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Abstract

In this paper, wepresenttheSymmetryDescriptors of a 3D model.Thisis a collectionof sphericalfunctionsthat
describesthemeasure of a model's rotationalandre�ectivesymmetrywith respectto everyaxispassingthrough
thecenterof mass.We showthat SymmetryDescriptors canbecomputedef�ciently usingfastsignalprocessing
techniques,anddemonstratetheempiricalvalueof SymmetryDescriptorsbyshowingthat they improvematching
performancein a varietyof shaperetrieval experiments.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.6 [ComputerGraphics]:MethodologyandTech-
niques

1. Intr oduction

Symmetry has long been recognizedas playing an inte-
gral role in humanrecognition[Att55, Vet92]. It is char-
acteristicof repeatingpatternswithin a model,andcanbe
usedto guide reconstruction,compression,and classi�ca-
tion. This awarenesshas motivated the developmentof a
wide rangeof techniquesfor identifying the symmetries
of a2D image[Ata85, Wol85, Hig86, Sun95, Mar89]. How-
ever, theincreasedcomplexity of therotationgroupin three-
dimensionshasresultedin little researchon symmetryde-
tection in 3D. Methodsfor measuringindividual symme-
trieshave beenproposed[Zab94, Zab95], anda generalap-
proachfor characterizingthemeasureof all re�ective sym-
metrieshasbeendescribed[Kaz02, Kaz04], but no analo-
gousmethodfor describingall rotationalsymmetriesexists.

In this paper, we presentthe SymmetryDescriptors of a
model. This is a generalizationof the Re�ective Symme-
try Descriptorpresentedin [Kaz02, Kaz04]. It representsa
3D model as a collection of sphericalfunctions that give
the measureof a model's re�ective androtationalsymme-
try, with respectto every axispassingthroughthecenterof
mass.Thus,it canbeusednot only to identify axesof per-
fect symmetry, but alsoto measurethequality of symmetry
with respectto any axis.Speci�cally, themeasureof k-fold
symmetryof a modelaroundsomeaxis is de�ned to bethe

magnitudeof theprojectionof themodelonto thespaceof
modelshaving thatsymmetry.

Figure1 shows a visualizationof theSymmetryDescrip-
torsof two models.Thedescriptorsarerepresentedby scal-
ing pointson the unit spherein proportionto the measure
of symmetry, so that points correspondingto axes of near
symmetryarepushedout from the origin andpointscorre-
spondingto axesof nearanti-symmetryarepulled in to the
origin. Thus,for the 2-fold (respectively k-fold) symmetry
descriptors,peaksin the descriptorscorrespondto axesof
nearperfect2-fold (respectively k-fold) rotationalsymme-
try. Similarly, for there�ective symmetrydescriptors,peaks
correspondto unit vectorsperpendicularto planesof near
perfectre�ectivesymmetry.

Thecontributionof ourwork is three-fold.First,wede�ne
a continuousmeasurefor the re�ective androtationalsym-
metryof a 3D model.Second,we provide anef�cient algo-
rithm for computingthemeasurefor all symmetriesabouta
model's centerof mass.Third, we presentexperimentalre-
sultsevaluatingtheempiricalvalueof thesymmetrydescrip-
torsin shaperetrieval applications.In theseexperiments,we
�nd thatsymmetrycanbeusedto augmentexistingmethods
for matching3D shapes,providing enhanceddiscrimination
andmatchingperformancewithoutsacri�cing ef�ciency.
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Figure 1: A visualizationof the symmetrydescriptors for a stool
and an iris. The visualizationis obtainedby scaling unit vectors
on the sphere in proportion to the measure of rotational symmetry
abouttheaxisthroughthecenterof mass,in thedirectionof thevec-
tor, andthemeasure of re�ectivesymmetryabouttheplanethrough
thecenterof mass,normalto thevector.

The restof this paperis structuredasfollows. Section2
reviewsrelatedwork in theareaof symmetrydetection.Sec-
tion 3 providesa theoreticaloverview of symmetry, andde-
�nes theSymmetryDescriptors. Section4 describesanef�-
cient methodfor computingthe SymmetryDescriptorsof
sphericaland voxel representationsof a 3D model, while
Section5 summarizessomepropertiesof thedescriptors.In
Section6, we describehow symmetryinformation can be
incorporatedinto existing rotationinvariantrepresentations,
andin Section7, we evaluatethecontribution of symmetry
augmentationin experimentscomparingtheretrieval perfor-
manceof the original representationwith the retrieval per-
formanceof theaugmentedrepresentation.Finally, we con-
cludein Section8 by summarizingourwork.

2. RelatedWork

Early approaches to symmetry detection focused
on detecting the symmetries of planar point
sets [Ata85, Wol85, Hig86]. These methods reduced
thesymmetrydetectionproblemto a detectionof symmetry
in circular strings,and usedef�cient substringalgorithms
(e.g., [Knu77]) to detectthe symmetriesby searchingfor
the appearanceof a string within its concatenationwith
itself. While thesemethodshad the theoreticaladvantage
of ef�ciently evaluatingall possiblesymmetries,they were
impracticalin empiricalsettingssincethey werealgorithms
that couldonly identify theperfectsymmetriesof a model.
Thus if a symmetricmodel had even a small amountof
noise,thesemethodswould fail to identify its symmetries.

In order to address this issue, Zabrodsky et
al. [Zab94, Zab95] de�ned a continuous measure of
symmetrywhich transformedthe binary question:“Does a
modelhave a givensymmetry?”to thecontinuousquestion:
“How muchof a givensymmetrydoesa modelhave?” The
measureof symmetrywasde�ned astheminimumamount

of work neededto transform a model into a symmetric
model,measuredasthesumof thesquaresof thedistances
that points would needto be moved. This approachmade
it possibleto evaluatesymmetriesin the presenceof noise,
but sufferedfrom thefact that it dependedon theestablish-
ment of point correspondences.While this issuecould be
addressedin thecaseof 2D curveswith uniform sampling,
it madeit dif�cult to generalizethe methodto 3D where
uniformly samplingsurfacesis oftenimpossible.

The dif�culty of establishingpoint correspondencesfor
matchingsurfacesin 3D hasmotivatedthe developmentof
shapedescriptors which representa 3D model by a func-
tion de�ned on a canonicaldomain,independentof the ini-
tial model'sshapeor topology. (For ageneralreview of such
methodssee[Pop94, Tan04].) For thesedescriptors,match-
ing two modelscould now be performedwithout explicitly
establishingcorrespondences,by comparingthe valuesof
thecorrespondingshapedescriptorsateachpoint.

Theadvantageof thecanonicalparameterizationof shape
descriptorswasleveragedin a numberof symmetrydetec-
tion algorithms[Oma96, Sun97]. Thesemethodsusedthe
factthatthecovarianceellipsoidof a 3D modelrotateswith
the model, so that a model could only have symmetries
whereits covarianceellipsoidhadthem.Sincetheonly axes
of symmetryof an ellipsoid have to align with its princi-
pal axes, this provided an ef�cient way to identify candi-
dateaxesof symmetry. The actualquality of an axis asan
axisof symmetrywould thenbemeasuredby comparingthe
shapedescriptorof themodelwith theshapedescriptorsof
therotationsandre�ectionsof themodelaboutthecandidate
axis.This methodhadtheadvantageof providing a contin-
uousmeasureof symmetryfor candidateaxes of symme-
try without necessitatingthe establishmentof point corre-
spondences.Furthermore,themethodwasageneralonethat
could be appliedto wide classof shapedescriptors.How-
ever, themethod'sdependenceonPCAfor theidenti�cation
of candidateaxescould only guaranteethe correctidenti�-
cationof symmetryaxesfor modelswith perfectsymmetry.

Motivatedby theeaseof evaluatingsymmetryusingshape
descriptors,andtheef�ciency of exhaustivesearchprovided
by early substring matching approaches,ef�cient meth-
ods for evaluating the symmetriesof a 2D model, at ev-
ery symmetry, were developed.The key idea of theseap-
proacheswasthegeneralizationof discretesubstringmatch-
ing to continuouscorrelationwith the Fast Fourier Trans-
form. Thesemethods[Sun95, Mar89] computethesymme-
tries of a modelby usingcorrelationto comparethe shape
descriptorof a 2D modelwith all of its rotationsandre�ec-
tions.Thisapproachwasageneralonethatcouldbeapplied
to any shapedescriptorthatrepresentedamodelwith afunc-
tion de�ned eitheronacircle,or in 2D.

Thedependenceof thesemethodson theFFT madethem
hard to generalizeto shapedescriptorsthat representeda
3D modelwith eithera sphericalfunction or a function in
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3D. In [Kaz02, Kaz04] amethodis describedfor computing
the measureof re�ective symmetriesfor all planespassing
throughtheorigin. For a sphericaldescriptorof sizeO(N2)
(respectively 3D function of sizeO(N3)) the methodcom-
putesthe measuresof re�ective symmetryin O(N3 logN)
(respectively O(N4 logN)) time. The ef�ciency of this ap-
proachrelieson the useof the FFT to computecorrelation
with respectto a singleaxisef�ciently anda generalization
of thisapproachto generalsymmetrydetectionwould result
in algorithmsthathavecomplexity O(N4 logN) for spherical
functionsandO(N5 logN) for 3D functions.

In thiswork, weshow how theanalogsof theFFTandin-
verseFFT on thesphere,namelytheFastHarmonicTrans-
form andtheFastInverseWigner-D Transform,canbeused
to computethemeasureof all symmetriesef�ciently . In par-
ticular, we describea methodfor computingthe measure
of all re�ective and rotationalsymmetriesof both spheri-
cal functionsand3D functionsin O(N4) time, providing a
methodfor computingall symmetriesof a modelaboutits
centerof mass,in lesstime thanpreviousmethodsrequired
to computeonly there�ectivesymmetries.

3. Measuring Symmetry

The �rst issuewe must addressis to de�ne a measureof
symmetryfor a 3D modelwith respectto an axis of k-fold
rotationor a planeof re�ection. To this end,we describea
methodfor computingthesymmetriesof any shapedescrip-
tor that representsa 3D modelasa function de�ned either
on the sphereor in 3D. We begin by describinga general
approachfor measuringsymmetry, andthenpresenttheim-
plicationsfor measuringthesymmetriesof a3D model.

3.1. Symmetry Detection

De�nition : Givena vectorspaceV anda groupG thatacts
on V, we say that v 2 V is symmetricwith respectto G if
g(v) = v for all g2 G.

De�nition : We de�ne the symmetrydistanceof a vectorv
with respectto a groupG asthe L2-distanceto the nearest
vectorthatis symmetricwith respectto G:

sdG(v) = min
wjG(w)= w

kv� wk:

Using the fact that thevectorsthatareinvariantto G de-
�ne a subspaceof V, it follows that thenearestG-invariant
vectorw is theprojectionof v ontothesubspaceof invariant
vectors.Thatis, if wede�ne pG to betheprojectionontothe
subspaceinvariantundertheactionof G andwe de�ne p?

G
to betheprojectionontotheorthogonalsubspacethen:

sdG(v) = kv� pG(v)k = kp?
G (v)k

so that the symmetrydistanceof v with respectto G is the
lengthof theprojectionof v ontoasubspaceindexedby G.

In general,computingthe projectionof v onto the sub-
spaceof vectorsinvariantundertheactionof G is a dif�cult
task.However, in our casewe canusethe fact that theele-
mentsof G areorthogonaltransformations.In particular, we
canapplyatheoremfrom representationtheory[Ser77] stat-
ing thata projectionof a vectoronto thesubspaceinvariant
undertheactionof anorthogonalgroupis theaverageof the
vectorover thedifferentelementsin thegroup.Thus,in the
caseof avectorv andagroupG, weget:

sd2
G(v) =











v�

1
jGj å

g2 G
g(v)












2

= kvk2 �
1

jGj å
g2 G

hv;g(v)i

giving anexpressionfor thesymmetrydistancein termsof
thelengthof v andthedot-productsof v with its imageunder
theactionof G.

3.2. Symmetry Descriptors in 3D

In order to evaluate the measureof symmetry of a 3D
model, it is necessaryto comparea model with its re�ec-
tions/rotations.A varietyof shapedescriptorscanbeusedto
comparethemodelwith its transformation,andin thispaper
we focuson thosethat representa modelby a spherical,or
3D, functionthatrotateswith themodel.

Notation: For any integer k andany unit vector p we let
Gk

p denotethek-fold rotationalsymmetrygroupwith respect
to p. If k is positive, thenGk

p is thegroupgeneratedby the

transformationr2p=k
p whichis therotationabouttheaxisp by

theangle2p=k. If k is negative, thenGk
p is thegroupgener-

atedby thetransformationr2p=k
p � A, whereA is theantipodal

map,sendingapointq to thepoint � q.

For example,G3
(1;0;0) is the groupgeneratedby rotating

by 120� about the x-axis, consistingof 3 elements,while
G� 2

(0;1;0) is thegroupgeneratedby re�ecting throughthexz-
plane,consistingof two elements.

De�nition : Givena shapedescriptorf , we de�ne its k-fold
symmetrydescriptoras the function on the spherewhose
value at a point p describesthe amountof f that is sym-
metric with respectto Gk

p andthe amountof f that is anti-
symmetric:

SDk( f ; p) =
�

kpGk
p
( f )k;kp?

Gk
p
( f )k

�

wherepGk
p

is theprojectionontothespaceof functionsthat

arek-fold symmetricaboutthe axis p, andp?
Gk

p
is the pro-

jection onto the orthogonalcomplement.(Note that since
k f k2 = kpGk

p
( f )k2 + kp?

Gk
p
( f )k2 it suf�ces to computeone

of kpGk
p
( f )k and kp?

Gk
p
( f )k. Despite the redundancy, we

storeboth values,as they canbe usedfor boundingshape
similarity.)
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4. Computing the Symmetry Descriptors

We will now show how to computeall the k-fold symme-
try descriptorsof ashapedescriptoref�ciently . Webegin by
describingthe methodfor shapedescriptorsthat represent
a modelwith a sphericalfunction.Then,we generalizethe
methodto shapedescriptorsthat representa modelwith a
functionde�ned in 3D. For bothcases,thekey ideais thatin
computingthesymmetrydescriptorsof ashapedescriptorf ,
it is necessaryto comparef with its rotations.Thisamounts
to computingtheautocorrelationof f acrossthegroupof ro-
tations,hf ;g( f )i , and,while a bruteforcealgorithmwould
beprohibitively slow, weshow how sphericalsignalprocess-
ing canbeusedto computetheautocorrelationef�ciently .

4.1. Ef�cient SphericalAutocorrelation

We begin by describingan ef�cient methodfor computing
theautocorrelationof asphericalfunction f acrossthespace
of rotations.Weexpressf in termsof its sphericalharmonic
decomposition:

f =
b

å
l= 0

å
jmj� l

al ;mYm
l

whereb is thebandwidth of thefunction f . This decompo-
sitionhasthepropertythatfor any rotationgwehave:

hYm
l ;g(Ym0

l0 )i = 0 8l 6= l0:

This allows usto computetheautocorrelationof f by cross
multiplying sphericalharmoniccoef�cients within eachfre-
quency l , ignoringcross-frequency terms:

hf ;g( f )i =
b

å
l= 0

å
jmj ;jm0j� l

al ;mal ;m0hYm
l ;g(Ym0

l )i :

This gives an expressionof the function hf ;g( f )i as a
linear sum of the functionshYm

l ;g(Ym0

l )i . Since theseare
preciselythe Wigner-D functions,a fast inverseWigner-D
transform[Kos03, Sof03] givestheautocorrelationof f over
thespaceof rotations.

Sincethesphericalharmonicdecompositioncanbecom-
putedin < O(b3) time, thecrossmultiplicationof harmonic
coef�cients takesO(b3) time,andsincetheinverseWigner-
D transformcanbedonein � O(b4) time, we computethe
autocorrelationof f acrossall rotationsin time � O(b4).

4.2. Ef�cient 3D Autocorrelation

In orderto computethesymmetrydescriptorsof a 3D func-
tion,wedecomposethe3D functionasacollectionof spher-
ical functionsatdifferentradii andusethemethoddescribed
aboveto computethesymmetrydescriptorsof thecollection
of sphericalfunctions.In particular, given a function f de-
�ned for all pointsjxj � 1, we set fr to betherestrictionof
thefunction f to thespherewith radiusr:

fr (p) = f (r p)
p

4pr2

wherep is aunit vectorand
p

4pr2 is thechangeof variable
termaccountingfor theareaof thespherewith radiusr.

Discretelysamplingthedifferentradii, we canexpressf
asacollectionof sphericalfunctionsf f1; : : : ; fNg, with N =
O(b) whereb is thesamplingrate.Expressingeachof these
in termsof its sphericalharmonicrepresentation,weget:

fi =
b

å
l= 0

å
jmj� l

al ;m[i]Ym
l

andfor any rotationgwehave

hf ;g( f )i =
b

å
l= 0

å
jmj ;jnj� l

 
N

å
i= 1

al ;m[i]al ;n[i]

!

hYm
l ;g(Yn

l )i :

Computingtheautocorrelationof f with all of its rotations
requires:< O(Nb3) = O(b4) time to computethenecessary
sphericalharmonics,O(Nb3) = O(b4) time to computethe
crossmultiplication of harmoniccoef�cients, and� O(b4)
time to performthe inverseWinger-D transform.Thus,the
total complexity of computingtheautocorrelationis O(b4).

Notethatincreasingthedimensionalityof theshaperepre-
sentationfrom a2D sphericalfunctionto a3D functiondoes
not increasethecomplexity of computingthesymmetryde-
scriptorssincethe inverseWinger-D transformremainsthe
limiting step.

4.3. Computing the Descriptors

In orderto computethesymmetrydescriptorsof a function
f , it suf�ces to computethelengthsof theprojections:






 pGk

p
( f )








2
=

1
jGk

pj å
g2 Gk

p

hf ;g( f )i

for all k andall pointsp on theunit sphere.Whenk is posi-
tive, theelementsin Gk

p areall rotations.Thus,having com-
putedthevaluestheautocorrelation,we canreconstructthe
symmetrydescriptorsSDk( f ; p). However, whenk is nega-
tive, someelementsof Gk

p will be of the form g= ra
p � A –

productsof a rotationand the antipodalmap.In this case,
wecannotusethecomputedautocorrelationvaluesdirectly.

In orderto be ableto computethe symmetrydescriptors
SDk( f ; p) for negative k, we observe thattheantipodalmap
actsona function f asfollows:

1. If f is an even function, the antipodalmapleaves f un-
changed

2. If f is anoddfunction,theantipodalmapsendsthefunc-
tion f to thefunction� f .

Thus,wecancomputethesymmetrydescriptorsSDk( f ; p) if
weaddresstheevenandoddfrequenciesof f independently.
In particular, we expressf as the sumof its even andodd
components,f = f + + f � , with:

f + (p) =
f (p) + f (� p)

2
f � (p) =

f (p) � f (� p)
2
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Then, insteadof computingthe autocorrelationof f , we
computethe autocorrelationof the even and odd partsin-
dependentlyto get:

F +
f (g) = hf + ;g( f + )i F �

f (g) = hf � ;g( f � )i

This provides a general expression for the value of




 pGk

p
( f )








2
for all k 6= 0 andall axesp as:

1
j2kj

 
j 2kj

å
j= 1

F +
f (r2jp=k

p ) + (Sgn(k)) jF �
f (r2jp=k

p ):

!

Note that to compute the measureof axial symmetry
kpG1

p
( f )k, it suf�ces to computekpGk

p
( f )k with k equalto

twice thebandwidth of thefunction.

Complexity: For both sphericalfunctions and 3D func-
tions the complexity of computingthe autocorrelationover
all rotationsis boundedby O(b4). Sincecomputingthek-th
symmetrydescriptorrequiresO(k) summationsfor eachof
O(b2) pointson the spherethe overall complexity of com-
putingtheO(b) symmetrydescriptorsis O(b4).

5. Symmetry and Model Similarity

Work in symmetrydetectionhasbeenmotivated,in part,by
the recognitionthat symmetryis a propertycharacterizing
global shapeinformationso that storinga small amountof
symmetryinformationfor eachmodelshouldprovideanef-
�cient boundfor thesimilarityof twomodels.In thissection,
we formalizethis intuition by explicitly describinghow the
differencein the symmetriesof two modelsrelatesto their
measureof similarity.

5.1. Globality

A fundamentalpropertyof thesymmetrydescriptorsis that
they characterizeglobalpropertiesof a model,andhenceif
the symmetrydescriptorsof two modelsdiffer at even one
point, we expectthis to imply that the modelsmustbe dif-
ferent.This propertycan be formulatedexplicitly by stat-
ing that the L1 -differencebetweensymmetrydescriptors
boundstheL2-differenceof themodels:

max
k






 SDk( f ; p) � SDk(g; p)








1
�






 f � g








2
:

Theexplicit proofof thisboundderivesfrom thefactthatthe
valuesof thesymmetrydescriptorsof afunctionareequalto
thelengthsof its projectionsontotwo orthogonalsubspaces.
Hence,for any k-fold symmetry, andany axis p wehave:





 f � g








2
=






 pGk

p
( f ) � pGk

p
(g)








2
+






 p?

Gk
p
( f ) � p?

Gk
p
(g)








2

�
� 





 pGk

p
( f )






 �






 pGk

p
(g)







� 2

+

+
� 





 p?

Gk
p
( f )






 �






 p?

Gk
p
(g)







� 2

=





 SDk( f ; p) � SDk(g; p)








2

so that the differencebetweenthe symmetrydescriptorsof
two models,at any point andany type of symmetry, is an
explicit boundfor theproximity of thetwo models.

5.2. ContinuousSymmetry Classi�cation

Oneof thechallengesof shaperetrieval stemsfrom thefact
that often 3D modelsare not a priori aligned,and many
methodsfor comparingtwo modelsrequirean initial step
of pair-wiseregistration.For thesetypesof applications,the
globalitypropertymentionedabovecannotbeutilizedwith-
out �rst aligning the models.In this sectionwe show how
symmetryinformationcanbeusedfor comparingtwo mod-
elswithout requiringtheinitial alignmentstep.

We aremotivatedin our approachby earlywork in sym-
metrydetection[Ata85, Wol85, Hig86] wherethegoalwas
to classify modelsin termsof the typesof symmetrythat
they have.Thesemethodssoughtto assigna binaryvalueto
eachintegerk, indicatingwhetheror not a modelhadk-fold
symmetry. Sincesucha representationdid not specify the
axisof symmetry, it wasinherentlyrotationinvariant.

Using the symmetrydescriptors,we extendthesebinary
classi�cationsinto a continuousframework wherefor each
k, we storethe optimal measureof k-fold symmetry, even
whenthemodelisnotk-fold symmetric.In particular, setting
sk( f ) to bethemaximalvalueof k-fold symmetryof f :

sk( f ) = max
p2 S2






 pGk

p
( f )








wede�ne theoptimalk-fold symmetryof f asthepair:

Symk( f ) =
�

sk( f );
q

k f k2 � sk( f )2
�

giving a continuous,rotation invariant classi�cation of a
model in termsof its symmetries.Furthermore,asa direct
corollary of the globality property, it follows that the sym-
metry classi�cationcanbe usedto boundthe proximity of
two models:

max
k






 Symk( f ) � Symk(g)






 �






 f � g






 :

Thus,symmetryclassi�cationscanbeusedto matchmodels
without requiringaninitial stepof pair-wiseregistration.

6. Symmetry Augmentation

Motivatedby thepropertydescribedin Section5, we would
like to usethe continuoussymmetryclassi�cation for ef�-
ciently comparingmodelsin a rotationinvariantmanner. In
particular, wewould like to augmentexistingshapedescrip-
torswith symmetryinformation,but would like to do so in
a mannerthat is not redundant.To this end,we considerthe
SphericalHarmonicRepresentationdescribedin [Kaz03].

The Spherical Harmonic Representationis a general
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methodfor obtaininga rotation invariant representationof
spherical(and3D) shapedescriptorsthat describesthe de-
scriptorsin termsof the distribution of energiesacrossdif-
ferentfrequencies(andradii). Speci�cally, givenaspherical
function f , theSphericalHarmonicRepresentationdecom-
posesthefunctionin termsof its frequency componentsf l :

f =
b

å
l= 0

fl ; with fl = å
jmj� l

al ;mYm
l

whereal ;m arethecoef�cients of f with respectto thespheri-
calharmonicbasisYm

l . A rotationinvariantrepresentationof
f is thenobtainedby storingonly thenormsof thedifferent
frequency components:

SH( f ) = fk f0k;k f1k; : : : ;k fbkg:

Theadvantagesof thisrepresentationaretwo-fold: First,the
representationis rotationinvariantby construction,making
it possibleto comparemodelswithout �rst aligning them.
Second,in going from a sphericalfunction to its Spherical
HarmonicRepresentation,the dimensionalityof the repre-
sentationis reduced,contractinga 2D sphericalfunction to
a1D arrayof energy values.

However, it hasbeennotedthat the SphericalHarmonic
Representationtreatseachfrequency componentindepen-
dently anddoesnot captureinformationcharacterizingthe
alignmentbetweendifferent frequency components.Sym-
metry, by contrast,dependsstronglyonthemannerin which
thedifferentfrequenciesalign,andthereforecapturesinfor-
mationthat is missingin theSphericalHarmonicRepresen-
tation.Thus,augmentingtheSphericalHarmonicRepresen-
tation with symmetryinformation should provide a more
discriminatingrepresentation,combiningthe local (in fre-
quency space)informationof theSphericalHarmonicRep-
resentationwith globalsymmetryinformation.

Figure 2 demonstratesthe motivation for this approach.
In this �gure, a databaseis queriedwith the near-axially
symmetrictableon the left, andretrieval resultsareshown
without (top) and with (bottom) symmetryaugmentation.
Notethattheadditionof symmetryinducesa preferencefor
modelsthat are near-axially symmetric,and pushesaway
models(suchasthesquaretable,secondmodelin thenon-
augmentedresults)thatdonothavesuchasymmetry.

In order to augmentthe SphericalHarmonicRepresen-
tationwe make theassumptionthat symmetryis uniformly
distributedacrossall thenon-constantfrequencies(constant
frequency componentsarefully symmetric),sothatif f is a
shapedescriptorandSymk( f ) is the measureof the k-fold
symmetryof f then:

Symk( fl ) � Symk( f ) �
k fl k
k f k

where fl is thel -th frequency componentof f . Thus,we re-
placetheoriginal SphericalHarmonicRepresentation(SH)

Figure 2: An exampleof theimprovementgainedby augmenting
theenergy representationwith symmetryinformation.Thedatabase
wasqueriedwith thenearaxially-symmetrictableontheleft andre-
sultsareshownfor retrieval without(top)andwith (bottom)symme-
try augmentation(considering, axial, 2-fold, 3-fold, and re�ective
symmetries).Notethat symmetryaugmentationimprovesmatching
performanceby introducinga preferencefor modelswhich have
nearaxial symmetry.

with thesymmetryaugmentedrepresentations:

SHk( f ) =
�

k f0k;Symk( f ) �
k f1k
k f k

; : : : ;Symk( f ) �
k fbk
k f k

�
:

Then, to comparetwo descriptors,we �nd the symmetry
type for which the two modelsvary most,andcomparethe
correspondingsymmetryaugmentedrepresentations:

D( f ;g) = max
k

kSHk( f ) � SHk(g)k:

Figure3 demonstratestheprocessof symmetryaugmen-
tation.Givena sphericalshapedescriptor(shown in thetop
left), its SphericalHarmonicRepresentationis computedby
expressingthe sphericalfunction in termsof its frequency
components,f f0; f1; : : :g, andstoringthenormof eachcom-
ponent(shown in the top right). The symmetrydescriptors
arecomputed,andthe continuous,k-fold symmetryof f is
extracted(shown in the bottomleft). Finally, the Spherical
HarmonicRepresentationis augmentedwith symmetryin-
formationby scalingwith thek-fold symmetryof f , to ob-
taina�ner resolutionof non-constantfrequency information
(shown in bottomright).

6.1. Comparing the Symmetry AugmentedDescriptor

Despitethe fact that the symmetryaugmentedrepresenta-
tion now requiresa copy of the SphericalHarmonicRep-
resentationfor eachsymmetrytype, in theoryencumbering
bothstorageandcomparison,thesymmetryaugmentedrep-
resentationis in fact compactand comparesef�ciently . In
particular, if wecomputethesymmetrydotproduct:

SDot( f ;g) = max
k

�
Symk( f )

k f k
;
Symk(g)

kgk

�
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Figure 3: TheaugmentedSphericalHarmonicRepresentationof
a 3D shapedescriptor(top left) is obtainedby �r st computingthe
SphericalHarmonicRepresentation(top right) andthek-fold sym-
metriesof f (bottomleft). Thek-fold symmetriesare thenusedto
providea �ner resolutionof non-constantfrequencyinformationby
multiplyingeach frequencynormbythepair of k-fold symmetryval-
ues(bottomright).

andthefrequency dotproduct:

FDot( f ;g) =
b

å
l= 1

k fl kkgl k

independently, we canseparatethe role of symmetryinfor-
mationfrom frequency informationin themeasureof shape
similarity:

D2( f ;g) = k f k2 + kgk2

� 2k f0kkg0k � 2SDot( f ;g) � FDot( f ;g):

Thus,in comparingtwo descriptors,thesymmetryinfor-
mationis separatedfrom frequency informationandonly a
singlecopy of theSphericalHarmonicRepresentationneeds
to bestored.Furthermore,theseparationof symmetryinfor-
mationfrom frequency informationallowsfor ef�cient com-
parisonof two models,sincethecomputationsof SDot( f ;g)
andFDot( f ;g) areboth ef�cient computationsthat canbe
performedindependently, and then combinedto give the
measureof similarity.

Finally, theseparationof symmetryinformationfrom fre-
quency informationprovidesaneasymethodfor modulating

the importanceof symmetryin themeasureof modelsimi-
larity. In particular, wecande�ne thefamily of metrics:

D2
a ( f ;g) = k f k2 + kgk2

� 2k f0kkg0k � 2SDota ( f ;g) � FDot( f ;g):

indexed by the parametera. Whena = 0 symmetryplays
no role in shapecomparisonandwe revert to theSpherical
HarmonicRepresentation.Whena = 1 we obtainthesym-
metryaugmentedrepresentationdescribedabove.And more
generally, asa is increased,symmetryplaysamorede�ning
role in evaluationof shapesimilarity.

7. Experimental Results

To measuretheef�cacy of thesymmetryaugmentedSpher-
ical HarmonicRepresentationin tasksof shaperetrieval, we
computedanumberof sphericalshapedescriptors,andcom-
paredmatchingresultswhentheSphericalHarmonicRepre-
sentationwasusedwith theresultsobtainedwhentheSpher-
ical HarmonicRepresentationwasaugmentedwith symme-
try information.Thedescriptorsweusedin ourexperiments
were:

� Spherical Extent Function[Vra1]: A descriptionof a
surfaceassociatingto eachray from theorigin, thevalue
equalto thedistanceto thelastpointof intersectionof the
modelwith the ray. (If the intersectionis emptythenthe
associatedvalueis zero.)

� Radialized Spherical Extent Function[Vra03]: A de-
scription of a surfacewhich �rst decomposes3D space
intoconcentricshellsandthencomputestheSphericalEx-
tent Functionof the intersectionof the modelwith each
shell independently. Theresultingdescriptorrepresentsa
3D modelwith acollectionof sphericalfunctions.

� ShapeHistogram (Sectors)[Ank99]: A descriptionof a
surfaceassociatingtoeachrayfromtheorigin, theamount
of surfaceareathatsitsover it.

� ShapeHistogram (Sectorsand Shells)[Ank99]: A de-
scription of a surfacewhich �rst decomposes3D space
into concentricshellsandthencomputestheSectorrepre-
sentationof the intersectionof themodelwith eachshell
independently. The resultingdescriptorrepresentsa 3D
modelwith acollectionof sphericalfunctions.

� Voxel: A descriptionof a modelas a voxel grid, which
is obtainedby rasterizingtheboundaryof themodel.The
voxel grid is representedasacollectionof sphericalfunc-
tionsby restrictingthegrid to concentricspheresandscal-
ing by

p
4p � r2 to accountfor thechangeof area.

� GaussianEuclideanDistanceTransform[Fun03]: A de-
scription of a shapeas a voxel grid, wherethe value at
eachpoint is givenby thecompositionof aGaussianwith
theEuclideanDistanceTransformof thesurface.Similar
to the Voxel representation,the grid is representedby a
collectionof sphericalfunctions.

Weevaluatedtheperformanceof eachmethodby measur-
ing how well they classi�ed modelswithin a testdatabase.
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Figure4: Theimprovementin theprecisionof boththeoriginal andaugmentedSphericalHarmonicRepresentationoverPCA-alignmentare
shown.Notethat symmetryaugmentationalwaysimprovesthematchingperformanceandout-performsthePCA-alignedrepresentation.

The databaseconsistedof 1890 “household"objectspro-
videdby Viewpoint [Vie01]. Theobjectswereclusteredinto
85 classes,basedon functionalsimilarity, largely following
thegroupingsprovidedby Viewpoint andclassesrangedin
size from 5 modelsto 153 models,with 610 modelsthat
did not �t into any meaningfulclasses[Fun03]. Classi�ca-
tion performancewasmeasuredusingprecision/recallplots,
which give the percentageof retrieved information that is
relevantasa functionof thepercentageof relevantinforma-
tion retrieved.That is, for eachtargetmodelin classC and
any numberK of topmatches,“recall” representstheratioof
modelsin classC returnedwithin the top K matches,while
“precision” indicatestheratio of thetop K matchesthatare
in classC. Thus,plotsthatappearshiftedup generallyindi-
catesuperiorretrieval results.

The resultsof the Precisionvs. Recall experimentsare
shown in Figure4, wheretheSphericalHarmonicRepresen-
tationis augmentedwith k-fold symmetryinformation,with
k = � 2;2;3;4;5;1 correspondingto re�ective, 2-fold, 3-
fold, 4-fold,5-fold andaxialsymmetryinformation.A value
of a = 2 was usedto amplify the importanceof symme-
try in retrieval – this wasempiricallydeterminedto give the
bestresults.Theplotscomparetheimprovementin precision
over PCA-alignmentwhenmodelsarematchedby compar-
ing the(rotationinvariant)SphericalHarmonicRepresenta-
tions of the descriptorsand modelsare matchedby com-
paring the symmetryaugmentedSphericalHarmonicRep-
resentationsof thedescriptors,(sothatPCA-alignedmodels
would give a constantbase-lineof 0% improvement.)Note
thatfor all of thedescriptors,thesymmetryaugmentedrep-
resentationprovidesbettermatchingperformance,improv-

ing on the retrieval performanceof the original Spherical
HarmonicRepresentation.

Representation Spherical Voxel

Size(�oats) 256 8192
PCA Compute(sec) 0.01 0.09

Compare(ms) 0.18 5.89

Size(�oats) 16 512
Harmonic Compute(sec) 0.01 0.09

Compare(ms) 0.02 0.31

Size(�oats) 28 524
Symmetry Compute(sec) 0.59 0.72

Compare(ms) 0.02 0.32

Table1: A tableof thesizesandcomputeandcomparetimesof the
sphericalandvoxelshapedescriptorsusingPCA-alignment,Spher-
ical HarmonicRepresentations,andsymmetryaugmentation.

Of particularimportanceis the fact that augmentedrep-
resentationalways outperformsthe PCA-aligneddescrip-
tors (the improved precision plot is always bigger than
zero).For a numberof descriptorswe �nd that at low re-
call valuesthe SphericalHarmonicRepresentationsuffers
from theinformationlossinherentin therepresentationand
performsworsethanPCA-aligneddescriptors.By contrast,
theaugmentedrepresentationalwaysdoesbetterthanPCA-
alignment,despitethe fact that the augmentedSpherical
HarmonicRepresentationis much smaller than the PCA-
alignedrepresentation.The spaceand time complexity of
thedifferentrepresentationsarecomparedin Table1 which
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givesthesizeandcomputationtime for sphericalandvoxel
baseddescriptors(voxelsaresampledat32concentricshells
abouttheorigin andevery sphericalfunction is represented
by its �rst 16 frequency components).Thus,theaugmented
representationprovides bettermatchingperformancewith
lessinformation,making it particularly well suitedfor re-
trieval taskswherecompactness,ef�ciency, anddiscrimina-
tion areimperative.

8. Conclusion

In this paper, we have exploredthe mannerin which sym-
metry canbe usedto assistin the tasksof shapematching
andshaperetrieval. To thisendwehave introducedthesym-
metrydescriptorsof amodel– acollectionof functionsgiv-
ing themeasuresof k-fold symmetrywith respectto all axes
passingthrougha model's centerof mass– andhave shown
how to computethe descriptorsef�ciently . Using the fact
that the symmetrydescriptorscaptureglobal information,
we have shown how the local SphericalHarmonicRepre-
sentationcanbe augmentedwith symmetryinformationto
provide a morediscriminatingrepresentationfor many ex-
isting shapedescriptors.As a result,we provide a method
for obtainingacompact,rotationinvariant,representationof
shapedescriptorsthat allows for ef�cient matchingof 3D
modelswithout requiringapriori modelregistration.
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