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Abstract

Computingre�ective symmetriesof 2D and3D shapesis a classicalproblemin computervision andcomputa-
tionalgeometry. Mostprior work hasfocusedon �nding themainaxesof symmetry, or determiningthatnoneexists.
In this paper, we introducea new re�ectivesymmetrydescriptorthatrepresentsa measureof re�ective symmetryfor
anarbitrary3D modelfor all planesthroughthemodel's centerof mass(even if they arenot planesof symmetry).
Themain bene�ts of this new shapedescriptorarethat it is de�ned over a canonicalparameterization(the sphere)
anddescribesglobal propertiesof a 3D shape.We show how to obtaina voxel grid from arbitrary3D shapesand,
usingFouriermethods,we presentanalgorithmthatcomputesthesymmetrydescriptorin

���������
	��
���

time for an
���������

voxel grid andcomputesa multiresolutionapproximationin
����������	������

time. In our initial experi-
ments,we have foundthat thesymmetrydescriptoris insensitive to noiseandstableunderpoint sampling.We have
alsofoundthat it performswell in shapematchingtasks,providing a measureof shapesimilarity that is orthogonal
to existing methods.

Keywords: shaperepresentation,symmetrydetection,3D modelmatchingandretrieval.
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1 Intr oduction

Detectingsymmetryin 3D modelsis awell studiedproblemwith applicationsin alargenumberof areas.For instance,

theimplicit redundancy in symmetricmodelsis usedto guidereconstruction[1, 2], axesof symmetryprovideamethod

for de�ning acoordinatesystemfor models[3], andsymmetriesareusedfor shapeclassi�cationandrecognition[4, 5].

Despiteits intuitive appeal,global symmetryhasbeenunder-utilized in computer-aidedshapeanalysis. Most

previous methodshave focusedonly on discretedetectionof symmetries– i.e., classifyinga model in termsof its

symmetrygroups(eithera modelhasa symmetry, or it doesnot) [16, 2, 6, 7, 8, 9, 10, 11, 12, 13]. Accordingly, they

provide limited informationabouttheoverall shapeof anobject,andthey arenot very usefulfor shapesthathave no

symmetries.In contrast,in thecontext of shapeanalysis,we believe that it is just asimportantto know thata model

doesnot have a particularsymmetry, asit is to know that it does.Theobjectiveof our work is to de�ne a continuous

measureof re�ective symmetryfor any planeanduseit to build a conciseshapesignaturethatis usefulfor matching

andclassi�cationof 3D objects.

Our approachis to de�ne a re�ective symmetrydescriptor (RSD) as a 2D function that gives the measureof

invarianceof a modelwith respectto re�ection abouteachplanethroughthemodel'scenterof mass.Thekey ideais

thatthemeasureof symmetrywith respectto anyplaneis animportantfeatureof anobject's shape,evenif theplane

doesnot correspondto a perfectre�ective symmetryof the shape.As an example,considerFigure1, which shows

the re�ective symmetrydescriptorsfor a car, cube,andchair (the visualizationshows eachpoint on theunit sphere

scaledin proportionto the similarity of the modelto its re�ection over a perpendicularplanethroughthe centerof

mass).Note thatevery point on there�ective symmetrydescriptorprovidesa measureof globalshape,wherepeaks

correspondto theplanesof nearre�ectivesymmetry, andvalleyscorrespondto theplanesof nearanti-symmetry. For

example,thedescriptorof thechairhasstrongpeakscorrespondingto its near-perfectleft-right symmetry, aswell as

lessprominentoff-axispeakscorrespondingto theplanesthatre�ect thebackof thechairinto theseat.Meanwhile,it

hasvalleysrepresentingthelackof top-bottomre�ectivesymmetry. In contrast,thecarhaspeakscorrespondingto its

left-right, front-back,andtop-bottomnearsymmetries.Dueto theglobalnatureof there�ective symmetrymeasure,

a large differencein the valuesfor a singleplaneprovidesa provable indication that two modelsaresigni�cantly

different.In this example,thecarandthechaircanbedistinguishedbecausethey havedifferenttop-bottomre�ective

symmetrymeasures.By capturingsymmetrymeasuresfor many planesin a concisestructurede�ned on a canonical

parameterization(thesphere),we canmatchandindex modelsef�ciently (with ��� comparisons),providing a basis

for shape-basedretrieval, classi�cation,andrecognitionof 3D models.

In this paper, we describeour researchin de�ning, computing,andusingre�ective symmetrydescriptors.This is

anextendedversionof aposteratECCV2002[14]. In thiswork,wemakethefollowing contributions:(1) wede�ne a

continuousmeasurefor there�ectivesymmetryof a3D functionwith respectto agivenplane,(2) weprovideef�cient
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Figure1: A visualizationof the re�ective symmetrydescriptorfor a car, a cube,anda chair. The visualizationis obtainedby
scalingunit vectorson thespherein proportionto themeasureof re�ective symmetryabouttheplanethroughthecenterof mass,
normalto thevector.

algorithmsto computethere�ective symmetrymeasurefor all planesthroughthecenterof massof a 3D model,and

(3) we presentexperimentalresultsevaluatingthe utility of re�ective symmetrydescriptorsfor representationand

retrieval of 3D shapes.In our tests,we �nd thatthere�ective symmetrydescriptorsarecompetitive with othershape

descriptorscommonlyusedfor matching3D polygonalmodels.We also�nd that they provide a characterizationof

3D modelsorthogonalto otherdescriptors,whichallows themto becombinedwith existingmethodsto providemore

discriminatingmulti-classi�ers.

2 RelatedWork

Existingapproachesfor re�ectivesymmetrydetectionhavemainlyfocusedon�nding perfectsymmetriesof shapes[6,

7]. Earlywork in thisareais basedonef�cient substringmatchingalgorithms(e.g.,[15]), takingadvantageof thefact

thatacircularstring, � , is re�ectivelysymmetricpreciselywhen � appearsasasubstringof ��������� (theinversionof the

concatenationof � with itself). However, sincesubstringmatchingis inherentlya binaryquestion,thesealgorithms

canonly �nd perfectsymmetriesandareunstablein thepresenceof noiseandimprecision.Thus,they arenotsuitable

for mostshaperegistrationandmatchingapplications.

In the caseof voxel grids, methodsfor symmetrydetectionhave usedthe covariancematrix [11, 12], taking

advantageof thefactthateigenspacesof thecovariancematrix mustbeinvariantunderthesymmetriesof themodel.

Thesemethodsareef�cient andwork in all dimensions.But, they havethedisadvantagethatthey only work whenthe

eigenspacesof thecovariancematrixareall one-dimensional,which is notalwaysthecase.In thecaseof thecube,for

example,thecovariancematrix is a constantmultiple of theidentity, everyvectoris aneigenvector, andno candidate

axesof symmetrycanbedetermined.Additionally, thecovariancematrix canonly identify candidateaxesanddoes
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not determinea measureof symmetry. So, furtherevaluationneedsto beperformedto establishthequality of these

candidatesasaxesof symmetry. Methodsfor symmetrydetectionin 2D usingmorecomplex momentsandFourier

decompositionhavealsobeendescribed[8, 9, 10, 13], thoughtheirdependenceontheability to representanimageas

a functionon thecomplex planemakesthemdif�cult to generalizeto three-dimensions.

In thework mostsimilar to ours,Marola[8] presentsa methodfor measuringsymmetryinvarianceof 2D images.

However, becauseof its useof autocorrelation,themethodcannotbeextendeddirectly to three-dimensionalobjects.

In relatedwork,Zabrodsky, Peleg andAvnir [16, 2] de�ne acontinuoussymmetrydistancefor pointsetsin any dimen-

sion.However, it reliesontheability to �rst establishpointcorrespondences,whichis generallydif�cult. Additionally,

while themethodprovidesawayof computingthesymmetrydistancefor anindividualplaneof re�ection, it doesnot

provideanef�cient algorithmfor characterizinga shapeby its symmetrydistanceswith respectto multiple planes.

Ourwork differsfrom previousresearchonsymmetrydetectionin thatweaimto constructashapedescriptorthat

canbeusedfor matching,recognition,andclassi�cationof 3D shapes.In this respect,ourgoalsaresimilar to thoseof

prior workonshaperepresentationsfor retrievalandanalysis(see[17, 18, 19, 20, 21] for surveys).There,thechallenge

is to �nd a shapedescriptorthat is: (1) quick to compute,(2) conciseto store,(3) easyto index, (4) invariantunder

similarity transforms,(5) insensitive to noiseandsmall extra features,(6) independentof 3D objectrepresentation,

tessellation,or genus,(7) robust to arbitrary topologicaldegeneracies,and(8) discriminatingof shapesimilarities

anddifferences.Recentapproacheshave beenbasedon probabilitydistributions(e.g.,[22, 23,24, 25, 26, 27]), part-

basedestimation(e.g.,[28, 29, 30, 31]), skeletaldecomposition(e.g.,[32, 33, 34]), andindexing of local features

(e.g.,[35, 36]).

Among theseexisting shaperepresentations,our work is mostrelatedto the shapedescriptorsthat mapthe 3D

shapeof anobjectto a sphericaldomain.SomeexamplesincludeExtendedGaussianImages[37], OrientationHis-

tograms[10], SphericalExtentFunctions[38], andSphericalAttribute Images[39, 40]. However, theseprior ap-

proachesmap local surfacefeatures(surfaceorientation,curvature,etc.) to pointson a sphere,and thus they are

sensitive to noisein 3D surfacedata. In contrast,our re�ective symmetrydescriptormapsglobal features(integrals

over theentiresurface)to eachpoint on a sphere,which providesmorestability anddescriptive power (asis shown

theoreticallyin Section8 andempiricallyin Section9).

3 Overview of the Approach

Ourapproachis to representtheshapeof a3D modelwith asphericalfunctionthatassociatescontinuousmeasuresof

re�ective invarianceof a3D modelwith respectto everyplanethroughits centerof mass.Thepotentialadvantagesof

thisapproacharethree-fold.First,it is de�nedoveracanonical2D domain(thesphere),andthusit providesacommon

parameterizationfor arbitrary3D modelsthatcanbeusedfor alignmentandcomparison.Second,it characterizesthe
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Figure2: An outlineof our approach:(0) If the modelis given aseitherpoint setsor collectionsof polygons,we �rst de�ne a
voxel representationthatcharacterizesthemodel.(1) For every planepassingthroughthemodel's centerof masswe computehow
similar themodelis to its re�ection. (2) We combinethedifferentsymmetrydistancesto generatea sphericalfunctiondescribing
themeasureof themodel'ssymmetries.(Theimageontheright is avisualizationof there�ectivesymmetrydescriptorswith points
on thecircle scaledin proportionto themeasureof symmetryof themodelwith respectto thecorrespondingre�ection.)

globalshapeof theobjectandit is insensitive to noiseandothersmallperturbationsin a 3D model.Thusit is suited

for matchingwhole objects(asis neededfor searchingdatabasesof 3D objects). Finally, it describesthe shapeof

an objectin termsof its symmetryfeatures,which provide distinguishingshapeinformationfor many objects(look

aroundyour of�ce andconsiderclassifyingobjectsbasedon their symmetries).This approachis quitedifferentfrom

existingshapedescriptors,andthusweexpectit to beusefulin conjunctionwith otherrepresentations.

Thebasicstepsof ourapproachareoutlinedin Figure2: (0) If themodelisgivenaseitheracollectionof points,ora

surface,we�rst computea3D voxel representationcharacterizingthemodel.(1) Thenfor everyplanepassingthrough

its centerof mass,we computethe re�ective symmetrydistanceof themodelwith respectto theplane– a measure

of how similar it is to its re�ection. (2) Next, we combinethedistancesto obtainthere�ective symmetrydescriptor

– a function on the spherethat associatesto eachvector measuresof the re�ective symmetryof the model with

respectto theperpendicularplane.(3) Finally, wecomputethemeasureof similarity betweentwo re�ectivesymmetry

descriptorsby takingtheir �
� -distanceand,usethis asa measureof similarity for matchingandclassi�cationof 3D

models.

In thefollowing sections,we investigatethespeci�c issuesof de�ning, computing,andusingre�ectivesymmetry

descriptors.Section4 introducesanew de�nition for symmetrydistancethatmeasurestheinvarianceof a3D function

with respectto re�ection aboutany plane.Sections5 and6 describealgorithmsfor computingthere�ectivesymmetry

descriptoref�ciently . Section7 providesawayto transformcommonlyavailable3D objectrepresentations(e.g.,a list

of unconnectedpolygons)into 3D functionssuitableasinput to ouralgorithms.Section8 provestheoreticalproperties

of there�ectivesymmetrydescriptorandSection9 presentsexperimentsto evaluatetheutility of re�ectivesymmetry

5



descriptorsin practice.Finally, Section10containsa brief summaryandadissussionof topicsfor futurework.

4 De�nition of the Symmetry Distance

The �rst issuewe mustaddressis to de�ne a measureof symmetryfor a 3D modelwith respectto a plane. While

previouswork hasproposedsymmetrymeasuresfor 2D imagesand3D point sets[6, 7, 2], we seeksucha measure

for arbitrary3D functions(e.g.,representedon voxel grids). In this section,we show thatthemeasureof a function's

re�ective symmetrycanbe de�ned as the ��� -differencebetweenthe model and its re�ection (up to scalefactor).

Thespeci�c contribution is our descriptionof thesymmetrydistanceasthelengthof a projectionontoa subspaceof

functions.This interpretationallowsusto provevaluablepropertiesof re�ectivesymmetrydescriptorsin Section8.

We de�ne thesymmetrydistanceof a functionwith respectto a givenplaneof re�ection asthe ��� -distanceto the

nearestfunctionthat is invariantwith respectto there�ection. More formally, for a function
�

anda re�ection � we

write thesymmetrydistance(SD)as:

SD�

���

� ��� 	�

�

��� �������������

�����

���

Using the factsthat the spaceof functionsis an inner productspaceandthat the functionsthat are invariantto

re�ection about � de�ne a vectorsubspace,it follows that thenearestinvariantfunction
�

is preciselytheprojection

of
�

ontothesubspaceof invariantfunctions.Thatis, if we de�ne  

� to betheprojectionontothespaceof functions

invariantundertheactionof � andwe de�ne  "!

� to betheprojectionontotheorthogonalsubspacethen:
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sothatthesymmetrydistanceof
�

with respectto � is the lengthof theprojectionof
�

ontoa subspaceof functions

indexedby � .

In order to computean explicit formulationof the projectionof
�

onto the spacefunctionsinvariantunderthe

actionof � , weobservethatre�ectionsareorthogonaltransformations(thatis, they preservetheinnerproductde�ned

on the spaceof functions). This observation lets us apply a theoremfrom representationtheory[41] statingthat a

projectionof a vectorontothesubspaceinvariantundertheactionof anorthogonalgroupis theaverageof thevector

over thedifferentelementsin thegroup.Thus,in thecaseof a function
�

andare�ection � , weget:
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(1)

so that up to a scalefactor the symmetrydistanceis simply the �
� -differencebetweenthe initial function and its

re�ection.

As an example,Figure3 demonstratesthis processof projectionby averaging. The imageon the left shows a

pictureof JackieChan. The imageon the right is theclosestimagethat is symmetricwith respectto the gray line.

It is obtainedby averagingtheoriginal with its re�ection aboutthegray line. The �*� -differencebetweenthesetwo
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imagesis themeasureof thesymmetryof theinitial imagewith respectto re�ection aboutthegrayline. Equivalently,

accordingto Equation1, thesymmetrydistanceis half the � � -distancefrom theoriginal imageto its re�ection.

Figure3: An imageof JackieChan(left) andits projectiononto thespaceof imagesinvariantunderre�ection throughthegray
line (right). Theimageon theright is obtainedby averagingtheimageon theleft with its re�ection aboutthegrayline.

5 Computation of the Re�ective Symmetry Descriptor

Givena 3D function
�

, we de�ne its re�ective symmetrydescriptorasa 2D functionon thespaceof planesthrough

theorigin (indexedby their unit normals),describingtheproportionof
�

that is symmetricwith respectto re�ection

abouta givenplaneandtheproportionof
�

thatis anti-symmetric:

RSD�

���

�

���
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�
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��

where  �� is theprojectiononto thespaceof functionsinvariantunderre�ection abouttheplanepassingthroughthe

origin, perpendicularto � , and  "!

�

is theprojectionontotheorthogonalcomplement.

To computethere�ective symmetrydescriptorof a 3D model,we �rst convert it into a densityfunctionsampled

on a 3D voxel grid (asdescribedin Section7). This allows us to leveragethe FastFourier Transformto compute

the re�ective symmetrydescriptorin 
 ������������� � time for an ��������� voxel grid anda goodmultiresolution

approximationin 
 ������������� � time (asdescribedin Section6). This providesa substantialimprovementover the

bruteforce 
 ����� � algorithm,whichperforms
 ����� � computationsfor eachof 
 � �

�

� planes.

In thefollowingsubsections,wedescribehow to computethere�ectivesymmetrydescriptoref�ciently by showing

that thesymmetrydistancesfor all planespassingthroughtheorigin canbecomputedwithout explicitly computing

there�ection of thefunctionabouteveryplane.First,weshow how theFastFourierTransformcanbeusedto compute

thesymmetrydistancesof a functionde�ned on theboundaryof acircle (Section5.1). Second,weshow how thecase

of afunction
�

de�nedontheinteriorof aunit diskcanbereducedto thecaseof afunctiononacircleby decomposing
�

into a collectionof functionsde�ned on concentriccircles(Section5.2). Third, througha collectionof mappings

we show how to reducethequestionof �nding thesymmetrydistancesof a functionon thesurfaceof a sphereto the
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questionof �nding thesymmetrydistancesof a functionon a disk (Section5.3). Finally, we show how thesymmetry

distancesof a 3D functionrepresentedasa voxel grid canbecomputedby decomposingthegrid into a collectionof

concentricspheresandapplyingthemethodsfor computingthesymmetrydistancesona sphere(Section5.4).

5.1 Functionson a Cir cle

We begin our discussionby looking at functionson theboundaryof a circle. For a givenfunction
�

��� � on thecircle

andall re�ections � we would like to computethe symmetrydistanceof
�

with respectto � . Denotingby ��� the

re�ection abouttheline throughtheorigin with angle � andusingthefactthatthis re�ection mapsa pointwith angle

� to thepointwith angle
(

�

�

� (seeFigure4) we canapplyEquation1 to obtain:

SD�
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� �
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� �
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�

�

� �
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�

���
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�

�

�

�

�

�#� -norm
� ��� �

�

�

�

�

(

�

convolution term
� ��� �

�

���




�

��� �

�

�

(

�

�

� �

(

�

�

This formulationprovidesanef�cient methodfor computingall thesymmetrydistancesof a functionde�ned ona

unit circle becausewe canusetheFastFourierTransformto computethevalueof theconvolution termfor all angles

� in 
 ��� ������� � time,where� representsthenumberof times
�

is sampledon thecircle.

Figure4: Re�ection about� mapsapoint with angle � to thepoint with angle ������� .

5.2 Functionson a Disk

As with functionsona circle,wewould like to computethesymmetrydistancesof a functionon theinteriorof a disk

with respectto all re�ections aboutlines throughthe origin. To computethe symmetrydistances,we observe that

thesere�ections�x circlesof constantradius,andhencethesymmetriesof a functionde�ned onadiskcanbestudied

by looking at therestrictionof the function to concentriccircles. Figure5 shows a visualizationof this process:the

imageof Supermanis decomposedinto concentriccircles,andthesymmetrydistancesof theimagearecomputedby

combiningthesymmetrydistancesof thedifferentcircularfunctions.
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Figure5: Thesymmetrydistancesof a2D imagecanbeobtainedby decomposingtheimageinto concentriccirclesandcomputing
all thesymmetrydistancesfor eachof thecircles.

To make this observationexplicit, we reparameterizethefunction
�

���

���

� into polarcoordinatesto getthecollec-

tion of functions ���

���
	

with:

�

� �

��� �#�

�

���
� �����

�

�
� 
 � � �

�

where ����� �

�

&�� and ����� �

�

(

 

� , andwe set �
� to be the re�ection aboutthe line throughthe origin with angle � .

UsingEquation1 andapplyingtheappropriatechangeof variableswe get:

SD�

���

�
�

���

�

���




SD
�

���

��� �

�
�

���

�

�

showing thatwecantakeadvantageof theef�cient methodfor computingthesymmetrydistancesof a functionon the

circle to obtainan 
 ���

�

� � � � � algorithmfor computingthesymmetrydistancesof an � � � image.

This methodis similar to the methodpresentedin the works of Marola andSunet al. [8, 10] in its useof au-

tocorrelationasa tool for re�ective symmetrydetection. The advantageof our formulation is that it describesthe

relationshipbetweenautocorrelationandanexplicit notionof symmetrydistance,de�ned by the �
� inner-productof

theunderlyingspaceof functions,andprovidesa methodfor generalizingthede�nition of symmetrydistanceto 3D.

5.3 Functionson a Sphere

Next, we look at functionson thesurfaceof asphere.To computethere�ectivesymmetrydistancesof a functionona

sphere,for all planespassingthroughtheorigin, we �x a North poleandrestrictour attentionto thoseplanespassing

throughit. The symmetrydistancesof the restrictedsetof re�ections canbe ef�ciently computedby breakingup

thefunctioninto its restrictionsto theupperandlower hemisphereandprojectingeachof theserestrictionsto a disk.

Figure6(left) shows a visualizationof this processfor the restrictionto theupperhemisphere.Note that re�ections

throughplanescontainingtheNorthpolemaptheupperhemisphereto itself andcorrespondto re�ectionsaboutlines

in theprojectedfunction.

In particularif weparameterizethespherein termsof sphericalcoordinates:

�

� �

�

� �#�"!#� �$�%�

�

� 
 �&�&� �����

�

� 
 �'�'� 

� ��(
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Figure6: To computethesymmetrydistancesof a functionde�ned on thesphere,for all planespassingthroughtheNorth pole,
we observe that theseplanarre�ections correspondto re�ections aboutlines in the projectedfunctions(left). We observe that a
greatcirclemustintersecteveryplanethroughtheorigin (right) soletting theNorthpolevaryover agreatcircleandcomputingthe
projectionatevery stepwe obtainthesymmetrydistancefor all planes.

with � � � �

�

 

� and ��� � �

�

(

 

� , the restrictionto the upperhemispherecorrespondsto the restriction � � � �
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�

(

� .

Unfolding therestrictionof
�

to theupperhemispherealonglinesof constantlatitudegivesa function �

���
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a diskof radius 

�

(

:

�

�
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�
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� �

�

� � �

�
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 �'�
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(wherethe factorof � � 
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�

� is the changeof variablenecessaryfor the integrationbelow). We obtain �

���

, the

projectionof the lower hemisphere,in a similar fashion.Letting �
� representboththere�ection of thesphereabout

theplanethroughtheNorth polewith constantangleof longitude � andthere�ection of thedisk abouttheline with

angle � weget:

SD�

���

� � �#�

	

SD
�

�
�

�
�

�

��� �

)

SD
�

�
�

��� �
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sothatwith thecorrectparameterizationandscalingof theprojections,thesymmetrydistancefor there�ection ��� can

beobtainedfrom thesymmetrydistancesof theprojectionsof
�

. (Note that ratherthandoinga trueprojectiononto

theplaneperpendicularto theNorth pole,we actuallyunfold thehemispherein termsof its anglesof latitude. This

allows usto avoid thesamplingproblemsthatwould otherwiseresultdueto a vanishingJacobianneartheboundary

of thedisk.)

In orderto computethesymmetrydistancesfor all planesthroughtheorigin, not just thosepassingthroughthe

North pole,we usethefact that if we �x a greatcircle on thesphere,any planethroughtheorigin mustintersectthe

greatcircle in at leasttwo points(Figure6(right)). This allowsusto computethesymmetrydistancesof all planesby

walking (half of) thegreatcircleandateachpointprojectingontoadisk to computethesymmetrydistancesfor those

planescontainingthecurrentNorthpole.Sincethesymmetrydistancesof theprojectionontoadiskcanbecomputed

in 
 � �

�

������� � and sincewe perform 
 � � � suchprojections,this methodgives an 
 � ��� ������� � algorithm for

computingthesymmetrydistancesof a functionon thesphere,sampledat 
 ���

�

� points.
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5.4 Functionson a VoxelGrid

Finally, we addressthe problemof computingsymmetrydistanceson a regular � � � � � voxel grid. As in

Section5.2,we canusethefactthatre�ections �x lengthsto transformthis probleminto a problemof computingthe

symmetrydistancesof a collectionof functionsde�ned on concentricspheres.In particular, if
�

is a functionde�ned

in the interior of a unit ball, thenwe decompose
�

into a collectionof functions � �

� � 	

where
�

� �

is a functionde�ned

on the unit sphereand �

���

��� ���

�

����� � . After changingvariables,the measureof symmetryof
�

with respectto a

re�ection � becomes:

SD�

���

� ���

�

� �




SD
�

� �
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�

�

�

andwe obtainthevalueof thesymmetrydescriptorof
�

asa combinationof thevaluesof thesymmetrydescriptors

of thefunctions � �

���
	

de�ned on thesphere,giving an 
 � ��������� � � algorithmfor computingthesymmetrydistances

of an � � � � � voxel model.

6 Multir esolutionApproximation

Our algorithm for computingthe symmetrydistancestakes 
 � ��������� � � time at full resolution. However, using

Fourierdecompositionof therestrictionof thefunctionto raysthroughtheorigin, weareableto computeagoodmul-

tiresolutionapproximationin 
 ����� ����� � � time. Thisapproximationis usefulin mostapplicationsbecausesymmetry

describesglobalfeaturesof a modelandis apparentevenat low resolutions.

Given a function
�

de�ned on the set of points with radiuslessthan or equal to & we decompose
�

into the

collectionof one-dimensionalfunctionsby �xing rays throughthe origin andconsiderthe restrictionof
�

to these

rays. This givesa collectionof functions ���

���#	

, indexedby unit vectors� , with �

���

�

�

���

�

�

�

� �

�

and
�

� � �

�

& � (where

thefactorof
�

is thechangeof variablenecessaryfor integrationbelow). Expandingthefunctions �

���

in termsof their

trigonometricseriesweget:
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Theadvantageof thisdecompositionis thatthefunctions�




��� � and
�




��� � arefunctionsde�ned on thesphere,provid-

ing a multiresolutiondescriptionof theinitial function
�

. Applying theappropriatechangeof variablesandletting �

denotea re�ection abouta planethroughtheorigin weget:
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Thusa lowerboundapproximationto thesymmetrydistancescanbeobtainedin 
 � �
�

������� � timeby only usingthe

�rst few of theFouriercoef�cient functions�


 and
�


 .
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7 Voxelization of 3D Models

Our algorithmfor computinga re�ective symmetrydescriptortakesa voxel modelasits input. In orderto beableto

useit for ageneralclassof shapes,(andnot just densityimagesor modelswith awell de�ned interiorandexterior), it

is �rst necessaryto beableto transformanarbitrary3D modelinto a 3D functionsampledonaregularvoxel grid.

Sincewe computethe symmetrydistanceby comparingthe initial modelwith its re�ection, we choosea voxel

representationthatdescribesnot only wherethepointson themodelare,but alsohow far anarbitrarypoint is from

themodel.Furthermore,thevaluesof thevoxel grid shouldfall off to zerofor voxelsfurtherfrom themodel,allowing

us to treatthevoxel grid asa samplingof a compactlysupportedfunctionandto restrictthedomainover which we

integrate. To addresstheseissueswe de�ne the voxel grid asa samplingof an exponentiallydecayingEuclidean

DistanceTransform.In particular, givena model � wede�ne theimplicit function ��� by:

�
�

� � �#�������

�

�
	

�

�

� � �

�

�

�

�

(2)

where	

�
��� � is theEuclideanDistanceTransform,giving thedistancefrom � to thenearestpoint on themodel � :

	

�
� � �#� 	�

�

��


�

�

�

� �

�

�

and
�

� is theaveragedistancefrom apoint on � to thecenterof mass.

In practice,we computetheimplicit function �
�

��� � by �rst rasterizingthetriangles,line segments,or pointsof a

3D modelinto an � � � � � voxel grid andthenapplyingthe 
 ����� � algorithmof Saitoet al.[42] to computethe

exponentiallydecayingdistancetransform.

Theadvantageof usingthisdistancefunctionrepresentationis thatit allowsusto computethere�ectivesymmetry

descriptorfor a wideclassof models,includingmodelsthatarenot topologicallyconsistent,modelsthathavecracks,

andmodelsthat have �ipped triangles. Figure7 shows �fteen models(above) with their correspondingre�ective

symmetrydescriptors(underneath).Thedescriptorswerecomputedwithout �rst reconstructingasolid representation

or manifoldsurface.Notealsothat thedescriptorsvary from modelto model,with differentpatternsof undulations

andsharppeaks,demonstratingthat thesymmetrydescriptoris a rich function,capableof describinglargeamounts

of informationaboutshape.
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Figure7: Fifteendifferentmodels(above)with visualizationsof theirre�ectivesymmetrydescriptors(underneath),demonstrating
thevariability andrichnessof thedescriptor. Thevisualizationis obtainedby scalingunit vectorson thesphereby thevalueof the
re�ective symmetrydescriptorat thevector. (Thoughthere�ective symmetrydescriptoris de�ned asa pair of functions,in these
imagesweonly show the�rst function– giving lengthof theprojectionontothere�ectively symmetricsubspace.Thevisualization
of thesecondfunctionwould look likeaninversionof theoneshown, peakingwherethe�rst hasvalleys,andhaving valleyswhere
the�rst peaks.)
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8 Propertiesof the Re�ectiveSymmetry Descriptor

In additionto beinga functionthat is bothparameterizedover a canonicaldomainanddescribesa modelin termsof

its symmetries,there�ectivesymmetrydescriptorhasseveralprovablepropertiesthatarevaluablefor shapeanalysis:

8.1 Stability

The re�ective symmetrydescriptoris stablein the presenceof high-frequency noise. To seethis, we rewrite the

symmetrydistanceof a function
�

, de�ned onacircle, in termsof its Fouriercoef�cients:

SD�
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�

This equationdemonstratesthat the contribution of differentfrequenciesto thesymmetrydistancedependsonly on

their Fouriercoef�cients. In contrast,shapedescriptorsthat involve computationof modelderivatives,eitherasnor-

malsor gradients([37, 10]), have thepropertyof amplifying thecontributionof high-frequency components,making

themunstablein thepresenceof high-frequency noise.

8.2 Globality

The differencein the re�ective symmetrydescriptorsof two differentfunctions
�

and
�

, with
�

�

�

�

�

�

�

�

& , at

anypoint providesa boundfor the ��� -differenceof thetwo functions.Theexplicit proof of this boundderivesfrom

the fact that the valuesof the re�ective symmetrydescriptorof a unit-normfunction areequalto the lengthsof its

projectionsontotwo orthogonalsubspaces.Sinceweknow thatfor any projection andany vectors� and � wehave
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�

so that thedifferencein thevaluesof two symmetrydescriptorsat a singlepoint providesa lower boundfor the �
� -

differenceof the correspondingmodels. Consequently, the ��� -differenceof thedescriptorsprovidesa meaningful

anddiscriminatingmeasurefor modelsimilarity. (The � � difference,by contrast,averagesthedifferenterrors,and

providesa lowerboundthatis lesstight.)

8.3 Even Splitting

The re�ective symmetrydescriptorcanbe describedasa speci�c instanceof a moregeneralphenomenon:Given

somespace� (in our casetheunit sphere)andgivena mappingthatassociatesto eachpoint � �	� somesubspaceof
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functions(in our case� mapsto thespaceof functionsinvariantunderre�ection abouttheplane,passingthroughthe

origin, perpendicularto � ) thenonecande�ne a functiondescriptorby setting:

Descriptor�

���

� � �

�

�

 �� �

�

�

�

�

�

�

�

�

 !

�

�

�

�

�

�

�

� �

where � is theprojectionontothespaceof functionsindexedby � , and  !

�

is theorthogonalprojection.

In orderfor this descriptorto bevaluable,it is desirablethat thesubspaceindexedby � andtheorthogonalcom-

plementto this spacehaveroughlythesamedimension.(If, for example,thespaceindexedby � is theentirespaceof

functions,thenthedescriptoris equalto �

&

�

� � for all � , andis not informative.)

There�ective symmetrydescriptorhasthepropertythat if we restrictourselvesto looking at bandlimited func-

tions,thenthedimensionsof thetwo spacesareroughlyequal.For example,if we look at thespaceof bandlimited

functionson the sphere( � � �

� ), with bandwidth � , then thesefunctionsarespannedby the basisof spherical

harmonics:

�

�

�

����� �




� � �$� � �

	

where�
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	�� ,
�

�

	
��	

�

, and
�

�


 is theassociatedLegendrepolynomial.If, without lossof generality, we let �

bethere�ection abouttheplaneperpendicularto the � -axis,thenthespaceof functionsinvariantundertheactionof

� , andits orthogonalcomplementarespannedby:

� � �$� ��� � �
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with dimensions���
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(

and � ���

)
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(

respectively.

8.4 ScaleInvariance

There�ectivesymmetrydescriptoris invariantto threedifferenttypesof scaling:

1. Function ScaleInvariance: Givena3D function
�

, if thefunction
�

is de�ned as:

�

��� �#���

�

��� �

thenthere�ective symmetrydescriptorsof
�

and
�

areequal.To show this we usethefactthatprojectionsare

linearandthat
�

�

�

�

��� ���

�

�

�

to get:
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Thisshowsthatthere�ectivesymmetrydescriptorremainsunchangedwhenwe scaletheinput voxel valuesby

aconstantfactor.

15



2. Domain ScaleInvariance: Givena3D function
�

, if thefunction
�

is de�ned as:

�

��� �#�

�

� � � �

thenthere�ectivesymmetrydescriptorsof
�

and
�

areequal.To show thiswenotethatif � is a re�ection about

any planethroughtheorigin and �

�

�  

�

�

�

� is theprojectionof
�

onto thespaceof functionsinvariantunder

re�ection by � , then �

�

is thenearest� -invariantfunctionto
�

. Sinceit is alsotruethat �

�

� � � � is � -invariant,it

followsthat:
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Similarly, wecanreversetheargumentto get:

�

 

!�

�

�

�

�

�

�

 !

�

�

�

�

�

� ���

�

�

Thus,we get:
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Thisshowsthatthere�ectivesymmetrydescriptoris independentof theresolutionof theinput voxel grid.

3. Model ScaleInvariance: Givena 3D shape� , if theshape
�

is obtainedby scaling � by � ,
�

� � � , thenthe

re�ectivesymmetrydescriptorsof � and
�

areequal.To show thiswe �rst recallthattheimplicit functionused

for computingthere�ectivesymmetrydescriptorof � is de�ned as:

� � ��� � � � � � �
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where 	

� ��� � is theEuclideandistancetransformof � , and
�

� is theaveragedistancefrom pointson � to the

centerof mass.Usingthefactthat
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� , andusingthefactthat:

	

�

��� �#� �

	

� � �

�

� �

weget:

�

�

��� �#�������

�

�
	

�

�

��� �

�

�

�

�

�������

�

�

�

�

	

�

�

���

�

� �

�

�

�

�

�

�

��� � ���

�

� �

�

Thus,from thedomainscaleinvarianceproperty, it follows thatthere�ectivesymmetrydescriptorsof � and
�

areequal– i.e., there�ectivesymmetrydescriptoris independentof thescaleof theinput 3D model.
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9 Experimental Results

While the propertiesdescribedin Section8 indicatethat the re�ective symmetrydescriptormay be well suitedfor

shapeanalysistasksin theory, it is necessaryto demonstratethatthesepropertiestranslateinto desirablepropertiesin

practice.This sectionpresentsexperimentsusedto investigatethefollowing questions:

� How stableis thedescriptorif noiseis addedto themodel?

� How robustis thedescriptorwith respectto pointsampling?

� How quickly doesthemultiresolutionapproximationconvergeto thedescriptor?

� How well doesthedescriptorclassifymodels?

� How orthogonalis there�ectivesymmetrydescriptorto otherdescriptors?

For thepurposesof theseexperiments,there�ective symmetrydescriptorof a polygonalmodelwascomputedby

rasterizingthemodelinto a
���

�

���

�

���

voxel grid. Themodelsweretranslatedsothatthecenterof masswasat the

centerof thevoxel grid, andthey wererescaledso that theaveragedistanceof a point on themodelfrom thecenter

wasonequartertheresolutionof thegrid (we foundthattwice theaveragedistanceto thecenterof masswasa more

stablemeasureof theextentof amodelthanits boundingradius).There�ectivesymmetrydescriptorswerecomputed

on an800MHz Athlon processorwith 512MB of RAM. Thepolygonalmodelstook between�

�

(

and �

�

�

secondsto

rasterizefor polygoncountsrangingfrom 20 to 120,000;theexponentiateddistancetransformtook &

�

(

seconds;and,

thedescriptorof thevoxel grid took
�

secondsto compute.

9.1 Noise

In order to test whetherthe re�ective symmetrydescriptoris stablein the presenceof noise,we took the 12 dif-

ferentpolygonalmodelsshown in Figure8 andperturbedtheir verticesby differentfrequency functionsat different

Figure8: Twelve polygonalmodelsusedfor stability testing.(Trianglesarecoloredby normaldirection.)
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amplitudes.Figure9 showsimagesof amugperturbedatdifferentfrequencieswith its correspondingExtendedGaus-

sianImage[37], OrientationHistogram[10], andre�ective symmetrydescriptor. TheEGI wascomputedby binning

surfacenormalsin proportionto area:

EGI ���

���

���

�

�

���

��� �

�

� �

�

�

while the OrientationHistogramwas obtainedby computingthe voxel representationof the polygonalmodel (as

describedin Section7) Equation2 andbinningthegradientsin proportionto their lengths:

OH �

�����

���

�

�

�

���

�

���

�

�

���

�

�

�

�

where
� �

is anapproximationto thedeltafunctionat
�

, � �

�

� is thefunctiongiving thesurfacenormalat thepoint � ,

and
�

� �

is thegradientof
�

at thepoint � . (Both theEGI andOrientationHistogramweresmoothedby convolving

with a low bandwidth sphericalGaussianin orderto eliminatenoise.)Wechosetheserepresentationsbecausethough

they capturelocal information,they aresimilar to there�ectivesymmetrydescriptorin thatthevalueateverypointon

thesphererepresentsanintegrationover theentiremodel.

To evaluatethe stability of eachshaperepresentation,we normalizedthe descriptorsso that they had ��� -norm

equal to 1, and computedthe ��� -differencebetweenthe descriptorsof the initial and noisy models. In order to

comparethedifferentresultsto eachother, wealsocomputedthestandarddeviationin thedescriptorsof 1890models.

We thende�ned the measureof stability asthe �
� -differencebetweenthe initial andnoisy models,divided by the

twice standarddeviation in descriptors.Figure10 shows a plot of the error asa function of amplitude(given asa

fractionof theboundingradius),for threedifferentfrequencies.Throughoutthedifferentperturbationsthere�ective

symmetrydescriptoris morestablethaneithertheOrientationHistogramor theExtendedGaussianImage.Also,since

differentiationhasthepropertyof amplifyinghighfrequency information,theEGI (whichdependsonthecomputation

of surfacenormals)becomeslessstableathigherfrequencies.Similarly, if wewereto addnoiseto thevoxelgrid itself,

we would �nd that the OrientationHistogrambecomeslessstableat higher frequency. Meanwhile,the re�ective

symmetrydescriptorwould remainstable.

9.2 Point Sampling

We further testedthe robustnessof the re�ective symmetrydescriptorby evaluatinghow ef�ciently the re�ective

symmetrydescriptorof a discretepoint samplingconvergesto the re�ective symmetrydescriptorof thesurface. To

testthis for a givenmodel � , we generatedpoint sets �	� consistingof � randomlyplacedsampleson thesurface

of � (asdescribedin [27]). We thencomputedthe �
� -differencebetweenthedescriptorsof � andthedescriptorsof

�
� , anddividedby twice thestandarddeviation in descriptors.Figure12showstheresultsof ourexperimentsfor the

re�ectivesymmetrydescriptorandOrientationHistograms,averagedover the12differentmodelsshown in Figure8,

wherethevalueof � rangedfrom &

�$� to &

(��

�#� , while Figure11 showsa visualizationof theseresultsforonemodel
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Figure9: A mugwith noiseaddedto it at frequencies3, 6, and9 andamplitudeequalto ������� -th of theboundingradius(�rst row),
theEGI of themodels(secondrow), theOrientationHistogramof themodels(third row), andthere�ectivesymmetrydescriptorof
themodels(bottomrow).

Figure10: Plotsshowing thestabilityof theExtendedGaussianImage,OrientationHistogram,andre�ectivesymmetrydescriptor
at differentfrequencies,asa functionof theamplitudeof thenoise.Stability wasmeasuredby computingthedifferencebetween
thedescriptorsof theinitial andnoisymodels,anddividing by twice thestandarddeviation in descriptors.
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(a table). Note thatevenwhenusinga small numberof samples,the re�ective symmetrydescriptorof thepoint set

accuratelyapproximatesthere�ective symmetrydescriptorof themodel.We �nd thattheOrientationHistogram,by

contrast,is lessstableandconvergesto theOrientationHistogramof the initial modelmoreslowly. Therobustness

of there�ective symmetrydescriptorto point samplingindicatesthatit canbeusedevenwhentheinitial input to the

modelis a samplingof pointsfrom a surfaceof model(for examplewhenthedatais obtainedby scanning)anddoes

not requirethatthepoint set�rst betriangulated.

Figure11: A polygonalmodelof a table(right) pointsampledwith 400,1600and6400points,andthecorrespondingOrientation
Histograms(middlerow) andre�ective symmetrydescriptors(bottomrow).

Figure12: A plot showing thestability of theOrientationHistogram,andre�ective symmetrydescriptorat differentpoint sam-
plings. Stability wasmeasuredby computingthedifferencebetweenthedescriptorsof the initial andpoint-sampledmodels,and
dividing by twice thestandarddeviation descriptors.
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9.3 Multir esolutionApproximation

In Section6, we showed that an ef�cient approximationto the re�ective symmetrydescriptorcanbe obtainedby

computingthere�ectivesymmetrydescriptorusingonly the�rst few Fouriercoef�cients. In this section,we evaluate

how quickly themultiresolutionapproximationconvergesto thetruere�ectivesymmetrydescriptorin practice.Table1

gives the error of the re�ective symmetrydescriptorfor different frequency approximations,averagedover the 12

modelsshown in Figure8. As in the previous sections,error is de�ned by computingthe ��� -differencebetween

the full descriptorandthe approximation,andthendividing by twice the standarddeviation in re�ective symmetry

descriptors.Figure13showsavisualizationof this result– abiplaneandthere�ectivesymmetrydescriptorsobtained

by usingthe�rst 2, 4, 6, and8 Fouriercoef�cient functions.Notethatwhile thedescriptorobtainedusing4 Fourier

coef�cient functionshasmorepronouncedpeaksthanthedescriptorobtainedusing2 coef�cient functions,it is barely

distinguishablefrom thedescriptorobtainedusing6 coef�cient functions.

FourierApproximation
( � � �

&

� Full Descriptor
�

Error
���

�

&

�

�

�

�

&

� �
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�

�

Time(seconds)
(
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� � (

�

���

�

�
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�

�
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� �

�

�

�

�

�

���

Table1: Resultsshowing thestability of there�ective symmetrydescriptorat differentapproximations.Stability wasmeasured
by computingthe ��� -differencebetweenthefull re�ective symmetrydescriptorandtheapproximatingdescriptor, anddividing by
thetwice standarddeviation in descriptors.Timing resultsincludethetime for rasterizationandcomputationof theexponentially
decayingEuclideanDistanceTransform.

Figure13: An airplaneandapproximationsto its re�ective symmetrydescriptorobtainedusing,2, 4, 6, and8 Fourierfunctions,
with thecorrespondingtime for computation.

9.4 Retrieval

In this experiment,we aim to testwhetherour re�ective symmetrydescriptoris usefulfor retrieval andclassi�cation

tasks.We ran a seriesof experimentsin which eachmodelin a databasewasmatchedwith all othersandanalyzed

how well thecomputedrankscorrelatewith ahuman'sclassi�cationof themodels.

For this experiment,we useda testdatabasewith 1890modelsof “household”and“miscellaneous”objectspro-

videdby Viewpoint [43]. Themodelscontainbetween120and120,392triangles,with anaverageof 3504triangles
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per object. Modelswereclusteredinto 85 classesbasedon functionalsimilarities, largely following the grouping

providedby Viewpoint. Thesmallestclasshad5 models,thelargesthad153models,and610modelsdid not �t into

any meaningfulclass.Examplesof tendifferentclassesareshown in Figure14.

We chosethis databasefor our testsbecauseit providesa representative repositoryof 3D polygonalmodels,and

it is dif�cult for shape-basedretrieval. In particular, severaldistinctclassescontainmodelswith very similar shapes.

For example,thereare� ve separateclassesof chairs(153 dining room chairs,10 deskchairs,5 directorchairs,25

living roomchairs,and6 loungechairs).Meanwhile,thereareclassesspanninga wide varietyof shapes(e.g.,plates

of food,bottles,etc.).Thus,thedatabasestressesthediscriminationpowerof ourre�ectivesymmetrydescriptorwhile

testingit undera varietyof conditions. Furthermore,sincethe modelswereconsistentlyalignedby Viewpoint in a

commoncoordinateframe,we wereableto testthediscriminatorypower of differentshapedescriptorsindependent

of anautomaticalignmentmethod(e.g.,principalaxes).

153dining roomchairs 25 living roomchairs 8 chests 16beds 12dining tables

36 endtables 39vases 28bottles 9 chandeliers 5 candelabra

Figure14: Samplesfrom tenrepresentative classesfrom theViewpoint “household”and“miscellaneous”database(imagescour-
tesyof Viewpoint [43]).

In this experiment,we comparedtheretrieval resultsof sevenalignment-dependentshapematchingmethods:

� RSD� : � � -differenceof there�ectivesymmetrydescriptors

� RSD� : �
� -differenceof there�ectivesymmetrydescriptors

� EGI: �
� -differenceof theExtendedGaussianImages,ascomputedin [37]

� OH: �
� -differenceof theOrientationHistograms,ascomputedin [10]

� EXT: �
� -differenceof theSphericalExtentFunctions,ascomputedin [38]

� MOM : �
� -differenceof themomentsup to order7, ascomputedin [44]

� VOXEL : �
� -differenceof thevoxel model,asdescribedin Section7 Equation2
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Figure15showstheretrieval resultsof thesedifferentmethods.Eachcurveplotsprecisionversusrecall,averaged

over all classi�ed modelsin the database.The plot axescan be interpretedas follows. For eachtarget model in

class� andany number� of top matches,“Recall” representstheratio of modelsin class� returnedwithin thetop

� matchesto thenumberof modelsin class � , while “Precision” indicatesthe ratio of the top � matchesthat are

membersof class� . A perfectretrieval resultwouldproduceahorizontalline alongthetopof theplot, indicatingthat

all themodelswithin thetargetobject's classarereturnedasthetop hits. Otherwise,plotsthatappearshiftedup and

to theright generallyindicatesuperiorretrieval results.

Figure15: Plotsof precisionversusrecall obtainedusing the the voxel representations(VOXEL ), SphericalExtentFunction
(EXT), re�ective symmetrydescriptorwith ��� -norm(RSD� ), re�ective symmetrydescriptorwith � � -norm(RSD� ) Orientation
Histograms(OH), Moments(MOM ), andExtendedGaussianImages(EGI).

Notethatsincethere�ectivesymmetrydescriptoris afunctionwhosevalueateachpointcharacterizesglobalshape

properties,usingthe � � -difference(which givesthe maximumerror betweendescriptors)providesbetterretrieval

resultsthenusingthe � � -difference(whichgivesan ��� -averageof thedifferenterrors).By contrast,theotherspherical

descriptors(EXT, EGI andOH) characterizelocal shapeinformationandperformlesswell whenthe �
� -difference

is used. In particular, we found that with the � � -difference,SphericalExtentFunctionsgave precisionresultsthat

wereon average
� �

�

worse,OrientationHistogramsgave precisionresultsthat wereon average
( �

�

worse,and

ExtendedGaussianImagesgaveprecisionresultsthatwereonaverage&

�

�

worse.

While the re�ective symmetrydescriptordoesnot provide thebestprecisionrecall results,it is competitive with

a numberof commonlyusedshapedescriptors.However, moreimportantly, there�ective symmetrydescriptormea-

suresglobal symmetriesratherthanlocal features, andthus it describesshapein a mannerorthogonalto the other

descriptors.To testwhetherwecanleveragethisdistinctionempirically, wetookall pairwisecombinationsof thefour

bestclassi�cationmethods,andtestedwhetherthe productof their similarity measuresgave betterretrieval results

thaneithermethodalone.Improvementwascomputedby averagingthepercentageof precisionimprovementoverall

recallvalues.Table2 givestheresultsof theexperiment,with eachentrygiving thepercentageimprovementobtained
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usingthe combinationof descriptorsindexedby the columnandrow, over just usingthe descriptorindexedby the

column.For example,theentryin the�rst columnandsecondrow indicatesthatthecombinationof SphericalExtent

FunctionsandOrientationHistogramsgivesprecisionresultsthat areon average
(

�

�

betterthanusingthe Spheri-

cal ExtentFunctionalone,while theentry in the third columnandsecondrow indicatesthat combiningOrientation

Histogramswith thevoxel basedmethodgivesresultsthatare
(

�

worsethanusingthevoxel basedmethodalone.

We have found that for eachdescriptor, combiningit with the re�ective symmetrydescriptorprovidesa better

classi�cationmethod.Figure16 shows someof theprecision/recallplotsof thedifferentpairwisecombinationsand

comparesthem to the plot of the voxel basedmethod,which gives the bestresultsalone. (We do not show the

combinationswith the voxel basedmethod,because,asTable2 indicates,no methodcombineswell with it.) It is

particularly interestingto note that thoughthe re�ective symmetrydescriptorand the OrientationHistogramboth

representanabstractionof informationfrom a singlevoxel grid, anddo not carryenoughinformationto reconstruct

the model, the combinationof thesetwo descriptorsperformsbetter in classi�cation experimentsthen the direct

comparisonof thevoxel grids.

EXT OH VOXEL RSD�

EXT �

�

�

�

�

�

(

�

( (

�

OH
(

�

�

�

�

�

�

�

(��

�

VOXEL &

�

�

(

�

�

�

�

&

�

�

RSD
� ���

� ��� � � � � �

Table2: Comparisonof thepairwisecombinationsof differentmatchingmethods.Theentryin agivencolumnandrow describes
the percentageimprovementthe combinationof the descriptorsindexed by the columnand row, over just using the descriptor
indexedby thecolumn.

Figure16: Plotsof precisionversusrecall obtainedusingcombinationsof differentmethods.The plots includeSphericalEx-
tentFunctions,with OrientationHistogramandre�ective symmetrydescriptors(EXT-OH-RSD � ), OrientationHistogramswith
re�ective symmetrydescriptors(OH-RSD

�
), SphericalExtent Functionswith re�ective symmetrydescriptors(EXT-RSD

�
),

SphericalExtentFunctionswith OrientationHistograms(EXT-OH), anda plot of the descriptorthatgave thebestresultsin the
previousclassi�cationexperiment(VOXEL ).
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10 Conclusionand Futur e Work

In this paper, we have introducedthe re�ective symmetrydescriptor, a function associatingmeasuresof re�ective

invarianceof a 3D modelwith respectto every planethroughthecenterof mass.It hasseveraldesirableproperties,

includingparameterizationoveracanonicaldomain,stability, globality, andinvarianceto scale,thatmakeit usefulfor

shapeanalysistasks.We haveshown how to computeit ef�ciently andconductedexperimentsthatshow it is a stable

descriptorthatperformswell in classi�cationexperiments,especiallyin conjunctionwith othercommondescriptors.

This work suggestsa numberof questionsto be addressedin future research:(1) Canthe symmetrydescriptor

beusedfor othershapeanalysistasks,suchasregistrationandindexing? (2) Canothertheoreticalpropertiesof the

descriptorbe proven,suchasshowing when3D modelscanhave thesamedescriptor?(3) Is theglobality property

of the re�ective symmetrydescriptorsuf�ciently powerful to allow it to be usedwith randomizedshapeanalysis

algorithms,(e.g.ef�cient algorithmsthatmakedecisionsaboutalignmentandclassi�cationby only sparselysampling

thedescriptor)?Answersto thesequestionswill furtherour understandingof how symmetryde�nesshape.
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