
A CIRCLE PACKING ALGORITHMCHARLES R. COLLINS AND KENNETH STEPHENSON �Abstra
t. A 
ir
le pa
king is a 
on�guration P of 
ir
les realizing a spe
i�ed pattern of tangen-
ies. Radii of pa
kings in the eu
lidean and hyperboli
 planes may be 
omputed using an iterativepro
ess suggested by William Thurston. We des
ribe an eÆ
ient implementation, dis
uss its perfor-man
e, and illustrate re
ent appli
ations. A 
entral role is played by new and subtle monotoni
ityresults for \
owers" of 
ir
les.Key words. 
ir
le pa
king, 
onformal geometry, dis
rete Diri
hlet problemIntrodu
tion. A 
ir
le pa
king is a 
on�guration P of 
ir
les realizing a spe
i�edpattern of tangen
ies. As su
h, it enjoys dual natures | 
ombinatori
 in the patternof tangen
ies, en
oded in an abstra
t \
omplex" K, and geometri
 in the radii of the
ir
les, represented by a radius \label" R. As an early example, Figure 0.1 displaysa simple 
omplex K and a 
ir
le pa
king having its 
ombinatori
s. More substantialpa
kings involve several hundred thousand 
ir
les.

K PFig. 0.1. A simple pa
king exampleOur problem: Given a 
omplexK and appropriate \boundary 
onditions", 
omputethe radii of the 
orresponding 
ir
le pa
king for K.There now exists a rather 
omplete theory 
overing the existen
e and uniqueness ofthese radii. In this paper we des
ribe an eÆ
ient algorithm for numeri
ally approxi-mating them in eu
lidean and hyperboli
 geometry.Though 
ir
le pa
kings appear �rst with Koebe [23℄, they were redis
overed byWilliam Thurston in [34℄. (Important note: our 
ir
le pa
kings are NOT those in theextensive \sphere pa
king" literature.) Thurston 
onje
tured in 1985 [35℄ that mapsbetween 
ir
le pa
kings 
ould be used in the approximation of 
lassi
al 
onformal�Department of Mathemati
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2 C. COLLINS AND K. STEPHENSON(analyti
) mappings. His 
onje
ture was 
on�rmed by Rodin and Sullivan [29℄. Sin
ethen, many additional uses of 
ir
le pa
kings, both pra
ti
al and theoreti
al haveemerged: dis
rete 
onformal mapping [18, 33, 16, 17, 19℄, analyti
 fun
tion theory[13, 14, 15, 31, 27, 28℄, graph embedding [24, 25℄, dis
rete potential theory [32, 4℄,
onformal tilings [9℄, and Riemann surfa
e theory [10, 7, 6, 37, 38, 1℄. There is asigni�
ant experimental 
omponent to 
ir
le pa
king, so both theory and appli
ationsbene�t from an eÆ
ient implementation.In 
omputing pa
king labels R, one fa
es large, highly nonlinear, nonstru
tured,heterogeneous systems of equations. The underlying geometry plays a 
entral role,with a mixture of lo
al and global 
onsiderations whi
h re
e
ts the \dis
rete 
onfor-mal" nature of 
ir
le pa
kings; in parti
ular, the system displays 
ertain 
hara
teris-ti
s of 
lassi
al dis
rete Lapla
e equations, in
luding 
onserved geometri
 quantities.The global strategy in our pa
king algorithm, akin to \relaxation", was suggestedby Thurston. Alternate approa
hes involving energy minimization and 
onvexity [11℄and random walks [32℄ have been suggested, but to our knowledge, not implementedon a signi�
ant s
ale.The key implementation issues in our iterative approa
h are lo
al in nature, de-pending heavily on the spe
ial properties of 
ir
les, and in parti
ular, on a new \mono-toni
ity" result of independent geometri
al interest. We des
ribe our algorithm in the
ontext of the simplest Diri
hlet-type problem; however, the implementation han-dles mu
h more general situations and is now in
orporated in the software pa
kageCir
lePa
k developed by the se
ond author.In the next se
tion we start with de�nitions and notation and des
ribe the basi
Diri
hlet problem. In Se
tion 2 we give the monotoni
ity properties of lo
al 
ir
lepatterns whi
h are key both in theory and pra
ti
e. The global iterative strategy isdes
ribed in Se
tion 3, with emphasis on the lo
al/global intera
tion. In Se
tion 4we lay out our implementation and dis
uss rates of 
onvergen
e, stability, and speed,and provide sample run data. The �nal se
tion 
on
erns more general 
ir
le pa
kings,open questions, and sele
ted appli
ations.1. De�nitions and Notation. The prin
ipal obje
ts of 
on
ern are 
ir
le pa
k-ings P , their 
omplexes K, and their asso
iated labels (putative radii) R. In fa
t, thenumeri
al manipulations involve only K and R: one solves for the label R satisfy-ing desired boundary 
onditions and meeting numeri
al \pa
king" 
onditions whi
hre
e
t lo
al geometri
 
ompatibility. The 
ir
le pa
king itself results from a simplelaying-out pro
ess and in parti
ular, 
ir
le 
enters play a purely se
ondary role.Geometries: Our algorithm applies in both the eu
lidean and hyperboli
 settings.The eu
lidean plane is the familiar 
omplex plane C. The hyperboli
 plane will berepresented in the Poin
ar�e dis
 model: that is, it 
onsists of the open unit dis
D = fjzj < 1g equipped with the Riemannian metri
 of 
onstant 
urvature -1 havinglength element 2jdzj(1�jzj2) . Note that hyperboli
 
ir
les in D are also eu
lidean 
ir
les,though with hyperboli
 
enters and radii. Horo
y
les, 
ir
les internally tangent to�D, may be 
onsistently treated as 
ir
les of in�nite hyperboli
 radius with 
entersat their points of tangen
y.Complexes: Pa
king 
ombinatori
s are en
oded in abstra
t simpli
ial 2-
omplexesK whi
h triangulate oriented topologi
al surfa
es. We restri
t to the 
ase in whi
hK is a �nite triangulation of a 
losed topologi
al dis
, so we have a �nite number ofverti
es (0-simpli
es), edges (1-simpli
es), and fa
es (oriented 2-simpli
es). (See the
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on
luding se
tion for 
omments on the more general 
ases.)The verti
es of K are of two types, interior and boundary. If u and v are neigh-boring verti
es (i.e., hu; vi is an edge of K) we write u � v. A vertex v and itsneighbors form a (
ombinatorial) 
ower, Fv = fv; v1; � � � ; vkg: The petals vj are listedin 
ounter
lo
kwise order about v with vj+1 � vj ; k is the degree of v, deg(v). Whenv is interior, the list of petals is 
losed; writing vk+1 = v1, v belongs to the k fa
esfhv; vj ; vj+1i : j = 1; � � � ; kg. To avoid minor pathologies, we assume that the setof interior verti
es of K is edge-
onne
ted and that every boundary vertex has aninterior neighbor.Pa
kings: A 
on�guration P of 
ir
les in the (eu
lidean or hyperboli
) plane is a
ir
le pa
king for K if it has a 
ir
le 
v asso
iated with ea
h vertex v of K so that thefollowing 
onditions hold: (1) if hu; vi is an edge of K, then 
u and 
v are (externally)tangent, and (2) if hu; v; wi is a positively oriented fa
e of K, then h
u; 
v; 
wi is apositively oriented triple of mutually tangent 
ir
les.We emphasize that there is no univalen
e 
ondition (as o

urs in 
ertain parts ofthe 
ir
le pa
king literature); that is, when verti
es v and u are not neighbors, thenthere is no guarantee that their 
ir
les 
v and 
u have mutually disjoint interiors.Labels: A label for K is a fun
tion R : K(0) �! (0;1℄ assigning an (ex-tended) positive value to ea
h vertex of K; write K(R) for the labeled 
omplex.The ar
hetype, of 
ourse, is the \radius label" taken from a pa
king P for K, whereinR(v) = radius(
v). In this 
ase we write K(R) $ P to indi
ate the asso
iation.(Note that the label 1 is permitted only in the hyperboli
 setting, and then only forboundary verti
es.) The 
olle
tion of all labels R for K will be denoted R. Of 
ourse,in general a label represents only putative radii; it 
ould not be asso
iated with a
oherent 
on�guration of 
ir
les unless rigid 
ompatibility 
onditions were satis�ed.Angle Sums: Those all-important 
ompatibility 
onditions on labels are entirelylo
al in our setting. Lo
al 
ompatibility at a vertex v involves the labels of the 
owerFv and is expressed in terms of an angle sum �.
x
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(c)

α

Fig. 1.1. Triples in the eu
lidean and hyperboli
 planes



4 C. COLLINS AND K. STEPHENSONWe des
ribe the eu
lidean 
ase �rst. Given labels x; y; z 2 (0;1), lay out amutually tangent triple h
x; 
y; 
zi of 
ir
les in the plane with radii x; y; z and 
onne
tthe 
ir
le 
enters with geodesi
 segments to form a triangle T , as in Figure 1.1(a).The triangle T is unique up to rigid motions and the angle of T at the 
enter of 
x,denoted by �(x; y; z), 
an be 
omputed from the labels using the law of 
osines:�(x; y; z) = ar

os� (x+ y)2 + (x+ z)2 � (y + z)22(x+ y)(x + z) � :(1.1)Consider a vertex v and its 
ower Fv = fv; v1; � � � ; vkg in K. The sum of anglesasso
iated with v in the various fa
es hv; u; wi 2 K is termed the angle sum at v forlabel R, denoted �(v;R) = Xhv;u;wi�(R(v);R(u); R(w));where the sum is over fa
es hv; u; wi 2 K. If fr; r1; � � � ; rkg denotes the labels from Rfor Fv , then the angle sum depends only on these labels. Assuming v is interior, itbelongs to k fa
es and, abusing notation, we write�(v;R) = �(r; r1; � � � ; rk) = kXj=1 �(r; rj ; rj+1):An elementary but 
ru
ial observation: A set of 
ir
les 
v ; 
v1 ; � � � ; 
vk with thelabels from R as radii will �t together 
oherently in the plane if and only if �(v;R) =2�n for some integer n � 1. In this 
ase, the petal 
ir
les will wrap pre
isely n timesaround 
v . A nine-petal 
ower is shown in Figure 1.2: in (a) the petals wrap on
e,n = 1; in (b), petals of the same radii wrap twi
e around the smaller 
enter 
ir
le,n = 2. Angle sums are de�ned similarly at boundary verti
es v, but sin
e their petalsare not required to form a 
losed 
hain, a 
oherent open 
ower exists irrespe
tive ofthe angle sum.

(a) (b)Fig. 1.2. Nine-petal 
owersThe totality of angle sums for the verti
es of a labeled 
omplex K(R) may betreated as a point in angle spa
e A. Thus � is a map from label spa
e to angle spa
e,� : R �! A.



A CIRCLE PACKING ALGORITHM 5Moving to hyperboli
 geometry, similar lo
al 
onsiderations apply; re
all that inour dis
 model, hyperboli
 geodesi
s are ar
s of eu
lidean 
ir
les whi
h interse
t �Dat right angles. See Figure 1.1(b) and (
) for sample triples, the latter having a vertexat the ideal boundary. As in the eu
lidean 
ase, any triple of labels x; y; z 2 (0;1℄determines a geodesi
 triangle T in the hyperboli
 plane, unique up to rigid motions(i.e., M�obius transformations of D), and it determines an angle �(x; y; z) at the 
enterof the 
ir
le of radius x. The formula for �, to be given later, involves now thehyperboli
 
osine law and must a

ommodate in�nite radii. The angle sum �(�;R) isde�ned as before and has the same geometri
 impli
ations.Now for the result whi
h motivates our 
omputational e�ort:Definition 1.1. Given a 
omplex K, a label R is said to satisfy the pa
king
ondition at an interior vertex v 2 R if �(v;R) = 2�n for some integer n � 1. Thelabel R is said to be a pa
king label if the pa
king 
ondition is satis�ed at everyinterior vertex.The next theorem says that under our assumption that K triangulates a 
losedtopologi
al dis
, the lo
al 
ompatibility 
onditions are enough to ensure a 
ir
le pa
k-ing. For the proof of the theorem see [3℄. (In more general multiply-
onne
ted 
ases,global 
ompatibility 
onditions also enter.)Theorem 1.2. Given a labeled 
omplex K(R), a ne
essary and suÆ
ient 
ondi-tion for existen
e of a 
ir
le pa
king P with P $ K(R) is that R be a pa
king label. Inthis 
ase, P is uniquely determined up to rigid motions (isometries) of the eu
lideanor hyperboli
 plane, as appropriate.The angle sum map � is nonnegative (positive in the eu
lidean 
ase) and its valueat a vertex v is bounded by �deg(v). If v is interior, �(v;R) = 2�n, and n � 2, thenthe label is said to have a bran
h point of order n�1 at v; a pa
king label with one ormore bran
h points is 
alled a bran
hed pa
king label. In 
omputing pa
king labels,the bran
h stru
ture (bran
h points and their orders) is spe
i�ed in advan
e.Definition 1.3. Given the 
omplex K, an angle sum target fun
tion A assignsto ea
h interior vertex v a value A(v) = 2�n, where n � 1 is the desired order ofbran
hing at vertex v. The default target is no bran
hing, n � 1.Referen
es to the target angle sums will generally be suppressed until they arisein a
tual 
omputations. Dubejko [12℄ has established the following ne
essary andsuÆ
ient 
onditions for A: The fun
tion A 
an be the target fun
tion for a 
ir
lepa
king of K if and only if, for any simple 
losed edge-path 
 in K,Xv2
Æ(A(v) � 2�) � (k � 3)�where the sum is over verti
es v interior to 
 and k is the number of edges in 
. Weassume hen
eforth that A satis�es these (purely 
ombinatorial) 
onditions. Nothingwill be lost if the reader assumes the default target, whi
h is always legal.The pa
kings we intend to 
ompute are guaranteed by the following fundamentalexisten
e and uniqueness result:Theorem 1.4. (The Diri
hlet Problem) Let K be a 
omplex triangulating a
losed topologi
al dis
, let A be an angle sum target fun
tion of K, and assume thatg : �K(0) �! (0;1) (resp. (0;1℄ ) is a fun
tion de�ned on the boundary verti
es ofK. Then there exists a unique eu
lidean (resp. hyperboli
) pa
king label R for K withthe property that R(wj) = g(wj) for ea
h boundary vertex wj .



6 C. COLLINS AND K. STEPHENSONMore expli
itly, the solution R satis�es the following nonlinear system of N equa-tions, one for ea
h interior vertex uj .8<: Xhuj ;v;wi�(R(uj);R(v); R(w)) = A(uj) : j = 1; � � � ; N9=; :We say that the solution label R \solves the Diri
hlet problem", sin
e the theoremstatement and proof both parallel the 
lassi
al Diri
hlet problem for harmoni
 fun
-tions.2. Lo
al Geometry. Cir
les have been obje
ts of study for well over two thou-sand years. The dynami
s asso
iated with small 
on�gurations of 
ir
les | triplesand 
owers | underly both the theoreti
al and pra
ti
al solution of the Diri
hletproblem. We refer to these lemmas 
olle
tively as \monotoni
ity" results.Lemma 2.1. Let x; y; z denote eu
lidean or hyperboli
 radii in the 
on�gurationsof Figure 1.1. The angles �; �, and 
 and Area(T ) are di�erentiable fun
tions of xfor 0 < x <1. Moreover,(a) � is de
reasing in x,(b) � and 
 are in
reasing in x,(
) Area(T ) is in
reasing in x,(d) limx!0 �(x; y; z) = �, and(e) limx!1 �(x; y; z) = 0.Monotoni
ity is stri
t (ex
ept for the hyperboli
 
ase of (b) when y (resp. z) is in�-nite).Lemma 2.2. Let Fv = fv; v1; � � � vkg denote a 
losed 
ower, fr; r1; � � � ; rkg the
orresponding eu
lidean or hyperboli
 labels, and �(r; r1; � � � ; rk) the angle sum for v.Then � is a di�erentiable fun
tion of its (�nite) labels. Moreover,(a) � is stri
tly de
reasing in r,(b) � is stri
tly in
reasing in rj ; j = 1; � � � ; k,(
) limr!0 � = k�, and(d) limr!1 � = 0.In parti
ular, given a with 0 < a < k�, there exists a unique label r = r0 so that�(r0; r1; � � � ; rk) = a.The previous results are standard in the 
ir
le pa
king literature (see [3℄) and aswe see in the next se
tion, suggest the numeri
al approa
h to solving the Diri
hletproblem. Later, Lemma 3.1 introdu
es a new, more subtle monotoni
ity, whi
h largelya

ounts for the eÆ
ien
y of our implementation.3. The Pa
king Algorithm.3.1. The Perron Method. The basis for pa
king algorithms lies with the Per-ron method; we des
ribe the hyperboli
, \upper" version of Bowers [5℄. We will saythat a label R for K is a superpa
king label for the boundary value problem in The-orem 1.4 if two 
onditions hold: (1) R(w) � g(w) for every boundary vertex w, and(2) �(v;R) � A(v), the target angle sum, for every interior vertex v. Together, theseimply that the label R is too large.The 
olle
tion � � R of all superpa
king labels forms what is known as a Perronfamily. In parti
ular, � is nonempty, sin
e in hyperboli
 geometry a label R0 satisfying(1) and having suÆ
iently large interior labels will have small interior angle sums.By monotoni
ity, R1; R2 2 � =) minfR1; R2g 2 �. This suggests 
onsiderationof bR = inf�fRg. If bR is nonvanishing, 
ontinuity of angle sums with respe
t to



A CIRCLE PACKING ALGORITHM 7their labels easily implies that bR will lie in �. Monotoni
ity tells us that it mustbe a solution and elementary hyperboli
 area 
omputations give uniqueness. Theargument that bR does not vanish requires a little more work, using hyperboli
 areas,the Gauss-Bonet Theorem, the Euler 
hara
teristi
 ofK, and the ne
essary 
onditionson the target fun
tion A. (The solution of eu
lidean boundary value problems maybe inferred from the hyperboli
 
ase be
ause hyperboli
 quantities are in�nitesimallyeu
lidean.)3.2. The Uniform Neighbor Model (UNM). One 
ould implement the Per-ron method numeri
ally. In fa
t, however, the geometri
 stability is su
h that moredire
t relaxation methods suÆ
e. We now des
ribe the basi
 model we use in our
al
ulations.Fo
using on the 
ower for v, we treat the label r as a variable, and the petal labelsr1; � � � ; rk as �xed parameters. For a given value r = r0, the asso
iated \referen
e"label is the number r̂ for whi
h the following equality holds:�(r0; r1; � � � ; rk) = �(r0; kz }| {r̂; � � � ; r̂) =: b�(r0; r̂):(3.1)In other words, laying out a 
ower with petal 
ir
les of the uniform radius r̂ wouldyield the same angle sum as with the original petal radii r1; � � � ; rk when the 
enter
ir
le has radius r0.Lemma 3.1. Let �(r) = �(r; r1; � � � ; rk) and b�(r) = b�(r; r̂) = �(r; r̂; � � � ; r̂), asabove, with r̂ 
hosen so that �(r0) = b�(r0) for some r0 > 0. Assuming the labelsr1; � � � ; rk are not all equal, then db�dr (r0) < d�dr (r0);(3.2)Moreover, �(r) < b�(r) for 0 < r < r0 and �(r) > b�(r) for r > r0.Proof. The last inequalities follow easily from (3.2), sin
e � and b� interse
t at thereferen
e label r0 by de�nition.The proof of (3.2) is 
ompli
ated �rst by the presen
e of k parameters, but moresubtly by the dependen
e of b� on r1; � � � ; rk through r̂, whi
h is suppressed in thenotation. Our strategy is to adjust the petal labels in pairs, moving the largest andsmallest towards one another in su
h a way that the referen
e label r̂ does not 
hange,and wat
hing the derivative of �. We work in the eu
lidean setting. Cir
les in thePoin
ar�e dis
 model of the hyperboli
 plane are also eu
lidean 
ir
les; a hyperboli

ower with 
entral 
ir
le at the origin is simultaneously a eu
lidean 
ower with thesame angle sum, and the eu
lidean radii are monotone in
reasing in hyperboli
 radii.In other words, the hyperboli
 result follows from the eu
lidean.Suppose that S < L, where S denotes the smallest of the petal labels r1; � � � ; rkwhile L denotes the largest. By monotoni
ity S < r̂ < L. Fixing all remaining petallabels, � is a fun
tion of L and S, � = �(r;L; S). The 
ondition that r̂ remain �xedis expressed by �(r0; L; S) = b�(r0);(3.3)and this de�nes S as a fun
tion of L by the impli
it fun
tion theorem. The slope of� at r0 be
omes a fun
tion of L, and we will show that it is in
reasing; that is,�2��r�L (r0; L; S) > 0:(3.4)



8 C. COLLINS AND K. STEPHENSONThis means, of 
ourse, that de
reasing L towards r̂ (and hen
e in
reasing S towardsr̂) makes the slope of � smaller (i.e., more negative). Stri
t inequality in (3.4) meansthat the 
urrent L and S may be adjusted until a new pair of parameters quali�es aslargest and smallest, at whi
h point one 
an shift to adjusting them in turn. It is aneasy argument to show that (3.2) follows.The veri�
ation of (3.4) is rather messy; we sket
h the eu
lidean 
ase and leavedetails to the interested reader. Sin
e we adjust only L and S, we need only 
onsiderthe 
ontributions to the full angle sum of either three or four of the fa
es in the 
ower.Suppose, for instan
e, that x; y are the labels of the neighbors of L and z; w are thelabels of the neighbors of S. The equation (3.3) redu
es (see (1.1)) to�(r0;L; x) + �(r0;L; y) + �(r0;S;w) + �(r0;S; z) = 
onstant:(3.5)For notational 
onvenien
e de�ne the mixed partial derivative�1;2(x; y; z) = �2�(x; y; z)�x�y :(3.6)Inequality (3.4) is equivalent to�1;2(r0; L; x) + �1;2(r0; L; y) + �1;2(r0; S; w)dSdL + �1;2(r0; S; z)dSdL > 0:(3.7)The 
omputations are messy, but the results are all rational expressions; equation (3.5)permits 
omputation of dSdL . After simpli�
ation, reorganization, and 
an
ellation of
learly positive fa
tors, one 
an identify a re
urring subexpression in the left side of(3.7). In parti
ular, de�ne the auxiliary fun
tionsf(r; a; b) := (a� r)(a + b)� 2r2(r + a)(r + a+ b) and F (r; a; b; 
; d) := f(r; a; b)� f(r; d; 
):A simple 
al
ulation 
on�rms the following fa
t:If a > d > 0, r > 0, and b; 
 2 [d; a℄, then F (r; a; b; 
; d) > 0:(3.8)Inequality (3.7) is equivalent, after further simpli�
ation and judi
ious pairing ofsubexpressions, to a linear 
ombination with nonnegative 
oeÆ
ients of the followingfour expressions.F (r0; L; y; w; S); F (r0; L; y; z; S); F (r0; L; x; w; S); F (r0; L; x; z; S):The positivity of (3.8) implies inequality (3.7).There are two other situations. If L and S share a 
ommon neighbor, then simplytake y = w (and/or x = z) in the above. On the other hand, if L and S are themselvesneighbors, say x; L; S; z is the order of petals, then the expressions in (3.5) and (3.7)must be adjusted a

ordingly. The simpli�
ations be
ome slightly more involved, butthe subexpression f re
urs and the result is a nonnegative 
ombination of these fourexpressions,F (r0; L; x; L; S); F (r0; L; x; z; S); F (r0; L; S; L; S); F (r0; L; S; z; S):Positivity again follows from (3.8). This 
overs all possibilities and 
ompletes theproof.See Figure 3.1 for a plot of � and b� as fun
tions of r for a sample 6-
ower.
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Fig. 3.1. Angle sums of the original and referen
e 
owers3.3. The Numeri
al Algorithm. Using the Uniform Neighbor Model, our ba-si
 algorithm generates a sequen
e of labels fRjg as follows:1. Pi
k any initial label R0, only requiring that R(w) = g(w) for every w 2 �K.2. Given a label Rn, 
y
le through the list of interior verti
es.3. Given an interior vertex v, adjust Rn(v) using the UNM by 
hoosing Rn(v)so that b��Rn(v)� = A(v).4. Denote the adjusted label by Rn+1; return to (2) until a pres
ribed a

ura
yin the angle sums is a
hieved.Geometri
 fa
ts about angle \
ow" explain why this sequen
e of 
orre
ted labels
onverges so well to the pa
king label. Consider the eu
lidean setting. For label R,de�ne \ex
ess" e at an interior vertex v and the \total error" E bye(v) = �(v;R) �A(v); E = E(R) = Xv interior je(v)j:Claim: E is monotone de
reasing with our label 
orre
tions. Let F denote thenumber of fa
es of K. Ea
h has three angles whi
h sum to �; reorganizing these byvertex, the total angle is Pv2K �(v;R) = F�; independent of R. Thus total angleis a 
onserved quantity; any adjustment of a label simply 
auses a redistribution ofthat angle among the verti
es. Suppose, for instan
e, that �(v;R) is too large atsome interior v, so e(v) > 0; by Lemma 2.2 one 
an in
rease the label R(v) untile(v) = 0. The ex
ess angle at v is pushed to its immediate neighbors. At worst, E



10 C. COLLINS AND K. STEPHENSONremains un
hanged. However, if u � v is an interior with angle sum too small or is aboundary vertex (whose angle sum doesn't 
ount in E), then the 
orre
tion to R(v)simultaneously redu
es je(v)j and je(u)j, and E de
reases. Similar arguments applywhen e(v) < 0. In any 
ase, as long as the 
hange made to R(v) does not 
ause theangle sum at v to overshoot A(v), E 
annot in
rease. Sin
e by Lemma 3.1 
orre
tionsobtained from the UNM are 
onservative | they do not overshoot |- the Claimis established. Considerations are slightly altered in the hyperboli
 setting be
ausearea and angle are equivalent; this a
tually tends to improve the performan
e of thealgorithm. (See [32℄ for the hyperboli
 dynami
s.)Observations: The geometry of 
ir
le 
on�gurations makes the adjustment pro
essso stable that almost any iterative pro
edure will su

eed. This is tempered by theessentially arbitrary 
ombinatori
s permitted in K; the lo
al geometry is variableand there is almost no a priori information on the global solution. Here are someobservations regarding implementation:� The pro
ess is insensitive to the initial label: one 
an generally set its values(for interior verti
es) arbitrarily.� There is no advantage in 
areful lo
al 
omputation, sin
e results will be madeobsolete by subsequent adjustments.� The pro
ess is insensitive to the order in whi
h lo
al adjustments are made.� Combinatorial variability (variable degrees, la
k of symmetry, et
.) 
ompli-
ates data manipulation, storage, and ve
torization.4. Details of the Implementation. Given 
omplex K, boundary fun
tion g,and angle sum target A, our task is to 
ompute the asso
iated pa
king label R, asguaranteed by Theorem 1.4. Index the verti
es of K by fw1; � � � ; wM ;u1; � � � ; uNg,with wi denoting boundary verti
es and ui, interior verti
es. The label entries whi
hare subje
t to adjustment will be termed free; for the Diri
hlet problem, these are theN interior labels.Problem: Find values fr1; � � � ; rNg so that the label ve
tor R satis�es the systemG(R) = 0, where R = fg(w1); � � � ; g(wM ); r1; � � � ; rNg and�Gj(R) = �(uj ;R)�A(uj); j = 1; � � � ; N	:(4.1)Some abuse of notation and label transformations will be highly advantageous indes
ribing the algorithm.Notational Convention: The same letter to be used to denote both avertex and its 
urrent label. Moreover, in hyperboli
 geometry we use trans-formed labels; in all 
al
ulations (and without further 
omment), ea
h hy-perboli
 label h 2 (0;1℄ will be repla
ed by the more 
onvenient labels = expf�2hg 2 [0; 1).Keeping these 
onventions in mind, the angle 
al
ulation asso
iated with vertex v forfa
e hv; u; wi (1.1) 
an be rewritten in a more eÆ
ient form asEu
lidean: �(v;u;w)= 2 sin�1�r uv + u � wv + w �(4.2) Hyperboli
: �(v;u;w)= 2 sin�1 rv � 1� u1� vu � 1� w1� vw ! :(4.3)



A CIRCLE PACKING ALGORITHM 11In 
omputing the angle sum �(v;R), only the labels for v and its petals are involved,so all our pa
king 
omputations are \lo
al". We will write �(v;R) = �(v; fvjg), wherefvjg is shorthand for the list of petal labels. The 
ontext should make our index usage
lear.4.1. Uniform Neighbor Cal
ulation. Using the UNM requires two steps.First, given a value for v, determine v̂ so that b�(v; v̂) = �(v; fvjg): Se
ond, solvefor a new value for v (
all it u) so that b�(u; v̂) = A(v): The advantage of the UNM isthat these equations 
an be solved expli
itly as follows.Let � = �(v; fvjg) and A = A(v). From these values, 
ompute � = sin( �2k ) andÆ = sin( A2k ). For the eu
lidean 
ase, we have b�(v) = k�(v; v̂; v̂) = �. Using the formulafor � (4.2), we get v̂ = �1�� v. Then, solving b� = A, we get u = 1�ÆÆ v̂. Note thatsin
e 0 � � < k� then 0 � � < 1 and so sin
e v > 0 then u > 0.For the hyperboli
 
ase, the 
omputations are slightly more 
ompli
ated but pro-
eed in a similar fashion. We get v̂ = ��pv� v�pv . If v̂ < 0 we take v̂ = 0. Also1 � v̂ = � (1�v)pv (1��pv) , thus sin
e � < 1 and v < 1, v̂ < 1. We 
ompute u from u = t2where t = 2Æp(1� v̂)2 + 4Æ2v̂ + (1� v̂) :It is 
lear that t > 0. To see that t < 1, start with Æ < 1 to get (1 � v̂)2 + 4Æ2 <(2Æ � (1� v̂))2. Thus t < 2Æj2Æ � (1� v̂)j+ (1� v̂) :If 2Æ > (1 � v̂) this last equation redu
es to t < 2Æ2Æ = 1. If, on the other hand,2Æ < 1� v̂, then it redu
es tot < 2Æ2(1� v̂)� 2Æ < 2Æ4Æ � 2Æ = 1:In any event, in the hyperboli
 
ase 0 < u < 1, as desired.Let this pro
ess, in either geometry, be represented by u = M(v; fvjg; A). Thenone iteration of our algorithm loops through the N free labels and updates them byui =M(ui; fujg; A(ui)); i = 1; : : :N:Note that sin
e the values of adja
ent labels may 
hange during the iteration, laterupdates will e�e
t the angle sums for prior 
ir
les | one expe
ts this to be an iterativepro
ess. As we will soon show, this algorithm is lo
ally linearly 
onvergent. We willimprove 
onvergen
e overall by using this lo
al 
onvergen
e to 
reate heuristi
s forglobal over-relaxation pro
edures (see x4.3).4.2. Lo
al Linear Convergen
e. Given petal labels fvjg, let v denote thequantity of real interest; namely, the solution of �(r; fvjg) = A. Lemma 3.1 impliesthat the 
omputed value u lies between the 
urrent value v and v:v � u � v or v � u � v:



12 C. COLLINS AND K. STEPHENSONThus, repla
ing label v by u is always a 
onservative improvement. We would like tosee how mu
h better u = u(v) is than v, so we look at the ratiou(v)� vv � v :In parti
ular we are interested in the maximum value of this ratio over the admissiblerange for v and also the value as v approa
hes v. From some simple 
al
ulations, wesee that for the eu
lidean 
ase, the maximum o

urs at v = 0, and for the hyperboli

ase, at v = 1 (hyperboli
 radius = 0).To understand the behavior of this ratio in the eu
lidean 
ase, we need someinformation about the angle sum fun
tion. Consider � as a fun
tion of v alone, withpetal labels fvjg as �xed parameters. Then, for v near 0, we have�(v) � k� � 2pvS; where S = kXj=1q 1vj + 1vj+1 :Also, �0(v) � � 1pvS. Next,limv!0u(v) = 1� ÆÆ limv!0 �v1� � = � 1� ÆÆ limv!0 1d�dvusing L'Hôpital's rule (sin
e �v=0 = 1). To evaluate this, we haved�dv = 12k 
os( �2k )�0(v):Thus for v near 0, we haved�dv � � 12k � 1kpvS � 1pvS = � S22k2 =) limv!0u(v) = 1� ÆÆ 2k2S2 = u0:And thus we have supv>0 u(v)� vv � v = limv!0+ u(v)� vv � v = 1� u0�v < 1:This follows from the above 
al
ulations and the fa
t that 0 < u0 < v.For the hyperboli
 
ase, the results are similar in that there is an expli
it expres-sion for the maximum of this ratio in terms of fvjg and v and it is 
learly less than1. These results show that lo
ally the 
onvergen
e is at worst linear.4.3. A

eleration and Final Algorithm. Let �R be the exa
t solution and letRl and Rl+1 be 
onse
utive approximations. For large l 
omputational experimentshave shown that the lo
al linear 
onvergen
e dis
ussed in the previous se
tion isuniform, i.e. Rl+1 � �R � �(Rl � �R);holds element-by-element for some � < 1. Assuming this result holds exa
tly, we gettwo heuristi
s for a

elerating the 
onvergen
e of this pro
ess. Taking this result forl and l+ 1, we 
an solve for Rl+2 and �R to getRl+2 = Rl+1 + �(Rl+1 �Rl)(4.4)



A CIRCLE PACKING ALGORITHM 13and �R = Rl+1 + �1� � (Rl+1 �Rl):(4.5)When we use the equation for Rl+2 (4.4) to repla
e Rl+1 we 
all it simple a

eleration.When we use the formula for �R (4.5) to repla
e Rl+1 we 
all it super a

eleration.Given:� 
omplex K� boundary fun
tion g� legal target fun
tion A� initial label R� toleran
es � > 0 and Æ > 0.Algorithm:1. Set the boundary labels of R to their g values.2. Initialize: 
 = �+ 1, � = �1, 
ag = 03. While (
 > �) do(a) 
0 = 
, �0 = �, 
ag0 = 
ag, R0 = R(b) For ea
h free node uji. Cal
ulate the angle sum �jii. Update uj =M(uj ; fuig; Aj)iii. A

umulate error estimate 
 = 
+ (�j �Aj)2(
) 
 = p
, � = 
=
0, 
ag = 1(d) If (
ag0 = 1) and � < 1 then perform super a

elerationi. 
 = �
ii. If j�� �0j < Æ then � = �=(1� �)iii. Determine largest �� s.t. R+ ��(R �R0) in rangeiv. � = min(�; 0:5��)v. R = R+ �(R �R0)vi. 
ag = 0 Table 4.1Cir
le Pa
king AlgorithmTo use these a

eleration s
hemes we need an estimate of the error redu
tionfa
tor �. In pra
ti
e, we use a ratio of values 
l+1=
l where 
l is an approximationof kG(Rl)k2. In addition, sin
e we are using an estimate, we 
hoose between the twodi�erent a

eleration steps based on whether or not the ratio 
l+1=
l is 
onvergingto a 
onstant value. We also modify the size of the a

eleration fa
tor in order toassure that the new value is in a valid range for radius labels (vi > 0 for eu
lideanand 0 < vi < 1 for hyperboli
). For this, we determine the largest �M for whi
h all
omponents of Rl+1 + �M (Rl+1 �Rl)remain valid. We use 12�M as an upper bound for the a

eleration fa
tor. Thus we areassured that we always stay in the proper range and when the situation presents itself,the iterates 
onverge as qui
kly as possible. These modi�
ations for a

eleration andother features are in
orporated into the Cir
le Pa
king Algorithm given in Table 4.1.



14 C. COLLINS AND K. STEPHENSON4.4. Results. Having 
onsidered 
ertain theoreti
al properties of our algorithm,let us examine some numeri
al results.Data File eu
l/hyp N A

eleration Iters Flops Errorspiral78 eu
l 50 none 16 48,040 2.8549E-5spiral78 eu
l 50 simple 14 43,590 2.4398E-5spiral78 eu
l 50 super 12 37,370 2.7130E-5data237 eu
l 223 none 297 3,924,600 4.6165E-5data237 eu
l 223 simple 199 2,740,200 4.5294E-5data237 eu
l 223 super 46 632,900 2.8921E-5data237 hyp 223 none 220 4,919,200 4.4722E-5data237 hyp 223 simple 147 3,377,400 4.5010E-5data237 hyp 223 super 36 808,700 3.2906E-5Table 4.2Tests of a

elerationA

eleration: First, 
onsider the e�e
t of using the a

eleration. In Table 4.2 weshow the performan
e for sample runs with no a

eleration, simple a

eleration, andsuper-step a

eleration. (Super-stepping o

urs if the tests for step 3(d)(ii) in themeta-
ode given in the box are satis�ed.) We report the number of iterations, the
op 
ount (an estimate of the number of 
oating point operations), and the error ofthe �nal value. The error is 
omputed as kG(R)k13N , G as de�ned in (4.1).
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A CIRCLE PACKING ALGORITHM 15Size: The data suggest a 
lear advantage using a

eleration, one whi
h growswith size. Therefore, we next look at how the algorithm performs as N in
reases. Weused a simple family of 
omplexes whi
h are built by spiraling out from the 
enterpoint to in
lude the desired number of interior 
ir
les. In the hyperboli
 runs, weset the boundary labels to in�nity and started the interior labels with small (< 0:1)values. Figure 4.1 is a graph of the asymptoti
 error redu
tion fa
tor � (withouta

eleration) plotted against the number of interior verti
es N . This 
urve is approx-imately � = NN+C , for C � 30. Thus for large N the basi
 iteration 
onverges slowly.However, with this same setup, we have 
ompared the number of iterations neededto rea
h a toleran
e of 10�8 using only the simple a

eleration versus using the supera

eleration.
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Fig. 4.2. E�e
ts of a

elerationOrdering: To test the e�e
t of the order in whi
h free verti
es fujg are adjusted,we ran trials with a �xed hexagonal 
omplex with 100 interior verti
es. We setboundary labels to 2 and initial interior labels to 1; in the exa
t solution, all labelsare 2. We randomized the indexing, re
orded the number I of iterations it took to
onverge, noted the �nal error, and 
omputed the approximate 
onvergen
e fa
tor �by �I =(Error). In 41 random trials � ranged from 0:5462 to 0:6094, I from 18 to 21.This was a limited test, but is in line with our experien
e that the ordering of verti
eshas a limited impa
t on the 
omputations.Initial Label: To test the e�e
ts of the initial label on performan
e, we ran trialswith the same 
omplex, but in the hyperboli
 setting. Boundary labels were ran-dom but �xed, ending up in the range [0:68; 0:86℄. Table 4.3 summarizes the results



16 C. COLLINS AND K. STEPHENSONfor various initial values for the interior labels. � is the e�e
tive 
onvergen
e rate,
omputed so that (Starting Error)(�)I = (Final Error), where I is the number ofiterations. (Here U(a; b) indi
ates uniformly random variables in the ranges (a; b) andR is the exa
t solution). Note that even though the lo
al method is 
onservative (i.e.always produ
es values on the same side of the 
orre
t answer as this initial guess),the super-step a

eleration 
orrupts this property.Initialization Iters Starting Error Final Error �U(0; 1) 35 39.601 1.7274E-6 0.6162U(0; 0:5) 32 43.520 6.8814E-7 0.5705U(0:5; 1) 35 27.540 1.6074E-6 0.6213� R 35 8.4378 1.2559E-6 0.6381> R 29 5.9513 2.5086E-6 0.6028< R 31 4.3359 1.6615E-6 0.62090:86 34 10.094 2.1669E-6 0.63660:68 31 5.9867 2.6891E-6 0.6241Table 4.3E�e
ts of starting labels5. General Pa
king Problems. We have des
ribed our algorithm for the sim-plest Diri
hlet problem on simply 
onne
ted 
omplexes, but it applies mu
h morebroadly. Here we dis
uss more general settings, open questions, 
omputationally in-tensive appli
ations, and software.Combinatori
s: In fa
t, the only requirement on the 
omplex K is that it tri-angulate an oriented topologi
al surfa
e. Thus, it may be �nite or in�nite, with orwithout boundary, planar or nonplanar, and simply or multiply-
onne
ted | we areguaranteed that there exists one or more 
ir
le pa
kings for K. Paraphrasing the
entral existen
e result (see [2℄):Fa
t: Given K, there exists a Riemann surfa
e S and a univalent 
ir
le pa
king PKin S with the 
ombinatori
s of K; S and PK are unique up to 
onformal isometries.The pa
king PK satis�es 
ertain extremal 
onditions and is 
alled the maximal pa
k-ing for K. Note that K \
hooses" the geometry in whi
h its maximal pa
king mustlive. Figure 5.1 illustrates several examples. In 
omputational terms:(a) When K is a 
losed topologi
al dis
, the maximal pa
king lies in D and is
omputed by solving the Diri
hlet problem (Theorem 1.4) with in�nite boundary la-bels (and default target). The maximal pa
king for the 
omplex of Figure 0.1(a) isshown in Figure 5.1(a).(b) When K is the Riemann sphere, S2 (the unit sphere in R3), then one ver-tex is removed, the redu
ed 
omplex is pa
ked in D as in (a), the missing vertex isidenti�ed with the exterior of D, and the results are proje
ted ba
k to S2, where anormalizing M�obius transformation may be applied. Figure 5.1(b) is an example with
ombinatori
s dual to Bu
hminsterfullerene.
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(a) (b)

(c) (d)

(e) (f)Fig. 5.1. Maximal Pa
kings(
) Suppose K triangulates a 
ompa
t surfa
e (hen
e is �nite with no boundary)of positive genus g. Starting with any initial label, our algorithm generates labels
onverging (generally, quite rapidly) to a maximal pa
king label. When g = 1, the
omputations are ne
essarily eu
lidean and the result is unique up to s
aling; wheng > 1 the 
omputations are hyperboli
 and the result is unique. A fundamentaldomain for a 
overing of the pa
king 
an be displayed in C or D, respe
tively. Fig-ure 5.1(
) is a 1-torus and Figure 5.1(d) is a 2-torus; edges have been marked to showedge identi�
ations.



18 C. COLLINS AND K. STEPHENSON(d) Suppose K is in�nite and simply 
onne
ted. Either K is paraboli
, meaningPK pa
ks C, as with the hexagonal \penny" pa
king of Figure 5.1(e), or K is hyper-boli
, meaning PK pa
ks D, as with the 
onstant 7-degree pa
king of Figure 5.1(f).Computationally, these are approximated by appropriately normalized solutions ofDiri
hlet problems for �nite, simply 
onne
ted sub-
omplexes exhausting K. Whengiven a nonsimply 
onne
tedK, one works instead with its universal 
overing 
omplexeK, whi
h is in�nite and simply 
onne
ted.Geometry: An important feature of 
ir
le pa
king is that the 
ombinatori
s ofK largely determine the geometry in whi
h its pa
kings live. The fundamental di-
hotomy expressed in (d) above provides a striking example, sin
e it 
an be shownthat a paraboli
 
omplex has no pa
king in D (the Dis
rete Liouville Theorem, [15℄).When K is multiply 
onne
ted, the topology determines the appropriate geometry;namely, the intrinsi
 spheri
al, eu
lidean, or hyperboli
 metri
 inherited from the uni-versal 
overing surfa
e. (Note in parti
ular that all numeri
al 
omputations involvethe familiar metri
 quantities.) Thus, in (
) above, if genus(K) = 1, then the ap-propriate geometry is eu
lidean | the hyperboli
 pa
king algorithm will diverge tozero. Conversely, when genus(K) > 1, hyperboli
 geometry applies and the eu
lideanpa
king algorithm will fail.The only in
uen
e one has on the geometry of a 
ir
le pa
king is through 
hoi
eof boundary 
onditions (if there is a boundary) and through bran
hing, whi
h istightly mediated by Gauss-Bonet, Riemann-Hurwitz, Euler 
hara
teristi
, and other
lassi
al relations. In our experien
e, the pa
king algorithm always degenerates if thegeometry being used is theoreti
ally in
ompatible with the given 
omplex K or withthe boundary and bran
hing 
onditions pres
ribed for K.Boundary Angle Sums: Boundary angle sums 
an be spe
i�ed in pla
e of bound-ary labels. Tight 
ompatibility 
onditions (involving geometry, 
ombinatori
s, andbran
hing) have not yet been formulated, but our pa
king algorithm appears to workwithout 
hange for legal pres
riptions | simply set boundary angle sum targets, de-
lare boundary labels as free, and run the algorithm. Figure 5.2(a) illustrates a mixedproblem: some boundary verti
es were given spe
i�ed labels, while others were givenspe
i�ed angle sum targets.Overlap Pa
kings: The fundamental existen
e result for 
ir
le pa
kings (see theAndreev-Thurston Theorem of [26℄) a
tually applies to overlapping pa
kings, of whi
hour tangen
y patterns are a spe
ial 
ase. One is allowed to spe
ify an overlap angle�(u; v) 2 [0; �=2℄ for ea
h edge hu; vi of K; in the asso
iated pa
king P , the 
ir
les 
uand 
v will overlap (i.e., interse
t) with angle �(u; v) (�(u; v) = 0 means tangen
y).Our algorithm requires only an adjustment in the 
omputation of �. To illustratein the eu
lidean 
ase, suppose triangle T has labels x; y; z and overlaps �x; �y ; �z (foropposite edges). De�ning parameters �x; �y; �z 2 [0; 1℄, where �� = 
os(��), formula(1.1) be
omes�(v;u;w; �v ; �u; �w) =ar

os� (x2+y2+2xy�z)+(x2+z2+2xz�y)�(y2+z2+2yz�x)2px2+y2+2xy�zpx2+z2+2xz�y � :(5.1)The monotoni
ity results of x2 
ontinue to hold (see, e.g., [36℄), so Thurston's itera-



A CIRCLE PACKING ALGORITHM 19tive algorithm yields pa
king labels as in the tangen
y 
ase. In fa
t, the pro
ess issuÆ
iently robust that the uniform neighbor model works despite the fa
t that it isno longer stri
tly appli
able.Yet more general overlap situations are of theoreti
al and pra
ti
al interest, butopen the door to in
ompatibilities. See [20℄ for the most general existen
e and unique-ness statement for overlaps up to angle �. In another dire
tion, \imaginary" valuesfor overlap angles 
orrespond geometri
ally to inversive distan
es, a 
lassi
al, 
on-formally invariant way to measure the \distan
e" between pairs of separated 
ir
les.The 
ontinuum of situations | from overlaps of angle �=2, through tangen
y, outto inversive distan
es approa
hing in�nity | is a

ommodated in formula (5.1) byletting the �-parameters vary over [0;1). The four pa
kings of Figure 5.2 satisfythe same mixed boundary label/angle sum 
onditions but show a variety of \overlap"pres
riptions. Figure 5.2(a) is the familiar tangen
y 
ase; Figure 5.2(b) has 
onstantinversive distan
es, all � set to 2:0; Figure 5.2(
) has all overlaps set to �=3; andFigure 5.2(d) involves a mixture of overlaps and inversive distan
es. There is yet lit-tle theoreti
al work on inversive distan
e pa
kings, but our algorithm handled thesewithout 
omplaint. Improper spe
i�
ations tend to show up in labels that degenerateduring repa
king.
(a) (b)

(c) (d)Fig. 5.2. Mixed boundary value, overlap, and inversive distan
e examplesSpheri
al Geometry: The sphere is the most rigid and diÆ
ult 
lassi
al setting.To the authors' knowledge, no pa
king algorithm intrinsi
 to the geometry has beenfound; spheri
al pa
kings are typi
ally obtained by stereographi
ally proje
ting fromthe dis
. However, fundamental existen
e and uniqueness results for bran
hed pa
k-ings (i.e., dis
rete rational fun
tions, see [8℄) and even simple Diri
hlet problems
annot be handled by proje
tion and remain open.



20 C. COLLINS AND K. STEPHENSONAppli
ations: In the numeri
al 
onformal mapping of plane regions, it is unlikelythat 
ir
le pa
king 
an ever 
ompete in speed or a

ura
y with 
lassi
al numeri
almethods su
h as S
hwarz-Christo�el. However, 
ir
le pa
king te
hniques are �ndingnew appli
ations in a number of more general 
onformal situations; see the survey [33℄.We illustrate three for whi
h no other methods are known. These are 
omputationallyintensive and happen to be of interest to mathemati
ians, physi
ists, and neuros
ien-tists; they provided mu
h of the motivation for our algorithm improvements. We donot mention other potentially valuable appli
ations, su
h as graph embedding.

(a)

(b) Fig. 5.3. A sample 
onformal tiling



A CIRCLE PACKING ALGORITHM 21Tilings: Figure 5.3(a) approximates a (�nite pie
e of) a \
onformal" tiling of C.In this theory, the tile shapes are determined purely by the abstra
t adja
en
y graphof the global pattern. Su
h a graph 
an be augmented to give a 
omplex K whi
h isthen 
ir
le pa
ked to provide approximations of the tiling; a re�nement pro
ess andasso
iated pa
kings lead to more a

urate shapes. We refer the reader to Bowers andStephenson [6℄ for details. The 
ir
le pattern underlying the tiling is Figure 5.3(b).This example (indeed, this whole topi
) was motivated by work of Cannon, Floyd,and Parry; see [22℄. Our thanks to Bill Floyd, whose software 
reated the underlying
omplex as input for our pa
king routine.

D Fig. 5.4. A stage-3, genus 2 dessinDessins: In the theory of dessins d'enfants of Grothendie
k, drawings on surfa
eslead to algebrai
 number �elds via triangulations and asso
iated 
onformal stru
tures(see [30℄). In [6℄, Bowers and Stephenson develop 
ir
le pa
kings te
hniques to pro-vide both dis
rete parallels and approximations to these 
onformal stru
tures. Fig-ure 5.1(d) 
omes from a genus 2 dessin at a \
oarse" stage. Figure 5.4 is a morea

urate stage-3 re�nement for the same dessin obtained with a \hex" re�nementpro
ess. Ea
h re�nement stage roughly triples the number of verti
es, so the abilityto handle large pa
kings be
omes important qui
kly. In this setting of triangulatedsurfa
es, parti
ularly, there appears to be a potential for signi�
ant ve
torization andparallelization of our algorithm.



22 C. COLLINS AND K. STEPHENSONBrain-mapping: A use for 
ir
le pa
kings whi
h is just emerging and pla
ingnew demands for speed and 
exibility 
on
erns the \
attening" of images of the hu-man brain for use in neuros
ien
e resear
h. The 
orti
al surfa
es of the brain, the
erebellum and the hemispheres of the 
erebrum, are essentially highly 
onvolutedtopologi
al 2-spheres embedded in 3-spa
e. Flat representations are needed in stru
-tural and fun
tional studies of the 
ortex for purposes su
h as registration, visualiza-tion, and statisti
al data 
olle
tion; 
onformal 
attening is emerging as the preferredmethod be
ause it preserves valuable geometri
 information. Various medi
al imag-ing te
hnologies, su
h as PET, MRI, and fMRI, provide 3-dimensional representationsfrom whi
h the 
orti
al surfa
es 
an be extra
ted as triangulated topologi
al spheresor dis
s. Cir
le pa
king is then a means for approximating the 
onformal maps ofthese surfa
es and manipulating the resulting images. See [21℄ and referen
es therein;our thanks to the authors for the examples shown in Figure 5.5 and Figure 5.6. Theseare grays
ale images of 
olor 
oded 
at maps in the hyperboli
 and spheri
al set-tings. These 
ir
le pa
kings ea
h involve roughly 50,000 
ir
les; the spheri
al pa
kingis 
omputed in hyperboli
 geometry and proje
ted stereographi
ally to the sphere.

Fig. 5.5. A hyperboli
 
at mapSoftware: Our 
ir
le pa
king algorithm is implemented in C in the standalone pro-gram RePa
k and as the 
ompute engine behind the se
ond author's graphi
al softwarepa
kage Cir
lePa
k. The software is available at www.math.utk.edu/�kens. WithCir
lePa
k the user 
an 
reate, manipulate, display, and print 
ir
le pa
kings. Fun
-tionality is provided for all the operations we have dis
ussed | Diri
hlet, boundaryangle sums, overlaps, 
ompa
t 
omplexes | plus many more.



A CIRCLE PACKING ALGORITHM 23
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