










Figure 3: Symplecticity [reproduced from [Hairer et al. 2002]]: while a continuous Lagrangian system is symplectic (that is to say, in this simple case, an area
in phase space evolves along the flow without changing its area), discrete time integrators rarely share this property. From our three time integrators compared
in Section 3, only the last one is symplectic. In the background, the reader will recognize the shape of the orbits obtained in Fig. 1(right).

5.4 Adding Dissipation

In case of forcing and/or dissipation, the discrete action can be mod-
ified by adding the non-conservative force term and using the dis-
crete Lagrange-d’Alembert principle [Marsden and West 2001]:

δSd +

N∑
k=0

(
F−d (qk, qk+1) · δqk + F+

d (qk, qk+1) · δqk+1

)
=0.

where F−d (qk, qk+1) and F+
d (qk, qk+1) are discrete external forces

acting respectively on the right of qk and on the left of qk+1.
In other words, F−d (qk, qk+1) · δqk + F+

d (qk, qk+1) · δqk+1 can
be seen as a two-point quadrature of the continuous forcing term∫ tk+1

tk
F · δq dt. The forced discrete Euler-Lagrange equations can

be expressed in a convenient, position-momentum form as follows:

pk = −D1Ld(qk, qk+1)− F−d (qk, qk+1) ,

pk+1 = D2Ld(qk, qk+1) + F+
d (qk, qk+1).

This variational treatment of energy decay, despite its simplicity,
has also been proven superior to the usual time integration schemes
that often add numerical viscosity to get stability [West 2003].

5.5 Last Words

Variational integrators often perform better than their non-
variational counterparts because they preserve the underlying ge-
ometry of the physical system. This has two important conse-
quences. First, the integrators are guaranteed to be symplectic,
which in practice will result in excellent energy behavior, rather
than perpetual damping or blowing up. Second, they are also guar-
anteed to preserve discrete momenta of the system (via a discrete
version of Noether’s theorem). As a consequence, simulations and
animations using these integrators usually have great physical and
visual fidelity with low computational cost, even for dissipative
systems (see [Kharevych et al. 2006] for a discussion on damp-
ing in animation). To build upon this short introduction, the reader
is invited to investigate recent developments in variational integra-
tors, such as Lie group integrators, Hamilton-Pontryagin integra-
tors, asynchronous variational updates (where timesteps are differ-
ent for each mesh element), and stochastic variational integrators.

Caveat: The reader may be misled into thinking that ex-
plicit variational schemes does not require the typical Courant-
Friedrichs-Levy (CFL) condition (or equivalent) on the time step
size. This is, of course, untrue: the same usual theoretical lim-
itations of explicit schemes are still valid for symplectic explicit
schemes. However, we can easily design symplectic implicit
schemes that do not share this particular limitation, generally al-
lowing for much larger time steps. Finally, we can make them of ar-
bitrarily higher order by simply improving the quadrature rule used
to convert the continuous Lagrangian into a discrete Lagrangian.
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