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 Fast Rotational Alignment
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Review

Recall 1:

We can represent any rotation R in terms of the
triplet of Euler angles (0,¢,v), with the
correspondence defined by:

R=R,(0) R,(#) R, ()

where R, (o) Is the rotation about the y-axis by an
angle of a, and R,(B) Is the rotation about the z-

axis by an angle of .
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Review
Recall 2:

If we express a rotation in terms of its Euler
angles (0,¢,y), then the angles (6,¢) correspond

to the rotation that takes the North
pole to the point p=d(0,9).

y
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Review

Recall 3:

If we represent a rotation R in terms of the Euler
angles (0,¢,v), then the inverse of R can be
represented by the Euler angles (-y,-¢,-0):
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Review

Recall 3:

If we represent a rotation R in terms of the Euler
angles (0,¢,v), then the inverse of R can be
represented by the Euler angles (-y,-¢,-0):

R =@, (6)-R,(4)-R, ()
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Review

Recall 3:

If we represent a rotation R in terms of the Euler
angles (0,¢,v), then the inverse of R can be
represented by the Euler angles (-vy,-¢,-0):

R—l

- Q,(0)-R,(9)-R, ()
-Q,(») ()€,
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Review

Recall 3:

If we represent a rotation R in terms of the Euler
angles (0,¢,v), then the inverse of R can be
represented by the Euler angles (-vy,-¢,-0):

R—l

- Q,(0)-R,(9)-R, ()
-Q,(») ()€,
=R, (~)-R,(~¢)-R, (-6)
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Review

Recall 4:

A function f is axially symmetric about the y-axis If
and only If it iIs composed entirely of the zonal
harmonics:

£(0.4)=>. 1(1,0)Y,°(0.¢)

Im 511(9,(15)

) | Im€(0,9)

Im is (0.4)

, jRegf(e,qﬁ):

\_ Im€:(0.4) |
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Review

Recall 5:

Rotating the spherical harmonic Y™ about the y-
axis by an angle of a Is equivalent to multiplying it
by e-imOL.
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Review

Recall 5:

Rotating the spherical harmonic Y™ about the y-
axis by an angle of a Is equivalent to multiplying it
by e-ime:

Expressing the spherical harmonic in terms of the
associated Legendre polynomials, we get:

Y"(0,¢) = R" (cos g)e™
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Review

Recall 5:

Rotating the spherical harmonic Y™ about the y-
axis by an angle of a Is equivalent to multiplying it

by e-ime:

So rotating by o about the y-axis gives:

pRy(a)Ylm(9’¢) :Y|m(9_05’¢)
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Review

Recall 5:

Rotating the spherical harmonic Y™ about the y-
axis by an angle of a Is equivalent to multiplying it

by e-ime:

So rotating by o about the y-axis gives:

pRy(a)Ylm(9’¢) :Y|m(9_05’¢)

_ le(COS¢)eim(6’—a)
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Review

Recall 5:

Rotating the spherical harmonic Y™ about the y-
axis by an angle of a Is equivalent to multiplying it

by e-ime:

So rotating by o about the y-axis gives:

pRy(a)Ylm(9’¢) :Y|m(9_05’¢)
_ le(COS¢)eim(6—a)
_ e—ima'PIm(COS¢)eim6’
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Review

Recall 5:

Rotating the spherical harmonic Y™ about the y-
axis by an angle of a Is equivalent to multiplying it

by e-ime:

So rotating by o about the y-axis gives:

pRy(a)Ylm(9’¢) =Y," (0 -, )
= P" (cosg)e™"
— e ™ P (cog g)e™
= e_imaYlm (0,9)
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Review

Recall 6:

If f Is axially symmetric about the y-axis, then a
rotation of f by a rotation with Euler angles (0,¢,y)
IS Independent of the value of v:
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Recall 6:

If f Is axially symmetric about the y-axis, then a
rotation of f by a rotation with Euler angles (0,¢,y)
IS Independent of the value of v:

Prio.sy T = PR, ()R, (4R, () f
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Review

Recall 6:

If f Is axially symmetric about the y-axis, then a
rotation of f by a rotation with Euler angles (0,¢,y)
IS Independent of the value of v:

Prio.sy T = PR, ()R, (4R, () f

= PR, (0)PR,(9) PR, () f
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Review

Recall 6:

If f Is axially symmetric about the y-axis, then a
rotation of f by a rotation with Euler angles (0,¢,y)
IS Independent of the value of v:

Prio.sy T = PR, ()R, (4R, () f
= PR, (0)PR,(9) PR, () f
= PR, (6) PR, (p) f
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Review

Recall 7:

Given a spherical funlction f of frequency I

f=> f(,my"

m=—I

correlating f with a zonal harmonic of frequency |
IS equivalent to multiplying f by a scalar:

< f ’PR(9,¢,W)Y|O> = \/ 2| f (0,9)
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Review

Recall 8:

Given spherical functions f and g, If g Is axially
symmetric about the y-axis, we can compute the
correlation of f with g in O(N?4log“N) time.

Dot 4 (R) =(f,p:9)
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Review

Recall 8:

Given spherical functions f and g, If g Is axially
symmetric about the y-axis, we can compute the
correlation of f with g in O(N?4log“N) time.

In terms of the spherical harmonic decomposition,
this equation becomes:

Dot 4 (R) =(f,p:9)

'

Dot g (0,0,p)= <Z Z fA( ,Mm)Y,", PR(Q,;»,W)(Z g(l ’O)Ylo j>
I I j
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Review

Recall 8:

Given spherical functions f and g, If g Is axially
symmetric about the y-axis, we can compute the
correlation of f with g in O(N?4log“N) time.

By the conjugate linearity of the Hermitian inner
product, this becomes:

ot; 4(0,9,) = <Z Z f(l m)YImipR(Hqﬁt//)(Zg(l O)YOJ>

Dot 4 (0.4.) =3 3 (.m0 Pago s Vi)
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Review

Recall 8:

Given spherical functions f and g, If g Is axially
symmetric about the y-axis, we can compute the
correlation of f with g in O(N?4log“N) time.

Which can be simplified to:
I

.ﬂ 4

otf,g(9,¢,w)=2_2 m)§(1,0),| —— o 0.9)

< | ’pR(9¢w)YO>
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Review

Recall 8:

Dot ;(6,4,y) = sz(l m)g(l()) Y (6,9)

So we can compute the correlation by:

o Computing the spherical harmonic transforms
O(N<?log?N)

o Scaling the (I,m)-th harmonic coefficient of f by the

(1,0)-th coefficient of g times sqrt(4=/(21+1))

O(N?)

o Computing the inverse transform
O(N<?log?N)
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 Fast Rotational Alignment
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Goal

Given two spherical functions f and g, we would
like to find the rotation R that aligns g to f:

R =argmin| f —pRgH2

ReRotations

f g PrY
R
\ J
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Approach

We had shown that finding the rotation minimizing
the difference Is equivalent to finding the rotation
maximizing the correlation:

R =argmax(f, p;0)

ReRotations

f g PrY
R
\ J
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Approach

Solving for the aligning rotation can be done by

computing the function on the space of rotations:
Dot ,(R) =(f,p:0)

and finding the rotation R that maximizes this

function.
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Approach

Brute Force:

If the resolution of the spherical grid is N, then we
can find the optimal rotation in O(N®) time by:
o For each of O(N3) rotations
a Computing the appropriate O(N?9) dot-product
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Approach

Fast Spherical Correlation:

(0]

Using the Wigner D-Transform, we have found
that we can implement this in O(N®log2N) time by:

Computing the spherical harmonic coefficients of f
and g:

O(N<4logN)
Cross multiplying the spherical harmonic
coefficients within each frequency to get the
Wigner D-coefficients:

O(N?3)
Performing the inverse Wigner D-Transform to get
the value of the correlation at every rotation:

O(N3log?N)
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Efficiency

Although the Wigner D-Transform provides an
algorithm that is markedly faster than the brute

force, for many applications, a cubic algorithm
may still be too slow.
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Efficiency

Although the Wigner D-Transform provides an
algorithm that is markedly faster than the brute

force, for many a
may still be too s

What we would i

pplications, a cubic algorithm
ow.

Ke Is an algorithm for aligning

two functions that is on the order of the size of the
spherical functions (i.e. quadratic in N).
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Efficiency

Example:

For database retrieval, we would like to minimize
the amount of work that needs to be done online.

A Princeton 3D Model Search Engine - Microsoft Internet Explorer provided by Verizon Online

We Can afford to do %&ceion Shape Retrieval and Analysis Group

3D Model Search Engine

Text & 2D Skefch Text & 3D Skefch File Compare Research ConfactUs Links FAQ Main

a I Ot Of WO r k O n a Search results in database [espona], 1000 models (click on a thumbnail for more information on

that model)

- - Next page (17 - 32) search type: [similar shape]. results: 100
per-moael pasis In ﬁ E
karmann (esp) chevy (esp) 3. prelude (esp) 4. lanc b24 (esp)
md similar shape Fmd similar shape Find similar shape Find similar shape

pre-processing, but ,
we can’t spend too o= W S e
much time aligning

pairs of models for = I :
matchin g. BT e R abemin

Next page (17 - 32 Something didn't work? Let us know!

9. nsx (esp) 10. jaguar (esp) 11, citrxm (esp) 12. mercedess600 (esp)

Find similar shape Find similar shape Find similar shape Find similar shape

K .éj Opening http://shape.cs.princeton.edu/search/sketch.cgi ® Internet
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Efficiency

Observation:

In using the Wigner D-Transform, we obtain the
alignment error at every rotation.

This turns out to be more information than we
actually need since all we want is the single,
optimal rotation.
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Parameter Optimization

Given a function F(x,y), we would like to find the
parameters (X,,Y,) at which F is maximal:

(Xo’ yo) =alg maXF(X’ y):
X,y
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Parameter Optimization

Given a function F(x,y), we would like to find the
parameters (X,,Y,) at which F is maximal:

(Xo’ yo) =alg maXF(X’ y):
X,y

We can find the parameters (X,,Y,) by searching
over the entirety of the parameter domain to find
the parameters at which F is maximal.
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Parameter Optimization

Given a function F(x,y), we would like to find the
parameters (X,,Y,) at which F is maximal:

(Xo’ yo) =alg maXF(X’ y):
X,y

We can find the parameters (X,,Y,) by searching
over the entirety of the parameter domain to find
the parameters at which F is maximal.

The down side is that this would require a search
over a large space of parameters.
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Parameter Optimization

Parameter Splitting:

Given a function F(x,y), we would like to find the
parameters (X,,Y,) at which F is maximal:

(Xo’ yo) =alg maXF(X’ y):
X,y

Instead, we can try to decompose the problem of

optimization into two parts:
o First, find the optimal value for x,, and then
o Holding X, fixed, find the optimal value for y,,.
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Parameter Optimization

Parameter Splitting:

Given a function F(x,y), we would like to find the
parameters (X,,Y,) at which F is maximal:

(Xo’ yo) =alg maXF(X’ y):
X,y

Instead, we can try to decompose the problem of

optimization into two parts:
o First, find the optimal value for x,, and then
o Holding X, fixed, find the optimal value for y,,.

This way, we trade one search over a large
space, for two searches over smaller spaces.
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Parameter Optimization

Parameter Splitting:

To do this, we need to define a 1D function G(x)
with the property that if (X,,y,) maximizes F(x,y)
then x, maximizes G(x).
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Parameter Optimization

Parameter Splitting:

To do this, we need to define a 1D function G(x)
with the property that if (X,,y,) maximizes F(x,y)
then x, maximizes G(x).

Then the problem of optimizing F(x,y):
(Xo’ yo) =arg maXF(X1 y)/
X,y
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Parameter Optimization

Parameter Splitting:

To do this, we need to define a 1D function G(x)
with the property that if (X,,y,) maximizes F(x,y)
then x, maximizes G(x).

Then the problem of optimizing F(x,y):
(Xo’ yo) =arg maXF(X1 y)/
X,y

turns into the sequence of problems:
X, =argmax G(x)

X

y, =argmax € (x,, y)
y
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Parameter Optimization

Application to Rotational Alignment:

To find the optimal alignment, we would like to

find the Euler angles (6,,04,w,) that maximize the
correlation:

(&, ¢, o) =arg max< f ’pRy(H)Rz(¢)Ry(w)g>

0.0.v
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Parameter Optimization

Application to Rotational Alignment:

Instead of trying to optimize over all three
parameters simultaneously, we can optimize over
two of the parameters, and then fixing the two
optimal parameters, optimize over the third:

(‘90 , ¢o) = arg@r?ax G(H’ ¢):

W, = arg;naX< f ,PRy(eo)Rz (¢0)Ry(w)g>
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Parameter Optimization

Application to Rotational Alignment:

To define the function G(6,$) we choose a

function that represents correlation information
related to rotations defined by 6 and ¢.
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Parameter Optimization

Application to Rotational Alignment:

To define the function G(6,$) we choose a
function that represents correlation information
related to rotations defined by 6 and ¢.

Specifically, if we let h be the component of g that
IS axially symmetric about the y-axis:

h@,¢) =2 4(,0Y,(6,¢)
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Parameter Optimization

Application to Rotational Alignment:

To define the function G(6,$) we choose a
function that represents correlation information
related to rotations defined by 6 and ¢.

Specifically, if we let h be the component of g that
IS axially symmetric about the y-axis:

h@,¢) =2 4(,0Y,(6,¢)

we can define:
G(0,8)=(f\ Prisoh)
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Parameter Optimization

Application to Rotational Alignment:

G(0,9) = < f ’PR(9,¢,0)h>
The function G has two important properties:
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Parameter Optimization

Application to Rotational Alignment:

G(0,9) = < f ’PR(9,¢,0)h>

The function G has two important properties:

o In the case that g is already axially symmetric
about the y-axis (i.e. h=q), the optimizing angles
(04,0,) are guaranteed to define the optimal
transformation.
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Parameter Optimization

Application to Rotational Alignment:

G(0,9) = < f ’PR(9,¢,0)h>

The function G has two important properties:

o In the case that g is already axially symmetric
about the y-axis (i.e. h=q), the optimizing angles
(04,0,) are guaranteed to define the optimal
transformation.

o Since the function h is axially symmetric about the
y-axis, we can find the optimizing angles (6,,¢,) In
O(N?log?N) time using the fast spherical harmonic
transform.
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Parameter Optimization

Application to Rotational Alignment:

Having solved for the optimal angles (8,,9,), we
can solve for the optimal y, by solving:

Wo = argvr/nax< f ’PRy<eo)Rz(¢o>Ry(w>9>




-
Parameter Optimization

Application to Rotational Alignment:

Having solved for the optimal angles (8,,9,), we
can solve for the optimal y, by solving:

Wo = argvr/nax< f ’PRy<eo>Rz(¢o>Ry(w>9>

Since the representation Is unitary, this becomes:

W, =alg maX<,ORZ (=40)R, (—=6) f ’pRy(‘//)g>
%
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Parameter Optimization

Application to Rotational Alignment:

Having solved for the optimal angles (8,,9,), we
can solve for the optimal y, by solving:

Wo = argvr/nax< f ’PRy<eo>Rz(¢o>Ry(w>9>

Since the representation is unitary, this becomes:

W, =alg maX<,ORZ (=40)R, (—=6) f ’pRy(‘//)g>
%

And in terms of the spherical harmonics
coefficients of g, we get:

I
W, =arg max< Pr. iR, (o | > > 4d, m)PRy<W)Y|m>
W I m=-I

J




Parameter Optimization

Application to Rotational Alignment:

But now we can use the fact that a rotation of the
spherical harmonic Y™ about the y-axis by an
angle of o corresponds to multiplication by e'me:

|
W, =arg maX<IORZ (~do)R, (=6, f 12 Z a(l, m)pRy(t//)Ylm>
W I m=-I

| |
o =arg maX<PRZ caryan T 22 2,00, m)e_'mWY|m>
|

% m=—I
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Parameter Optimization

Application to Rotational Alignment:

Thus, to find y,, we need to find the maximum of
the function:

E EI .
<pRz (—¢0)R, (-6) f y Q(I, m)Y|m>e'mW
| m=-I
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Parameter Optimization

Application to Rotational Alignment:

Thus, to find y,, we need to find the maximum of
the function:

E EI .
<pRz (—¢0)R, (-6) f y Q(I, m)Y|m>e'mW
| m=-I

But this Is just an expression for a function of v as
a sum of complex exponentials.
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Parameter Optimization

Application to Rotational Alignment:

Thus, to find y,, we need to find the maximum of
the function:

E EI .
<pRz (—¢0)R, (-6) f y Q(I, m)Y|m>e'mW
| m=-I

But this Is just an expression for a function of v as
a sum of complex exponentials.

So we can get the values at every angle y by
computing the inverse Fourier transform.
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Parameter Optimization

Application to Rotational Alignment:

Thus, we can align to spherical function fand g in

O(N?log?N) time by:

o Correlating f with the component of g that is axially

symmetric about the y-axis

O(N<4log?N)

o Getting the Fourier coefficients of the function in v

O(N2)

o Computing the inverse Fourier transform

O(NlogN)

o Finding the v maximizing the function

O(N)
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Parameter Optimization

How well does this work in practice?
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Parameter Optimization

How well does this work in practice?
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Query Model

Axial Alignment
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'Angular Refinement|
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\Angular Refinement|

Angular Refinement
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Parameter Optimization

How well does this work in practice?
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Query Model

Axial Alignment

Axial Alignment

'Angular Refinement|

'Angular Refinement|
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Angular Refinement
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Parameter Optimization

How well does this work in practice?

The guality of this method depends on the Initial
optimization of the function G(0,¢):

If we get a good guess for the optimal values (6,,4,),
the method will perform well.

Otherwise, the results are less robust.




-
Parameter Optimization

How well does this work in practice?

The guality of this method depends on the Initial
optimization of the function G(0,¢).

When we optimize G(0,4), we are looking for the
rotation that best aligns the y-axially symmetric
component of g to the function f.
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Parameter Optimization

How well does this work in practice?

The guality of this method depends on the Initial
optimization of the function G(0,¢).

When we optimize G(0,4), we are looking for the
rotation that best aligns the y-axially symmetric
component of g to the function f.

This means that if the function g is (nearly) axially
symmetric about the y-axis, the method will
perform well.
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Parameter Optimization

How well does this work In

[

=" TS

Target Model

ractice?

Target Model

Query Model

Axial Alignment

'Angular Refinement|

'Angular Refinement|

\Angular Refinement|

Angular Refinement
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Parameter Optimization

How well does this work in practice?

We can leverage this observation by performing a
pre-processing step in which we align the function
g so that the axis with maximal axial symmetry
gets mapped to the y-axis.




-

Parameter Optimization

How well does this work in practice?

Pre-Processing

Run-Time




-

Parameter Optimization

How well does this work in practice?

Pre-Processing

Run-Time
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Parameter Optimization

How well does this work in practice?

Pre-Processing

Run-Time
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Parameter Optimization

How well does this work in practice?

Pre-Processing

RS
ES

Run-Time
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Parameter Optimization

How well does this work in practice?

Pre-Processing Run-Time

RS
ES
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Parameter Optimization

How well does this work in practice?

Pre-Processing Run-Time

RS
ES
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Parameter Optimization

How well does this work in practice?
Pre-Processing Run-Time

RS
ES

z-Axis Correlation
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How well does this work in practice?
Pre-Processing Run-Time

RS
ES

z-Axis Correlation
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Parameter Optimization

Performance:

In order to perform the alignment we need to pre-
align the models so that there major axis of axial
symmetry is aligned with the y-axis.
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Performance:

In order to perform the alignment we need to pre-
align the models so that there major axis of axial

symmetry is aligned with the y-axis.

XIThis requires computing the axial symmetry
descriptor which takes O(N3log?N)
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Performance:

In order to perform the alignment we need to pre-
align the models so that there major axis of axial

symmetry is aligned with the y-axis.

XIThis requires computing the axial symmetry
descriptor which takes O(N3log?N)

MThis needs to be done on a per-model basis so this
can be done offline.
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Parameter Optimization

Performance:

In order to perform the alignment we need to pre-
align the models so that there major axis of axial

symmetry is aligned with the y-axis.

XIThis requires computing the axial symmetry
descriptor which takes O(N3log?N)

MThis needs to be done on a per-model basis so this
can be done offline.

The online running time of the alignment
algorithm remains O(N?log?N).




