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Abstract

Computingre ective symmetrief 2D and3D shapess a classicalproblemin computervision andcomputa-
tional geometry Most prior work hasfocusedon nding the mainaxesof symmetry or determiningthatnoneexists.
In this paperwe introducea new re ective symmetrydescriptorthatrepresenta measuref re ective symmetryfor
anarbitrary3D modelfor all planesthroughthe models centerof mass(evenif they arenot planesof symmetry).
The main bene ts of this new shapedescriptorarethatit is de ned over a canonicalparameterizatioiithe sphere)
anddescribeglobal propertiesof a 3D shape.We shav how to obtaina voxel grid from arbitrary3D shapesand,
usingFouriermethodswe presentainalgorithmthatcomputeghe symmetrydescriptorin timefor an

voxel grid andcomputesa multiresolutionapproximationn time. In our initial experi-
ments,we have foundthatthe symmetrydescriptoris insensitve to noiseandstableunderpoint sampling.We have
alsofoundthatit performswell in shapematchingtasks,providing a measuref shapesimilarity thatis orthogonal
to existing methods.
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1 Intr oduction

Detectingsymmetryin 3D modelsis awell studiedproblemwith applicationsn alargenumberof areasFor instance,
theimplicit redundang in symmetricmodelsis usedto guidereconstructioiil, 2], axesof symmetryprovideamethod
for de ning acoordinatesystenfor modeld3], andsymmetriesreusedfor shapeclassi cationandrecognition[4, 5].

Despiteits intuitive appeal,global symmetryhasbeenundetutilized in computeraidedshapeanalysis. Most
previous methodshave focusedonly on discretedetectionof symmetries- i.e., classifyinga modelin termsof its
symmetrygroups(eithera modelhasa symmetry or it doesnot) [16, 2, 6, 7, 8,9, 10, 11, 12, 13]. Accordingly, they
provide limited informationaboutthe overall shapeof anobject,andthey arenot very usefulfor shapeghathave no
symmetries.In contrast,n the contet of shapeanalysiswe believe thatit is just asimportantto know thata model
doesnot have a particularsymmetry asit is to know thatit does.The objective of ourwork is to de ne a continuous
measuref re ective symmetryfor any planeanduseit to build a conciseshapesignaturethatis usefulfor matching
andclassi cationof 3D objects.

Our approachis to de ne a re ective symmetrydescriptor (RSD) asa 2D function that gives the measureof
invarianceof a modelwith respecto re ection abouteachplanethroughthe model's centerof mass.Thekey ideais
thatthe measuref symmetrywith respecto any planeis animportantfeatureof anobject's shapegvenif the plane
doesnot correspondo a perfectre ective symmetryof the shape.As an example,considerfFigure 1, which shavs
there ective symmetrydescriptordor a car, cube,andchair (the visualizationshavs eachpoint on the unit sphere
scaledin proportionto the similarity of the modelto its re ection over a perpendiculaplanethroughthe centerof
mass).Note thatevery point on the re ective symmetrydescriptorprovidesa measureof global shapewherepeaks
correspondo the planesof nearre ective symmetry andvalleys correspondo the planesof nearanti-symmetry For
example,thedescriptorof the chairhasstrongpeakscorrespondingo its nearperfectleft-right symmetry aswell as
lessprominentoff-axis peakscorrespondindo the planeshatre ect the backof thechairinto the seat.Meanwhile,it
hasvalleysrepresentinghelack of top-bottomre ective symmetry In contrastthe carhaspeakscorrespondingdo its
left-right, front-back,andtop-bottomnearsymmetries Due to the global natureof the re ective symmetrymeasure,
a large differencein the valuesfor a single planeprovides a provableindication that two modelsare signi cantly
different.In this example the carandthe chaircanbe distinguishedecausehey have differenttop-bottomre ective
symmetrymeasuresBy capturingsymmetrymeasure$or mary planesin a concisestructurede ned on a canonical
parameterizatiofithe sphere)we canmatchandindex modelsef ciently (with comparisons)providing a basis
for shape-basegktrieval, classi cation,andrecognitionof 3D models.

In this paper we describeour researchn de ning, computing,andusingre ective symmetrydescriptorsThisis
anextendedversionof aposteratECCV 2002[14]. In thiswork, we make thefollowing contritutions: (1) wede ne a

continuougmeasurdor there ective symmetryof a 3D functionwith respecto a givenplane,(2) we provide ef cient
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Figure 1: A visualizationof the re ective symmetrydescriptorfor a car, a cube,anda chair The visualizationis obtainedby
scalingunit vectorson the spherein proportionto the measuref re ective symmetryaboutthe planethroughthe centerof mass,
normalto thevector

algorithmsto computethe re ective symmetrymeasurdor all planesthroughthe centerof massof a 3D model,and
(3) we presentexperimentalresultsevaluatingthe utility of re ective symmetrydescriptorsfor representatiormnd
retrieval of 3D shapesln ourtestswe nd thatthere ective symmetrydescriptorsarecompetitve with othershape
descriptorcommonlyusedfor matching3D polygonalmodels.We also nd thatthey provide a characterizatiomf

3D modelsorthogonato otherdescriptorsyhich allows themto be combinedwith existing methodgo provide more

discriminatingmulti-classi ers.

2 RelatedWork

Existingapproachefor re ective symmetrydetectiorhave mainlyfocusedon nding perfectsymmetrieof shape$6,
7]. Earlywork in this areais basedn ef cient substringmatchingalgorithms(e.g.,[15]), takingadwantageof thefact
thatacircularstring, ,isre ectively symmetricpreciselywhen appearssasubstringof (theinversionof the
concatenatiomf with itself). However, sincesubstringmatchingis inherentlya binary question thesealgorithms
canonly nd perfectsymmetrieandareunstablan the presencef noiseandimprecision.Thus,they arenotsuitable
for mostshaperegistrationandmatchingapplications.

In the caseof voxel grids, methodsfor symmetrydetectionhave usedthe covariancematrix [11, 12], taking
adwantageof the factthateigenspacesf the covariancematrix mustbe invariantunderthe symmetriesof the model.
Thesemethodsareef cient andwork in all dimensionsBut, they have thedisadwantagehatthey only work whenthe
eigenspacesf thecovariancanatrix areall one-dimensionalyhichis notalwaysthecase.In thecaseof thecube for
example,the covariancematrix is a constanimultiple of theidentity, every vectoris an eigervector andno candidate

axesof symmetrycanbe determined.Additionally, the covariancematrix canonly identify candidateaxesanddoes



not determinea measuref symmetry So, further evaluationneedsto be performedto establishthe quality of these
candidatesmsaxesof symmetry Methodsfor symmetrydetectionin 2D using more complex momentsand Fourier
decompositiomave alsobeendescribed8, 9, 10, 13], thoughtheirdependencentheability to represenainimageas
afunctiononthecomple planemakesthemdif cult to generalizeo three-dimensions.

In thework mostsimilar to ours,Marola[8] presentsa methodfor measuringsymmetryinvarianceof 2D images.
However, becausef its useof autocorrelationthe methodcannotbe extendeddirectly to three-dimensionabbjects.
In relatedwork, Zabrodsly, Peleg andAvnir [16, 2] de ne acontinuousymmetndistancefor pointsetsin any dimen-
sion.However, it reliesontheability to rst establistpointcorrespondenceshichis generallydif cult. Additionally,
while the methodprovidesa way of computingthe symmetrydistancedor anindividual planeof re ection, it doesnot
provide anef cient algorithmfor characterizinga shapeby its symmetrydistancesvith respecto multiple planes.

Ourwork differsfrom previousresearclon symmetrydetectionin thatwe aim to constructa shapedescriptorthat
canbeusedfor matchingrecognitionandclassi cationof 3D shapesin thisrespectpur goalsaresimilar to thoseof
prior work onshapeepresentationf®r retrieval andanalysiqse€g17, 18, 19, 20, 21] for surweys). There thechallenge
isto nd ashapedescriptorthatis: (1) quick to compute,(2) conciseto store,(3) easyto index, (4) invariantunder
similarity transforms,(5) insensitve to noiseand small extra features(6) independentf 3D objectrepresentation,
tessellationor genus,(7) robustto arbitrary topologicaldegeneraciesand (8) discriminatingof shapesimilarities
anddifferences Recentapproachefave beenbasedon probability distributions(e.qg.,[22, 23, 24, 25, 26, 27]), part-
basedestimation(e.g.,[28, 29, 30, 31]), skeletaldecompositiorn(e.g.,[32, 33, 34]), andindexing of local features
(e.g.,[35, 36)).

Among theseexisting shaperepresentationgyur work is mostrelatedto the shapedescriptorghat mapthe 3D
shapeof anobjectto a sphericaldomain. Someexamplesinclude ExtendedGaussiaimages37], OrientationHis-
tograms[10], SphericalExtentFunctions[38], and SphericalAttribute Images[39, 40]. However, theseprior ap-
proachegmap local surfacefeatures(surfaceorientation,curvature,etc.) to pointson a sphere,andthusthey are
sensitve to noisein 3D surfacedata. In contrast,our re ective symmetrydescriptormapsglobal featureg(integrals
over the entiresurface)to eachpoint on a spherewhich providesmore stability and descriptve power (asis shavn

theoreticallyin Section8 andempiricallyin Section9).

3 Overview of the Approach

Ourapproachis to representhe shapeof a 3D modelwith a sphericafunctionthatassociatesontinuousneasuresf
re ectiveinvarianceof a 3D modelwith respecto every planethroughits centerof mass.The potentialadvantage ®f
thisapproactarethree-fold.First,it is de ned overacanonicalD domain(thesphere)andthusit providesacommon

parameterizatiofor arbitrary3D modelsthatcanbeusedfor alignmentandcomparisonSecondjt characterizethe
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Figure2: An outline of our approach:(0) If the modelis given aseitherpoint setsor collectionsof polygons,we rst de ne a
voxel representatiothatcharacterizethemodel. (1) For every planepassinghroughthe model's centerof masswve computehowv
similar the modelis to its re ection. (2) We combinethe differentsymmetrydistancego generate sphericafunction describing

themeasuref themodels symmetries(Theimageontheright is avisualizationof there ective symmetrydescriptorsvith points
onthecircle scaledn proportionto the measuref symmetryof the modelwith respecto the correspondinge ection.)

global shapeof the objectandit is insensitve to noiseandothersmall perturbationsn a 3D model. Thusit is suited
for matchingwhole objects(asis neededor searchingdatabasesf 3D objects). Finally, it describeghe shapeof
an objectin termsof its symmetryfeatureswhich provide distinguishingshapeinformationfor mary objects(look
aroundyour of ce andconsiderclassifyingobjectsbasedon their symmetries) This approachs quite differentfrom
existing shapedescriptorsandthuswe expectit to beusefulin conjunctionwith otherrepresentations.

Thebasicstepsf ourapproactareoutlinedin Figure2: (0) If themodelis givenaseitheracollectionof points,ora
surfacewe rst computea 3D voxel representationharacterizinghemodel. (1) Thenfor every planepassinghrough
its centerof mass,we computethe re ective symmetrydistanceof the modelwith respecto the plane— a measure
of how similarit is to its re ection. (2) Next, we combinethe distancedo obtainthere ective symmetrydescriptor
— a function on the spherethat associateso eachvector measure®f the re ective symmetryof the model with
respecto the perpendiculaplane.(3) Finally, we computeéhemeasuref similarity betweertwo re ective symmetry
descriptordy takingtheir  -distanceand,usethis asa measuref similarity for matchingandclassi cationof 3D
models.

In thefollowing sectionsywe investigatehe speci ¢ issuef de ning, computing,andusingre ective symmetry
descriptorsSectiond introducesanew de nition for symmetrydistancehatmeasuregheinvarianceof a 3D function
with respecto re ection aboutary plane.Sectionss and6 describealgorithmsfor computingthere ective symmetry
descriptoref ciently . Section7 providesaway to transformcommonlyavailable3D objectrepresentationg.g.,alist
of unconnectegolygons)into 3D functionssuitableasinputto ouralgorithms.Section8 provestheoreticaproperties

of there ective symmetrydescriptorandSection9 present&xperimentgo evaluatethe utility of re ective symmetry



descriptorsn practice.Finally, Section10 containsa brief summaryanda dissussiorof topicsfor futurework.

4 De nition of the Symmetry Distance

The rst issuewe mustaddresss to de ne a measureof symmetryfor a 3D modelwith respectto a plane. While
previouswork hasproposedsymmetrymeasuresor 2D imagesand 3D point sets[6, 7, 2], we seeksucha measure
for arbitrary3D functions(e.g.,representedn voxel grids). In this section,we shawv thatthe measuref a function's
re ective symmetrycanbe de ned asthe -differencebetweenthe modelandits re ection (up to scalefactor).
The speci ¢ contrikution is our descriptionof the symmetrydistanceasthe lengthof a projectiononto a subspacef
functions.This interpretatiorallows usto prove valuablepropertiesof re ective symmetrydescriptorsn Section8.

We de ne the symmetnydistanceof a functionwith respecto a givenplaneof re ection asthe -distanceo the
nearesfunctionthatis invariantwith respecto there ection. More formally, for afunction andare ection we
write the symmetrydistancgSD) as:

SD

Using the factsthat the spaceof functionsis aninner productspaceandthat the functionsthat areinvariantto
re ection about de ne avectorsubspacei follows thatthe nearesinvariantfunction is preciselythe projection
of ontothesubspacef invariantfunctions.Thatis, if wede ne  to bethe projectionontothe spaceof functions

invariantundertheactionof andwede ne  to betheprojectionontotheorthogonakubspac¢hen:
SD

sothatthe symmetrydistanceof with respecto is thelengthof the projectionof ontoa subspacef functions
indexedby

In orderto computean explicit formulation of the projectionof  onto the spacefunctionsinvariantunderthe
actionof , weobsenethatre ectionsareorthogonatransformationgthatis, they preseretheinnerproductde ned
on the spaceof functions). This obsenation lets us apply a theoremfrom representatiotheory[41] statingthata
projectionof a vectorontothe subspacénvariantunderthe actionof anorthogonalgroupis the averageof the vector

overthedifferentelementsn thegroup. Thus,in thecaseof afunction andare ection ,weget:
SD - _ Q)

so that up to a scalefactorthe symmetrydistanceis simply the  -differencebetweenthe initial function andits
re ection.

As an example,Figure 3 demonstratethis processof projectionby averaging. The imageon the left shavs a
picture of JackieChan. Theimageon the right is the closestimagethatis symmetricwith respecto the gray line.

It is obtainedby averagingthe original with its re ection aboutthe grayline. The -differencebetweenthesetwo



imagess themeasuref the symmetryof theinitial imagewith respecto re ection aboutthegrayline. Equivalently,

accordingto Equationl, the symmetrydistances halfthe  -distancerom the originalimageto its re ection.

f 7y ()

Figure3: An imageof JackieChan(left) andits projectiononto the spaceof imagesinvariantunderre ection throughthe gray
line (right). Theimageontheright is obtainedby averagingtheimageon theleft with its re ection aboutthegrayline.

5 Computation of the Re ective Symmetry Descriptor

Givena 3D function , we de ne its re ective symmetrydescriptorasa 2D function on the spaceof planesthrough
the origin (indexed by their unit normals),describingthe proportionof  thatis symmetricwith respecto re ection

abouta givenplaneandthe proportionof thatis anti-symmetric:

SD sSD

RSD

where is the projectiononto the spaceof functionsinvariantunderre ection aboutthe planepassinghroughthe
origin, perpendiculato ,and s theprojectionontothe orthogonacomplement.
To computethere ective symmetrydescriptorof a 3D model,we rst corvertit into a densityfunction sampled

on a 3D voxel grid (asdescribedn Section7). This allows usto leveragethe Fast Fourier Transformto compute

the re ective symmetrydescriptorin time for an voxel grid anda good multiresolution
approximationin time (asdescribedn Section6). This providesa substantiaimprovementover the
bruteforce algorithm,which performs computationdor eachof planes.

In thefollowing subsectionsye describehow to computehere ective symmetrydescriptoref ciently by showving
thatthe symmetrydistancedor all planespassinghroughthe origin canbe computedwithout explicitly computing
there ection of thefunctionaboutevery plane.First,we shav how the FastFourier Transformcanbeusedto compute
thesymmetrydistance®f afunctionde ned ontheboundaryof a circle (Section5.1). Secondwe shov how the case
of afunction de nedontheinteriorof aunitdiskcanbereducedo thecaseof afunctiononacircle by decomposing

into a collectionof functionsde ned on concentriccircles(Section5.2). Third, througha collectionof mappings

we shov how to reducethe questionof nding the symmetrydistance®f a functionon the surfaceof a sphereto the



guestionof nding the symmetrydistance®f afunctionon a disk (Section5.3). Finally, we shav how the symmetry
distance®f a 3D functionrepresentedsa voxel grid canbe computedoy decomposinghe grid into a collectionof

concentricspheresandapplyingthe methodsor computingthe symmetrydistance®n a sphergSection5.4).

5.1 Functionsona Circle

We beggin our discussiorby looking at functionson the boundaryof a circle. For a givenfunction onthecircle
andall re ections we would like to computethe symmetrydistanceof  with respecto . Denotingby  the
re ection abouttheline throughthe origin with angle andusingthefactthatthisre ection mapsa pointwith angle

to the pointwith angle (seeFigure4) we canapply Equationl to obtain:

-norm convolutionterm

SD —

This formulationprovidesanef cient methodfor computingall the symmetrydistance®f afunctionde nedona
unit circle becausave canusethe FastFourier Transformto computethe valueof the corvolution termfor all angles

in time,where representthenumberof times is sampledonthecircle.

Figure4: Re ectionabout mapsapointwith angle tothepointwith angle

5.2 Functionson a Disk

As with functionson acircle, we would lik e to computethe symmetrydistance®f afunctionon theinterior of adisk
with respectto all re ections aboutlines throughthe origin. To computethe symmetrydistanceswe obsene that
thesere ections x circlesof constantadius,andhencethe symmetrief afunctionde ned onadisk canbestudied
by looking at the restrictionof the functionto concentriccircles. Figure5 shows a visualizationof this processithe
imageof Supermaris decomposeghto concentriccircles,andthe symmetrydistance®f theimagearecomputedoy

combiningthe symmetrydistance®f the differentcircularfunctions.
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Figure5: Thesymmetrydistance®f a 2D imagecanbeobtainedby decomposingheimageinto concentriccirclesandcomputing
all thesymmetrydistancedor eachof thecircles.
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To make this obsenationexplicit, we reparameterizéhe function into polarcoordinatego getthe collec-

tion of functions with:

where and , andwe set  to bethere ection abouttheline throughthe origin with angle .

Using Equationl andapplyingthe appropriatechangeof variableswe get:

SD SD

shaving thatwe cantake advantageof the ef cient methodfor computingthe symmetrydistance®f afunctiononthe
circleto obtainan algorithmfor computingthe symmetrydistance®f an image.

This methodis similar to the methodpresentedn the works of Marolaand Sunetal. [8, 10] in its useof au-
tocorrelationas a tool for re ective symmetrydetection. The advantageof our formulationis thatit describeghe
relationshipbetweerautocorrelatiorandan explicit notionof symmetrydistancede ned by the  innerproductof

theunderlyingspaceof functions,andprovidesa methodfor generalizinghe de nition of symmetrydistanceto 3D.

5.3 Functionsona Sphere

Next, we look atfunctionson the surfaceof a sphere.To computethere ective symmetrydistance®f afunctionona

spherefor all planespassinghroughtheorigin, we x aNorth poleandrestrictour attentionto thoseplanespassing
throughit. The symmetrydistanceof the restrictedsetof re ections canbe ef ciently computedby breakingup

thefunctioninto its restrictionsto the upperandlower hemispherendprojectingeachof theserestrictionsto a disk.

Figure 6(left) shawvs a visualizationof this procesdor the restrictionto the upperhemisphere Note that re ections

throughplanescontainingthe North pole mapthe upperhemispheréo itself andcorrespondo re ectionsaboutlines

in the projectedfunction.

In particularif we parameteriz¢he spheren termsof sphericakoordinates:



Figure6: To computethe symmetrydistance®f a functionde ned on the spherefor all planespassinghroughthe North pole,
we obsere thattheseplanarre ections correspondo re ections aboutlinesin the projectedfunctions(left). We obsere thata
greatcircle mustintersecievery planethroughthe origin (right) soletting the North polevary over a greatcircle andcomputingthe
projectionat every stepwe obtainthe symmetrydistancefor all planes.

with and , therestrictionto the upperhemisphereorrespondso the restriction
Unfolding therestrictionof  to the upperhemispheralonglinesof constantatitudegivesafunction de nedon

adisk of radius

(wherethe factor of is the changeof variablenecessaryor the integrationbelow). We obtain , the
projectionof thelower hemispherein a similar fashion.Letting  represenboththere ection of the sphereabout
the planethroughthe North polewith constant@angleof longitude andthere ection of thedisk abouttheline with

angle weget:

SD SD SD

sothatwith thecorrectparameterizatioandscalingof theprojectionsthesymmetrydistancdor there ection  can
be obtainedfrom the symmetrydistanceof the projectionsof . (Notethatratherthandoinga true projectiononto

the planeperpendiculato the North pole, we actuallyunfold the hemispherén termsof its anglesof latitude. This

allows usto avoid the samplingproblemsthatwould otherwiseresultdueto a vanishingJacobiamearthe boundary
of thedisk.)

In orderto computethe symmetrydistancedor all planesthroughthe origin, not just thosepassingthroughthe
North pole, we usethe factthatif we x agreatcircle onthe sphereary planethroughthe origin mustintersecthe
greatcircle in atleasttwo points(Figure6(right)). This allows usto computethe symmetrydistance®f all planesby
walking (half of) the greatcircle andat eachpoint projectingontoa disk to computethe symmetrydistancegor those
planescontainingthe currentNorth pole. Sincethe symmetrydistance®f the projectionontoa disk canbe computed
in and sincewe perform suchprojections,this methodgives an algorithm for

computingthe symmetrydistance®f afunctionon the spheresamplecat points.

10



5.4 Functionson a Voxel Grid

Finally, we addresghe problemof computingsymmetrydistanceson a regular voxel grid. As in
Section5.2,we canusethefactthatre ections x lengthsto transformthis probleminto a problemof computingthe
symmetrydistance®f a collectionof functionsde ned on concentricspheresin particularif  is afunctionde ned
in theinterior of a unit ball, thenwe decompose into a collectionof functions where is afunctionde ned
on the unit sphereand . After changingvariables,the measureof symmetryof with respecto a

re ection becomes:

SD SD

andwe obtainthe valueof the symmetrydescriptorof asacombinationof the valuesof the symmetrydescriptors
of thefunctions de ned onthespheregiving an algorithmfor computingthe symmetrydistances

of an voxel model.

6 Multir esolution Approximation

Our algorithm for computingthe symmetrydistancesakes time at full resolution. However, using
Fourierdecompositiorof therestrictionof thefunctionto raysthroughthe origin, we areableto computea goodmul-
tiresolutionapproximatiorin time. Thisapproximatioris usefulin mostapplicationsoecaussymmetry
describegylobalfeaturesof amodelandis apparentevenatlow resolutions.

Given a function de ned on the setof pointswith radiuslessthanor equalto we decompose into the
collection of one-dimensionafunctionsby xing raysthroughthe origin and considerthe restrictionof to these
rays. This givesa collectionof functions , indexed by unit vectors , with and (where
thefactorof is thechangeof variablenecessarjor integrationbelon). Expandingthefunctions  in termsof their

trigonometricserieswe get:

Theadwantageof this decompositioris thatthefunctions and arefunctionsde ned onthesphereprovid-
ing a multiresolutiondescriptionof theinitial function . Applying the appropriatechangeof variablesandletting

denoteare ection abouta planethroughthe origin we get:

SD SD SD SD

Thusalower boundapproximatiorto the symmetrydistancesanbe obtainedn time by only usingthe

rst few of the Fouriercoefcient functions and

11



7 Voxelization of 3D Models

Our algorithmfor computinga re ective symmetrydescriptortakesa voxel modelasits input. In orderto be ableto
useit for ageneraklassof shapes(andnotjust densityimagesor modelswith awell de ned interior andexterior), it
is rst necessaryo beableto transformanarbitrary3D modelinto a 3D functionsampledon aregularvoxel grid.
Sincewe computethe symmetrydistanceby comparingthe initial modelwith its re ection, we choosea voxel
representatiothat describesiot only wherethe pointson the modelare,but alsohow far anarbitrarypointis from
themodel. Furthermorethevaluesof thevoxel grid shouldfall off to zerofor voxelsfurtherfrom the model,allowing
usto treatthe voxel grid asa samplingof a compactlysupportedunction andto restrictthe domainover which we
integrate. To addresgheseissueswe de ne the voxel grid asa samplingof an exponentiallydecayingEuclidean

DistanceTransform.In particular givenamodel wede ne theimplicit function  by:

— )

where is the EuclidearDistanceTransform giving the distancdrom  to the nearespoint onthe model

and istheaveragedistancgrom apointon to thecenterof mass.

In practice we computetheimplicit function by rst rasterizingthetrianglesJine sgmentsor pointsof a
3D modelinto an voxel grid andthenapplyingthe algorithmof Saitoetal.[47] to computethe
exponentiallydecayingdistanceransform.

Theadwantageof usingthis distance€unctionrepresentatiois thatit allows usto computethere ective symmetry
descriptorfor awide classof models,ncludingmodelsthatarenottopologicallyconsistentmodelsthathave cracks,
and modelsthat have ipped triangles. Figure 7 shavs fteen models(above) with their correspondinge ective
symmetrydescriptor§underneath)The descriptoraverecomputedwvithout rst reconstructing solid representation
or manifold surface. Note alsothat the descriptorssary from modelto model,with differentpatternsof undulations
andsharppeaks,demonstratinghat the symmetrydescriptoris a rich function, capableof describinglarge amounts

of informationaboutshape.

12
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Figure7: Fifteendifferentmodels(abore) with visualizationsof theirre ective symmetrydescriptor§underneath)demonstrating
thevariability andrichnessof the descriptor The visualizationis obtainedby scalingunit vectorson the sphereby the valueof the

re ective symmetrydescriptorat the vector (Thoughthere ective symmetrydescriptoris de ned asa pair of functions,in these
imageswe only shaw the rst function—giving lengthof the projectionontothere ectively symmetricsubspaceThevisualization
of thesecondunctionwould look lik e aninversionof theoneshavn, peakingwherethe rst hasvalleys,andhaving valleyswhere

the rst peaks.)
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8 Propertiesof the Re ective Symmetry Descriptor

In additionto beinga functionthatis both parameterizedver a canonicaldomainanddescribes modelin termsof

its symmetriesthere ective symmetrydescriptothasseveral provablepropertieshatarevaluablefor shapeanalysis:

8.1 Stability

The re ective symmetrydescriptoris stablein the presenceof high-frequeng noise. To seethis, we rewrite the

symmetrydistanceof afunction , de nedonacircle,in termsof its Fouriercoefcients:

SD -

This equationdemonstratethat the contribution of differentfrequenciego the symmetrydistancedependnly on
their Fouriercoefcients. In contrastshapedescriptorghatinvolve computatiorof modelderivatives,eitherasnor-
malsor gradientq[37, 10]), have the propertyof amplifying the contritution of high-frequeng componentsiaking

themunstabldn the presencef high-frequeng noise.

8.2 Globality

The differencein the re ective symmetrydescriptorsof two differentfunctions and , with , at
any point providesa boundfor the  -differenceof the two functions. The explicit proof of this boundderivesfrom
the fact that the valuesof the re ective symmetrydescriptorof a unit-normfunction are equalto the lengthsof its
projectionsontotwo orthogonakubspacesSincewe know thatfor ary projection andary vectors and wehave

and it follows that:

RSD RSD

sothatthe differencein the valuesof two symmetrydescriptorsat a single point providesa lower boundfor the -
differenceof the correspondingnodels. Consequentlythe  -differenceof the descriptorsprovidesa meaningful
anddiscriminatingmeasurdor modelsimilarity. (The  difference by contrastaverageshe differenterrors,and

providesalower boundthatis lesstight.)

8.3 Even Splitting

The re ective symmetrydescriptorcan be describedas a speci ¢ instanceof a more generalphenomenonGiven

somespace (in our casetheunit spherelandgivena mappingthatassociateto eachpoint somesubspacef

14



functions(in our case mapsto the spaceof functionsinvariantunderre ection aboutthe plane,passinghroughthe

origin, perpendiculato ) thenonecande ne afunctiondescriptoby setting:

Descriptor

where istheprojectionontothe spaceof functionsindexedby ,and istheorthogonabrojection.

In orderfor this descriptorto be valuable,it is desirablethatthe subspacéndexedby andthe orthogonalcom-
plementto this spacehave roughlythe samedimension (If, for examplethespacdndexedby is the entirespaceof
functions,thenthe descriptoiis equalto for all , andis notinformative.)

There ective symmetrydescriptorhasthe propertythatif we restrictoursehesto looking at bandlimited func-

tions, thenthe dimensionsf the two spacesareroughly equal. For example,if we look at the spaceof bandlimited

functionson the sphere( ), with bandwidth , thenthesefunctionsare spanneddy the basisof spherical
harmonics:
where , ,and istheassociatedlegendrepolynomial.lf, withoutlossof generalitywe let

bethere ection aboutthe planeperpendiculato the -axis,thenthe spaceof functionsinvariantunderthe actionof

, andits orthogonakomplemenarespannedy:

and

with dimensions and respectiely.

8.4 Scalelnvariance

There ective symmetrydescriptoris invariantto threedifferenttypesof scaling:

1. Function Scalelnvariance: Givena 3D function , if thefunction isde nedas:

thenthere ective symmetrydescriptorof and areequal.To show this we usethefactthatprojectionsare

linearandthat to get:

RSD RSD

This shavsthatthere ective symmetrydescriptoremainsunchangeavhenwe scalethe input voxel valuesby

aconstanfactor
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2. Domain Scalelnvariance: Givena 3D function , if thefunction isde nedas:

thenthere ective symmetrydescriptorof and areequal.To shaw thiswe notethatif isare ection about

ary planethroughthe origin and is the projectionof  ontothe spaceof functionsinvariantunder
re ection by ,then isthenearest -invariantfunctionto . Sinceit is alsotruethat is -invariant,it
followsthat:

Similarly, we canreversethe agumentto get:

Thus,we get:

RSD RSD

This shavsthatthere ective symmetrydescriptolis independentf theresolutionof theinput voxel grid.

3. Model Scalelnvariance: Givena 3D shape , if theshape is obtainedby scaling by , , thenthe
re ective symmetrydescriptorof and areequal.To show thiswe rst recallthattheimplicit functionused

for computingthere ective symmetrydescriptorof is de ned as:

where is the Euclideandistanceransformof ,and istheaveragedistancerom pointson to the
centerof mass.Usingthefactthat , andusingthefactthat:
we get:

Thus,from thedomainscaleinvarianceproperty it follows thatthere ective symmetrydescriptorof and

areequal-i.e.,there ective symmetrydescriptoris independenof the scaleof theinput 3D model.
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9 Experimental Results

While the propertiesdescribedn Section8 indicatethatthe re ective symmetrydescriptormay be well suitedfor
shapeanalysistasksin theory it is necessaryo demonstrat¢hatthesepropertiedranslatanto desirablgropertiesn

practice.This sectionpresent&xperimentausedto investigatehefollowing questions:

How stableis the descriptoiif noiseis addedto themodel?

How robustis the descriptomwith respecto point sampling?

How quickly doesthe multiresolutionapproximatiorcorvergeto the descriptor?
How well doesthedescriptorclassifymodels?

How orthogonals there ective symmetrydescriptoito otherdescriptors?

For the purpose®f theseexperimentsthere ective symmetrydescriptorof a polygonalmodelwascomputedoy
rasterizinghe modelinto a voxel grid. Themodelsweretranslatedothatthe centerof masswasatthe
centerof the voxel grid, andthey wererescaledso thatthe averagedistanceof a point on the modelfrom the center
wasonequartertheresolutionof the grid (we foundthattwice the averagedistanceo the centerof masswasa more
stablemeasuref theextentof amodelthanits boundingradius). There ective symmetrydescriptorsverecomputed
onan800MHz Athlon processowith 512MB of RAM. The polygonalmodelstook between and  secondso
rasterizefor polygoncountsrangingfrom 20to 120,000the exponentiatedlistancetransformtook  secondsand,

thedescriptorof thevoxel grid took secondso compute.

9.1 Noise

In orderto testwhetherthe re ective symmetrydescriptoris stablein the presenceof noise,we took the 12 dif-

ferentpolygonalmodelsshovn in Figure 8 andperturbedheir verticesby differentfrequeng functionsat different

b 2o
%')/

Figure8: Twelve polygonalmodelsusedfor stability testing.(Trianglesarecoloredby normaldirection.)
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amplitudesFigure9 shavsimagesof amugperturbedat differentfrequenciesvith its correspondingxtendedsaus-
sianlmage[37], OrientationHistogram[10], andre ective symmetrydescriptor The EGIl wascomputedby binning
surfacenormalsin proportionto area:

EGI

while the OrientationHistogramwas obtainedby computingthe voxel representatiomf the polygonalmodel (as

describedn Section7) Equation2 andbinningthe gradientsn proportionto their lengths:

OH
where is anapproximatiorto the deltafunctionat is thefunctiongiving the surfacenormalat the point ,
and is thegradientof atthepoint . (Boththe EGI andOrientationHistogramwere smoothedy corvolving

with alow bandwidth sphericalGaussiarin orderto eliminatenoise.)We chosetheserepresentationgecauséhough
they capturdocalinformation,they aresimilarto there ective symmetrydescriptoiin thatthevalueat every pointon
thesphereepresentanintegrationover theentiremodel.

To evaluatethe stability of eachshaperepresentationywe normalizedthe descriptorsso thatthey had  -norm
equalto 1, and computedthe  -differencebetweenthe descriptorsof the initial and noisy models. In orderto
comparehedifferentresultsto eachother we alsocomputedhe standardieviationin thedescriptorof 1890models.
We thende ned the measureof stability asthe -differencebetweenthe initial and noisy models,divided by the
twice standarddeviation in descriptors.Figure 10 shavs a plot of the error asa function of amplitude(givenasa
fraction of the boundingradius),for threedifferentfrequenciesThroughouthe differentperturbationghere ective
symmetrydescriptoiis morestablethaneitherthe OrientationHistogramor the ExtendedGaussiaimage.Also, since
differentiatiorhasthe propertyof amplifying high frequeng information,the EGI (whichdepend®nthecomputation
of surfacenormals)hecomedessstableat higherfrequenciesSimilarly, if wewereto addnoiseto thevoxel grid itself,
we would nd that the OrientationHistogrambecomedessstableat higherfrequeng. Meanwhile,the re ective

symmetrydescriptomwould remainstable.

9.2 Point Sampling

We further testedthe robustnesf the re ective symmetrydescriptorby evaluatinghow ef ciently the re ective
symmetrydescriptorof a discretepoint samplingcorvergesto the re ective symmetrydescriptorof the surface. To
testthis for a givenmodel , we generategointsets  consistingof  randomlyplacedsampleson the surface
of (asdescribedn [27]). We thencomputedhe -differencebetweerthe descriptorof andthedescriptorof

, anddividedby twice the standardleviationin descriptorsFigure12 showvs theresultsof our experimentgor the
re ective symmetrydescriptorandOrientationHistogramsaveragecdver the 12 differentmodelsshown in Figure8,

wherethevalueof  rangedfrom to , while Figure11 shaws a visualizationof theseresultsforonemodel
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Figure9: A mugwith noiseaddedo it atfrequencies, 6, and9 andamplitudeequalto -th of theboundingradius( rst row),
the EGI of themodels(secondow), the OrientationHistogramof the models(third row), andthere ective symmetrydescriptorof
themodels(bottomrow).

Figure10: Plotsshaving thestability of the ExtendedSaussiaiimage OrientationHistogram andre ective symmetrydescriptor
at differentfrequenciesasa function of the amplitudeof the noise. Stability was measuredy computingthe differencebetween
thedescriptorof theinitial andnoisy models,anddividing by twice the standardieviation in descriptors.
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(atable). Note thateven whenusinga small numberof samplesthere ective symmetrydescriptorof the point set
accuratelyapproximateshere ective symmetrydescriptorof the model. We nd thatthe OrientationHistogram, by
contrast,is lessstableand convergesto the OrientationHistogramof the initial modelmoreslowly. The robustness
of there ective symmetrydescriptorto point samplingindicatesthatit canbe usedevenwhentheinitial inputto the
modelis a samplingof pointsfrom a surfaceof model(for examplewhenthe datais obtainedby scanninganddoes

notrequirethatthepointset rst betriangulated.

Figurell: A polygonalmodelof atable(right) pointsampledwith 400,1600and6400points,andthe correspondingrientation
Histogramgmiddlerow) andre ective symmetrydescriptorgbottomrow).

Figure12: A plot shawing the stability of the OrientationHistogram,andre ective symmetrydescriptorat differentpoint sam-
plings. Stability wasmeasuredy computingthe differencebetweerthe descriptorof the initial and point-samplednodels,and
dividing by twice the standardleviation descriptors.
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9.3 Multir esolution Approximation

In Section6, we shaved that an ef cient approximationto the re ective symmetrydescriptorcan be obtainedby
computingthere ective symmetrydescriptousingonly the rst few Fouriercoefcients. In this sectionwe evaluate
how quickly themultiresolutionapproximatiorcorvergesto thetruere ectivesymmetrydescriptotin practice.Tablel
givesthe error of the re ective symmetrydescriptorfor differentfrequengy approximationsaveragedover the 12
modelsshavn in Figure8. As in the previous sections,erroris de ned by computingthe  -differencebetween
the full descriptorandthe approximationandthendividing by twice the standarddeviation in re ective symmetry
descriptorsFigure13 shavs avisualizationof this result— a biplaneandthere ective symmetrydescriptorobtained
by usingthe rst 2, 4, 6, and8 Fourier coefcient functions. Note thatwhile the descriptorobtainedusing4 Fourier
coefcient functionshasmorepronouncegeakshanthedescriptorobtainedusing2 coefcient functions,it is barely

distinguishabldrom the descriptorobtainedusing6 coefcient functions.

| Fourier Approximation | | | | | | Full Descriptor |

Error
Time (seconds)

Table 1: Resultsshawing the stability of the re ective symmetrydescriptorat differentapproximations Stability wasmeasured
by computingthe  -differencebetweerthefull re ective symmetrydescriptorandthe approximatingdescriptoranddividing by
the twice standarddeviation in descriptors.Timing resultsincludethetime for rasterizatiorandcomputatiorof the exponentially
decayingeuclideanDistanceTransform.

Figure13: An airplaneandapproximationgo its re ective symmetrydescriptorobtainedusing,2, 4, 6, and8 Fourierfunctions,
with the correspondingime for computation.

9.4 Retrieval

In this experiment,we aim to testwhetherour re ective symmetrydescriptoris usefulfor retrieval andclassi cation
tasks. We ran a seriesof experimentsn which eachmodelin a databasevasmatchedwith all othersandanalyzed
how well the computedankscorrelatewith a humans classi cationof themodels.

For this experiment,we useda testdatabasevith 1890 modelsof “household”and“miscellaneous’objectspro-

vided by Viewpoint [43]. The modelscontainbetween120and120,392triangles,with anaverageof 3504 triangles
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per object. Modelswere clusteredinto 85 classeshasedon functional similarities, largely following the grouping
provided by Viewpoint. The smallestclasshad5 models the largesthad 153 models,and610 modelsdid not t into
ary meaningfulclass.Examplesof tendifferentclasses@reshavn in Figure14.

We chosethis databaséor our testsbecauset providesa representatie repositoryof 3D polygonalmodels,and
it is dif cult for shape-baserktrieval. In particular severaldistinctclassesontainmodelswith very similar shapes.
For example,thereare ve separatelasseof chairs(153 dining room chairs, 10 deskchairs,5 directorchairs,25
living roomchairs,and6 loungechairs). Meanwhile thereareclassespanninga wide variety of shapege.g.,plates
of food, bottles,etc.). Thus,thedatabasstresseshediscriminationpowerof our re ective symmetrydescriptomwhile
testingit undera variety of conditions. Furthermoresincethe modelswere consistentlyalignedby Viewpointin a
commoncoordinateframe,we wereableto testthe discriminatorypower of differentshapedescriptorsndependent

of anautomaticalignmentmethod(e.g.,principalaxes).

153diningroomchairs 25living roomchairs 8 chests 16beds 12diningtables

36 endtables 39vases 28bottles 9 chandeliers 5 candelabra

Figure14: Sampledrom tenrepresentate classegrom the Viewpoint “household’and“miscellaneous’tatabas¢imagescour
tesyof Viewpoint[43]).

In this experimentwe comparedheretrieval resultsof sevenalignment-dependeshapematchingmethods:

RSD : -differenceof there ective symmetrydescriptors
RSD : -differenceof there ective symmetrydescriptors
EGI: -differenceof the ExtendedGaussianmagesascomputedn [37]

OH: -differenceof the OrientationHistogramsascomputedn [10]
EXT: -differenceof the SphericaExtentFunctionsascomputedn [38]
MOM:  -differenceof themomentaupto order7, ascomputedn [44]

VOXEL: -differenceof thevoxel model,asdescribedn Section7 Equation2
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Figure15 shavstheretrieval resultsof thesedifferentmethods Eachcurve plotsprecisionversusrecall,averaged
over all classi ed modelsin the database.The plot axes can be interpretedas follows. For eachtarget modelin
class andary number of top matches/Recall” representsheratio of modelsin class returnedwithin thetop

matchedo the numberof modelsin class , while “Precision” indicatesthe ratio of thetop  matcheghatare
memberof class . A perfectretrieval resultwould producea horizontalline alongthetop of theplot, indicatingthat
all the modelswithin the targetobjects classarereturnedasthetop hits. Otherwise plotsthatappearshiftedup and

to theright generallyindicatesuperiorretrieval results.

Figure 15: Plotsof precisionversusrecall obtainedusing the the voxel representation§VOXEL ), SphericalExtent Function
(EXT), re ective symmetrydescriptorwith -normRSD ), re ective symmetrydescriptowith  -norm(RSD ) Orientation
HistogramgOH), Moments(MOM ), andExtendedGaussiaimagesEGI).

Notethatsincethere ectivesymmetrydescriptotis afunctionwhosevalueateachpointcharacterizeglobalshape
propertiesusingthe  -difference(which givesthe maximumerror betweendescriptorsprovidesbetterretrieval
resultshenusingthe -differencgwhichgivesan -averageof thedifferenterrors).By contrasttheotherspherical
descriptor{EXT, EGI andOH) characterizéocal shapeinformationandperformlesswell whenthe  -difference
is used. In particular we found thatwith the  -difference,SphericalExtent Functionsgave precisionresultsthat
were on average worse, OrientationHistogramsgave precisionresultsthat were on average worse,and
ExtendedGaussiaimagesgave precisionresultsthatwereon average worse.

While there ective symmetrydescriptordoesnot provide the bestprecisionrecall results, it is competitive with
a numberof commonlyusedshapedescriptors However, moreimportantly the re ective symmetrydescriptormea-
suresglobal symmetriesatherthanlocal featuies andthusit describeshapein a mannerorthogonalto the other
descriptorsTo testwhethemwe canleveragethis distinctionempirically, we took all pairwisecombinationsf thefour
bestclassi cation methods,andtestedwhetherthe productof their similarity measuregave betterretrieval results
thaneithermethodalone.Improvementwascomputeddy averagingthe percentagef precisionimprovementover all

recallvalues.Table2 givestheresultsof theexperimentwith eachentrygiving the percentagénprovementobtained
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usingthe combinationof descriptorandexed by the columnandrow, over just usingthe descriptorindexed by the
column.For example theentryin the rst columnandsecondow indicateshatthe combinationof SphericaExtent
Functionsand OrientationHistogramsgives precisionresultsthat are on average betterthanusingthe Spheri-
cal ExtentFunctionalone,while the entryin the third columnandsecondrow indicatesthat combiningOrientation
Histogramswith thevoxel basedmethodgivesresultsthatare ~ worsethanusingthe voxel basednethodalone.
We have found that for eachdescriptoy combiningit with the re ective symmetrydescriptorprovidesa better
classi cationmethod. Figure 16 shavs someof the precision/recalplots of the differentpairwisecombinationsand
compareghemto the plot of the voxel basedmethod,which gives the bestresultsalone. (We do not shav the
combinationawith the voxel basedmethod,becauseas Table 2 indicates,no methodcombineswell with it.) It is
particularly interestingto note that thoughthe re ective symmetrydescriptorand the OrientationHistogramboth
represenain abstractiorof informationfrom a singlevoxel grid, anddo not carry enoughinformationto reconstruct
the model, the combinationof thesetwo descriptorsperformsbetterin classi cation experimentsthen the direct

comparisorof thevoxel grids.

| || EXT | OH |VOXEL | RSD |

EXT
OH
VOXEL
RSD

Table2: Comparisorof the pairwisecombinationsf differentmatchingmethods Theentryin agivencolumnandrow describes
the percentagemprovementthe combinationof the descriptorsindexed by the columnand row, over just using the descriptor
indexed by the column.

Figure 16: Plotsof precisionversusrecall obtainedusing combinationsof differentmethods. The plots include SphericalEx-
tent Functionswith OrientationHistogramandre ective symmetrydescriptordEXT-OH-RSD ), OrientationHistogramswith
re ective symmetrydescriptor(lOH-RSD ), SphericalExtent Functionswith re ective symmetrydescriptorEXT-RSD ),
SphericalExtentFunctionswith OrientationHistograms(EXT-OH), anda plot of the descriptorthat gave the bestresultsin the
previousclassi cationexperiment(VOXEL ).
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10 Conclusionand Future Work

In this paper we have introducedthe re ective symmetrydescriptor a function associatingneasure®f re ective
invarianceof a 3D modelwith respecto every planethroughthe centerof mass.It hasseveral desirableproperties,
including parameterizationveracanonicadomain stability, globality, andinvarianceto scale thatmale it usefulfor
shapeanalysistasks.We have shavn how to computeit ef ciently andconductedexperimentghatshaw it is astable
descriptorthatperformswell in classi cationexperimentsgspeciallyin conjunctionwith othercommondescriptors.
This work suggests numberof questiongo be addressedh future research:(1) Canthe symmetrydescriptor
be usedfor othershapeanalysistasks,suchasregistrationandindexing? (2) Canothertheoreticalpropertiesof the
descriptorbe proven, suchasshoving when3D modelscanhave the samedescriptor?(3) Is the globality property
of the re ective symmetrydescriptorsufciently powerful to allow it to be usedwith randomizedshapeanalysis
algorithms(e.g.ef cient algorithmsthatmake decisionsaboutalignmentandclassi cationby only sparselysampling

thedescriptor)?Answersto thesequestionswill furtherour understandingf how symmetryde nesshape.
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