sincewe
would like the input pointsto lie on the reconstructedur
face,we simply setthe iso-valueequalto this average.The
adwantageof this approachs thatit providesa robustiso-
surfacingvalueevenin thecasehatinputpointsareobtained
from amodelthatis not-watertight.

3.5. Non-Uniform Sampling

In our approachwe computethe characteristidunction by
usingStokes' theoremto transforma volumeintegral into a
surfaceintegral. We thenapproximatehesurfaceintegral by
a discretesummationover pointsdistributed on the surface
of themodel.In orderfor theapproximatiorto berobust,the
distribution of samplepointsneedgo be uniform. However,

in mary applicationsthe samplesnaybe non-uniform.
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In the casethatthe samplingdensityabouteachpoint is
given,we canaddresghe problemof non-uniformityin the
standardnanner— weighingthe contritution of eachsam-
ple pointto theoverallintegral asa functionof thesampling
density Speci cally, we assignaweightto eachsamplethat
is the reciprocalof the regional samplingdensityand pro-
ceedasbefore: (1) We scaleeachnormal by the weight of
its sampleandsplatthe weightednormalsinto a voxel grid,
(2) we corvolve thevoxel grid with theintegration Iter , and
(3) we extract the iso-surficeat the iso-value equalto the
weightedaverageof theiso-functionatthesampldocations.

For the casethatwe do not know the samplingdensitya
priori, we proposeasimpleheuristicfor assigningveightsto
the samplesOur approachs basedon the obsenation that
the 3D function obtainedby summingGaussiangentered
at eachof the samplepointshasthe propertythat the value
of thefunctionis proportionatlto thelocal samplingdensity
This motivatesthefollowing approactfor assigningveights
to the samplesWe “splat” the samplesinto a voxel grid —
addinga value of oneto eachvoxel whoseposition corre-
spondsto the position of a sample— and convolve with a
Gaussianlter . Wethenassigraweightto eachsamplepoint
P whichis thereciprocalof thevalueof thecornvolution atp.
Sincethe valueof the convolution ata pointis proportional
to the local samplingdensity the reciprocalis proportional
to the surfaceareaassociatedo the point, providing the ap-
propriateweightingfor the Monte-Carlointegration.

While this methodis easyto implementandwe nd that
it workswell in practice we stresghatit is only a heuristic
asit assignsaweightthatis inverselyproportionalto the 3D
samplingdensity notthe samplingdensityover thesurface.

4. Resultsand Discussion

In orderto determinénow well ourmethodworksin practice,
we ran our reconstructiomapproachon orientedpoint sets
obtainedby samplingtriangulatednodelsandcomparedhe
obtainedreconstructiorwith theinitial model.Speci cally,

we designedour experimentsto evaluatethe quality of the
reconstructioras a function of the numberof samplesthe
band-widthof the reconstructionthe presencef holesand
missingdata,non-uniformsampling,andthe additionof po-

sitionalandnormalnoise.

4.1. Experimental Results

To evaluatethe effect of samplesizeandband-widthon the
quality of the reconstructionywe obtainedsamplesby ran-
domly choosingpointsonthesurfaceof the StanfordBunry,

wherethe probability of choosinga positionfrom within a
speci c trianglewas proportionalto the areaof the triangle
(asin [OF 01]) andthe normal of the point was setto the
normalof thetrianglefrom whichthepositionwassampled.
Theoriginalmodelis shavn in Figure3, with aninsetshow-

ing thattheoriginal modelhasholesin its baseandtherefore
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Figure 3: Theoriginal modelfrom which the test sampleswere
obtained Theinsetshowsa view of thebaseof themodel,indicating
thatthe modelis notwatertight.

Figure4: Reconstructedurfaceof the Stanfod bunnywith differ-
entnumbes of surfacesampleqN) and different band-widthg(b).

doesnotde ne asolid volume.Theresultsof reconstruction
experimentsatdifferentsamplesizes(N) anddifferentband-
widths (b) arepresentedh Figure4 andTablesl and2.

As Figure 4 indicates,our methodreturnsa model that
approximatesheinputandsmoothly lls in theholeswhere
datais missing.Theimagealsoshaws thatthe accurag of
reconstructionncreasesvith samplesizeandband-width.

b=32  b=64  b=128

N=1000  TZ12384 T=SL112 T=208445
N=10000 Dgig Ciii sso
N=100000 Zoi0 I e

Table 1: ThesizeT, in triangles,and computetime s, in seconds,
for reconstructiorof the Stanfod bunnyasa functionof thenumber
of samplegN) andband-width(b).

b=32 b=64 b=128 Error
N = 1000 0:43% 0:30% 0:29% RMS
3:11% 2:35% 2:37%  Maximum
N = 10,000 0:32% 0:12% 0:06% RMS
2:42% 1:17% 0:68%  Maximum
N= 100000 0:31% 0:10% 0:04% RMS
2.33% 0:70% 0:37%  Maximum

Table 2: Thedistance asa percentae of modelsize of theinitial
modelfromthereconstructedgurfaceasa functionof thenumberof
samplegN) andband-width(b).

The computationatompleity andthe complity of the
reconstructegurfacesaredescribedn Tablel1. Becauseur
reconstructioralgorithmrunsin O(b%log(b) + N) time and
becausg¢hetrianglecountis quadraticn the samplingreso-
lution, we nd thatdoublingthe band-widthresultsin com-
putationtime thatis roughly eighttimeslargerandarecon-
structedmodelwith four timesthe numberof triangles.Ad-
ditionally, the tablehighlightsthe factthe limiting factorin
thereconstructions the computatiorof the forward andin-
verseFouriertransformssothatchanginghe numberof in-
putsamplesioesnot markedly affect computatiortime.

To evaluatehow well our methodreconstructghe sur
faceof the model, we randomlysampledthe initial model
at100, 000pointsandcomputedhe distancerom thesetest
pointsto the reconstructednodels.Table 2 givesthe accu-
ragy of thereconstructednodelsshavn in Figures4in terms
of the root meansquare(RMS) and maximumdistanceof
thesemodelsfrom thetestpoints(with thedistancegivenas
a percentagef the voxel resolution).As expected,the ta-
ble indicatesthatthe quality of the reconstructionmproves
whenthe samplesizeandreconstructiorband-widtharein-
creasedThetablealsoshavs thatthe RMS errorsdoesnot
exceedthe size of a voxel and, whenthe surfaceis recon-
structecatsufciently highresolutionthemaximumerroris
alsosmallerthana voxel. Thus,our methodprovidesa fast,
watertight reconstructionwith sub-voxel accurag. (Note
thatsincethebunrny modelhasholes watertight reconstruc-
tions mustintroducesurfacepatcheghat are not presentn
theinitial model.As aresult,symmetrizingthe error metric
by samplingpointson thereconstructiorandmeasuringhe
distanceto the initial model would resultin an inaccurate
measuref reconstructioraccurag.)

To evaluatethe robustnes®f our methodin the presence
of larger aberrationsye ran our algorithmon an oriented
pointsetthatwasuniformly sampledrom partof amodelof
humarhead Figure5 shovsthesurfacefrom whichthesam-
plesweretaken (top row) andthereconstructiometurnecdby
our method (bottomrow). In this experiment,the sample
sizewassetto N = 100 000 and the reconstructiorband-
width wassetto b = 128. Althoughthe input samplesonly
comefrom afractionof thesurface the gure shavsthatour
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Figure 5: Reconstructedurfacesof a humanfaceusingsamples
froma 3D model.Mews of the original modelare shownin the top
row. Views of thereconstructedwatertight modelare shownin the
bottomrow.

methodreturnsa solid modelthat accurately ts the input
sampleswhile providing a reasonableeconstructiorof the
surfacein theregionswhereno samplesouldbe provided.

Figure6 shavsthereconstructionfor apointsetthatwas
uniformly sampledrom the surfaceof thetoesof Michelan-
gelo's David model (N = 100,000, b = 128). The initial
modelis shovn ontheleft, with acrackbetweerthe rst two
toesresultingfrom the scannes inability to seethe region.
Usingour methodto reconstructhe surfaceof themodelby
assigninguniformweightsto eachsamplepoint givesriseto
the surfaceshavn in the middle column.While this surface
accuratelyapproximateshe dataandresultsin a watertight
reconstructionjt introducesa topologicalhandleconnect-
ing the rst two toes.By assigningweightsto the samples
thatareinverselyproportionalto the regional samplingden-
sity, asdescribedn Section3.5, we obtainanew reconstruc-
tion (right column)thatgivesmoreweightto the pointsnear
the boundaryof the crack.This forcesthe reconstructiorio
maintainthe surface orientationnearthe missingdataand
resultsin areconstructiorthatdoesnot have thetopological
artifactintroducedwhenuniform weightsareused.

To evaluatethe performanceof our methodin the pres-
enceof non-uniform sampling,we generatedan oriented
pointsetby randomlysamplingl00, 000pointsfrom thesur
faceof the “Happy Buddha”model,Figure 7(a), wherethe
probability of choosinga point was a function of the sur
facecurvature.An imageof the point setis shavn in Fig-
ure7(b), with sparsesamplingin low curvatureregions(e.g.
the stomachand the baseof the pedestalland densesam-
pling in high curvatureregions. Figure 7(c) shaws the re-
constructionobtainedusinguniform weightingwhich over
integrateghehigh cunatureareasresultingin apoorrecon-
structionin planarregions.In contrastFigure7(d) shavsthe
reconstructiorobtainedwhenwe useour weightingmethod
to assignweightsto the samplesAs the gure indicates,
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Figure 6: Thetoesof Michelanglo's David model(left) andthere-
construction®btainedusinguniformweights(middle)and weights
thatare inverselyproportionalto the samplingdensity(right).

Figure 7: Reconstructionfrom a non-uniformpoint set. Theini-
tial Buddhamodel(a), the point setsampledas a functionof sur-
facecurvatue (b), thereconstructedurfaceobtainedusinguniform
pointweighting(c), andthe surfacereconstructedisingour weight
assignmentmethod(d).

the reconstructionglosely approximateghe initial surface
(Figure7(a)), indicatingthatthoughour weightassignment
methodis a heuristic,it givesa goodapproximatiorto the
true samplingdensityandresultsin robustreconstructions.

Finally, to testhow well our methodperformsin the pres-
enceof noise,we sampleda cov modelat 100,000points
and addednoiseto both the position and normal of each
sample Noisewasaddedto eachsampleby randomlydis-
placingthepositionby a x eddistanceandrandomlychang-
ing thedirectionof thenormalby a x edangle.Therecon-
structedcow modelsareshown in Figure8. Therows shov
thechangén thereconstructedhodelasthe positionalnoise
is increase@ndthe columnsshav the changeastheangular
noiseis increasedTheresultsin theimageindicatethatour
reconstructiormethodis robustin the presencef both po-
sitionalandangularerror. In particular the gure showvsthat
ourmethodreconstructsll but thefeatureof themodelthat
are smallerthanthe displacemensize. For example,when
a displacementalue of 1/32-ndof the boundingradiusis
used(right column), the body of the cow is reconstructed,
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Figure 8: Reconstructionsf a cowmodelwhere varyingamounts
of noisewere addedto the positionandthe normalsof thesamples.

but the legs andhorns,whosewidths aresmallerthe size of
thedisplacementganno longerbereconstructedviore im-
portantly theseresultsshowv thatour methodremainsrobust
in the presencedf signi cant normalerror This is particu-
larly importantin practicalsettings becauséhoughthe po-
sitionsof the samplepointsmaybe accuratelyobtainedwith
3D scannersthe normals,which are differential properties
of thesurface,areoftenmorenoisy.

4.2. Discussion

4.2.1. Memory Requirements

Onelimitation of our approactis its memoryrequirements.

If we would like to obtaina high detail reconstructiorof a
model,it is necessaryo generatelargevoxel grid. Speci -
cally, if we would like to reconstruca modelat band-width
b it is necessaryo performforward and inverseFFTs on
a2b 2b 2bvoxel grid. Assumingthatthe valuesof the
voxelsarestoredat oating pointprecisionthisimpliesthat,
giventhe memorylimitations of commoditycomputerspur
methodcannotreconstruct surfuceusinga voxel grid with
resolutionlargerthan512 512 512.

4.2.2. Translation, Additi vity, and Noise

An importantfeatureof our methodis thatit commuteswith
translationandis additive. Thatis, (1) theimplicit function
obtainedfrom a translatedpoint setis equalto the transla-
tion of the implicit function obtainedfrom the initial point
set,and(2) theimplicit function obtainedfrom the union of
two subsetss equalto the sumof theimplicit functionsob-
tainedfrom eachsubsetndependentlyA propertythatary
suchmethodsatis esis thatif we canmodelthenoiseacting
onthesampledy aprobabilitydistribution, thentheimplicit
function obtainedfrom noisy sampleswill approximatehe

cornvolution of thenoisemodelwith theimplicit functionob-
tainedfrom noise-freesampleskor example,if thesampling
noiseis Gaussianthe reconstructecharacteristidunction
of the noisy sampleswill approximatea smoothedversion
of thecharacteristiédunctionof the noise-freesamplesAs a
resultthesurfacereconstructefom samplesvith Gaussian
noisewill resemblea smoothedersionof theinitial model.

4.3. Comparisonto RelatedMethods

Our methoddiffers from muchof the previouswork in sur
facereconstructiorin thatthe tting of thereconstructedur
faceto the samplesrequiresa simple global optimization.
Speci cally, due to the additive natureof the reconstruc-
tion processwe t the characteristidunction to the sam-
ple pointson a point-by-pointbasiswithout consideringhe
proximity of adjacenpoints.Then,to extracttheiso-surfce,
we optimizeby simply settingthe iso-valueequalto the av-
erageof thecharacteristi¢unctionatthe samplepoints.

In orderto evaluatethe effectsof our global optimization
on the accurag of retrieval, we comparedthe reconstruc-
tions obtainedusing our methodwith the reconstructions
obtainedusing Radial Basis Functions[CB 01, RBF] and
Multi-Level Partition of Unity Implicits [OB 03, MPU].

To comparghesemethodsveranthereconstructioralgo-
rithm on pointsetsobtainedrom watertight modelsof ahu-
manpelvis andthe Armadillo Man. In the rst experiment,
the point setswerenon-uniformlysampledrom the surface
of themodelandin the secondexperiment,the pointswere
uniformly sampledfrom the surfaceof the modelandthen
noisewas addedto the samplesprior to the reconstruction.
Theresultsof ourexperimentareshavn in Figures9 and10
andthe compl&ity andaccurag of the reconstructionsre
describedin Table 3. In both experiments the points sets
consistedf N = 100 000samplesandthe surfaceswerere-
constructecétaband-widthof b= 128.Theaccuray of are-
constructionrwasmeasuredy uniformly sampling100,000
pointsfrom boththeinitial modelandthereconstructedur
faceandcomputingthedistance®f thepointssampledrom
theinitial surfaceto the reconstructegurfaceandthe dis-
tancesof the pointssampledrom the reconstructedurface
to theinitial surface.

The resultsfrom the pelvis experimentdemonstratehat
all three methodsreturn accuratereconstructionsof the
model, despitethe non-uniformityin the samplingandthe
large genusof the model.Furthermoreastheresultsin Ta-
ble 3 indicate ,eventhoughour optimizationstepis a simple
averagingoperationthatresultsin fasterreconstructionthe
lack of explicit local optimizationsdoesnot give rise to a
lessaccuratereconstructionThus our methodreturnsa re-
constructionthat hasthe sameresolutionand accurag as
competingreconstructiongut runsin lesstime.

Thedifferencean theapproachebecomesmpli ed in the
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Figure 9: A non-uniformsamplingof pointsfromthehumanpelvis
(a) andthe reconstruction®btainedusing Radial BasisFunctions
(b), Partition of Unity Implicits (c), and our method(d).

Figure 10: Thearmadillo-manmodel(a) andreconstructiongrom
a noisy point sampleobtainedusing Radial Basis Functions(b),
Partition of Unity Implicits (c), andour method(d). Theinsetshows
amagni cation of themodels face showingthatthelocal nature of
previousreconstructiorapproacesresultsin noisyreconstructions.

Armadillo Man experimentwhennoiseis addedto the sam-
ples.In the resultsof this experiment,the local optimiza-
tionsof the RadialBasisFunctionandPartition of Unity ap-
proachegive rise to surfacesthat strive to interpolatethe
samplesand arethemseles noisy. In contrastthe additive
natureof our method(asdescribedn the previous section)
givesrise to a surfacereconstructiorthat averagesout the
noiseandreturnsa surfacethat resemblesa smoothedver

sion of the initial modelandis, on average,abouttwice as
accurateasthereconstructiorof the competingmethods.

The local natureof the optimizationsin the RadialBasis
Functionand Partition of Unity approachess further high-
lited by thetiming resultsin Table3. Sincetheinputsamples
arenoisy, the iterative local optimizationscorverge lessef-

Model Time Tris. RMS Max

RBF 5:23 30X 0:10% 2:19%
Pelvis MPU 0:39 28K 0:12% 3:37%
Ours 0:12 28K 0:11% 1:.85%
RBF 24:10 20K 0:13% 0:50%
Armadillo MPU 2:14 20K 1:16% 1271%
Ours 0:11 176K 0:07% 0:67%

Table 3: A comparisonof the reconstructiortime (min:sec),the
triangle count,andtheaccuracy of thereconstruction®f the pelvis
and Armadillo Man modelsusing Radial Basis Functions,Multi-
Level Partition of Unity Implicits,and our method.
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ciently, makingthe Radial Basis Functionreconstruction
run ve timesslowver andthe Partition of Unity reconstruc-
tion run threetime slower. In contrastthe ef ciency of our

method,which only performsa single averagingoptimiza-

tion, is not affectedby the noisein the data,returningan

accuratereconstructiornin the sameamountof time.

5. Conclusionand Futur e Work

In this paperwe have presenteda novel methodfor re-
constructingseamlessneshedrom orientedpoint samples.
Ourmethoddiffersfrom pastapproachem thatit leverages
Stolkes' Theorento provide amethodfor surfacereconstruc-
tion that doesnot requirethe establishmenbf topological
relationsbetweenadjacentpoints and involves no implicit
parametertting. Consequentlywe provide asurfacerecon-
structionmethodthatis both simpleandef cient. We have
shavn thatthe methodis robust and canbe usedto recon-
struct the surface of 3D solidsin the presenceof missing
data,non-uniformsampling,andnoise.

In the future, we would like to considerusinga method
akin to PolyCube-MapgTH 04] to decomposehe input
samplesinto a collection of regionally localized subsets.
This would enableus to run our methodon eachof the
subsetdndependentlyallowing us to overcomethe mem-
ory bottleneckhatrestrictsthe resolutionof reconstructable
detail. We expectthatthe additive natureof our reconstruc-
tion processhouldfacilitatethis taskby providing amethod
for stitchingtogetheradjacenteconstructions.
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Apppendix

To reconstruct surfacefrom anorientedpoint set,we com-
putethe Fouriercoefcients of thecharacteristiéunctionby
approximatingurfaceintegrationby aMonte-Carlassumma-
tion. To do this we needto de ne comple vectorfunctions
whosedivergencesareequalto the complex exponentials.

In this appendix,we shov that althoughthereare mary
complex vectorfunctionswhosedivergencesare equalto a
givencomplex exponential if we would like thereconstruc-
tion to satisfytwo simplepropertiesthesevectorfunctions
have to be unique.In particular we shav thatif we would
like thereconstructiorprocesgo satisfy:

Thecontribution of apointto thereconstructedmplicit is
independentf the contritution of any otherpoint,and
The reconstructiorcommuteswith translationand rota-
tion (translationsand rotationsof the point setresultin
correspondingranslationsandrotationsof theimplicit)

thenthe vectorfunction giving riseto thet-th Fourier coef-
cient canonly be:
E(g) = iT=kik? e "M

To prove this, we recallthatgivena point setf ;;f;g, the

T-th Fouriercoefcient of thegnplicit fupctionis de ned by:
FM=a, Fe)n

Sincewe assumehatthecontritution of ary pointisinde-
pendenbf ary otherpoint,it sufces to provetheuniqueness
propertyfor the casewhenthe point setconsistof a single
orientedpointf p;1g.

The conditionthat the reconstructedunction commutes
with translationimplies thatif F(t) is thet-th Fourier co-
efcient of the reconstructionobtainedusing the oriented
point fp;Ag, then e MPIF(1) is the t-th Fourier coef-
cientof thereconstructiorobtainedusingthe orientedpoint
fp+ Po;Ag. Sincethis mustbe true for ary normalvector
, it follows that the function F.(1) canbe factoredasthe

productf.(p) = G(Ne P with G(t) 2 C3.

Moreover, sincethedivergenceof F(p) hasto beequalto

e Ml it followsthat ihG(H);1i = 1. Thus,we know that:
G(h) = it=ktk?+1? @)
wheret? is avectorperpendiculatoT.

Sincewe alsowant the reconstructiorto commutewith
rotation, this implies thatif F () is thet-th Fourier coef-
cientof thereconstructiorobtainedusingthe orientedpoint
fp;Ag, thenF (R() is theT-th Fouriercoefcient of there-
constructiorobtainedusingthe orientedpointf R(); R(R)g,
for ary rotationR.

Thus,in orderfor thereconstructiorprocesso commute

with rotation,the function G(T) mustsatisfythe property:
R(G(1)) = G(R(1)):

Clearly, the function G(1) = it=ktk? satis es this property
On the other hand,if we take R to be a rotationaboutthe
vectorT, we get R(G(D) = G(1). Thus, it follows thatt?
(in Equation2) mustbe zero,and hencethe only function
satisfyingtranslationandrotationcommutatvity is:

F(q) = iT=kik? e Ml
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Figure 11: A reconstructiorof the Stanfod bunny modelfrom range scans:Someof the initial scansof the model,obtainedfrom different
view points,are shownin (a). Thecompletepoint set,obtainedby meging the scans,is shownin (b). Thereconstructedgurfaceis shownin
(c). Anda visualizationof the surface obtainedby mappingthe normalcoodinatesto RGBis shownin (d). Notethat althoughthe overlap of
differentscansresultsin a non-uniformdistribution of points,our weightingschemecorrectly assignssamplingdensitiesto the input points,
resultingin an accuiate and smoothreconstructiorof the surface(as demonstated by the smoothvariation of normalsseenin (d)). (Model

courtesyof Stanfod University ComputerGraphicsLaboratory.)
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