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ÅFast Rotational Alignment



Review

Recall 1:

We can represent any rotation R in terms of the 

triplet of Euler angles ( , , ), with the 

correspondence defined by:

where Ry( ) is the rotation about the y-axis by an 

angle of , and Rz( ) is the rotation about the z-

axis by an angle of .
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Review

Recall 2:

If we express a rotation in terms of its Euler 

angles ( , , ), then the angles ( , ) correspond 

to the rotation that takes the North

pole to the point p= ( , ).
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Review

Recall 3:

If we represent a rotation R in terms of the Euler 

angles ( , , ), then the inverse of R can be 

represented by the Euler angles (- ,- ,- ):
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angles ( , , ), then the inverse of R can be 
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Review

Recall 4:

A function f is axially symmetric about the y-axis if 

and only if it is composed entirely of the zonal 

harmonics:
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Review

Recall 5:

Rotating the spherical harmonic Yl
m about the y-

axis by an angle of is equivalent to multiplying it 

by e-im .



Review

Recall 5:

Rotating the spherical harmonic Yl
m about the y-

axis by an angle of is equivalent to multiplying it 

by e-im :

Expressing the spherical harmonic in terms of the 

associated Legendre polynomials, we get:
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Review

Recall 5:

Rotating the spherical harmonic Yl
m about the y-

axis by an angle of is equivalent to multiplying it 

by e-im :

So rotating by about the y-axis gives:
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Review

Recall 6:

If f is axially symmetric about the y-axis, then a 

rotation of f by a rotation with Euler angles ( , , ) 

is independent of the value of :
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Review

Recall 6:
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Review

Recall 7:

Given a spherical function f of frequency l:

correlating f with a zonal harmonic of frequency l

is equivalent to multiplying f by a scalar:
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Review

Recall 8:

Given spherical functions f and g, if g is axially 

symmetric about the y-axis, we can compute the 

correlation of f with g in O(N2log2N) time.
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Review

Recall 8:

Given spherical functions f and g, if g is axially 

symmetric about the y-axis, we can compute the 

correlation of f with g in O(N2log2N) time.

In terms of the spherical harmonic decomposition, 

this equation becomes:
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Review

Recall 8:

Given spherical functions f and g, if g is axially 

symmetric about the y-axis, we can compute the 

correlation of f with g in O(N2log2N) time.

By the conjugate linearity of the Hermitian inner 

product, this becomes:
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Review

Recall 8:

Given spherical functions f and g, if g is axially 

symmetric about the y-axis, we can compute the 

correlation of f with g in O(N2log2N) time.

Which can be simplified to:
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Review

Recall 8:

So we can compute the correlation by:
A Computing the spherical harmonic transforms

O(N2log2N)

A Scaling the (l,m)-th harmonic coefficient of f by the 

(l,0)-th coefficient of g times sqrt(4 /(2l+1))

O(N2)

A Computing the inverse transform 

O(N2log2N)
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Goal

Given two spherical functions f and g, we would 

like to find the rotation R that aligns g to f:
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Approach

We had shown that finding the rotation minimizing 

the difference is equivalent to finding the rotation 

maximizing the correlation:
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Approach

Solving for the aligning rotation can be done by 

computing the function on the space of rotations:

and finding the rotation R that maximizes this 

function.
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Approach

Brute Force:

If the resolution of the spherical grid is N, then we 

can find the optimal rotation in O(N5) time by:
A For each of O(N3) rotations

Ç Computing the appropriate O(N2) dot-product



Approach

Fast Spherical Correlation:

Using the Wigner D-Transform, we have found 

that we can implement this in O(N3log2N) time by:
A Computing the spherical harmonic coefficients of f

and g:

O(N2logN)

A Cross multiplying the spherical harmonic 

coefficients within each frequency to get the 

Wigner D-coefficients:

O(N3)

A Performing the inverse Wigner D-Transform to get 

the value of the correlation at every rotation:

O(N3log2N)



Efficiency

Although the Wigner D-Transform provides an 

algorithm that is markedly faster than the brute 

force, for many applications, a cubic algorithm 

may still be too slow.



Efficiency

Although the Wigner D-Transform provides an 

algorithm that is markedly faster than the brute 

force, for many applications, a cubic algorithm 

may still be too slow.

What we would like is an algorithm for aligning 

two functions that is on the order of the size of the 

spherical functions (i.e. quadratic in N).



Efficiency

Example:

For database retrieval, we would like to  minimize 

the amount of work that needs to be done online.

We can afford to do

a lot of work on a

per-model basis in

pre-processing, but

we canôt spend too

much time aligning

pairs of models for

matching.

Query


