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pix·el, n. A mischievous, magical spirit associated with screen

displays. The computer industry has frequently borrowed from

mythology: witness the sprites in computer graphics, the demons in

artificial intelligence, and the trolls in the marketing department.

— Jeff Meyer
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ABSTRACT OF THE DISSERTATION

Towards Realistic Image Synthesis of Scattering Materials

by

Craig Steven Donner

Doctor of Philosophy in Computer Science

University of California, San Diego, 2006

Professor Henrik Wann Jensen, Chair

This dissertation focuses on developing accurate yet efficient shading methods for real-

istic image synthesis of scattering, or translucent, materials. Translucent materials are

characterized by a soft “glow” when backlit, and are often mistaken for purely diffuse

materials when front-lit. This appearance is caused by the penetration and subsurface

scattering of light. Accurately and efficiently simulating light transport in these materials

is a challenging problem in computer graphics. In this dissertation, we derive the popular

diffusion dipole method widely used to simulate light transport in highly scattering mate-

rials. We analyze its strengths and weaknesses, along with the specific approximations

made along its derivation.

We then introduce the multipole method, an efficient and accurate technique that

simulates the transport of light in thin translucent slabs. It uses multiple dipoles mirrored

about the boundaries of the slab to approximate boundary conditions on the internal

radiance. We extend the multipole to model the inter-scattering of light between diffusing

layers using a novel frequency domain technique similar to Kubelka-Munk theory. The

new model accurately predicts the reflectance and transmittance of arbitrary systems of

diffusing layers. To show the accuracy and validity of the model, we compare results of

the multipole with those of Monte Carlo simulation, as well as data taken from the optics

literature, and provide various photorealistic rendered images of materials such as paint,

paper, and human skin.

xvi



As an example of a complete shading model, we also develop a new practical spectral

model for shading human skin. We model skin as a two-layer translucent material

using the multipole method. The model is driven by only four physiological parameters.

These parameters control the amount of oil, melanin, and hemoglobin in the skin, which

make it possible to match specific skin types, and also give a more intuitive control to

drive the multipole. As validation, we compare simulated reflectance spectra of skin to

actual measured data, and provide several photorealistic renderings of skin under various

lighting conditions.
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Chapter 1

Introduction

The goal of computer graphics is to develop algorithms that allow a computer to

present a visual depiction of an environment, or scene, to an observer. Typically, this

involves displaying a computer generated image via either printed medium or a display

device. These images can be combined together temporally to create films for various

purposes. Indeed, computer generated imagery has become commonplace in our daily

lives, in advertising, movies, television, journalism, games, and printed media, just to

name a few examples. One particularly important branch of computer graphics involves

generating photorealistic imagery that recreates the physical world as accurately as

possible.

Accurately describing and understanding the interaction of light with the materials

that make up our environment is key to understanding our world. In this dissertation,

we are primarily concerned with rendering photorealistic images of materials. In par-

ticular, we focus on the challenging problem of rendering images of translucent, or

scattering, materials. In this dissertation we will often interchange the terms scattering

and translucent when describing materials.

Translucent materials are all around us. For example, milk, leaves, skin, paper, clouds,

paint, coffee, and marble are all scattering materials. Scattering materials make up the

foods and liquids we eat and drink, and the materials that compose everyday objects such

as plastics and paper. These materials make up our environment, and even the various

tissues of our own bodies. The appearance of translucent materials is characterized by a

1
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“glow” when backlit (see Figure 1.2), and they often have a soft, diffuse appearance when

viewed under direct lighting.

Light has a complex interaction with translucent materials; it enters the material and

is scattered or absorbed as it propagates through. Scattering is due to light interacting

with suspended particles, such as fat globules in milk, or by undergoing high frequency

refraction, as in biological materials such as skin, or both. In some materials, such

as leaves and skin, the material may be composed of multiple layers, each with its

own optical properties. Because we are attuned to their real natural appearance, these

biological materials are a particular challenge to render accurately.

Light transport in biological materials is also of great importance in medical biology

and medical physics. Understanding how light interacts with tissue spurs the development

of therapeutic techniques, such as laser surgery [56], photodynamic therapy [130], and

direct treatment of skin disorders such as cancers and subsurface stains [115]. Models

must accurately predict the penetration, scattering, and absorption of light so as not to

damage healthy tissue. The optical properties of turbid tissue recovered from samples

can also give its physiological state [69]. In addition, models of light interaction with

tissue give insight on our bodies react to light, such as in the production of melanin in

skin after sun exposure [133].

Understanding light scattering is also important to many environmental sciences,

where models of leaf and fauna reflectance allow for remote sensing of the health and

structure of rainforests, crops, and other vegetation [33]. Scattering models also help

predict changes in temperature of the oceans and atmosphere as they scatter and absorb

the sun’s energy.

The propagation of light is in many ways similar to the propagation of other forms

of energy, such as heat. The diffusion approximation, originally developed to explain

the flight of neutrons in a nuclear fission reaction [36], has direct applicability to light

transport, and is discussed in detail in Chapter 5. Realistic, accurate models of the

scattering of these particles are critical to producing energy efficiently and safely.

In computer graphics, our focus is to produce accurate, efficient shading models for

translucent materials. Most of the previous work in rendering models has focused on

developing analytical models, but many of these models assume that light reflects only
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Figure 1.1: (a) Lambert’s model of diffuse reflection redrawn from [78]. (b) Surface

penetration and scattering of light in a translucent material.

at the surface of a material. This idea has its roots in the studies of Lambert [78], who

determined that the illumination of a rough, unpolished surface decreases with the sine of

the illumination angle. He illustrated his theory with the geometry in Figure 1.1(a), noting

that if an illuminating surface CD was rotated to the configuration EF, the brightness at

point P would decrease with the sine of angle of emanation θL = ∠PGF. The angular

dependence was later standardized by Beer [8] to be the cosine of the angle of incidence

θ . Later experiments by many researchers worldwide both supported and discounted this

simple theory of cosine dependence [128].

Zöllner [132], and later von Seeliger [119], theorized that a diffuse appearance could

be caused by subsurface penetration, and then scattering, of light (Figure 1.1(b)). They

were the first to consider the idea of subsurface scattering as the cause of a soft appearance.

In his famous investigations into the natural world, Lord Rayleigh [93] discovered that

small spherical particles, smaller than the wavelength of light, scatter light inversely

proportional to the fourth power of the wavelength in question. This simple relation

explains why the sky is blue. Lorenz, and later Mie [82], extended this to spheres of

arbitrary size embedded in a homogeneous medium. Schuster also built on Rayleigh’s

ideas to explain the scattering of light in participating media like fog [101].

By the early 20th century, it had been shown that it was physically impossible for
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Lambert and Bouguer’s models to predict the diffuse reflectance of materials [38]. Despite

this, numerous light reflectance material models in computer graphics have incorporated

the so-called “Lambert Cosine Law” [7, 11, 18, 45, 90, 109, 126, and others]. To be fair,

these models focus on modeling the specular reflection of light from a surface, effectively

ignoring the importance of translucency in the perception of materials. They were also

developed with only limited computational resources, which was likely a major driving

reason for simplicity. Still, they cannot simulate the translucent appearance of many

materials.

The affordability of computers and their increase in computational power led to the

development of Monte Carlo numerical techniques (discussed in Chapter 4), such as path

tracing [66] and packet tracing [92]. While these methods can give great accuracy, their

computational cost was, and remains, high.

Kubelka and Munk [75] introduced their theory for light transport in one dimension,

where it quickly became popular for measuring optical properties and simulating the

reflectance of pigmented materials, including leaves, skin, and paper [71]. This theory

was later introduced to computer graphics by Haase and Meyer [41], and has been used

to simulate the reflectance of various materials. Unfortunately, the one-dimensional

assumption of Kubelka-Munk theory cannot predict the subsurface lateral scattering of

light. This tends to give images rendered with this method a hard, dry look.

Blinn was the first to introduce the physics of light transport to the computer graphics

community with his work on the rendering of the rings of Saturn [12]. Hanrahan and

Krueger [42] later derived Blinn’s model directly from the one-dimensional radiative

transport equation. These models assume that single scattering dominates subsurface scat-

tered light. Stam [105] used a discrete matrix diagonalization approach to add the effects

of multiple scattering, but still assumed one-dimensional transport. Similar to Kubekla-

Munk theory, these models cannot simulate lateral scattering, and rendered images suffer

from the same hard appearance. These models will be explored in Chapter 3.

Nuclear energy spawned the development of techniques capable of efficiently pre-

dicting the three-dimensional multiple scattering of particles, most notably the diffusion

approximation [36]. Stam [104] introduced the diffusion approximation to computer

graphics, but his multigrid approach was inefficient. Jensen et al. [62] later used the
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dipole diffusion approximation to efficiently render realistic images of translucent mate-

rials, under the assumption that the material is homogeneous and semi-infinite in depth.

We first derive, and then discuss, the diffusion approximation and the dipole model in

Chapter 5.

The main limitations of the dipole model are its restriction to semi-infinite geometry

and homogeneous materials. This precludes it from accurately rendering images of more

complex materials, specifically thin and layered materials. Many common materials,

such as skin, paint, leaves, and paper fit into this category. In this dissertation, we remove

these restrictions and develop a new model that accurately reproduces the appearance

of thin and layered translucent materials. We validate the model with both visual and

numerical results.

One other limitation of previous techniques is the choice of optical properties for

a particular model. Direct acquisition of these properties can be time-consuming and

expensive, and even inaccurate. To mitigate this problem, this dissertation also introduces

a new shading model for human skin that builds on the new model for multi-layered

translucent materials. The skin model produces accurate renderings of human skin, and

allows a user to predictably obtain a desired appearance with only four parameters to

the model. These parameters are based on physical properties of the skin that directly

describe its appearance.

The techniques presented in this dissertation generalize beyond graphics to medical

physics, optics, and dermatological science. In computer graphics, they allow efficient

rendering of a new class of materials, thin and multi-layered translucent materials, and

specifically the generation of realistic images of human skin.

The remainder of the dissertation is organized as follows:

Chapter 2 introduces the theory of light transport in scattering materials, including

the idea of radiative transport.

Chapter 3 explores one dimensional models for light transport in materials, while

Chapter 4 looks at numerical solutions using Monte Carlo tracing.

Chapter 5 works through a detailed derivation of the diffusion dipole approximation

for rendering translucent materials. It begins with radiative transport, derives the diffusion

equation, and explains the motivation for the approximations made before using the
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method of images to derive the diffusion dipole model. The exposition of this full

derivation is a novel contribution that does not currently exist in the literature.

Chapter 6 looks at recent attempts to combine the efficiency of diffusion with the

accuracy of other methods, in an attempt to either improve the quality of diffusion

predictions, or extend diffusion to a larger class of materials.

Chapter 7 extends the work in Chapter 5 to support a new approximation for thin and

layered translucent materials. This model avoids the difficulty of previous approaches

through application of a novel frequency space technique, and is shown to be efficient,

while still providing comparable accuracy to existing, more complicated, methods.

Chapter 8 uses the ideas proposed in Chapter 7 to construct a shading model for the

specific purpose of rendering the appearance of human skin. The model is validated both

qualitatively and quantitatively.

Finally, Chapter 9 summarizes the major contributions of the dissertation, and dis-

cusses avenues for future research.
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(a)

(b)

Figure 1.2: Scattering, or translucent, materials have striking characteristics. Images in

(a) and the leaves image are used with permission.



Chapter 2

Radiative Transport

In this section we explore some background and develop a common notation for the

transport of light in translucent materials, which we will then use in later chapters. For

a more thorough introduction to the theory of the propagation and scattering of light,

Ishimaru [51] is an excellent reference.

2.1 The Radiative Transport Equation

Translucent materials are often made up of small “particles” of possibly varying size

that both scatter and absorb light. These particles may be the organelles or small scale

cellular structures in a plant leaf, or the molecular lattices in marble. High frequency

changes in index of refraction can also cause scattering, such as light refracting through

several cell membranes in succession. When a translucent material is struck by light,

a portion of the light refracts into the medium and interacts with the material. This

interaction is characterized by two possible events, scattering and absorption. Some

light is reflected off of or transmitted through the material in some direction, while some

light is absorbed by the material. σs and σa are defined as the scattering and absorption

coefficients of the material, describing how much light is absorbed and scattered by the

material per unit volume. In this dissertation, unless otherwise specified, we assume that

the material is homogeneous; the absorption and scattering characteristics are constant

throughout the material.

8
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~n Normal to a surface

~x Position

r Radial position

~ω Direction

d~ω Differential solid angle

L Radiance

σa Absorption coefficient

σs Scattering coefficient

σt Extinction coefficient

σtr Effective transport coefficient

τ Optical depth

α Albedo

D Diffusion constant

f Average cosine of the scattering angle

g′ Degree of scattering anisotropy

p Phase function

φ Fluence (scalar/space irradiance)

E Vector (anisotropic) irradiance

Figure 2.1: Notations used in this dissertation

If a beam of light contributes radiance L into the material, then each unit volume will

scatter σsL radiance, and σaL radiance will be absorbed. As the beam of light moves

a small distance dz through the medium, then the flux, or change in intensity, due to

scattering and absorption along that distance is

dL(~x, ~ω) =−dz(σs +σa)L =−dz σtL, (2.1)

where ~ω is the direction of the beam’s propagation and σt = σs + σa is the called the

extinction coefficient. We define the z-axis as pointing into the material in the direction

opposite its normal.

Without loss of generality, we can separate incident radiance into two components, the
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reduced incident radiance Lri, or reduced intensity –the collimated part of the radiance–

and the diffuse radiance Ld , which is independent of direction

L(~x, ~ω) = Lri(~x, ~ω)+Ld(~x, ~ω). (2.2)

We express a beam of light with radiance Φ incident upon a material from above as

L(~x, ~ω) = Φδ (µ−µ0) (2.3)

where µ = ~ω · ẑ is the cosine of the angle between ~ω and the z-axis, µ0 is the cosine

of the angle between the direction of the beam and the z-axis, and δ is the Dirac delta

function.

The reduced intensity, or the intensity of the unscattered light within the material, is

light transmitted across the interface and attenuated exponentially with distance z from

the surface. This attenuation is due to absorption and out-scattering, hence the extinction

coefficient is used.

Lri(~x, ~ω) = Φe−σtz/µ0δ (µ−µ0). (2.4)

Note that this light will travel a distance of z/µ0 to reach depth z. This attenuation of

light can also be defined in terms of the optical depth τ , where

τ(z) =
∫ z

0
σtdz. (2.5)

When σt is constant (as in the case of a homogeneous material), τ = σtz, and (2.4)

becomes

Lri(~x, ~ω) = Φe−τ/µ0δ (µ−µ0). (2.6)

We also define α =
σs

σt
as the albedo of the scatterers in the material. The more highly

scattering the material, the closer the albedo is to unity. An albedo of zero corresponds to

a purely absorbing material.

As the beam of light moves through the slab, its intensity will decrease by the above

amount, but will be increased by light scattering into the beam’s direction (~ω) from other

directions (~ω ′). We can represent this in-scattered light by integrating the contributions

over the sphere of incident directions and scaling by the phase function p

Lin(~x, ~ω) =
∫

4π
p(~ω, ~ω ′)L(~x, ~ω ′) d~ω ′. (2.7)
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The phase function describes the amount of light scattered from ~ω ′ to ~ω . We generally

assume the phase function depends only on the cosine of the scattering angle, p(~ω, ~ω ′)⇒

p(~ω · ~ω ′). The next section will discuss different phase functions in more detail. The

mean cosine of the scattering angle, g, is defined as [51]

g =
∫

4π
p(~ω, ~ω ′)(~ω ·~ω ′) d~ω ′. (2.8)

Given the above equations, the total amount of light in-scattered to our beam propagating

in direction ~ω along a distance dz is

σsdz

∫

4π
p(~ω, ~ω ′)L(~x, ~ω ′) d~ω ′. (2.9)

Summing (2.1) and (2.9), and dividing by dz gives the classic radiative transport equation

(RTE)
dL(~x, ~ω)

dz
=−σtL(~x, ~ω)+σs

∫

4π
p(~ω, ~ω ′)L(~x, ~ω ′) d~ω ′, (2.10)

which states that the change in radiance in a particular direction is due to loss from

absorption and out-scattering, and gain from in-scattering.

2.2 Phase Functions

The phase function defines the fraction of incident light that is scattered in a particular

direction. To conserve energy, a phase function must integrate to unity over the sphere of

directions. The simplest phase function is the isotropic constant function

p(~ω, ~ω ′) =
1

4π
(2.11)

This function can be used with the particles are far smaller than the wavelength of the

light.

All other phase functions are anisotropic. One phase function designed to be consis-

tent with a Lambertian distribution has the form [29]

pL(~ω, ~ω ′) =
8

3
π
(
sin(~ω ·~ω ′)+(~ω ·~ω ′)cos(~ω ·~ω ′)

)
. (2.12)
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A more common phase function was developed by Henyey and Greenstein [48] to model

materials that contain random distributions of various sized particles, such as clouds of

interstellar dust

pHG(~ω, ~ω ′) =
1

4π

1−g2

(1+g2−2g~ω ·~ω ′)
3
2

. (2.13)

Here −1≤ g≤ 1 determines the level of anisotropy. Values of g > 0 indicate forward

scattering, while g < 0 gives rise to backwards scattering. Because the function has only

a cosine dependence on the incident and exitant, it assumes that the scattering is uniform

in cones around the incident direction.

Another phase function useful for radiative transfer is the delta-Eddington phase

function

pdE(~ω, ~ω ′) =
1

4π
[2 f δ (1−~ω ·~ω ′)+(1− f )(1+3g′~ω ·~ω ′)], (2.14)

where f determines the amount of light scattered into the forward peak (the first term),

and the asymmetry coefficient g′ denotes the strength of the anisotropy in the diffuse

scattering. The delta-Eddington phase function follows the Henyey-Greenstein phase

function very closely, but is mathematically simpler to evaluate without the division and

costly square root [63]. The parameters f and g′ are be related to the mean scattering

angle of the Henyey-Greenstein phase function by

f = g2 and g′ =
g

1+g
. (2.15)

For materials that are mixtures of other materials, such as paints or mixed liquids, the

scattering and absorption coefficients are the weighted sum based on volume fraction

and the phase function.

σa =
N

∑
i=0

wiσa,i , σs p(θ ,g) =
N

∑
i=0

wiσs,i p(θ ,gi), (2.16)

where wi is the fraction of total volume occupied by each component [26]. Physically,

this assumes that as the particles of two different materials mix together, the particles

become randomized, and photons are likely to interact with particles from each individual

component. To average the scattering of the mixture, the phase function is needed to

properly weight the contribution of each scattering coefficient.
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Figure 2.2: The reflection and refraction of light.

2.3 Fresnel Reflectance

The amount of light that refracts into the material and is then scattered is governed

by the index of refraction of the incident and transmitted materials, and the incoming and

transmitted angles (Figure 2.2). These quantities are related by Snell’s Law

ηi sinθi = ηt sinθt , (2.17)

where ηi and ηt are the indices of refraction of the incoming and transmissive materials,

and θi and θt are the incident and transmitted angles.

The relative power of the light reflecting at the surface of the material is governed by

Fresnel’s equations

R‖ =
tan(θi−θt)
tan(θi +θt)

R⊥ =
sin(θi−θt)
sin(θi +θt)

, (2.18)

where R‖ indicates light parallel to the surface, and R⊥ light perpendicular to it. For

unpolarized light, which we assume in this dissertation, the expression for Fresnel

reflectance becomes

R(θ) =
1

2

(
R‖+R⊥

)
. (2.19)

At normal incidence (θ = 0), the limit is taken to give

R0(θ = 0) =

(
ηi−ηt

ηi +ηt

)2

. (2.20)



Chapter 3

1D light transport

Because of the complex 3D nature of light scattering in translucent materials, light is

often assumed to propagate only in 1D. This greatly simplifies the light transport problem,

and leads to analytic models that are easy to use and understand. The main limitation

of a 1D approximation, however, is that light it forces light to scatter at a single point,

the point of incidence. In this chapter we explore several different models that make 1D

assumptions about light transport.

3.1 The BRDF

A bidirectional reflectance distribution function (BRDF) is the analogue of the phase

function for surfaces. It defines the ratio of light incident to reflected light on a surface

over the positive hemisphere [85]

fr(~ωo, ~ωi) =
dL(~x, ~ωo)

L(~x, ~ωi)(~ωi ·~n) d~ωi
. (3.1)

Here ~ωi and ~ωo represent the incoming and outgoing directions, respectively, dL is the

reflected differential radiance in direction ~ωo, L(~x, ~ωi) is the incident radiance, and ~n

is the normal of the surface at~x. The dot product between the surface normal and the

incident direction projects the area of the light onto the surface. Rearranging terms, we

see that the contributed exitant radiance L(~x, ~ωo) from a single direction ~ωi is the product

14
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of the projected incident radiance and the BRDF of the material

dL(~x, ~ωo) = fr(~ωo, ~ωi)L(~x, ~ωi)(~ωi ·~n) d~ωi. (3.2)

The total exitant radiance the integral of contributions of incident radiance over the

hemisphere of directions above~x

L(~x, ~ωo) =
∫

2π
fr(~ωo, ~ωi)L(~x, ~ωi)(~ωi ·~n) d~ωi. (3.3)

Equation 3.3 is known as the rendering equation [66]. It is the surface analogue of

the in-scattering term of the RTE. Note that the incident and exitant radiance are both

evaluated at ~x. The precludes the modeling any of the effects that occur from light

propagating through the material. Despite this limitation, however, several BRDFs have

previously been applied to model scattering materials.

In the case of transmitted radiance, the BRDF is replaced by a bidirectional transmis-

sion distribution function (BTDF) [85], though it has the same hemispherical form as the

BRDF (3.1). The distinction is that the BTDF integral is over the negative hemisphere

below the surface.

3.2 Diffuse/Specular BRDFs

Phong [90], and later Blinn [11], introduced simple BRDFs of the form

fr(~ωo, ~ωi) = (κd +κs S(~ωo,~n, ~ωi))(~ωi ·~n). (3.4)

where κd and κs are user-defined constants . The first term is Lambert’s approximation

for diffuse reflectance, modulated by a diffuse coefficient κd , while S defines a specular

highlight modulated by a similar coefficient κs. Usually κd and κs are chosen such

that κd +κs ≤ 1, to conserve energy. Phong defined S in terms of the perfect specular

reflection direction R, while Blinn used the vector H halfway between the outgoing (~ωo)

and incoming (~ωi) directions, to avoid calculating R.

Two other popular BRDF algorithms were developed by Torrance and Sparrow [109],

and Ward [126]. The Torrance-Sparrow BRDF models the surface as a collection of
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randomly distributed mirrors, or microfacets. Different distributions of these microfacets

can model different kinds of specular reflection; a Beckmann or Gaussian distribution is

commonly used. The Ward BRDF is designed to model anisotropic surface reflection by

parameterizing the distribution of slopes over the surface. In both BRDFs, however, their

diffuse component is essentially unchanged from Phong’s original model.

He et al. [44, 45] developed a comprehensive model for surface reflection based

on Kirchoff transport theory, essentially adding complexity to the S term of the Phong

model. Although their model goes into considerable detail regarding shadowing, masking,

Fresnel effects, and roughness, it contains only a single constant Lambertian term to

account for “diffuse reflectance.”

Both Schlick [99], and Shirley and Hu [102] noted that most BRDFs fail to capture

the effects of subsurface scattering, but still assumed that diffuse reflectance would be

mostly constant across a surface. Schlick’s algorithm accounted for Fresnel effects due

to a transparent layer above a matte surface, but his model aimed more for computational

efficiency than physical realism. Shirley and Hu’s algorithm attempted to couple glossy

reflections from transparent layers (similar to Schlick) with a constant diffuse term at

low angles of incidence. They still assumed, however, that calculating diffuse reflectance

in a way more complicated than a Lambertian model would be too computationally

expensive.

3.3 The Blinn BRDF

Blinn [12] was the first in computer graphics to introduce a scattering model based on

the physics of light transport, in an attempt to reproduce the far-field reflectance of fuzzy

or cloudy surfaces. He assumed that single scattering dominates the reflected radiance.

To compute the reflectance from an infinitely wide slab of scattering particles using

Blinn’s method, consider the “v”-shaped path of light that scatters at a single particle

inside a layer of scatterers, shown in Figure 3.1. The incident radiance is attenuated along

both paths to and from the particle due to extinction. If the incident light comes from

direction ~ωi, then the amount of light that reaches the particle at depth z is
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Figure 3.1: Geometry of the Blinn model.

∫ z

0
L(~x, ~ωi)e

−τ/cosθi (3.5)

where τ is the optical depth, L(~x, ~ωi) is the incident radiance on the cloud of particles at

~x, θi = ~ωi ·~n, and~n is the normal at the surface. Of this light, some amount, governed

by the phase function, will scatter in direction ~ωo towards the surface, and be attenuated

along its exitant path.

L(~x, ~ωo) = σs

∫ z

0
p(~ωi, ~ωo)L(~x, ~ωi)e

−τ/cosθie−τ/cosθo

= α p(~ωi, ~ωo)
cosθi

cosθi + cosθo
(1− e−τ(1/(cosθi+1/cosθo))L(~x, ~ωi),

(3.6)

where θo = ~ωo ·~n. Similarly, if a slab of thickness d is lit from the bottom, the result

becomes

L(~x, ~ωo) = α p(~ωi, ~ωo)
cosθi

cosθi− cosθo
(e−τ/cosθi− e−τ/cosθo)L(~x, ~ωi). (3.7)

Thus the exitant radiance depends on the optical properties of the material, the scattering

and absorption coefficients (contained in the albedo α), and the phase function. The

choice of phase function depends on the type of material to be simulated; Blinn recom-

mended an empirical phase function that was a linear combination of a Lambertian and

Henyey-Greenstein phase functions for dusty clouds.
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3.4 The Hanrahan-Krueger BRDF

Hanrahan and Krueger [42] noted that diffuse-plus-specular BRDFs could not real-

istically model light transport scattering materials. They based their opinion in part on

Grabowski’s [38] proof that it is impossible for any combination of surface roughness

and reflectance to create a diffuse appearance. This led to them to develop a BRDF model

identical to Blinn’s [12], but derived directly from the 1D radiative transport equation.

Direct reflection of light in the Hanrahan-Krueger model is handled with a diffuse

BRDF modulated by a Fresnel reflection term. The rest of the model is dedicated to

determining the contribution of subsurface scattering. Similar to Blinn [12], we again

formulate single scattering as an integral of the in-scattered radiance along the z-axis.

The 1D form of the radiative transport equation is

cosθi
dL(z, ~ωo)

dz
=−σtL(z, ~ωo)+σs

∫

4π
p(~ωi, ~ωo)L(z, ~ωi) d~ωi, (3.8)

where the cosine term accounts for change in path length of light entering the material

at an angle θi to the normal, and L(z, ~ωi) is the incident radiance. Note that this 1D

assumption essentially forces light to travel in only two directions, up (+ẑ) and down

(−ẑ). That is, light must enter and exit the material at the same point, with a path length

modulated by the cosine term, and the internal radiance of the slab is a function of depth

z.

The amount of in-scattered light at a certain depth in the material from a single

scattering event is the second term of Equation 3.8. Integrating this along the depth z to

the surface of the material, accounting for attenuation on the incident and exitant paths

(as in Equation 2.4) gives

L(~x, ~ωo) =
∫ z

0
e−τ/cosθie−τ/cosθoσs

∫

4π
p(~ωo, ~ωi)L(z, ~ωi) d~ωi

dz

cosθi
. (3.9)

where again τ is the optical depth.

The boundary conditions for this equation are determined by separating the radiance

into its downward and upward components

L(z, ~ωo) = L+(z, ~ωo)+L−(z, ~ω∗o ) (3.10)
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where L+ is the radiance in the ẑ direction, and L− is in the −ẑ direction, and ~ω∗o denotes

the direction opposite ~ωo (~ωo = 〈θo,φo〉 while ~ω∗o = 〈π−θo,φo〉).

If we assume no decrease in intensity from surface roughness, then the forward

radiance at the top of the material is the incident radiance modulated by the Fresnel

reflectance

L+(~x, ~ωo) = T topL(z = 0, ~ωo), (3.11)

where T top is the Fresnel transmittance at the surface. L+ is calculated directly. The

remaining radiance Ls due to subsurface scattering is the total radiance passing upward

through the surface at z = 0

Ls(~x, ~ωo) = T top−1

L−(z = 0, ~ω∗o ), (3.12)

which is modulated by a Fresnel term T top−1
, while the light transmitted completely

through the material is the radiance reaching the bottom, Ls,t , and is traveling in the ẑ

direction

Ls,t(~x, ~ωo) = T botL+(z = d, ~ωo), (3.13)

where d is the thickness of the layer, and may be infinite. In the Hanrahan-Krueger model

the reflected and transmitted radiance is completely determined by computing L+(z = d)

and L−(z = 0). Solving the above integral equation, however, particularly for an arbitrary

number of scattering events, is non-trivial. To simplify the problem, Hanrahan and

Krueger assume that the amount of subsurface scattered radiance is dominated by single-

scattered radiance; light that scatters only once in the material before exiting. They

approximate the multiply scattered light with a constant term, assuming that these higher

orders would follow Lambert’s Cosine Law due to randomized scattering

Ls(r, ~ωo) = L(1)(r, ~ωo)+Lm (3.14)

where Lm is the Lambertian approximation. If a true multiple scattering term is desired,

Hanrahan and Krueger suggest precomputing the exitant radiance’s angular distribution

with a Monte Carlo simulation.

The single scattering term, L(1), is calculated directly from (3.9). Because we assume

only a single scattering event, the light that is scattered must be directly from the reduced



20

intensity at that depth. Substituting the reduced intensity into (3.9) for L(z, ~ωi) and

simplifying gives the same result as Blinn’s derivation

L
(1)
s (z, ~ωo) = αT 1→2T 2→1 p(~ω∗o , ~ωi)

cosθi

cosθi + cosθo
(1− e−τ(1/(cosθi+1/cosθo))Li(z, ~ωi),

where we have substituted α in for the albedo of the material. If the thickness of the layer

increases (τ → ∞), and the material scatters isotropically, neglecting Fresnel effects, this

simplifies to

L(~x, ~ωo) =
cosθi

cosθi + cosθo
Li(~x,wi) (3.15)

which is known to astrophysicists as the Lommel-Seeliger Law, a simple relation often

used to model the reflectivity of the Moon [43]. Similarly to above, we can solve for the

forward scattered light at z = d and again obtain Blinn’s result

L
(1)
s,t (z, ~ωo) = α

cosθi

cosθi− cosθo
T 1→2T 2→3 p(~ωo, ~ωi)(e

−τ(1/cosθi− e−τ/cosθo)L(z, ~ωi).

When cosθo = cosθi, applying L’Hospital’s rule avoids the division by zero

L
(1)
s,t (z, ~ωo) = αT 1→2T 2→3 p(~ωo, ~ωo)

τ

cosθo
e−τ/cosθoL(z, ~ωo). (3.16)

Because of the assumption that light both enters and exits the material at the same

location, the Hanrahan-Krueger model fails to capture the bleeding of light laterally

across an object, characteristic of translucent materials. This is because, as later shown

by Jensen and Buhler [59], for highly scattering translucent materials, multiple scattering

dominates single scattering.

3.5 The Stam BRDF

Stam [105] was motivated by the problem of simulating light transport in human

skin. He also derived his BRDF for a homogeneous slab from 1D radiative transport, but

used a matrix operator approach and the discrete ordinate method, and also included the

effects of isotropic surface roughness in his model. His model was the first non-Monte

Carlo method in computer to incorporate the effects of multiple scattering

Stam computed the surface reflectance using a microfacet model similar to the

Torrance-Sparrow [109] and van Ginneken [7] BRDFs. His subsurface scattering term
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is, however, a discrete approximation, but begins similarly to the Hanrahan and Krueger

model with the 1D radiative transport equation

cosθi
dL(z, ~ωo)

dz
=−σtL(z, ~ωo)+σs

∫

4π
p(~ωi, ~ωo)L(z, ~ωi) d~ωi

To simplify the equation, first discretize both the phase function and the incident radiance

into cosine series

p(~ωi, ~ωo) =
∞

∑
k=0

pk(θi,θo)cosk(φo−φi) (3.17)

L(z, ~ωi) =
∞

∑
k=0

Lk(z,θi)cosk(φo−φi) (3.18)

Substituting these back into Equation 3.8 leads to a system of linear equations

cosθi
dLk(τ,θo)

dτ
=−Lk(τ,θo)+Ak

∫ 1

−1
pk(θi,θo)Lk(τ,θi)dθi (3.19)

where Ak = α
1+δ0,k

4
, δ0,k is the discrete (Kronecker) delta function, and we have written

the equation in terms of the optical depth τ . Discretizing the integral using

∫ 1

−1
f (u)du≈

M

∑
m=1

wm{ f (−um)+ f (um)} (3.20)

where wm are the weights and um ≥ 0 are the discrete ordinates, gives a system of linear

equations approximating the change in radiance

cosθn
dLk(τ,θn)

dτ =−Lk(τ,θn)+Ak ∑
M
m=1 wm[pk(−θm,θn)Lk(τ,−θm)+pk(θm,θn)Lk(τ,θm)] (3.21)

−cosθn
dLk(τ,−θn)

dτ =−Lk(τ,−θn)+Ak ∑
M
m=1 wm[pk(−θm,−θn)Lk(τ,−θm)+pk(θm,−θn)Lk(τ,θm)] (3.22)

As pk(−θm,θi) = pk(θm,−θn) and pk(θm,θi) = pk(−θm,−θn) we can rewrite the above

in matrix notation, using the following helpful M×M matrices

(Ak)k,m = (Akwm pk(θm,θn)−δn,m)/cosθn (3.23)

(Bk)k,m = Akwm pk(θm,−θn)/cosθn. (3.24)

Putting these together into a single 2M×2M scattering matrix

Sk =

(

−Ak −Bk

Bk Ak

)

(3.25)
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allows us to rewrite Equation 3.22 as

W
dLk(τ)

dτ
= Lk(τ)−SkLk(τ) (3.26)

where W is a vector containing the discrete cosine terms, Lk is a vector of the discrete

radiance terms, and we omit the dependence on angle for convenience. This expression

is written more compactly as an ordinary homogeneous vector differential equation

dLk(τ)

dτ
= MkLk(τ) (3.27)

where Mk = W−1(I−Sk), and I is the identity matrix. To solve this differential equation,

first diagonalize the matrix M by computing its eigenvalues and eigenvectors such that

M = VDV−1, where D is a diagonal matrix containing the eigenvalues of M, and V

stores the eigenvectors columnwise. Rewriting the above expression and omitting the

dependence on k gives
dwd(τ)

dτ
= Ddkw(τ) (3.28)

where w = V−1L. This expression has the exact solution

w(τ) = eDτu, (3.29)

where eDτ is a diagonal matrix whose entries are the exponentiated values of Dτ , and u

is determined by the boundary conditions of the problem. Inverting the diagonalization

gives the radiance in terms of u

L(τ) = Vw(τ) = VeDτu, (3.30)

The boundary conditions for this equation at the top and bottom of a slab of optical

depth τd are

L(0) = TtopLi +L+(0) (3.31)

L+(τd) = RbotL−(τd) (3.32)

where Ttop is the discrete form of the transmittance at the top surface, Li is the discrete

incident radiance, and Rbot is the discrete reflectance at the bottom surface of the slab.

These equations state that the radiance at the top of the slab is the sum of the transmitted
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incident radiance, and the upwelling radiance at the surface; the radiance at the bottom of

the slab is the reflected downwelling radiance. These expressions are similar to Hanrahan

and Krueger’s, though the z-axis is reversed, and in discrete form.

Rewriting Equation 3.30 terms of upward and downward directions

(

L+(τ)

L−(τ)

)

=

(

V+ V−

V− V+

)(

eL+τu+

e−L+τu−

)

(3.33)

and substituting Equations 3.31 and 3.32 into it gives a solvaable linear system that

is used to find the radiance at the top and bottom of the slab. Modulating those with

transmittance terms gives the final exitant radiance due to 1D subsurface scattering.

In the case of low albedo and a smooth surface, Stam’s model simplifies to a discrete

form of the Hanrahan-Krueger and Blinn models. In case of higher albedo, however,

because Stam’s model includes multiple scattering, it tends to predict a higher exitant

radiance than single scattering models. It also incorporates limited anisotropic scattering

depending on the phase function. Still, because the model is based on 1D light transport,

it does not capture the soft or glowing appearance of translucent materials due to 3D

subsurface transport of light.

3.6 Kubelka-Munk Theory

Although it was not originally defined as a BRDF model, Haase and Meyer also

introduced a 1D light transport model for materials composed of scattering and absorbing

pigments [41]. The model is based on Kubelka-Munk [75] theory, and was popular for

some time to simulate light transport in materials such as paper, paint, skin, and plant

leaves.

The Kubelka-Munk model makes a similar set of assumptions to the Hanrahan-

Krueger and Blinn models, namely that the material is homogeneous with diffuse light

incident, and that light scatters only in 1D. Consider the situation shown in Figure 3.2b,

where we have a scattering and absorbing layer with thickness d covering a reflective

background. Note that here we define the ẑ axis as pointing up, the opposite from before,

to simplify our calculations later.



24

I

J

ẑ
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Figure 3.2: Geometry of the Kubelka-Munk model.

Similar to the Hanrahan-Krueger model, the Kubelka-Munk model is also based on

examining the change in radiance over a small distance in the material. Assume the

material is lit from above by I0 diffuse light, and that the material scatters isotropically.

The light falling on the thin cross section dz shown in Figure 3.2b is uniformly distributed

in all directions. Consider a particular ray of light scattered at an angle ϕ with the surface

normal, as shown by the dashed arrow in the figure. The path length of the ray through

the cross section will be dz
cosϕ . If the angular distribution of the intensity falling on the

cross section is ∂ I/∂ϕ , then the amount of light moving in direction ϕ is
1

I0

∂ I

∂ϕ
. The

average path length of the light passing through the cross section in the downward I

direction is then [73]

dξI =
∫ π

2

0

1

I0

∂ I

∂ϕ

dz

cosϕ
dϕ = dz

∫ π
2

0

1

I0

∂ I

∂ϕ

dϕ

cosϕ
≡ u dz, (3.34)

where we make the substitution of u for the integral. Similarly, the average path length of

the light passing upward through the cross section toward the surface in the J direction is

dξJ = dz

∫ π
2

0

1

J0

∂J

∂ϕ

dϕ

cosϕ
≡ v dz. (3.35)

Using the above equations for the path lengths through a small cross section, we
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can determine the change in intensity. If we again consider the light passing downward

through the cross section dz, the decrease in intensity over the path length dξI is

(σa +σs)IdξI = (σa +σs)uIdz. (3.36)

Similarly, for the light passing upward through dz

(σa +σs)JdξJ = (σa +σs)vJdz. (3.37)

With the above assumption that light travels only in one dimension, light scattered from

the I direction will augment that traveling in the J direction, and vice versa. The resulting

changes in intensities are

−dI = −(σa +σs)uIdz+σsvJdz (3.38)

dJ = −(σa +σs)vJdz+σsuIdz, (3.39)

where the signs have been chosen consistent with J increasing, and I decreasing, with z.

Since the material scatters isotropically, the light inside the material has the same

intensity in all directions. If we consider the hemisphere of light falling downward on

dz, the contribution from each direction ϕ is ∂ I = cosϕ d~ω . The angular distribution of

light in the negative ẑ direction, relative to the a plane perpendicular to the ẑ axis, can be

found by expanding this to spherical coordinates

∂ I

∂ϕ
= 2I0 sinϕ cosϕ (3.40)

Similarly for upward passing light

∂J

∂ϕ
= 2J0 sinϕ cosϕ. (3.41)

Substituting these into (3.34) and (3.35), we find that

u =
∫ π

2

0
2sinϕdϕ = 2 and v =

∫ π
2

0
2sinϕdϕ = 2. (3.42)

If we define

K = 2σa and S = 2σs, (3.43)
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then substitution into (3.38) and (3.39) gives

−dI

dz
= −(K +S)I +SJ, (3.44)

dJ

dz
= −(K +S)J +SI. (3.45)

If we divide both equations by S and let

a =
K +S

S
= 1+

K

S
(3.46)

then we can rewrite these equations as

− dI

Sdz
= −aI + J, (3.47)

dJ

Sdz
= −aJ + I. (3.48)

Dividing the first equation by I, the second by J, and adding the two equations, we find

1

Sdz

(

dJ

J
− dI

I

)

=−2a+
J

I
+

I

J
. (3.49)

Making the substitution r = J/I, and noting that I =−J, this can be rewritten as

dr

Sdz
= r2−2ar +1, (3.50)

or more importantly
∫

dr

r2−2ar +1
= S

∫

dz, (3.51)

where we are integrating over the thickness of the layer. Note that r = J/I is the ratio of

light leaving the material to that entering the material, which is precisely the reflectance.

Solving Equation (3.51) requires stating a boundary condition for the integration.

There are two boundary conditions related to the reflectance at the top and the bottom of

the layer

z = 0 :

[

J

I

]

z=0

= Rb = Reflectance of the background, (3.52)

z = d :

[

J

I

]

z=d

= R = Reflectance at the surface. (3.53)
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We can now integrate the left side of (3.51) by partial fractions to get

1

2b
ln

(R−a−b)(Rb−a+b)

(Rb−a−b)(R−a+b)
= Sd, (3.54)

which can be written in simpler form using the hyperbolic cotangent [73]

coth−1 b2− (a−R)(a−Rb)

b(R−Rb)
= bSd (3.55)

Solving (3.55) for the reflectance R gives

R =
1−Rb(a−bcothbSd)

a+bcothbSd−Rb

. (3.56)

This expression gives the reflectance of a scattering layer covering a background with re-

flectance Rb. If the layer is infinitely thick (d = ∞), completely obscuring the background

(Rb = 0, R = R∞), (3.56) becomes

R∞ =
1

a+b
=

a−
√

a2−1

a2−a2 +1
= 1+

K

S
+

√

(

K

S

)2

+2
K

S
(3.57)

which is a rather simple expression for the subsurface scattering of light from thick

materials. If instead the background is ideally black or the layer is suspended in space

with no backing at all (Rb = 0, R = R0),

R0 =
1

a+bcothbSd
=

sinhbSd

asinhbSd +bcoshbSd
. (3.58)

The transmittance of the material has similar form. The transmittance is the amount of

light I that reaches the background. Recalling that r = J/I, for a layer of thickness z

J = R0I =
I

a+bcothbSz
, (3.59)

which, when substituted into (3.47) yields

− dI

Sdz
=−aI +

I

a+bcothbSz
. (3.60)

We can integrate this expression over the thickness of the layer by first dividing by I and

making the substitution u = bSz

−1

S

∫ d

0

dI

I
=−a

∫ d

0
dz+

1

bS

∫ d

0

I

a+bcothu
du, (3.61)



28

layer 1

layer 2

R 1 T 1
R 2

T 1

T 1
R

2
2

R 1
T 1

T 1
R

2
2

R
1

T 1
R 2

T
1 T

2

T
1 R

2 R
1 T

2

T
1 R

2 R
1

T
1

Figure 3.3: Kubelka-Munk reflectance and transmittance for multiple layers. Redrawn

from [74].

which simplifies to

T =
I0

Id

=
b

asinhbSd +bcoshbSd
, (3.62)

where T , the transmittance, is the ratio of the intensity at d to the incident intensity.

Kubelka-Munk theory can also be applied to multiple layers. Consider the situation in

Figure 3.3, where we have two scattering layers on top of each other (the space between

them for illustration purposes only). According to Kubelka-Munk theory, if the incident

radiance I0 = 1, the amount of light reflected from the top layer will be R1, defined by

(3.58), while the amount transmitted, T1, is from (3.62). The amount of light directly

transmitted through both layers is T1 modulated by the transmittance of layer 2 is T1T2.

Similarly, T1R2 light reflects up off of the bottom layer, and T1R2T1 light will reach the

top of layer 1.

Light can reflect between the two layers indefinitely. The total reflectance and

transmittance is the sum of all possible inter-reflections [74]

R1,2 = R1 +T 2
1 R2(1+R1R2 +R2

1R2
2 + · · ·) = R1 +

T 2
1 R2

1−R1R2
(3.63)

T1,2 = T1T2(1+R1R2 +R2
1R2

2 + · · ·) =
T1T2

1−R1R2
(3.64)

The reflectance and transmittance of more than two layers is found by using these

expressions as the reflectance and transmittance of a single layer, and substituting them
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back in as R1 and T1.

The Kubelka-Munk model has been used extensively in the paint and paper industries

for predicting the reflectance of pigment mixtures [65], and was more recently used in

the feature film Shrek to model the skin of humanoid characters [14]. It has also proved

useful in the rendering of weathering phenomenon, such as metallic patinas [24], and in

simulating transparent layers of watercolor [19]. The simplicity of the model is it’s main

attraction, and it gives reasonable results for some types of materials [71]. In particular,

Kubelka-Munk theory has been popular in the study of canopy and leaf optics.

The model, however, does have limitations. The simple expressions derived above

assume that the layers are homogeneous, yet paint molecules, which the Kubelka-Munk

model is widely used to simulate, are known to clump together, which affects the overall

color [35]. Although not explicitly stated, we also assumed that the scattering layers

and the medium above the layers had matched indices of refraction (note that no Fresnel

terms appear in the Kubelka-Munk model), which is not always the case.

The assumption that the incident light is perfectly diffuse led in part to the 1D

approximation of the transport equation, and the simple expressions for reflectance and

transmittance. This assumption, however, makes it difficult to describe the response

to a single beam of light. In particular, for computer graphics, where incident light

is generally described as incident rays, this makes it difficult to use this technique for

simulating materials.

Kubelka and Munk’s model also suffers from the same drawback as the Hanrahan-

Krueger model; light exits the material at the same point it enters. This implies that

the Kubelka-Munk model cannot simulate lateral color bleeding, or light bleeding into

shadows. Still, this limitation is what gives the solutions their elegant simplicity.
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Monte Carlo methods

As we have seen, BRDF models are not suited to simulating light transport in

scattering materials. At the other end of the spectrum from them are Monte Carlo

techniques. These rely on simulation of the paths light takes in a scattering material to

obtain reflectance and transmittance. Though a complete introduction to Monte Carlo

methods is beyond the scope of this dissertation, this Chapter briefly discusses some

existing methods as they relate to translucent materials. These approaches are general

and capable of simulating translucent materials, but they are computationally costly for

highly scattering materials.

4.1 Path tracing

One of the most brute force methods for simulating light transport in scattering

materials is path tracing. Originally introduced by Kajiya [66], path tracing traces rays

from the camera into the scene, and randomly constructs a path that contributes to a pixel

only if the ray encounters a light source. Path tracing is slow to converge in general,

even when importance sampling is used to minimize the number of traced rays. Russian

Roulette also reduces the number of paths to trace by probabilistically deciding whether

to scatter or absorb the ray based on the albedo. For highly scattering materials, a ray

may undergo many scattering events before exiting the material, and its exit direction

will be randomized. It is therefore unlikely that a ray would hit a light source.

30
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Reversing the direction of the rays gives packet tracing [92]. Photons are launched

from light sources and scattered in the material until they are absorbed or reach a detector

(or camera). Alternatively, photons are stored where they exit the material to give a

distribution of radiant exitance at the surface.

Despite these drawbacks, path tracing has been used to develop light models for

translucent materials. Jensen et al. [61] used path tracing to model the darkening of wet

materials by tracing rays through a layer of water at the surface. More recently, Baranoski

and Rokne [5] and Krishnaswamy and Baranoski [72] have modeled the small scale

structures of plant leaves and skin, and generated images using path tracing. While these

methods are robust and comprehensive, they are computationally extremely expensive.

4.2 Bidirectional path tracing

To improve the efficiency of path tracing, LaFortune [76] and Veach [117] in parallel

developed bidirectional path tracing, which has also been extended to participating

media [77]. To alleviate the problem of exitant rays from a scattering medium being

unlikely to hit a light source, in bidirectional path tracing two paths are traced, one from

the camera, and one from the light source. These path represents a family of possible

paths from light to camera; each vertex from the light path is connected to each vertex

of the camera path, and weighted appropriately to improve the convergence rate of

the algorithm. Unfortunately, the weights of each path depend on the inverse distance

between vertices. In highly scattering materials, this distance can be very small, which

causes the solution to be singular. Overall, the high computational cost (though still

better than pure path tracing) and possible singularities make bidirectional path tracing a

poor candidate for rendering translucent materials.

4.3 Photon mapping

Somewhat related to bidirectional path tracing and packet tracing, photon mapping

connects light paths to eye paths by depositing photons from light sources on surfaces,
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and then adding the contributions of these photons when camera rays intersect visible

surfaces [57, 58]. Photons are traced from light sources similar to the standard packet

tracing algorithm [92]. They are stored in a photon map, usually a kd-tree, for efficient

access. In the case of scattering materials, photons are stored in a volume photon map at

every scattering event [60]. During rendering, camera rays are traced into the material,

and the contribution of nearby scattered photons is summed.

Photon mapping has been used by Dorsey et al.. [23] to simulate the effects of

weathering on stone, as well as the subsurface scattering of light in materials like marble.

Unfortunately, however, for highly scattering materials, photon mapping requires a large

number of photons to be stored, and can quickly consume large amounts of memory.



Chapter 5

Subsurface scattering of light using

diffusion

Full 3D light transport is simulated accurately by standard Monte Carlo simulation,

but there can be variance in the final solution if insufficient samples are used [23], and the

high computational cost is generally undesirable. More sophisticated caching techniques

such as photon mapping are also available, but can require large amounts of storage

for highly scattering materials [60]. An analytical solution to the problem of 3D light

transport that preserves accuracy while remaining efficient is what is missing in the

models already discussed in this dissertation. Application of diffusion theory leads to

such a solution.

As discussed earlier in this dissertation, BRDF models either assume that light does

not penetrate into the material, or use simple 1D solutions to the radiative transfer

equation, explicitly assuming that light enters and exits the material in the same location.

While this makes the problem of light transport more tractable, these models neglect

light that enters the material, scatters around, and exits in another location. It is this

type subsurface scattering that causes the soft translucent appearance of many materials.

Diffusion theory, which this chapter discusses, deals with a full 3D solution to radiative

transfer, and accurately captures this scattering phenomenon [25]. Diffusion theory does

have its limiting assumptions, however. Specifically, we must assume the material is

optically thick, and that it is highly scattering (σs ≫ σa).

33
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5.1 Introduction

Diffusion theory leads to a well known result in physics, the diffusion approximation,

but was only recently introduced fully to computer graphics. The complex mathematics

involved make diffusion theory a particularly difficult concept to understand, which may

explain the lack of enthusiasm early attempts to make the graphics community aware of

it received [104].

Jensenet al. [62] re-introduced the diffusion approximation to the graphics community

in the form of a bidirectional scattering surface distribution function (BSSRDF) [85]

Sd(~xi, ~ωi;~xo, ~ωo) =
1

π
Ft(~xi, ~ωi)R(r)Ft(~xo, ~ωo). (5.1)

where Ft is the Fresnel transmittance at the entry and exit locations ~xi and ~xo, r =

||~xi−~xo||2, ~ωi and ~ωo are the incident and exitant directions, and the diffuse reflectance,

R, is approximated by a diffusion dipole, which we will describe later in this chapter.

The material is characterized by its scattering and absorption coefficients, and its phase

function. In the physical world, these parameters often vary spatially, though in practice

they are often held constant throughout the material. In this chapter, we assume that the

material is completely homogeneous to ease in deriving the basic formulas, though later

we will soften this restriction slightly.

In this chapter we derive the diffusion dipole model starting from the basic physics

of light transport, to give a good understanding of the inner workings of the model. We

begin by deriving the diffusion equation similar to Ishimaru [51] and Prahl [91], but we

explicitly show the steps involved and give motivations for the approximations made

to give a more complete picture. We then explore the details that lead to the dipole

approximation.

Although rigorous solutions to both the radiative transport equation and the diffusion

equation do exist [15, 34, 51, 127], they are expensive to compute, often on the order

of performing a full Monte Carlo particle simulation. As this section will show, some

simple approximations can simplify the computation while still preserving accuracy

and plausibility in most situations. The diffusion approximation has its roots in nuclear

physics, where radiative transport describes the scattering of neutrons. Finding the full
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story leading from radiative transport through the dipole approximation to the diffusion

dipole in the literature, however, leads one through the dense realms of optical, medical,

and nuclear physics.

5.2 The delta-Eddington approximation

We derive the diffusion approximation similar to Prahl [91] and Moulton [83], and

use the delta-Eddington phase function for its simplicity. Although the popular Henyey-

Greenstein phase function can also be used, the delta-Eddington phase function makes

the derivation simpler. First, recall the full radiative transport equation (Equation 2.10) in

the case of an infinite medium

dL(r, ~ω)

dz
=−σtL(r, ~ω)+σs

∫

4π
p(~ω, ~ω ′)L(r, ~ω ′) d~ω ′,

where the change in radiance is a combination of loss due to scattering and absorption,

plus light scattered into the ~ω direction, and r is the distance from a single source within

the medium.

Substituting the delta-Eddington phase function into Equation 2.10 and expanding

the extinction coefficient σt gives

dL(r, ~ω)

dz
=−σaL(r, ~ω)−σs(1− f )L(r, ~ω)+

σs

4π

∫

4π
L(r, ~ω ′)(1− f )(1+3g′~ω ·~ω ′) d~ω ′.

(5.2)

If we define

σ ′s = σs(1− f ) and σ ′t = σa +σ ′s (5.3)

and combine like terms then

dL(r, ~ω)

dz
=−σ ′t L(r, ~ω)+

σ ′s
4π

∫

4π
L(r, ~ω ′)(1+3g′~ω ·~ω ′) d~ω ′. (5.4)

σ ′s is called the reduced scattering coefficient, while σ ′t = σ ′s +σa is the reduced extinction

coefficient. They indicate that the portion of light that is not scattered in the ~ω direction

is reduced by 1− f ; this light is scattered out of the collimated beam and into the

diffuse portion of the radiance. Note that Equation 5.4 has nearly the same form as

Equation 2.10, but with reduced coefficients. By the principle of similarity, we use these
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reduced coefficients and assume isotropic scattering without significantly altering the

solution [131]. Physically, we are lengthening or shortening the distance traveled by

scattered light by 1− f , which after many scattering events is similar to the effect of an

anisotropic phase function.

Recall from Equation 2.2 that the radiance can be separated into two components,

the reduced incident radiance, and the diffuse radiance. The reduced intensity can be

calculated directly from Equation 2.4, accounting for Fresnel transmission at the surface.

As discussed in Chapter 2, we separate incident radiance into the reduced intensity

and the diffuse radiance

L(r, ~ω) = Lri(r, ~ω)+Ld(r, ~ω).

In this Chapter, we focus our attention to the second term of Equation 2.2, or the

multiple scattered light. To find the diffuse radiance, consider the change in diffuse

radiance over a small distance dz. This includes loss due to absorption and scattering

(a) and the addition of diffuse and in-scattered radiance (b). In addition, previously

unscattered reduced incident light is scattered into the diffuse portion from all directions

(c)
dLd(r, ~ω)

dz
=−σ ′t Ld(r, ~ω)
︸ ︷︷ ︸

(a)

+
σ ′s
4π

∫

4π
Ld(r, ~ω

′)(1+3g′~ω ·~ω ′) d~ω ′

︸ ︷︷ ︸

(b)

+
σ ′s
4π

∫

4π
p(~ω, ~ω ′)T Φ(r)e−σ ′t z/µ0δ (µ−µ0) d~ω ′

︸ ︷︷ ︸

(c)

,

(5.5)

where T is the Fresnel transmittance at the surface. Since the delta function in the

reduced intensity is only non-zero when µ = µ0, the first term of the delta-Eddington

phase function in Equation 5.5c goes to zero. If we also assume that the scattering is

symmetric (g′ = 0), then

dLd(r, ~ω)

dz
=−σ ′t Ld(r, ~ω)+

σ ′s
4π

∫

4π
Ld(r, ~ω

′) d~ω ′+
σ ′s
4π

T Φ(r)e−σ ′t z/µo . (5.6)
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5.3 Deriving the diffusion equation

Our goal is to find a solution for the diffuse radiance given in Equation 5.6, since the

reduced intensity is be calculated directly. If we assume that the material has high albedo

(σs ≫ σa) that scatter the incident light rays many times, then after many interactions,

the light distribution will become randomized, or diffuse [104]. We approximate the

diffuse radiance in Equation 5.6 by a finite real spherical harmonic expansion

Ld(r, ~ω)≈
N

∑
n=0

n

∑
m=−n

(
2n+1

4π

) 1
2

Lm
n (r)ym

n (~ω). (5.7)

With N = 1 (often called the P1 approximation), we get the following expansion

Ld(r, ~ω)≈ 1√
4π

L0
0(r)y

0
0(~ω)+

√

3

4π

1

∑
m=−1

Lm
1 (r)ym

1 (~ω). (5.8)

The real spherical harmonic terms are

y0
0 =

1√
4π

y−1
1 =

√

3

4π
sinθ cosφ

y0
1 =

√

3

4π
cosθ

y1
1 =

√

3

4π
sinθ sinφ .

We can consider the ym
1 terms as describing a vector in space, and write the following

expression, composed of a scalar term φ and a vector term E

Ld(r, ~ω)≈ 1

4π
φ(r)+

3

4π
E(r) ·~ω. (5.9)

The scalar term is called the fluence and represents the isotropic flux, defined as

φ(r)≡ L0
0(r) =

∫

4π
Ld(r, ~ω) d~ω. (5.10)

The fluence can be thought of as the average amount of light entering a small volume

in the medium. The vector term, called vector irradiance or vector flux, represents the
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anisotropic flux in a direction ŝf, and can be thought of as the net photon current at a

point in the material

E(r)≡







L−1
1 y−1

1 (r)

L1
1y1

1(r)

L0
1y0

1(r)







=
∫

4π
Ld(r, ~ω)~ω d~ω. (5.11)

Each component of the vector is the value of one of the first order radiance expan-

sion terms, and thus the dot product represents the sum of the three first order terms.

Equation 5.9 can also be interpreted as the sum of the first two moments of the radiance.

Rewriting the left side of the diffuse radiance equation (Equation 5.6) as a gradient

(~ω ·∇)Ld(r, ~ω) =−σ ′t Ld(r, ~ω)+
σ ′s
4π

∫

4π
Ld(r, ~ω

′) d~ω ′+
σ ′s
4π

T Φ(r)e−σ ′t z/µo, (5.12)

and substituting the diffuse radiance approximation Equation 5.9 in for Ld on both sides

of Equation 5.12 gives

(~ω ·∇)φ(r)+3(~ω ·∇)[E(r) ·~ω] = −σaφ(r)−3σ ′t [E(r) ·~ω]+σ ′sT Φ(r)e−σ ′t z/µo. (5.13)

We now have an expression that depends only on the fluence and vector flux. Integrating

Equation 5.13 over all directions and simplifying gives

∇ ·E(r) =−σaφ(r)+σ ′sT Φ(r)e−σ ′t z/µo (5.14)

This expression indicates that the change in diffuse flux is due to the absorption of scalar

flux and in-scattered collimated light. Multiplying both sides of Equation 5.13 by ~ω

before integrating gives

∇φ(r) =−3σ ′t E(r). (5.15)

Recall that our goal is to find the diffuse radiance at the surface of the material, and

thus the reflectance. This is equivalent to finding the radiant exitance in the direction

of the normal at the surface. This quantity can also be thought of as the photon current

out of the material, which from our definition of flux density is precisely E(r) = E(r) ·~n.

Since the normal is pointing in the −ẑ direction we rewrite this as E(r) =−E(r) · ẑ If

we assume we are far from the surface of the material where the light is incident

E(r) =− 1

3σ ′t
∇φ(r). (5.16)
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Dotting both sides with −ẑ gives

E(r) = E(r) ·~n =−D(∇ · ẑ)φ(r) =−D
dφ(r)

dz
(5.17)

where D = 1
3σ ′t

is the diffusion constant. This states that the net flux, or current, is in the

opposite direction of the net change in scalar flux. Effectively, it means that light travels

away from areas of high concentration (e.g. sources). Thus, we approximate the radiant

exitance, and thus the reflectance, by getting a closed form expression for the fluence and

then just taking the derivative.

5.3.1 The diffusion equation

To get an expression only in terms of the fluence, take the divergence of Equation 5.15

to obtain

∇ ·E(r) =− 1

3σ ′t
∇2φ(r). (5.18)

Equating Equations5.14 and 5.18 and simplifying gives the classic diffusion equation

∇2φ(r)−σ2
trφ(r) =−3σ ′sσ

′
t T Φ(r)e−σ ′t z/µo, (5.19)

where σ2
tr = 3σ ′t σa is the effective transport coefficient. This expression is used to find

the average diffuse flux, and thus the diffuse radiance. Note that the right hand side

represents the collimated beam source. If we were to use a different source function, the

right hand side would change.

5.3.2 Solution for a point source in an infinite medium

A simple solution exists to the diffusion equation in the case of a point source in

an infinite medium, again assuming that the medium is highly scattering and scatters

uniformly and isotropically. Since there is no collimated beam, the diffusion equation

(Equation 5.19) becomes [36]

∇2φ(r)−σ2
trφ(r) = 0 (5.20)
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The one boundary condition to this equation is that fluence decreases the further we move

from the source

lim
r→∞

φ(r) = 0 (5.21)

Equation (5.20) is be solved by expanding the Laplacian operator into spherical coordi-

nates. Because we are assuming isotropy, however, there is spherical symmetry and the

angle dependant terms go to zero, leaving

d2φ(r)

dr2
+

2

r

dφ(r)

dr
−σ2

trφ(r) = 0, (5.22)

where r is the distance from the point source. This expression has a simple solution

φ(r) =
Φ

4πD

e−σtrr

r
. (5.23)

where again σtr =
√

3σ ′t σa.

5.3.3 Semi-infinite material

If all we wanted to do was render infinitely extending volumes, we could use the

point source fluence directly to find the diffuse radiance. For surfaces, however, we

make the assumption that the material is semi-infinite below the surface. In this case, we

assume that the diffuse radiance at the surface of the material is due only to scattered

light leaving the material. That is, diffuse light that exits the material at the surface never

comes back, so there is no diffuse radiance going in the ẑ direction at the surface. We

state this mathematically as an integral over the positive hemisphere

∫

Ω+
Ld(r, ~ω)(ẑ ·~ω) d~ω = 0 at z = 0, (5.24)

where again ẑ is directed into the slab in the direction opposite its normal. The (ẑ · ~ω)

term projects the radiance into the slab. Substituting the approximation for the diffuse

radiance (Equation 5.9) into Equation 5.24 gives

φ(r)−2D
∂φ(r)

∂ z
= 0 (5.25)

where D = 1
3σ ′t

as before.
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5.3.4 Diffuse internal reflectance

Unfortunately, the above boundary condition does not take into account light internally

reflected at the surface. This happens when the scattering material and the non-scattering

material above it do not have the same index of refraction (a very common occurrence).

A more realistic boundary condition notes that the diffuse radiance in the −ẑ direction is

equal to the diffuse incident radiance reflected down at the surface in the ẑ direction [39]

∫

Ω+
Ld(r, ~ω)(ẑ ·~ω) d~ω =

∫

Ω−
FdrLd(r, ~ω)(−ẑ ·~ω) at z = 0, (5.26)

where Fdr is the internal Fresnel reflectivity of the slab. Since the light distribution is

assumed to be diffuse due to multiple scattering, however, we assume that there is no

dependence on the angle of incidence. This diffuse reflectivity is often approximated

with a simple polynomial expansion [28, 39]

Fdr ≃







−0.4399+
0.7099

η
− 0.3319

η2
+

0.0636

η3
, η < 1

−1.4399

η2
+

0.7099

η
+0.6681+0.0636η , η > 1

(5.27)

where η is the ratio of indices of refraction. Equation (5.26) simplifies with Equation (5.9)

φ(r)−2AD
∂φ(r)

∂ z
= 0, (5.28)

where

A =
1+Fdr

1−Fdr

, (5.29)

takes into account the effects of internal diffuse reflection.

5.4 Approximate boundary condition

Unfortunately, the above surface boundary condition is a Robin (or type III) condition,

in this case difficult to solve analytically or efficiently. We approximate it fairly well,

however, using a simpler condition.

Note that boundary condition in Equation 5.28 is the net inward flux. The net outward

flux has the form

φ0 +2AD
∂φ(r)

∂ z
= 0, (5.30)
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extrapolation

φ

theory

ẑ

Figure 5.1: Extrapolated fluence.

where, φ0 is the flux at the boundary. We extrapolate the flux beyond the boundary by

rearranging
∂φ(r)

∂ z
=− φ0

2AD
. (5.31)

If we assume that the flux decreases linearly outside the diffusing material, then the slope

of the line is −φ0/(2AD) (Figure 5.1). The flux will vanish at a distance 2AD beyond the

boundary [36]. Thus, we approximate our surface boundary conditions with the simple

Dirichlet condition

φ(2AD) = 0 (5.32)

This distance 2AD above the surface is called the extrapolation distance or extrapolated

boundary [32, 36].

5.5 The diffusion dipole approximation

In the previous sections we derived a simplified diffusion equation by assuming

isotropic scattering in a highly scattering homogeneous material. We found that deter-

mining the flux directed out of the material at its surface is enough to find the photon

current exiting the material. In this section we put all the pieces together to construct the

diffusion dipole model and approximate the reflectance with the BSSRDF.
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Equation 5.32 states that the fluence vanishes at 2AD above the surface. This condition

is satisfied using the method of images. A positive source is embedded within the medium,

with a virtual negative source mirrored about the extrapolated boundary. Since having

the sources any distance from the boundary –so long as the two sources are equidistant to

it and along the normal direction–, the question is how far away should they be?

If the semi-infinite material is highly scattering and scatters isotropically, the light

distribution will start to become randomized after about one mean free path (the average

distance light travels before an interaction occurs). We approximate an incident ray

of illumination with a point source embedded at a depth of one mean free path (zr =

1/σ ′t ) [32, 87]. The point source has the same intensity as the incident illumination.

To then satisfy Equation 5.32, we place a virtual source above the real source,

mirrored about the extrapolated boundary at a height zv = zr + 4AD above the surface

(see Figure 5.2). The sum of the flux from both sources gives zero at the extrapolated

boundary. Again, D = 1/(3σ ′t ), and A = 1+Fdr

1−Fdr
. The total fluence is the sum of the

individual contributions from the positive real source and its virtual mirror

φ(r) =
Φ

4πD

(
e−σtrdr

dr
− e−σtrdv

dv

)

, (5.33)

where dr and dv are distances from r to the source and mirror source, respectively

dr =
√

r2 + zr
2

dv =
√

r2 + zv
2
. (5.34)

r is the lateral distance relative to the center point of the sources, and z is the depth of r

(Figure 5.2). Φ is the irradiance at the illuminated point~xi.

Using Equations 5.17 and 5.33, dividing by the incident flux, we obtain the diffuse

reflectance of the BSSRDF (Equation 5.1) using the diffusion dipole approximation as

presented in [32, 62]

Rd(r) =−D
d

dz

[
1

4πD

(
e−σtrdr

dr
− e−σtrdv

dv

)]

=
α ′

4π

[
zr(1+σtrdr)e

−σtrdr

dr
3

+
zv(1+σtrdv)e

−σtrdv

dv
3

]

,

(5.35)

where α ′ = σ ′s/σ ′t is the reduced albedo.
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dr

~xi

dv

r

zr

zr

z = 0

2AD

2AD

+

-

Figure 5.2: An incident ray of light is converted into a real source embedded in the

material, and a virtual source mirrored about the extrapolated boundary at 2AD above the

surface. The total fluence is the sum of the fluences of the two sources.

A sample plot of radiant exitance vs. radial distance is shown in Figure 5.4. The

falloff of radiant exitance is quite steep, somewhat resembling a Gaussian in log-space.

We refer to this plot as a diffusion profile or diffusion kernel. The diffuse radiance is

approximated by constructing a dipole at many points~xi near~xo (the point of interest),

and summing their contributions by evaluating Equation 5.35 to find R(||~xo−~xi||). This

summation approximates the integral over the surface

R(r) =
∫ ∞

0
Rd(r)r dr (5.36)

which is the reflectance in the BSSRDF (Equation 5.1).

Light that exits the material near the source is largely due to single scattering. Single

scattered light is directly evaluated by tracing refracted rays into the material and comput-

ing the reduced intensity (Equation 2.4), attenuating along both the incident and exitant

directions. This allows in part internal features of the material to cast volumetric shadows
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BRDF BSSRDF

Figure 5.3: The diffusion dipole can simulate the complex appearance of translucent

materials. Images used with permission.

within the object. The amount of single scattering is approximated by assuming that the

scattering material and the surrounding medium have the same index of refraction. Using

Snell’s Law (Equation 2.17), the distance light travels from the scattering event to the

surface is

s′i = si
|~ωi ·~ni|

√

1−
(

1
η

)2

(1−|~ωo ·~no|)

† (5.37)

where si is the observed distance, and s′i is the estimated refracted distance. The amount

of light scattered out is the amount of incident light scattered once, and attenuated along

both the incident and exitant paths.

5.6 Discussion

By sampling incident light over the surface, the diffusion dipole simulates light that

enters the material, scatters multiple times, and exits the material in a different location,

†Note that this equation appears incorrectly in [62] as s′i = si
|~ωi·~ni|√

1−
(

1
η

)2
(1−|~ωi·~ni|)
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Figure 5.4: An example plot of a diffusion profile of a highly scattering material. The plot

shows reflected radiant emittance vs. radial distance, comparing the dipole reflectance to

a Monte Carlo simulation.

something that is impossible to simulate correctly with previous BRDF models (for

example, see Figure 5.3). The dipole model well approximates the diffuse radiance

from optically thick, highly scattering, homogeneous materials. It can be efficiently

implemented, and compares well to ground truth Monte Carlo path tracing simulations.

The dipole does have its limitations, however. Recall that the approximations made

above assumed that the material has a high albedo. Although the diffusion dipole is

quite accurate for high albedo materials, it is less so as the albedo decreases. Figure 5.5

compares the reflectance profile of semi-infinite materials with different albedos to Monte

Carlo packet tracing simulations. Note that as the albedo decreases, the effectiveness

of the dipole approximate decreases with it [32, 86]. This is intuitively correct, light

does not “diffuse” very far in a material that is highly absorbent, or in one that hardly

scatters at all. The problem is with the assumption that light is diffusely scattered one

mean free path below the surface. This same problem is also evident in low scattering

materials, even in the case of high albedo, as the near-source inaccuracies of the dipole



47

are accentuated.
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Figure 5.5: Dipole diffusion profiles compared to Monte Carlo photon packet tracing for

various albedos. Note that the dipole becomes increasingly more inaccurate as the albedo

decreases.

Recall that the diffusion dipole approximation is derived for a semi-infinite medium.

In the case of a thin slab, in particular one with a thickness of only a few mean free paths,

light may exit the bottom of the slab instead of scattering back to the top surface. The

dipole cannot predict this situation. We will explore this limitation in further detail in

Chapter 7.

The parameters to the dipole are difficult to determine when trying to simulate real

materials. In particular, manually choosing parameters is challenging, as the dipole

represents a non-linear transform of the input optical properties to the output diffusion

profile. This makes intuitively predicting the reflectance given a set of parameters difficult.

This issue is explored in Chapter 8.

The dipole approximation is not a volumetric technique, it assumes that the material

is completely homogeneous. This precludes the simulation of light in layered materials

(discussed in the next Chapter), and also prevents the embedding of objects within a

scattering material. Though the single scattering approximation described above would

capture some volumetric shadowing or reflection from embedded objects, any loss from
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multiple scattering would be ignored. In addition, for low-scattering materials, the single

scattering approximation becomes significantly invalid when there is an actual index of

refraction mismatch at the surface.

Despite these few drawbacks, the dipole gives good results for high albedo, optically

thick materials, which encompasses a wide range of physical objects, such as skin,

milk, and marble. It requires minimal storage (only the space for a diffusion profile,

if necessary), and is significantly faster than Monte Carlo methods [62]. The dipole

approximation is also useful for measuring optical parameters from highly scattering

materials [32, 62, 64, 129].



Chapter 6

Hybrid methods

The efficiency of the diffusion dipole makes it an attractive technique, but it is

inaccurate for low albedo materials and near the source. Also, diffusion is limited to

homogeneous materials. In this Chapter we discuss recent attempts to couple diffusion

with other techniques to improve its accuracy and extend it a broader range of materials.

Although there has also been recent work related to directly applying measured properties

of translucent materials to objects similar to texture mapping [37, 88], in this Chapter we

restrict ourselves to actual reflection models.

6.1 Diffusion and packet tracing

Wang and Jacques [123] and Wang [122] have introduced a hybrid method that

couples the packet tracing Monte Carlo method with the diffusion dipole. This technique

was introduced to the graphics community by Li et al. [40]. Here, photons are traced

from the light and into the material, as in a normal packet tracing simulation. Once a

photon reaches a certain depth (usually one mean free path) and does not return on the

next step of the simulation, it becomes a positive pole of a diffusion dipole source with a

power equal to the energy transported by that photon. Thus, photons that trace deeply

into a material likely to scatter many times, and the diffusion approximation becomes

applicable.

The hybrid method improves significantly on the accuracy of diffusion near the

49
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source, giving results indistinguishable from a full Monte Carlo simulation [123]. The

technique also works for think slabs, effectively giving a more general method for light

scattering in translucent materials. Unfortunately, as slab thickness decreases, and also

for low albedo materials, photons may have to travel further from the source before

diffusion can be applied, and the computational expense of the method also increases.

In addition, the method is only valid for single slabs, and cannot handle any significant

heterogeneity (such as layers).

6.2 Diffusion and photon mapping

Chen et al. [16] were motivated by the problem of simulating translucent materi-

als with heterogeneities near the surface. The measured the spatially varying surface

reflectance using a shell texture function (STF) Chen et al. argued similarly to Wang

and Jacques [123] that light that penetrates deeply into the material undergoes more

scattering, and is thus more diffuse. Light that scatters near the surface is described by

the STF, a volume composed of voxels. The properties of each voxel are determined in

part by manually choosing parameters, and in part through a complex 3D scanning pro-

cess. This gives a local albedo, phase function, and extinction coefficient for each voxel,

which completely determines the optical properties. Light transport in the STF region

is simulated using volumetric photon mapping from light sources uniformly distributed

around the upward and downward hemispheres, thus depositing power in the voxels. This

implicitly assumes that the local lighting over a surface is uniform. During rendering,

camera rays are ray-marched through the STF region until they reach two mean free

paths into the material. The remaining radiance is computed by sampling using rays

from the light and using the dipole approximation. An additional photon tracing path

is required to correct for lighting near shadow boundaries, i.e. when the lighting is not

uniformly incident.

Similar to the hybrid method, calculating the STF can be an expensive process, as

it requires at least one photon tracing step as a precomputation, and possibly another

expensive step near shadow boundaries. The STF, however, is able to capture local
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heterogeneities in the material, while diffusion cannot. The STF method still assumes that

the inner core of the material is semi-infinite, as it relies on the diffusion approximation.

6.3 Diffusion and texture functions

Tong et al. [108] found a different way to model local heterogeneity in translucent

materials by coupling bidirectional texture functions (BTF) [20] with the diffusion

dipole. Their goal was to develop a model that reproduced data measured with a fairly

sophisticated setup. A BTF encodes the appearance of a local surface patch under the

hemisphere of viewing and lighting directions, and includes local texture and normal data.

To extend the BTF to model the transport from an incident point to a different exitant

point, Tong et al. split a small area around a point into two parts, a local area that contains

heterogeneities, and a global area surrounding the local area that is homogeneous. Similar

to the above methods, light that is incident far from an exitant point is more likely to

undergo multiple scattering, and is well approximated by the diffusion dipole. The

parameters to the dipole are acquired by fitting measured data to the dipole function.

Incident light near an exitant point, however, is modulated by mesostructure functions,

similar to a BRDF, also acquired through direct measurement.

Again, similar to the Chen et al.’s method, this technique only applies for materials

that are optically thick, as it relies on the diffusion dipole approximation. Also, the

range of measured data used for estimating the dipole parameters is somewhat ill-defined,

as data near the source is ignored. Because the light incident within the local area

is modulated only by the mesostructure functions, the Tong et al. model essentially

assumes that the reflectance profile is flat near the source, rather than increasing hyper-

exponentially, as both the dipole and Monte Carlo simulations predict. This tends to give

materials a “hard” look when top lit, as the often significant local subsurface scattering

contribution is ignored.



Chapter 7

A new model for thin and layered

materials

As discussed in Chapter 5, the diffusion dipole is limited to semi-infinite homoge-

neous materials. This approximation breaks down in the case of thin scattering slabs

and multi-layered translucent materials. In this chapter, we remove the semi-infinite

restriction and present a new technique for simulating the reflection and transmission of

light from arbitrary systems of diffusing layers. We use multiple dipoles to account for

light scattering in thin slabs, and extend this model to account for mismatching indices

at the top and bottom of the slab, and to handle a rough interface at the top surface.

To model multiple layers, we convolve the diffusion profiles of individual layers using

an efficient frequency space technique similar to Kubelka-Munk theory. To illustrate

the robustness of our approach, we compare results generated by our method to those

computed by Monte Carlo simulations with data taken from the optics literature, and

show good agreement. We also provide several qualitative examples that demonstrate

the diffusion of light in thin slabs and multi-layered materials such as paint, paper, and

human skin.

As will be shown in this Chapter, our method generalizes to an arbitrary number of

layers, and enables the composition of arbitrary multi-layered materials with different

optical parameters for each layer. It is both accurate and efficient and easily integrated

into existing implementations that use the dipole diffusion approximation. This Chapter
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also shows that the far-source reflectance and transmittance is dominated by inter-layer

scattering, which has a potentially large impact when attempting to recover optical

parameters from measurements.

7.1 Background

Since the introduction of the diffusion dipole to graphics [62], little work in the

computer graphics literature has extended the model significantly. The previous Chapter

has outlined several hybrid methods that couple diffusion with various techniques, but

the underlying diffusion dipole model has remained unchanged.

As mentioned in Chapter 2, diffusion theory is commonly used in fields other than

computer graphics; there is much related work in optics and medical physics. Many

organic tissues, such has human skin, internal organs, and plant leaves, are composed of

multiple layers [46, 115], which can have a significant impact on both the simulation of

reflectance and transmittance and on the recovery of optical parameters [31].

Most previous techniques for deriving reflectance solutions for layered translucent

materials use approximate boundary conditions between diffusing layers to give expres-

sions for the fluence rate in both layers [21, 67, 69, 91, 100, 112, 113]. For the boundary

between two layers at some depth d, these boundary conditions enforce the continuity of

the flux and its gradient across the boundary

φ1(r) = ηφ2(r), at z = d, (7.1)

D1
∂φ1(r)

∂ z
= D2

∂φ2(r)

∂ z
, at z = d, (7.2)

where η = n1/n2 is the ratio of indices of refraction of the layers, and D1 and D2 are

the diffusion constants of each layer. Schmitt et al. [100] derived Green’s functions

satisfying these boundary conditions between two turbid layers to determine both the

optical properties and steady-state reflectance of human skin. Keijzer et al. [67] has

used an approximation for Fresnel reflectance and used these boundary conditions in

conjunction with Equation 5.26 to obtain expressions for the fluence rates in a medium

consisting of two finite-width layers. An extension to more layers is unclear.
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Frequency domain analysis of simple layer configurations has been used by Kielne et

al. [68, 69] to find both the steady-state and time-domain reflectance from a semi-infinite

medium covered by a thin diffusing slab. Tualle et al. [113] has developed a rapid

method for computing the time-domain fluence of a system of two layers, but although

Tualle et al. [112] has recently extended Kienle’s work to more than two layers, the

resulting geometry is still assumed to be semi-infinite. Other time- and frequency-domain

approximate solutions for the reflectance and transmittance of a system of layers have

also been proposed [3, 9, 79, 80, 95, 118].

None of the above methods are suitable for calculating the steady-state reflectance

and transmittance profiles from arbitrary systems of layers, as they still require solving

approximations to the boundary conditions above [94]. Many make the additional

assumption that the index of refraction of all the layers is constant.

In this Chapter we avoid the complexity of these conditions by determining the

reflectance and transmittance profiles of each layer independently, and convolving those

profiles to give an accurate approximation of the overall reflectance and transmittance.

Previous authors have used convolution techniques to approximate the effects of finite

width beams [125], and to obtain the fluence rates from different source distributions [112,

113], but it has not previously been used to combine the profiles of turbid layers. We

explicitly assume that diffusion applies in each layer, that is, that the layer is optically

thick and has a high albedo.

7.2 Light scattering in thin slabs

The dipole approximation was derived for the case of a semi-infinite medium. It

assumes that any light entering the material will either be absorbed or return to the

surface. For thin slabs this assumption breaks down as light is transmitted through the

slab, which reduces the amount of light diffusing back to the surface. This means that the

dipole will overestimate the reflectance of thin slabs, and it cannot correctly predict the

transmittance.

We can account for light scattering in slabs by taking the changed boundary condition
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into account. For a slab of thickness d, we define a boundary condition for the bottom

surface analogous to Equation 5.26. Diffuse light transmitted through the slab does not

return, and the upward diffuse radiance is equal to the reflected downward radiance at

the bottom surface

∫

Ω−
Ld(r, ~ω)(~n ·~ω) d~ω = Fdr

∫

Ω+
Ld(r, ~ω)(−~n ·~ω) d~ω at z = d. (7.3)

Simplifying this equation gives a result similar to Equation 5.28,

φ(r)+2AD
∂φ(r)

∂ z
= 0 at z = d, (7.4)

where we make the assumption that the non-scattering mediums above and below the

slab have the same index of refraction. In the next section we will show how to handle

the case where the indices differ. In this case of matched boundaries, Equation 7.4 states

that the flux vanishes at depth d + zb, which is zb below the bottom of the slab.

We can approximate Equation 7.4 similar to the top condition as before by mirroring

the top dipole about z = d + zb. The net fluence from both dipoles results in zero fluence

at z = d + zb (the lower dotted line in Figure 1b) [86]. Reinforcing the condition at

z = zb (the top dotted line) requires mirroring the bottom dipole about the top line. Both

boundary conditions are approximated simultaneously only when there is an infinite

array of dipoles [17,122] (Figure 7.1(b)). When the ratios of indices of refraction, and

thus the extrapolation distances, are the same at both the top and bottom interfaces, the

z-coordinates of the dipole sources are given by

zr,i = 2i(d +2zb)+ zr,0

zv,i = 2i(d +2zb)− zr,0−2zb , i =−n, . . . ,n,
(7.5)

where 2n + 1 is the number of dipoles, d is the slab thickness, and zb = 2AD is the

extrapolation distance. Each even positive and negative i satisfies the top condition, while

each odd i satisfies the bottom. The reflectance due to 2n+1 dipoles is the sum of their

individual contributions

Rd(r) =
n

∑
i=−n

α ′zr,i(1+σtrdr,i)e
−σtrdr,i

4πd3
r,i

− α ′zv,i(1+σtrdv,i)e
−σtrdv,i

4πd3
v,i

, (7.6)
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Figure 7.1: Dipole configuration for semi-infinite geometry (left), and the multipole

configuration for thin slabs (right).

where dr,i =
√

r2 + z2
r,i and dv,i =

√

r2 + z2
v,i are the distances to the dipole sources from

a given point on the surface of the object. Note that when n = 0, Equation 7.6 simplifies

to Equation 5.35. Adjusting for the depth of the slab gives the diffuse transmittance

Td(r) =
n

∑
i=−n

α ′(d− zr,i)(1+σtrdr,i)e
−σtrdr,i

4πd3
r,i

− α ′(d− zv,i)(1+σtrdv,i)e
−σtrdv,i

4πd3
v,i

. (7.7)

This multipole approximation is used in the same way as the dipole. An incident ray of

light is converted into an isotropic point source embedded at depth zr,0 in the slab, and

the diffuse reflectance and transmittance are given by Equations 7.6 and 7.7. In practice,

since the contribution of each dipole decreases quickly with distance, the actual number

required in this multipole configuration depends on the slab thickness and the optical

properties of the material. Wang [122] has shown that these expressions compare well
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to Monte Carlo simulations in situations where diffusion theory is applicable, i.e. when

σ ′s ≫ σa and the slab is at least a few mean free paths thick.

Figures 7.2–7.5 compare the Monte Carlo traced reflectance and transmittance of

thin slabs from 2 to 20 mean free paths to the responses predicted by the dipole and

multipole methods. The dipole transmittance is calculated using the linear distance from

the incident light to exitant location (i.e. assuming the points are on the same surface).

Note that because the dipole does not account for light that exits the bottom of the slab, it

predicts light will continue to scatter and exit the top of the material. For thicker slabs,

the dipole performs well, but is noticeably divergent for thin slabs. The dipole also

incorrectly predicts both the intensity and shape of the transmittance profiles in all cases.

The multipole accurately predicts both the reflectance and transmittance in all cases. This

is also evident in the total reflectance and transmittance predicted by the two models,

shown in Table 7.1.

Table 7.1: Comparison of the total reflectance and transmission predicted by the dipole

and multipole models compared to Monte Carlo for the plots in Figures 7.2–7.5.

Total Reflectance Total Transmittance

Mfp MC Multipole Dipole MC Multipole Dipole

2 51.6% 49.8% 90.2% 49.8% 48.1% 26.5%

10 83.4% 83.8% 90.2% 13.8% 13.8% 3.0%

20 89.0% 89.0% 90.2% 6.0% 5.9% 0.7%

7.3 Multiple layers

The multipole approximation has been used to compute reflectance and transmittance

from slabs in the space and time domains [17, 122], but only when the non-scattering

materials above and below the slab are assumed to have the same index of refraction.

When dealing with multi-layered materials, however, this is often not the case. Many

materials (e.g. skin, plant leaves), are composed of layers with differing indices of

refraction.
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Figure 7.2: Comparison of the reflectance and transmission profiles of slabs of varying

thickness predicted by the dipole and the multipole to Monte Carlo simulations. The slab

thickness is 2 mean free paths, and the mean free path length is 1mm.
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Figure 7.3: Comparison of the reflectance and transmission profiles of slabs of varying

thickness predicted by the dipole and the multipole to Monte Carlo simulations. The slab

thickness is 5 mean free paths, and the mean free path length is 1mm.
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Figure 7.4: Comparison of the reflectance and transmission profiles of slabs of varying

thickness predicted by the dipole and the multipole to Monte Carlo simulations. The slab

thickness is 10 mean free paths, and the mean free path length is 1mm.
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Figure 7.5: Comparison of the reflectance and transmission profiles of slabs of varying

thickness predicted by the dipole and the multipole to Monte Carlo simulations. The slab

thickness is 20 mean free paths, and the mean free path length is 1mm.
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To account for mismatched indices, most recent work involves solving difficult

boundary conditions or their approximations at the interface between diffusing layers [30,

94]. This gives expressions for the fluence rate in both layers, and can be used to

determine the reflectance [21, 67, 69, 80, 91, 100, 112, 113]. As discussed at the start

of this Chapter, this results in complex expressions that can be expensive to evaluate,

and in models that have no clear extension to arbitrary systems of layers. Most models

also make the further assumption that the final layer is still semi-infinite. In addition,

these models do not directly provide the steady-state space-resolved reflectance and

transmittance profiles.

To model the effects of Fresnel reflectance between mismatched layers, we extend

the boundary conditions from the single slab case. We will deal with light that transmits

across boundaries between layers in the following section.

When the index of refraction ratios ηtop and ηbottom at the two interfaces of the slab

are mismatched, the different Fresnel reflectances give rise to different EBCs at the top

and bottom of the slab

φ(r)−2AtopD
∂φ(r)

∂ z
= 0, at z = 0, (7.8)

φ(r)+2AbottomD
∂φ(r)

∂ z
= 0, at z = d, (7.9)

where Atop and Abottom are calculated using the appropriate relative index of refraction

Atop =
1+ rs(ηtop)

1− rs(ηtop)
, Abottom =

1+ rs(ηbottom)

1− rs(ηbottom)

These two conditions give different extrapolated boundaries where the fluence is forced

to zero. We can approximately satisfy both conditions simultaneously by mirroring about

the distance from the top extrapolated boundary to the bottom extrapolated boundary

(see Figure 7.6)

zp,i =2i(d + zb,top + zb,bottom)+ zr,0

zn,i =2i(d + zb,top + zb,bottom)− zr,0−2zb,top,
(7.10)

where each zb is computed using the appropriate A. When the Fresnel reflectances at the

top and bottom are the same, Atop = Abottom, and the formulas in Equation 7.10 reduce to

those in Equation 7.5.
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Figure 7.6: The mirroring distance of the multipole is changed in the case of mismatched

indices. donnerF2.pdf.

7.4 Inter-layer scattering

Calculating the reflectance and transmittance profiles of a multi-layered scattering

material requires modeling the light that scatters between layers. To account for this

inter-layer scattering, we convolve the profiles of adjacent layers together, and apply

reasoning similar to Kubelka-Munk theory to correct for more complex light transport.

Similar to the Hanrahan-Krueger BRDF model, Kubelka-Munk theory uses 1D

radiative transport to describe light propagation through turbid materials [75]. It is

extended to multiple turbid layers by multiplying the reflectance and transmittance of

adjacent layers together [74]. Instead of 1D scalar values for reflectance and transmittance,

we compute 3D diffusion profiles, and use convolution instead of multiplication. In the

following we derive simple expressions for the total reflectance and transmittance of

systems of layers, while avoiding the difficult boundary conditions between layers.

As an example, consider the problem of finding the transmittance profile of a system

of two layers of finite-thickness. If diffusion theory is applicable to both layers (σ ′s ≫ σa

and the slab is at least a few mean free paths thick), it is reasonably accurate to assume that
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all interactions between the layers are due to multiple scattering. This removes the need

to model light scattering across more than one layer at a time. Since the method of the

previous section deals with the effects of internal reflectance in the case of mismatched

indices, a base transmittance profile of both layers that includes the effects of internal

diffuse reflection is found by convolving the profiles of the individual layers. That is,

given the incident flux Φ(x,y, ~ω) at a surface, we compute the radiant emittance profile,

M, through the slab at (x,y) by convolving the incident flux, Φ, with the transmittance

profile, T

M(r) =
∫ ∞

−∞

∫ ∞

−∞
Φ(x′,y′, ~ω)T (r′′)dx′dy′ = Φ(x,y, ~ω)∗T (r), (7.11)

where r′′ =
√

(x− x′)2 +(y− y′)2 and ∗ is the convolution operator.

Both the dipole and multipole methods assume that the emitted light is diffuse. They

also assume that the angle of incidence has no effect on the reflection or transmission

response of a material. This effectively equates the impulse response of a slab to its

diffuse response. Note that the multipole gives the impulse response of a slab.

We can combine the profiles of two different layers by assuming that all interactions

between the two layers are due to multiple scattering. This assumption is reasonably

accurate as long as diffusion theory is applicable to the individual layers — i.e. they have

a thickness of at least a few mean free paths. Based on this assumption, we can compute

the profile T12 of the light transmitted through two slabs with transmittance profiles T1

and T2 by convolving the profiles

T12(r) =
∫ ∞

−∞

∫ ∞

−∞
T1(r

′)T2(r
′′)dx′dy′ = T1(r)∗T2(r), (7.12)

where r′ =
√

x′2 + y′2.

The above expression implies, however, that none of the light transmitted into the

second layer returns to the first, which does not consider the full range of interactions

between the layers. Since T1(r) light reaches top of the second layer, T1(r)∗R2(r) light

will be scattered back. Of that, T1(r)∗R2(r)∗R1(r) will be scattered back into the second

layer, and T1(r)∗R2(r)∗R1(r)∗T2(r) will be transmitted out the bottom of the slab (see

Figure 7.7). This contribution can be important, particularly when calculating the total
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T1 ∗R2 ∗R1T1

T1 ∗T2 T1 ∗R2 ∗R1 ∗T2

T1 ∗R2

–

Figure 7.7: The first two modes of the inter-scattering of light between two turbid layers.

diffuse reflectance and transmittance. To account for such additional scattering events

across the interface between layers we correct Equation 7.12 with additional terms for

each possible scattering mode

T12 = T1 ∗T2 +T1 ∗R2 ∗R1 ∗T2 +T1 ∗R2 ∗R1 ∗R2 ∗R1 ∗T2 + . . . (7.13)

where we have omitted the dependence on r for brevity. This series of convolutions is

evaluated efficiently using Fourier theory, which changes each convolution into point-wise

products in frequency space

T12 = T1T2 +T1R2R1T2 +T1R2R1R2R1T2 + . . .

= T1T2(1+R2R1 +(R2R1)
2 +(R2R1)

3 + . . .), (7.14)
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where R and T are Fourier-transformed diffuse reflectance and transmittance profiles.

The resulting expression is a geometric series of point-wise products. As R1R2 < 1,

Equation 7.14 simplifies to

T12 =
T1T2

1−R2R1
. (7.15)

A similar analysis to above produces a similar formula for the reflectance of two layers

R12 = R1 +
T1R2T1

1−R2R1
. (7.16)

This method extends to more than two layers by recursive substitution of Equations 7.15

and 7.16 in for R1 or T1, and re-evaluating the formulas. The real-space reflectance

and transmittance profiles of a many-layered material are computed by computing the

inverse Fourier transform of the overall frequency profiles. The real-space profiles are

then used with Equation 5.36 to find the total diffuse reflectance and transmittance. In

practice, since the profiles are by definition radially symmetric, we use the discrete

Hankel transform to efficiently convolve the profiles.

Note that Equations 7.15 and 7.16 are identical to Kubelka’s [74], but applied in

frequency space. They can also be considered as an application of the multipole approxi-

mation as a scattering function in operator form [89].

7.4.1 Accuracy of the multipole and convolution method

In this subsection we compare results computed using the method outlined in the

proceeding sections to Monte Carlo simulations of steady-state reflectance and transmit-

tance, using previously published data. The Monte Carlo simulations were performed

similar to existing standard methods [124], though using in-house code. The individual

layer profiles were calculated using Equations 7.6 and 7.7, taking into account any mis-

match in the indices as described above. Since there is no analytical Fourier transform

of Equations 7.6 and 7.7, we exploited the radial symmetry of the problem and used

a discrete zero-order Hankel transform to convolve the responses [10]. Although the

Hankel transform was faster than a full 2D Fourier transform over the surface, it produced

noisy results when insufficient samples were used. Relative errors were calculated as

the difference between Monte Carlo and convolution divided by Monte Carlo [122]. To
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ensure accuracy even far from the source, Monte Carlo simulations were performed

using 10 million photon packets, and took on average several hours to complete on a

workstation. The convolution calculations required only a few seconds to compute.

Kienle et al. has previously investigated the steady-state reflectance of a two-layered

turbid slabs [69]. In their experiments they employed a semi-infinite slab covered by a

thin layer. Figures 7.8 and 7.10 reproduce the experiments recorded in Kienle et al. [69]

Figures 3 and 4, where we compare Monte Carlo simulations to convolved reflectance,

with and without the Kubelka-Munk correction described in the previous section. Five

dipole pairs were used in the multipole, with 5000 radial samples when performing

the convolution. The plots show good agreement for varying scattering and absorption,

and for different thicknesses of the top layer. Note that the uncorrected and corrected

convolution diverge at approximately 5mm, where the influence of inter-layer scattering

becomes significant. Figures 7.9 and 7.11 show the relative error of the uncorrected and

corrected convolution compared to Monte Carlo. Note that the Kubelka-Munk correction

significantly decreases the error in the convolution, particularly far from the source.

Figure 7.12 shows the steady-state reflectance from a four-layered turbid model. The

model parameters are taken from Eda and Okada [27], who used a Monte Carlo model

to predict the steady-state reflectance of a human neonatal brain. These parameters are

summarized in the figure caption. Although the index of refraction was not reported,

we assumed a constant index of 1.4, a common value for human tissue. Although the

reference describes a five-layer model, we discarded the internal low-scattering layer,

which was thin and transparent enough to not contribute significantly to the results. In

the plot, five dipole pairs were used in the multipole, and 5000 radial samples for the

convolutions. The additional of the Kubelka-Munk correction terms again improves the

accuracy of the convolution, suggesting that inter-layer scattering significantly affects the

overall reflectance of turbid layered materials, even those with matching boundaries. This

is seen when looking at the relative error in Figure 7.12 (bottom); inter-layer scattering is

the dominant mode far from the source.

In Figures 7.13 and 7.14, the steady-state reflectance and transmittance of a two-

layered slab are shown. The parameters used are σ ′s1 = 1.0mm−1, σ ′s2 = 4.0mm−1,

σ ′a1 = 0.005mm−1, σ ′a2 = 0.001mm−1, d1 = 5mm, d2 = 1mm, n1 = 1.1, and n2 = 1.4.
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Figure 7.8: Comparison of the convolved multipole with Monte Carlo simulation using

parameters from Kienle [69], Figure 3. The parameters are σ ′s1 = 1.3mm−1, σ ′s2 =

1.0mm−1, σ ′a1 =0.005mm−1, and (top) σ ′a2 =0.01mm−1 or (bottom) σ ′a2 =0.022mm−1.

The thickness of the top layer is d1 =6mm, d2 =∞mm, and n1 =n2 =1.4.
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Figure 7.9: Relative error of Figures 7.8 (top) and 7.8 (bottom).
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Figure 7.10: Comparison of the convolved multipole with Monte Carlo simulation using

parameters from Kienle [69], Figure 4. The parameters of the right plot are σ ′s1 =

1.3mm−1, σ ′s2 = 1.0mm−1, σ ′a1 = 0.005mm−1, and (top) σ ′a2 = 0.01mm−1 or (bottom)

σ ′a2 = 0.022mm−1. The thickness of the top layer is d1 = 10mm, d2 = ∞mm, and n1 =

n2 = 1.4.
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Figure 7.11: Relative error of Figures 7.10 (top) and 7.10 (bottom).
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Figure 7.12: (top) Comparison of the convolved multipole with Monte Carlo simulation

using parameters from Eda and Okada [27]. The parameters are σ ′s1 = 1.882mm−1,

σ ′s2 = 1.584mm−1, σ ′s3 = 0.452mm−1, σ ′s4 = 0.963mm−1, σ ′a1 = 0.018mm−1, σ ′a2 =

0.016mm−1, σ ′a3 = 0.048mm−1, σ ′a2 = 0.037mm−1, d1 = d2 = 2mm, d3 = 3mm, d4 = ∞,

n1 = n2 = n3 = n4 = 1.4. (bottom) Relative error with and without Kubelka-Munk

correction to the convolution.
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Figure 7.13: Reflectance of a two-layered material with (top), and without (bottom)

Kubelka-Munk correction. The circles and long dashed lines are when the material is lit

from above, while the crosses and solid lines are when the material is lit from below. The

properties of the layers are σ ′s1 = 1.0mm−1, σ ′s2 = 4.0mm−1, σ ′a1 = 0.005mm−1, σ ′a2 =

0.001mm−1, d1 = 5mm, d2 = 1mm, n1 = 1.1, and n2 = 1.4. The order of parameters is

reversed to calculate the bottom-lit case. The short dashed lines show the reflectances of

the top and bottom layers individually.
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Figure 7.14: Transmittance of a two-layered material with (top), and without (bottom)

Kubelka-Munk correction. The circles and dashed lines are when the material is lit from

above, while the crosses and solid lines are when the material is lit from below. The

parameters of the layers are given in Fig. 7.13. The total diffuse transmittance in the top-

lit case is 8.8% without, and 13.0% with Kubelka-Munk correction, compared to 13.1%

as calculated by Monte Carlo. In the bottom lit-case, the total diffuse transmittance

is 9.1% without, and 12.9% with Kubelka-Munk correction, compared to 12.3% as

calculated by Monte Carlo. The short dashed lines show the transmittances of the top

and bottom layers individually.
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Five dipole pairs were used in the multipole, with 5000 radial samples for the convolutions.

The left half of each figure shows the uncorrected convolution, while the right half adds

the effects of inter-layer scattering. Both figures also show the reflectance or transmittance

of the individual layers, to illustrate that it is the interaction of light between the layers

captured by the convolution methods that gives the correct response.

In particular, Figure 7.14 suggests that a significant amount of transmitted light

is due to inter-layer scattering. The is also shown when calculating the total diffuse

transmittance using numerical integration of Equation 5.36. Compared to a Monte Carlo

reference of 13.1% for the top-lit case, the uncorrected convolution gave 8.8% for total

diffuse transmittance, while adding the effects of multiple scattering increased the total

diffuse transmittance to 13.0%. For the bottom-lit case, adding the effects of multiple

scattering using the Kubelka-Munk correction terms increased the calculated total diffuse

transmittance from 9.1% to 12.9%, compared to a 12.3% reference. Note also that the

convolution captures the non-polarity of transmitted light, while the reflectance profiles

differ significantly. This bi-coloration is an important characteristic of many thin layered

turbid materials, such as plant leaves [46].

7.5 Rough surfaces

This Chapter has so far has assumed that the top surface of the material is smooth.

We can account for rough surfaces by modifying the boundary condition that states how

the diffused light is reflected at the surface. This can be done by replacing the Fresnel

term in Equation 5.26 by an appropriate BRDF. In the following, we will assume that a

microfacet model can be used to describe the roughness of the surface, and we model the

surface reflection using a Torrance-Sparrow BRDF [109]

fr(~x, ~ωo, ~ωi) =
F(~x, ~ωo, ~ωi)D(~x, ~ωo, ~ωi,σ)G(~x, ~ωo, ~ωi)

4(~ωi ·~n)(~ωo ·~n)
, (7.17)

where~n is the surface normal, and D, G, and F are the microfacet distribution, geometric

term, and the Fresnel term (see [35] for details). In the case of a smooth surface the

diffuse Fresnel term, Fdr, given in Equation 5.27 specifies the fraction of diffuse light

reflected at the surface. In the case of a rough surface we replace this term by an average



76

diffuse reflection, ρd . For the Torrance-Sparrow model there is no analytic approximation

of the diffuse reflection, and we compute it using Monte Carlo sampling by evaluating

the BRDF for random diffuse incident directions and averaging the resulting value for

the reflection (this is done once for a given material).‘

Once the diffuse reflection factor, ρd , is computed we can modify the A term (Equa-

tion 5.29) used in the computation of the extrapolation distance as follows:

A =
1+ρd

1−ρd

. (7.18)

In addition, the BSSRDF (Equation 5.1) is changed by replacing both Fresnel terms with

a diffuse transmission function

Sd(~xi, ~ωi;~xo, ~ωo) =
1

π
ρdt(xi, ~ωi)R(||~xi−~xo||)ρdt(xo, ~ωo), (7.19)

where

ρdt(x, ~ωo) = 1.0−
∫

2π
fr(x, ~ωo, ~ωi)(~ωi ·~n)d~ωi. (7.20)

We assume all light that is not reflected by the BRDF model is transmitted into the

material. Since ρdt is a fairly smooth function, we use numerical integration and generate

a small table for different incoming angles. The use of ρdt is an approximation, as the

transmitted light has a directional distribution described by a BRDF for transmitted

light [105]. Since we use a diffusion model, however, this distribution can be ignored,

and we consider all transmitted light to be diffuse.

The final model for the appearance of a rough translucent material consists of the

diffusion model plus the BRDF for the reflection of light by the rough surface. As

the surface roughness increases this model predicts that less light will be transmitted

into the material, while more light is reflected directly by the surface. This results in a

desaturation of the color of the translucent material as the importance of the (often white)

surface reflection grows.

7.6 Rendering with the Multi-Layer Model

The multi-layered diffusion model is computed by evaluating the multipole for each

layer, and using the Fourier transform technique described in the previous section to obtain
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the total diffuse transmittance and reflectance of the material. Because no analytical

transform of the multipole equation exists, we use the discrete Fourier transform to

generate tabulated reflectance and transmittance profiles. Discretely sampling the profiles

is computational efficient compared to re-evaluating the multipole for every pixel. This

is particularly beneficial when capturing the properties of highly scattering extremely

thin layers, where a large number of dipole pairs may be required. For thicker, less

scattering single slabs, the analytic multipole model can be used directly. Both the

analytic multipole and the tabulated profiles can be rendered using the same techniques

as the dipole method.

The multi-layer model provides both a reflectance and a transmittance profile, but the

geometry to be rendered determines how they should be used. As with the dipole model

these profiles are only valid for planar slabs, and can only be used as approximations

for other types of geometry. When modeling a multi-layered material such as skin it is

sufficient in most cases to use only the reflectance profile to model the diffusion of light.

In the case of complex thin (a few mean-free paths) geometry it is possible to blend the

reflection and transmission profiles, depending on the normals~nl and~ns at the location

of the incident light and the point being shaded

Pd(r) = 1
2
(~ns ·~nl +1)Rd(r)+ 1

2
(1−~ns ·~nl)Td(r) . (7.21)

This equation computes a new profile as the weighted average of the reflected and

transmitted profiles. Note that only the reflected profile is used if the normals point in

the same direction, while only the transmitted profile is used if they point in opposite

directions. One potential improvement to this formula would be to take into account

the relative position of the two points as well (e.g. if the normals are facing each

other). However, since the geometry between the point being shaded and the point being

illuminated is unknown, there is no guarantee of accuracy. For applications that require

high degrees of precision for small complex geometry, it is better to use Monte Carlo

photon tracing or a multi-grid diffusion solver.
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7.6.1 Texturing

Texturing a multi-layered translucent material can be done in a number of ways.

If the texture contains information about the scattering properties of each layer then it

is possible to approximate the spatially varying reflectance and transmittance profiles

by convolving the spatially varying reflectance and/or transmittance profiles for the

individual layers (assuming that the surface is locally homogeneous). This process is

costly as it has to be done for every point on the surface or for every texture element.

A simpler technique that works well in practice is to assume that the texture is given

as an albedo map (e.g. diffuse reflectance) similar to textures used to shade opaque

materials. This approach has been used on translucent materials based on the dipole

model [49, 59]. If we further assume that only nearby texture values influence each other

then we can account for texturing using the following approach.

• First, we convolve the texture with the reflectance profile (and the transmittance

profile if thin geometry is being shaded). This effectively blurs the texture accord-

ing to the diffusion of light (a similar approach has been used on the irradiance

value by Borshukov and Lewis [13]).

• Next, we normalize the texture such that the average is a white color. This is done

to ensure that the color of the diffusion process is used, rather than the texture

color. If the texture color is important then the texture can be normalized by the

reflectance and/or transmittance value predicted by the multipole method (we have

not used this approach).

• Finally, during rendering we compute the effective diffusion of light using the

reflectance and/or transmittance profile, and scale the predicted radiant emittance

by the normalized texture value.

7.7 Visual results

We have already shown the accuracy of the combined multipole and convolution

technique. In this section we preset visual examples that show the ability of the method to
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Dipole model Multipole model Monte Carlo reference

Figure 7.15: A piece of parchment illuminated from behind. Note, how the dipole model

(left) underestimates the amount of transmitted light, while the multipole model (middle)

matches the reference image computed using Monte Carlo photon tracing (right).

simulate light transport in various types of scattering materials. We have implemented the

multi-layered diffusion model in a Monte Carlo ray tracer that supports direct sampling of

scattering profiles as described in [62]. The images were rendered on a 2.8GHz Pentium

IV, and the rendering times for the individual images were from one to five minutes.

Preprocessing time to generate the scattering profiles ranged from five seconds to under

one second, using 1000 dipole pairs to ensure accuracy.

Figure 7.15 compares the accuracy of the multipole method with the dipole method

and Monte Carlo photon tracing. The scene contains a thin piece of parchment illuminated

from behind. The parchment is roughly 1 mm. thick, which corresponds to approximately

four mean free paths. The dipole predicts a transmittance of about 3.3% compared

with 22.6% for the multipole and 21.5% for the Monte Carlo reference result. As a

consequence, the parchment is too dark when rendered with the dipole diffusion model,

while the multipole model more precisely predicts the correct appearance.

Figure 7.16 shows the effect of adding a thin layer of paint onto a thicker buddha

statue made of jade. The paint is highly scattering of white light, while the jade absorbs

most non-green light. Adding the paint layer causes the reflected light to become more

white, and attenuates the amount of light that reaches the jade, causing the statue to look
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more opaque. The transmitted light, however, remains green as it still scatters through

the jade material.

As an example of the effect of surface roughness, Figure 7.18 demonstrates several

renderings of a marble statue with different surface roughness values. As the surface

roughness increases, the surface changes from having an oily appearance to looking more

dry and rough. Another important change is the desaturation of the color of the statue due

to an increase in the amount of reflected light, and a reduction in the amount of lighting

due to subsurface scattering.

Figure 7.17 displays renderings of a leaf composed of a thick absorbing layer over a

thin highly scattering layer, similar to [46], with absorption parameters taken from [33].

Note that while the orientation of the leaf affects the reflectance, the transmittance is

nearly the same. This bicoloration is an important visual element of many leaves. For the

leaf model, we applied both thickness and bump maps on the geometry to simulate the

appearance of the leaf veins. The thickness map is effectively used as a displacement map,

which increases the distance of the diffused lighting. This gives the effect of thickness,

but it is only an approximation as the overall reflectance profile changes as a function of

the thickness of each layer. The leaf color is caused by multiple scattering; no textures

have been used.

Multiple layered models have been shown to be effective in simulating the optical

properties of human skin [114]. In Figure 7.19 we demonstrate a three layer model

of human skin applied to a high-resolution digital scan of a head. No bump map was

used; the surface detail is due to the actual geometry of the model. The parameters for

each layer are from Tuchin [114] and summarized in Table 7.2. The left images show

the contribution each layer gives to the overall appearance, as well as the contribution

of surface roughness at the top surface of the skin. The right image shows the full

combination of all the layers with no texturing. The images in Figure 7.20 add texturing

as described in the previous section. Note that although the individual layers may not

appear to be skin-like, this is often the case of actual photographs of the bloodless top

layers of human skin. Also, it is the overall reflectance from the convolution of these

layers that gives the final appearance. The bloody dermis layer is assumed to be semi-

infinite, which is often done to simulate the effects of internal tissues, while the highly
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Table 7.2: Optical parameters used in generating the images in Figures 7.19– 7.21. η is

the index of refraction, and d is the thickness of the layer.

σa (mm−1) σs (mm−1)

R G B R G B η g d (mm)

epidermis 2.1 2.1 5.0 48.0 60.0 65.0 1.4 0.0 .03

upper dermis 0.16 0.19 0.30 32.0 40.0 46.0 1.34 0.25 .05

bloody dermis 0.085 1.0 25.0 4.5 4.7 4.8 1.4 0.8 ∞

scattering upper layers determine the softness and tint of the skin. Figure 7.20 also shows

a comparison between the multilayer model and the dipole model using the parameters

provided in [62]. The dipole overestimates the amount of scattering, giving the face a

waxy, translucent look that blurs the features of the skin. The multi-layered model results

in a less blurry appearance due to the improved approximation of the highly scattering

epidermal and dermal layers compared with the bloody dermis. The overall appearance

of the skin is still translucent as can be seen when the light is bleeding into shadowed

regions, or when the skin is illuminated from behind (e.g. at the ear). Figure 7.21 shows

a full rendering of the head with the complete model.

Note that parameters to the dipole model cannot always be used in the multipole

model directly, as the dipole parameters are designed to capture the overall appearance

of a semi-infinite sample of the material. Instead, the images in Figures 7.19– 7.21 have

been rendered using parameters from existing work in tissue optics. These parameters

are more intuitive than the parameters in the dipole model, since the specific properties

of each layer can be modified (e.g. blood concentration or melanin) to change the overall

appearance.

7.8 Summary and discussion

This Chapter presented a method for efficiently calculating the steady-state diffuse

reflectance and transmittance profiles of arbitrary systems of diffusing layers, and intro-

duced an efficient method for rendering them. We avoided solving complex boundary
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conditions by convolving the reflectance and transmittance of profiles of individual layers.

To improve accuracy, we corrected the convolution to account for inter-layer scattering

using methods similar to Kubelka-Munk theory, but applied in frequency space using

3D diffusion profiles. We compared with Monte Carlo simulation using parameters

taken from previously published work as examples of its applicability, and have shown

good agreement. The correction to the convolution improves the accuracy of reflectance

calculations far from the source, and has a significant impact on the calculation of trans-

mittance, and the profiles of many-layered materials. The separation of the diffusion

profiles into single-layer and inter-layer scattering has also shown an interesting result:

far-source reflectance and transmittance in multi-layered materials is primarily due to

inter-layer scattering. In particular, since the transmittance profile is due entirely to inter-

layer scattering, accurate simulation of this phenomenon is essential. This suggests that

the corrected convolution may be well suited for parameter estimation of multi-layered

turbid materials using a combined reflectance and transmittance approach.

The primary source of error in the convolved responses near the source is the diffusion

approximation itself. Near-source radiant emittance is dominated by single scattering, and

is not accurately captured by either the dipole or multipole method. Also, though layered

structures can be simulated, the embedding of arbitrary objects in layered materials is

still not supported. In addition, it is difficult to measure the optical properties of layered

materials, or to construct them intelligently. This issue is explored more in the next

Chapter. Still, the new model is efficient and accurate, and it renders thin and layered

materials such as paper, leaves, and skin faithfully.
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Jade Jade + paint

Figure 7.16: A buddha statuette sprayed with a thin layer of white paint. The first and

third images are front-lit, the second and fourth back-lit.

Front and back, frontlit. Front and back, backlit.

Figure 7.17: A layered leaf lit from front and behind. The reflectances of the front and

back sides of the leaf differ significantly, while the transmittance is nearly identical. Note

that the color is due to multiple scattering; no textures are applied.
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Figure 7.18: A translucent marble statue with surface roughness 0.1 on the left, 0.5 in

the middle, and 1.0 on the right. The smaller images show the subsurface scattering

component and the roughness component of the smooth (0.1) and the rough (1.0) translu-

cent statues. Note how the smooth version is more shiny and brighter due to a higher

subsurface scattering component. As the surface gets rougher the surface reflection

increases, which reduces the amount of subsurface scattering, and the overall result is a

desaturation of the color of the marble material.



86

Epidermis

Reflectance

Epidermis

Transmittance

Upper Dermis

Reflectance

Upper Dermis

Transmittance

Bloody Dermis

Reflectance
Surface

Roughness

All layers

Figure 7.19: A multi-layered model of human skin using measured parameters for the

individual skin layers [114]. The left images show the reflectance and transmittance of

the epidermis, upper dermis, and the bloody dermis layers. The right image shows the

combination of these layers using the multi-layer model.
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Dipole close-up using

parameters from [62]

Multi-layer close-up using

parameters from [114]
Backlit close-up

of the left ear

Figure 7.20: Closeups of the complete model in the case of rendering human skin. The

top left and center images compare the dipole model using the parameters from [62]

with the multi-layer model. Note how the combination of the different layers results in

skin that captures both the translucency of the bloody dermis as well as the localized

scattering in the epidermis. The top right image shows light scattering through the backlit

ear.
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Figure 7.21: A full-face image using the complete model.



Chapter 8

A spectral shading model for human

skin

One of the limitations of both the dipole and multipole concerns the selection of

parameters. Both models require knowing the RGB reduced scattering and absorption

coefficients, the phase function, and in the case of the multipole the thickness of each

layer. As an example, consider the skin model from the previous chapter. For the three

diffusing layers, there are a total of 7 parameters per layer, for a total of 21 parameters.

Which parameters are most important for the overall appearance, and how to they interact?

In particular, the interaction between the scattering and absorption coefficients are not

only non-linear, but also deceptively counterintuitive. The final appearance produced by

a diffusion profile depends on the relative strength of absorption and scattering, as well

as the scale of the material. This presents the following problem: how can we choose

parameters for a subsurface scattering model that produce predictable, intuitive changes

in appearance?

This Chapter resolves that problem for the specific case of shading human skin. The

model accounts for subsurface scattering using a BRDF, and surface scattering using the

multipole method described in the previous chapter. To be practical, it uses only four

parameters to simulate the interaction of light with human skin. These four parameters

control the amount of oil, melanin and hemoglobin in the skin, which makes it possible

to match specific skin types, and also give a more intuitive control to the BSSRDF. Using

89
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these parameters, we generate custom wavelength dependent diffusion profiles for a

two-layer skin model that account for subsurface scattering within the skin. Similar to

the model in the previous Chapter, we combine the subsurface scattering simulation

with a Torrance-Sparrow BRDF model to simulate the interaction of light with an oily

layer at the surface of the skin. Qualitative and quantitative results demonstrate that this

simple four parameter model makes it possible to accurately simulate the range of natural

appearance of human skin including African, Asian, and Caucasian skin types.

8.1 Background

Simulating the appearance of human skin is a challenging problem due to the complex

structure of the skin. Furthermore, even small variations in color and shade significantly

influence the perception of skin, as they convey information about a person’s health,

ethnicity, and physiological state. A physically accurate shading model that takes into

account the full spectral interactions of light with tissue is essential for realistic renderings

of human skin.

Debevec et al. [22] measured the reflectance field of human faces, allowing for

rendering of skin under varying illumination conditions with excellent results. Jensen and

Buhler [59], Hery [49] and Weyrich et al. [129] have investigated methods to measure the

surface and subsurface properties of human faces. While these techniques can be used to

reproduce measured data accurately, there is no clear way to modify model parameters

arbitrarily to generate a desired appearance.

Tsumura et al. [110, 111] developed an image-based technique to recover and sub-

sequently model the concentrations of melanin and hemoglobin in skin. Their method

makes the assumption that melanin and blood have completely independent effects on

skin color, which has been shown to not be the case [106]. Also, their technique is limited

to specific camera-light combinations.

Krishnaswamy and Baranoski [72] developed the BioSpec model for simulating light

interaction with human skin. The BioSpec model is based on a detailed model of human

skin that uses physically obtained biological parameters to simulate the transport of light
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through the different layers of skin. It models the spectral scattering and absorption

properties of the skin, using brute-force Monte Carlo ray tracing to simulate scattering

within the skin model. This makes the BioSpec model significantly more costly than

diffusion style methods. In addition, there is no clear way to accelerate the BioSpec

model using diffusion-based techniques, as it does not compute radially symmetric

profiles. The model is quite complex having almost two dozen input parameters, and

the interactions between parameters, as well their individual and combined effects on

overall appearance, is complicated. It is also unclear how to determine these parameters

for a desired skin type, making it difficult to use the BioSpec model for simulating the

appearance of human skin.

In this Chapter, we present a practical physically-based spectral shading model for

rendering human skin. The model accounts for subsurface scattering within the skin

and surface reflection of the oily surface. It is controlled by four physically meaningful

parameters that control the amount of melanin, hemoglobin, and the oiliness of the skin.

We use the multipole to efficiently calculate spectral diffusion profiles for a two-layer

model of the skin. These diffusion profiles are used during rendering to simulate the

subsurface scattering of light within the skin. To account for the reflection of light by

the oily skin surface we use a Torrance-Sparrow BRDF. We demonstrate our model

by simulating different skin types (African, Asian and Caucasian), and show that it

reproduces the spectral reflectance behavior characteristics of human skin.

8.2 The structure of skin and its interaction with light

The physical structure and chemical makeup of skin is a well studied topic in various

scientific fields. Skin is known to have a distinct layered structure, with smaller-scale

structures (hair follicles, wrinkles, sweat glands, capillary veins, etc.), all of which have

some effect on appearance [50].
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Figure 8.1: Spectral absorption coefficients of hemoglobin, melanins, and baseline skin

absorption.

8.2.1 Absorption of light

The most striking feature of skin is its color, which is determined by absorbing

chromophores distributed in the different layers. The most prominent chromophores

that affect skin appearance are hemoglobin and melanin [4]. Hemoglobin is responsible

for carrying oxygen throughout the body, and is the primary constituent of red blood

cells. It comes in both oxygenated and deoxygenated forms, each with a slightly different

properties. The absorption spectra of both oxy- and deoxy- hemoglobin are shown in

Figure 8.1. Note the characteristic peaks in oxy-hemoglobin at 542nm and 547nm.

The other chromophore, melanin, is not actually a pure substance, but is composed

of different polymers, and varies in color from light yellow to very dark brown or

black [1]. Lighter melanin is composed mostly of pheomelanin, while the darker type is
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generally eumelanin. Different concentrations of these basic molecular building blocks

are believed to produce the various pigmentations of skin and hair seen in the natural

world. Both melanins have a characteristically broad and smooth absorption band, with

highest absorption in the UV range, decaying as wavelength increases (see Figure 8.1).

This property likely makes them good safeguards against solar radiation. Recent work

suggests that the type, rather than total concentration, of melanin is the primary factor in

skin coloring [1]. Although the most significant absorber in the darkest skin is eumelanin,

in somewhat lighter skin colors (e.g. Asian skin), there is a wide range of concentrations

of the different types of melanin [1, 2, 52, 121]. The particular type distribution varies by

individual, even within a single ethnic group.

There are small concentrations of other chromophores carried in the blood, such as

bilirubin and beta-carotene, but their visible contribution in healthy skin is negligible [4,

81]. The other structures in skin, such as internal cellular structures and organelles, also

play some small part in absorbing light.

8.2.2 Scattering of light

Besides having a complex absorption spectrum, skin is also a highly scattering

material. This is primarily due to high frequency changes in index of refraction within

the small-scale structures of the skin, and in particular due to collagen and elastin fibrils

that run beneath the surface [4]. The distribution of these fibrils generally decreases in

concentration with depth [81]. Chromophores also play a small role in the scattering of

light within the skin.

8.2.3 Skin layers

Skin has a definite layered structure. The highest level of the skin is the stratum

corneum, and is quite thin, highly scattering, but absorbs almost no light. The layers

below the stratum corneum are associated with the epidermis, and this is where most

of the melanin in skin is found [4]. Below the epidermal layers is the dermis, where

the vascular network carrying nutrients to tissues via the blood is found. The dermal
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layers contain most of the blood in healthy skin. Even deeper below the dermis is the

subcutaneous tissue, such as fat, but it has little effect on visible appearance [81].

The skin also secretes an oily substance, the sebum, which contributes to the direct

surface reflection of light [84]. Light that is not reflected off the surface scatters amongst

the tissues of the skin, where it is either absorbed by chromophores, or scattered out.

8.3 A two-layer model for human skin

In this section we present a new practical appearance model for skin. We draw on

some of the ideas behind both the BioSpec [72] and the previous two chapters, but

focus on developing a model with a minimal set of parameters most important for skin

appearance. The goal is a model that is realistic, but also intuitive and simple to control.

We use four parameters to control the oiliness, hemoglobin concentration, melanin

concentration, and a blend factor between the different types of melanin. Each of these is

discussed in more detail below.

Our shading model consists of three terms

• a surface reflection term for directly reflected light due to oil,

• a spectral subsurface scattering term for light transported through the skin,

• and a texturing term using a surface albedo map.

The skin color produced by our model is given as the sum of the surface reflection and

the texture-modulated subsurface scattering terms.

8.3.1 Surface reflection

Direct reflection is due mostly to oil on the surface of the skin, as well as the skin’s

intrinsic roughness. We also include scattering from the stratum corneum in this term, as

this thin highly scattering layer does not significantly blur the incident light.

As before, we model direct reflection with the Torrance-Sparrow microfacet BRDF

[109], which has been previously shown to give good visual results when fitting specular
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highlights from skin [22, 129]. Again, the BRDF is

fr = ρs
F(~x, ~ωo, ~ωi)D(~x, ~ωo, ~ωi,σ)G(~x, ~ωo, ~ωi)

4(~ωi ·~n)(~ωo ·~n)

where ~ωi and ~ωo are the incoming and outgoing lighting directions, F is the Fresnel

reflectance, G is the geometry term, and D is the Beckmann microfacet distribution [18].

The parameter σ controls the RMS slope of the microfacets, and is often referred to as

the “roughness” parameter. We have found that values for σ in the range 0.2−0.4 give

good results for skin, and we use σ = 0.35 for all our results. Rather than change σ , we

use ρs as a linear scale to control the oiliness of the skin surface.

Similarly to the previous Chapter, we calculate an average diffuse reflectance by

integrating the BRDF over the outgoing hemisphere

ρdr(~x, ~ωi) =
∫

2π
fr(r, ~ωo, ~ωi)(~ωi ·~n)d~ωo. (8.1)

Any light that is not reflected is assumed to transmit into the skin, thus the subsurface

scattering term is modulated by (1−ρdr). This helps ensure conservation of energy. In

most cases, less than 10% of the incident light is reflected at the surface, making this a

good approximation of the actual light distribution.

8.3.2 Subsurface scattering

We simulate subsurface scattering in a two layered model of the skin (see Figure 8.2).

Many other authors have found a two-layer model to be sufficient for skin [103, 107, 111,

116], though existing models range from a single layer [62] to seven layers [81]. Closer

analysis of the properties of different layers of skin, however, shows that there is little

variation in their optical properties [81], and that a two-layer separation into an epidermal

and dermal layer is adequate [4].

To model the scattering and absorption of light in the skin, we have developed a

two layer skin model, representing the skin as an epidermis and dermis. We use the

multipole diffusion model to compute spectral diffusion profiles that can be directly used

for rendering. To use the multipole it is necessary to know the optical properties of each

layer, namely their absorption and reduced scattering coefficients σa and σ ′s. For skin,
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Figure 8.2: Two layer model of skin.

these coefficients are determined by the chemical composition and structure of each layer,

and we describe those elements in the following sections.

8.3.3 Absorption by the epidermis

The primary chromophore in the upper areas of skin is melanin. As mentioned

previously, melanin is not a pure substance, but rather a complex combination of different

molecules. Both the amount and type of melanin present in the skin are thought to

contribute to overall color. The two extreme types of melanin are brown-black eumelanin,

and yellowish-red pheomelanin.

Because both types of melanin have fairly featureless absorption spectra, increasing

with shorter wavelength, their absorption spectra are approximated well by simple power

laws [96]

σ em
a (λ ) = 6.6×1010×λ−3.33 mm−1 (8.2)

σ pm
a (λ ) = 2.9×1014×λ−4.75 mm−1 (8.3)

where λ is the wavelength of light in nanometers, σ em
a is the spectral absorption coef-
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ficient of eumelanin, and σ
pm
a of pheomelanin. Equation 8.2 fits data from [55], while

Equation 8.3 is our empirical fit to data from data in [98]. Baseline skin absorption from

other small scale tissues in the epidermis (organells, cell membranes, fibrils, etc.) is

approximated by [54]

σbaseline
a (λ ) = 0.0244+8.53e−(λ−154)/66.2 mm−1 (8.4)

We assume that both melanin and the small scale tissues are uniformly distributed

throughout the epidermis. We define the total spectral absorption of the epidermis to be a

combination of absorption from both

σ epi
a (λ ) = Cm (βmσ em

a (λ )+(1−βm)σ pm
a (λ ))

+(1−Cm)σbaseline
a

(8.5)

where Cm is the total volume fraction of melanin in the epidermis, and βm controls the

amount of eumelanin relative to pheomelanin, and allow for a light tan or yellowish

appearance. Low values of βm give primarily pheomelanin, while values of βm near 1

give primarily eumelanin, and give skin a brown or black appearance. Note that both

kinds of melanin are found in various concentrations in most individuals, regardless of

race, though it is generally thought that certain skin types are more likely to contain

higher amounts of pheomelanin, such as Asian skin [47]. Darker skin types, such as

African skin, contain higher total concentrations of melanin, mostly eumelanin.

8.3.4 Absorption in the dermis

The dermal layer approximates the deeper areas of skin that contain the vascular

capillary network carrying blood. Here the primary chromophore is hemoglobin [103].

Hemoglobin exists in both an oxygenated and deoxygenated state within the dermis,

each with a somewhat different absorption spectrum as shown in Figure 8.1. Again,

we assume that hemoglobin is uniformly distributed in the dermis. We define the total

spectral absorption of the dermis as a combination of absorption from hemoglobin and

small scale structures

σderm
a (λ ) = Ch

(

γ σoxy
a (λ )+(1− γ) σdeoxy

a (λ )
)

+(1−Ch)σ
baseline
a (8.6)
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where Ch is the fractional amount of hemoglobin in the dermis (usually about 0.1%−20%

depending on location and skin type), and γ is the blood oxygenation ratio between deoxy-

and oxy-hemoglobin. γ varies only slightly over different skin types and body locations

from about 0.6−0.8 [133]. In our model we fix γ to be 0.75.

8.3.5 Scattering and thickness

The spectral scattering of light due to elastin and collagen fibrils, as well as other

small-scale structures and chromophores in the skin, is approximated well by power laws

that model a combination of Mie and Rayleigh theory [6]

σ ′s(λ ) = 14.74λ−0.22 +2.2×1011×λ−4. (8.7)

The deeper regions of the skin are generally less scattering than the upper areas, as there is

a lower concentration of scatterers [53]. We assume that the reduced scattering coefficient

is constant throughout each layer, but we scale the reduced scattering coefficient by 50%

in the dermis, where the skin is more translucent.

We fix the thickness of the epidermal layer to 0.25mm, as chromophore pigmentation

dominates the effects of changing thickness [97]. For simplicity, we also assume a

constant index of refraction of 1.4 throughout the skin, as the actual index changes only

slightly [81]. Since little light reaches subcutaneous tissue, we assume the dermis to be

semi-infinitely thick.

The above equations generate spectral absorption and reduced scattering coefficients

for the two skin layers. These become wavelength dependent inputs to the multipole

model, which generates spectral diffusion profiles for each layer and convolves them

together to provide a single, spectral diffusion profile for skin.

8.3.6 Texturing

An efficient way to locally modify the subsurface scattering term is to modulate it

with an albedo texture. This includes fine scale details such as freckles, splotches, etc.

Rather than requiring recalculation of diffusion profiles over the entire skin surface, we

enable this local change directly with texture maps.
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Table 8.1: Parameters to our model.

Parameter Description Typical range

Ch Hemoglobin fraction 0.001−0.1

Cm Melanin fraction 0−0.5

βm Melanin type blend 0−1

ρs Oiliness 0−1

Since most textures include overall color data, they may include global melanin and

hemoglobin pigments. These can be approximately removed by normalizing the texture

as in the previous Chapter. Since we know the chromophore contribution a priori, we

can remove an assumed chromophore contribution. This is done by first finding the

total diffuse reflectance (Equation 5.36) calculated using assumed values of Ch, Cm, and

βm. Each pixel in the texture is then divided by this total diffuse reflectance rather than

the texture average, leaving only local color variation. Removing global color from the

texture in this way also provides an easy way to match existing images of skin, as the

multiplication of the subsurface scattering term recovers the original texture color.

8.4 Implementation

Table 8.1 summarizes the four parameters to our model, with typical values. To use

the model the user chooses values for each of the parameters Cm, βm and Ch. These

parameters, using Equations 8.2-8.7, directly give the spectral scattering and absorption

coefficients of both the epidermis and dermis. We currently sample every 2nm from

400nm to 700nm to ensure accurate representation of the spectra, but such high-resolution

sampling is not required. We have also tried converting these spectra to RGB absorption

and reduced scattering coefficients, but this tends to overly smooth the effective spectra.

The complex spectral interactions between the diffusion profiles of the layers are lost,

leading to undesirable and unrealistic results. This finding is consistent with previous

work [72].

Using the diffusion multipole, we calculate diffusion profiles for both layers using

their spectral properties, and convolve them together to get a spectral diffusion profile for
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skin. During rendering, this profile is sampled using standard Monte Carlo techniques

as described in [62] to generate the subsurface scattering component. In our current

implementation, the profile generation is done as a pre-process, and takes a few seconds.

Conversion to RGB to generate images is done by first converting the calculated subsur-

face scattering color to XYZ and then RGB using the standard CIE 2◦ color matching

functions, with the D65 illuminant. This resulting RGB value is scaled by the diffuse

surface BRDF and albedo texture, and surface reflection is added as described in the

previous sections using the parameter ρs. Overall rendering times are comparable to

those of [62], as the spectral sampling adds little overhead to the underlying algorithm.

8.5 Results

We have implemented the skin model in a Monte Carlo ray tracer capable of sampling

spectral diffusion profiles. In the following, we examine how the four parameters of the

model influence the appearance of rendered skin, and we show examples for different

skin types. Unless explicitly stated, the images are of untextured skin. The rendering

times for all images are below 10 minutes on a standard PC.

Many of the following figures show rendered images of small patch of skin on the

right cheek of a model of a human head. We show only this patch of skin rather than the

full face to better illustrate the change in overall skin color. When an entire face is shown,

other facial characteristics (bone structure, eye shape, etc.), are distracting and adversely

influence the perception of how “real” the skin looks.

Figure 8.3 shows the effect of changing the melanin volume fraction Cm. The image

shows a patch of skin on the right side of a face. Although only a single parameter is

adjusted in this figure, a wide range of different skin types is simulated. From left to right,

the changes in skin coloration reflect an increase in total melanin fraction from 0.1% to

50%. The leftmost images correspond to light Caucasian skin, while the rightmost images

correspond to dark African skin. The middle images resemble tanned Caucasian or light

Asian skin. The melanin blend βm is held constant at 0.7, indicating 70% eumelanin

and 30% pheomelanin, which gives these skin patches a characteristic beige/tan/brown
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Cm = 0.1% Cm = 1% Cm = 2% Cm = 5%

Cm = 10% Cm = 20% Cm = 30% Cm = 50%

Figure 8.3: Change in skin color of a skin patch as melanin volume fraction Cm is

increased from 0.1% to 50%. Note the change in color from light Caucasian skin to dark

African skin as the total amount melanin increases. The melanin blend βm is fixed at 0.7,

which is 70% eumelanin, and 30% pheomelanin. The hemoglobin fraction Ch is constant

at 0.5%, and the oiliness ρs is 0.5.

appearance.

To illustrate the effect of changing hemoglobin volume fraction, Figure 8.4 shows the

effect on skin color as Ch increases from 0.1% to 20% from left to right. Low values of

Ch generate pale translucent skin, while higher values give pink and purple skin. Note

that the skin does not become red, as in the case of a sunburn, as hemoglobin is only

increasing in the dermis, and not the epidermis. Simulating this effect would require

adding an additional hemoglobin fraction to the epidermis.

Next, in Figure 8.5, we show the effects of adjusting the melanin blend βm from 0

to 1 from left to right. Lower values of βm (higher pheomelanin content) give the skin a

more yellowish appearance, which is common in dark Asian skin. Higher values of βm

(higher eumelanin content), make the skin a pure brown, consistent with African skin.

Note that βm does not have a significant effect on lightly pigmented skin (low values of
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Ch = 0.1% Ch = 1% Ch = 5% Ch = 10% Ch = 20%

Figure 8.4: Change in skin color of a skin patch as the hemoglobin fraction Ch is increased

from 0.1% to 20%. Less hemoglobin gives rise to a pale, translucent appearance to the

skin, while more hemoglobin makes the skin look pink, and then purple. Total melanin

fraction Ch is fixed at 1%, with βm at 0.5. The oiliness ρs is 0.5.

Cm), since it has low amounts of total melanin.

βm = 0 βm = 0.25 βm = 0.5 βm = 0.7 βm = 1

Figure 8.5: Change in skin color of a skin patch as the melanin blend βm increases

from 0 to 1. Lower values of βm (more pheomelanin) give the skin a more yellowish

appearance, while higher values (more eumelanin) give pure shades of tan and brown.

The hemoglobin fraction Ch is constant at 0.1%, the total melanin volume fraction Cm is

50%, and the oiliness ρs is 0.5.

Figure 8.6 shows the effects of adjusting the oiliness, ρs; the surface roughness σ

is fixed at 0.35. Too little oil leaves the skin looking dry and diffuse, while too much

gives the skin a wet and overly shiny appearance. In this figure, the amount of oil is

kept constant over the surface of the skin, but it could easily be varied spatially with a

parameter texture map, as the surface contribution is independent of the subsurface and

texture components.
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ρs = 0 ρs = 0.25 ρs = 0.5 ρs = 0.75 ρs = 1

Figure 8.6: Effect of changing ρs. Little or no oil leaves the skin looking featureless

and diffuse, while increasing ρs adds specular detail to the surface, resulting in a more

realistic appearance. Higher amounts of oil tend to desaturate the skin color, as more

light is directly reflected at the skin’s surface.

Figure 8.7 demonstrates the overall effects of changing only the three chromophore

parameters of the model (Cm, Ch, and βm). The parameters used are summarized in the

figure captions. From left to right, melanin increases, and from top to bottom hemoglobin

increases while the melanin blend changes decreases. Caucasian skin corresponds roughly

to the upper left corner of the figure, with dark African skin in the upper right. Asian

skin tends to fall near the middle of the figure, though there is the possibility for wide

variation.

Using the four model parameters, it is simple to transition from the characteristics of

one skin type to another by slightly adjusting the parameters. Figure 8.9 shows possible

combinations of parameters to simulate different racial skin tones. On left side of the

figure is light colored skin corresponding to Caucasian skin, while the right side image

showing African skin has a much higher volume fraction of melanin. Both extremes have

high concentrations of eumelanin. The middle image, corresponding to Asian skin, has a

blend of eumelanin and pheomelanin. The far right image shows the effect of applying

an albedo texture to the Caucasian skin; this increases the realism of the face as it adds

variation as well as making the lips more reddish. The lower row of thin images show

sections of photographs of real skin samples taken of the side of the face and neck from

people of the corresponding ethnicities. These photographs were taken in a dark room

under similar lighting conditions.
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For a quantitative validation of the accuracy our model, Figure 8.8 compares gener-

ated total diffuse reflectance spectra to actual measured data from the NCSU spectral

database [120]. The spectra were calculated using Equation 5.36, completely decoupled

from rendering. Note the simulated spectra capture the characteristic “W” shape in the

middle of the visible spectrum due to the peaks in the hemoglobin absorption in the

dermis, and the flattening of the spectra as melanin content increases. As shown in the

figure, our model well approximates the shape of skin reflectance spectra, despite the

simplicity of the model. The tradeoff for practicality is unfortunately a loss in precision,

particularly below 450nm, but this does not seem to adversely affect the final color of

skin during rendering. The parameters used to generate each profile are listed in the

figure legend.

In Figure 8.10 we show different combinations of lighting and viewing directions on

textured Caucasian skin (both pale and with a tan). The texture is an albedo texture map

applied to the face using the technique in the previous Chapter. Figure 8.11 shows the

model in various lighting conditions.

8.5.1 Spectral vs RGB diffusion profiles

The BSSRDF is commonly implemented in an RGB shader; the original dipole model

was presented as a three channel model [62]. To realistically capture the appearance of

skin using the model described in this Chapter requires full spectral profiles. Figure 8.12

compares two closeup images of the head model. The left image was rendered using

spectral profiles sampled every 2nm as described in this Chapter. The right image was

rendered using RGB profiles, similar to the previous Chapter, but, generated by converting

each slice of the spectral profile into an RGB triplet.

The spectral and RGB profiles used to generate the images in Figure 8.12 are shown

for comparison in Figure 8.13. Note that the RGB profiles do not always have valid

values over the entire distance range as the spectral profiles. This is because spectral

data can represent colors not found in the RGB space, and a slice of the spectral profile

may map to negative values, particularly further from the source as intensities become

small. The RGB triplet cannot fully reproduce the complex reflectance characteristics
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shown in the spectral profiles. The RGB profiles comprise three slices of a much larger

domain; this very coarse approximation causes overestimation of the far-source radiant

emittance, particularly in the red channel, giving the overly translucent appearance in the

RGB profile image at the right of Figure 8.12. This is most evident near the lips and nose

where most of the detail of the skin is lost.

This problem has also been identified in dermatology and pigment cell research,

where researchers have recently become aware of the limitations of RGB and CIE LAB

colorspaces when capturing and predicting the reflectance spectrum of skin. Though

there are weak correlations between chromophore concentrations in skin and channels in

the LAB colorspace, these correlations are not strong enough to predict the LAB color of

a particular skin type [106].

Using spectral instead of RGB profiles does not significantly increase render time,

as importance sampling of the profiles is unchanged from before. The only extra com-

putation is in converting the computed reflected or transmitted radiance back to RGB

space, which is not significant. It should be noted, however, that it is possible to render

images of skin without fully spectral profiles, as done in Chapter 7. To make use of

the method outlined in this Chapter, however, requires the full reflectance spectrum to

be evaluated, as the optical properties of skin are represented spectrally. It a similar

RGB7→RGB mapping exists, but since the multipole represents a non-linear transform

from optical properties to diffusion profiles, there is no clear extension from the model

presented in this Chapter.

8.6 Summary

This Chapter presented a practical spectral shading model for human skin, that uses

four physically based parameters to simulate a wide range of skin appearance including

African, Asian and Caucasian skin. We model the skin as a two-layer translucent material,

accounting for spectral absorption and scattering within the layers with the multipole

model, and the surface reflectance with a specular BRDF. The four parameters to the

model are total melanin content, melanin type, hemoglobin content, and surface oiliness.
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Despite its relative simplicity, the model gives a good appearance when rendering, and

also closely simulates the spectral reflectance of real skin samples.
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Figure 8.7: Images showing the change in skin subsurface reflectance and color bleeding

over the range of appearance produced by melanin, melanin blend, and hemoglobin

change. The sweatiness/oiliness was kept constant at ρs = 0.4. Note that darker skin

appears wetter because more of the light transmitted into the skin is absorbed, even if

surface reflectance is the same compared to lighter skin. Also, the effects of higher blood

concentration are less apparent in darker skin, as melanin absorption dominates. From

top to bottom, the melanin blend βm changes from 1 to 0.7, 0.3, and 0, and hemoglobin

fraction Ch increases from 0.1% to 1%, 5%, and 10%. From left to right, the total melanin

fraction increases from 0.1% to 0.5%, 3%, 20%, and 50%.
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Figure 8.8: Calculated total diffuse reflectance spectra compared to measured data

from [120]. From top to bottom, we compare with light Caucasian skin (spectrum

number 117 in [120]), dark Caucasian skin (spectrum 95), Asian skin (spectrum 82) and

African-American skin (spectrum 110).

Renderings

Photographs

Caucasian Asian African
Textured

Caucasian

Figure 8.9: Different skin types simulated with our model (top) compared to actual

photographs of real skin samples (bottom). For Caucasian skin, Cm = 0.5%, βm = 0.7,

Ch = 0.5%, and ρs = 0.3. For Asian skin, Cm = 15%, βm = 0, Ch = 1%, and ρs = 0.3. For

African skin, Cm = 50%, βm = 0.7, Ch = 5%, and ρs = 0.3. The far right image applies an

albedo texture to the Caucasian skin.
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Figure 8.10: Applying skin parameters to an entire face with texturing. The left image

showing light pale Caucasian skin was generated with Cm = 0.3%, βm = 0.25, Ch = 0.5%,

and ρs = 0.3. The right image showing well-tanned Caucasian were generated with Cm =

2%, βm = 0.25, Ch = 0.1%, and ρs = 0.25.



110

Figure 8.11: Applying skin parameters to an entire face with texturing. The left image

shows how our model captures the scattering of light through thin areas such as the ear,

while the right shows the skin illuminated from several directions. For both images, the

parameters are Cm = 0.2%, βm = 0.5, Ch = 1%, and ρs = 0.25.
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Figure 8.12: Closeup of the head model using a spectral diffusion profile (left) and a

RGB diffusion profiles (right). Note the color difference, and excessive translucency

when using the RGB profiles. The RGB profile was generated directly from the spectral

profile. For both images, the parameters are Cm = 0.3%, βm = 0, Ch = 1%, and ρs = 0.4.
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Figure 8.13: The full spectral profiles for the parameters given in Figure 8.12 (top), and

a closeup of the RGB diffusion profiles (bottom). The RGB profiles do not span the

full distance range (particularly the blue and green channels), as the spectrum represents

colors outside of the RGB colorspace. The RGB profiles represent a small slice of the

full spectral profile, and cannot reproduce its accuracy.
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Conclusions

This dissertation takes the field of computer graphics towards photorealistic image

synthesis of scattering materials. It has introduced a new model spectral shading model

for human skin, based on a new more general model of light transport in thin and multi-

layered scattering materials, the multipole. We have shown that these new models are

practical and efficient, as well as accurate, and are suitable for creating photorealistic

images of translucent materials.

We have also given a full derivation of the diffusion dipole method, starting from

the theory of radiative transport. This enabled us to analyze the limitations of the dipole

model, producing directions where it could be extended and improved upon. Specifically,

we found that the dipole is limited by its assumptions of semi-infinite geometry, high

albedo, and homogeneity.

The diffusion multipole method has significant advantages over the dipole method,

and is in fact generalizes to the dipole as the thickness of the material approaches

infinity. The multipole is based on the same approximations as the dipole, namely the

diffusion approximation. The multipole, however, extends to model layered materials

through a novel frequency space technique that efficiently convolves together the infinite

modes of multiple scattering between diffusing layers. This avoids the use of difficult

boundary conditions between diffusing layers, and allows for a model that handles

arbitrary configurations of diffusing layers, including those with mismatched indices of

refraction at their boundaries. We have compared the results of the multipole method

113
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with Monte Carlo simulation using parameters taken from previously published work as

examples of its applicability, and have shown good agreement. We have also given several

examples of photorealistic rendered images to show the plausibility and practicality of the

shading model. In cases where diffusion is applicable, the multipole accurate describes

the reflectance and transmittance of translucent slabs and layered materials.

This dissertation has also introduced a novel, practical shading model for human skin.

The model builds on the multipole method, and simulates skin as a two-layer translucent

material with an oily surface. Using only four parameters –total melanin content, melanin

type, hemoglobin content, and surface oiliness– the model is simple, yet accurate. It

provides large flexibility to simulate the color of skin with a minimum of confusion,

and accurately models a wide range of skin appearance including African, Asian and

Caucasian skin. Simplifying parameter selection, however, requires the use of spectral

diffusion profiles, but these do not significantly affect render times.

These new models are also applicable in fields outside of computer graphics. As we

have shown, the multi-layered model is simpler, just as accurate, and more general than

previous work in optics and medical physics. The skin model in particular should be

useful in dermatology and pigment cell research for simulating the reflectance spectrum

of skin.

9.1 Future work

As we showed at the end of Chapter 5, the diffusion approximation breaks down in

several cases, and it is generally difficult to predictably generate a desired appearance

through the choice optical properties. We removed the semi-infinite restriction in Chap-

ter 7, but there are still limitations on materials that the multipole method can simulate.

Diffusion theory must be applicable in each layer, and each layer must be homogeneous.

This adds a restriction on the minimum thickness of a layer; the positive source of the

0th order dipole pair must be contained within the slab. Thus, a layer should be at

least two mean free paths thick. A more accurate model for near-source reflectance and

transmittance could remove this restriction. The homogeneity assumption also prevents



115

the modeling of internal structures within (or spanning) layers (e.g. bones in a translu-

cent fish, or a black rock embedded in a stratified translucent crystal). Another useful

application of the multi-layer model that should be explored is to determine whether it

can be used to make accurate measurements of optical properties of layered translucent

materials.

We will also investigate extending the skin shading model to handle abnormal con-

centrations of other chromophores, such as beta-carotene and bilirubin. Such extensions

will make the model more complicated, adding more terms to Equations 8.5 and 8.6, but

would allow for modeling skin rashes or sunburns and other abnormal skin conditions. It

would also be useful to add asperity scattering [70] due to tiny hairs (peach fuzz) on the

skin, or from an additional layer of cosmetics. It also seems straightforward to use the

model to automatically recover the model’s parameters from real skin.

In this dissertation we have not explored one other limitation of diffusion: the as-

sumption of high albedo. The hybrid methods presented in Chapter 6 couple the diffusion

dipole with more accurate techniques such as photon packet tracing, but significantly re-

duce the efficiency of the method. One very interesting avenue for future research would

be to derive an analytical solution for low albedo materials, either based on diffusion

theory, or other approximations of radiative transport. Any such work would also have to

accurately model single and low-order scattering.
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[132] J. K. F. Zöllner. Photometrische Untersuchungen mit besonderer Rücksicht auf
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