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Stokes?d Theorem

Stokes0O Theorem equates

divergence of a vector field over a region to the
surface integral of the vector field over the
boundary:

| €-Fav=[F-dA

where F-dA is defined by:

F-dA=(F,ndA
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Stokes0OdO Theor em

Stokes0O Theorem equates
divergence of a vector field over a region to the

surface integral of the vector field over the
boundary:

| €-Fav=[F-dA

LV-FE/V
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Tangent Spaces

Given a curve C(t)=(x(t),y(t)), the tangent line to the

curve at a point p,=C(t,) Is the line passing through
P, With direction Cot{)=(x0t{),yot()).

Tangent Line
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Tangent Spaces

Given a curve C(t)=(x(t),y(t)), the tangent line to the

curve at a point p,=C(t,) Is the line passing through
P, With direction Cot{)=(x0t{),yot()).

This is the line that most closely approxmates the
curve C(t) at the point p,,. ’

Tangent Line




Tangent Spaces

>

Often, what we want is a unit vector specifying the
tangent direction.

In this case, we need to normalize:

_Co
O

Tangent Line
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Tangent Spaces

Given a surface S(u,v) the tangent plane to the
curve at a point p,=S(u,,V,) Is the plane passing
through p,, parallel to the plane spanned by:
oS(u,v)
ou

and

(Uo Vo)

Se=
|

y

\_ D4, ¢) = €osHsIn (Z,EoSgﬁ, sin@sing?)
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Tangent Spaces

Given a surface S(u,v) the tangent plane to the
curve at a point p,=S(u,,V,) Is the plane passing
through p,, parallel to the plane spanned by:
oS(u,v)
ou

and

(Uo Vo)

This is the plane that most
closely approximates
S(u,v) at the point p,.

!

D(6, §) = €0sHSin B, cosp,sin Hsin g0,

Se=
|
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TangentSpaCeS &

In the case of the sphere, points are parameterized
by the equation:

D(0,4) = €0sHsin ¢,Ccosp,siNFsin g

and the two tangent directions are:

%‘; = ¢sinédsin¢,0,cosdsing

%? = €034 Cc0Syp,—SIn ¢, SIn 6’cos¢:
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Tangent Spaces

If we look at the dot-product of the two vectors:

%‘; = ¢sinédsing,0,cosdsing

(2% = €030 cosg,—Sin ¢,sin O cosp
we get:
<aq),aq)>=sin293in2¢+coszz95in2¢
00 00
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Tangent Spaces

If we look at the dot-product of the two vectors:

%‘; = ¢sinédsing,0,cosdsing

(2% = €030 cosg,—Sin ¢,sin O cosp
we get:
<a®,a®>= €in2 6 +cog 6 sin? g
o6 00 -
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Tangent Spaces

If we look at the dot-product of the two vectors:

%‘; = ¢sinédsing,0,cosdsing

(2% = €030 cosg,—Sin ¢,sin O cosp
we get:
<8CD’8CD>=Sin2¢
00 00
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Tangent Spaces

If we look at the dot-product of the two vectors:

%‘; = ¢sinédsing,0,cosdsing

(2% = €0s{ CcoSsg,—SIn ¢, SIn Qcosqﬁ:
we get:
<ac1> acp>_ 2 4
00 00/
<an,aq)>=c05290052¢+sin2¢+5in2‘90052¢
op O¢
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Tangent Spaces

If we look at the dot-product of the two vectors:

%‘; = ¢sinédsing,0,cosdsing

(2% = €030 cosg,—Sin ¢,sin O cosp

we get:
<ac1>’aq>>zsin2¢
o0 " o0
ob od
Op ' O

>= 60520+sin20£3082¢+3in2¢
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Tangent Spaces

If we look at the dot-product of the two vectors:

%‘; = ¢sinédsing,0,cosdsing

(2% = €0sH cOSg,—Sin ¢, SN I cosp
we get:
<ac1> acb>_ 2 4
00" 30/
oP oD . 2
<a¢ | a¢>_cosz¢+5|n ¢
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Tangent Spaces

If we look at the dot-product of the two vectors:

%‘; = ¢sinédsing,0,cosdsing

(2% = €030 cosg,—Sin ¢,sin O cosp
we get:
<ac1> | 8CD>:Sinz¢
ofd o0

<ac1> acb>_1
oo 04/
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Tangent Spaces

If we look at the dot-product of the two vectors:

%‘; = ¢sinédsing,0,cosdsing

(2% = €030 cosg,—Sin ¢,sin O cosp
we get:
<8®,5®>:Sin2¢
20"’ 00

o oo\,

op ' o4/
<8CD | aCD> —sin 6 cosd sin ¢ cosg + sin € cosd sin ¢ cosg

_ 20" o =/
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Tangent Spaces

If we look at the dot-product of the two vectors:

%‘; = ¢sinédsing,0,cosdsing

(2% = €030 cosg,—Sin ¢,sin O cosp
we get:
<8CD | aCD> =Sin2¢
00" 20

A
oo 04/

<ac1> acp> _0o
_ 00" 04 2/
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Tangent Spaces

So, the vectors:

D, (0,4)= 2

Sing 00

®,0.9)=

form an orthonormal basis for the tangent plane to
the sphere at the point ©(0,9).
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Function Gradients

The gradient of a function is a vector which tells us
how the function changes as we move in different
directions.
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Function Gradients

The gradient of a function is a vector which tells us

how the function changes as we move in different
directions.

Given a function f and given a direction v:

f(p+Vv)~ f(p)+(Vf(p)V)
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Function Gradients

To compute the gradient, we choose two orthogonal
unit vectors u and v, and we set:

Vf(p)=% f(p+tu)u+% f(p+tv)v
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Curve Gradients

Given a curve C(t), and given a function f(t) the

gradient of the function is a vector field on the curve

telling us how the function changes as we move
along the curve.
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Curve Gradients

Example:

Let C be the curve defined by: C(t)
C(t)= €t*

and let f(t) be the function on
the curve defined by:

f(t) =t

What is the gradient of f(t)?
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Curve Gradients

Example:

The gradient is not the
function Vf=1!

This would imply that at any
point on the curve moving a
unit forward would change the
value by a constant amount.
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Curve Gradients

Example:

The gradient is not the C(t)
function Vf=1!

As we move from t=1 to t=2, the

function changes by a value of 1.
Similarly, as we move from t=10

to t=11, the function changes by

a value of 1.
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Curve Gradients

Example:

The gradient is not the C(t)
function Vf=1!

As we move from t=1 to t=2, the

function changes by a value of 1.
Similarly, as we move from t=10

to t=11, the function changes by

a value of 1.

But in the first case, we have moved a distance of:
d, ~[C(2)-C ()| = V12 + 3
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Curve Gradients

Example:

The gradient is not the C(t)

function Vf=1!

As we move from t=1 to t=2, the
function changes by a value of 1.
Similarly, as we move from t=10
to t=11, the function changes by

a value of 1.

In the second case, we have moved a distance of:
d, ~|[CA) -CO)| = V1% + 27
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Curve Gradients

Example:

We need to measure the ratio
of the change in f over the
distance traveled:

T I GER L0

C(t+¢)-C(t)

ﬂ £'(t)

Vc f (t) — ‘C'('[)‘

C(t)
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Curve Gradients

Example:

We need to measure the ratio
of the change in f over the
distance traveled:

1

Ve O=ma
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Spherical Gradients

Given a function on the sphere, f(6,¢), we would Iilzé

to compute the gradient:

Vi(0,9)
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Spherical Gradients

Given a function on the sphere, f(6,¢), we would Iiké
to compute the gradient:

Vi(0,9)

We need to pick two directions in parameter space
whose images on the surface of the sphere are
orthogonal.
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Spherical Gradients

Given a function on the sphere, f(6,¢), we would Iilzé

to compute the gradient:

Vi(0,9)

We need to pick two directions in parameter space

whose images on the surface of the sphere are

orthogonal.

The directions 6 and ¢
are two such directions:

T

SRR
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Spherical Gradients

We could try taking the partial derivatives in the 6

and ¢ directions:
Vi (0,9) = [

of ar]
06" O¢
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We could try taking the partial derivatives in the 6 |

and ¢ directions:

Vi(0,9) =

But this introduces bias!

Spherical Gradients

of ar]
06" O¢

Shifting by a constant A6 will
move us different distances
depending on where we are on
the sphere.
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Spherical Gradients

How does the scale change as we change 6 or ¢ by

a value of ?
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Spherical Gradients

How does the scale change as we change 6 or ¢ by
a value of €7

At the point p=d(0,¢), changing the value of 6 by &,
moves us a distance of er along the circle about the
y-axis, where r Is the radius of the circle:
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Spherical Gradients

How does the scale change as we change 6 or ¢ by
a value of €7

At the point p=d(0,¢), changing the value of 6 by &,
moves us a distance of er along the circle about the
y-axis, where r is the radius of the circle.

On the sphere, the radius is
defined by:

r(¢)=sing




Spherical Gradients o
S

How does the scale change as we change 6 or ¢ by
a value of €7

At the point p=®(0,¢), changing the value of ¢ by &,
moves us a distance of € along a great circle,
regardless of where on the sphere we are:
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Spherical Gradients

Taking the scaling into account, we get: _
gsin g g

’ v(l)o)
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Spherical Gradients

Taking the scaling into account, we get: _
vt (9’¢)%[f O+5,6 ~1(0.9) T€f+s —1€4
gsin g

’ v(l)o)
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AThe Spherical Laplacian
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The Spherical Laplacian

Recall:

The Laplacian operator Is self-adjoint (symmetric)

— There Is an orthogonal basis of eigenvectors.
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The Spherical Laplacian

Recall:

The Laplacian operator Is self-adjoint (symmetric)

— There Is an orthogonal basis of eigenvectors.

The Laplacian operator commutes with rotations

= If F, are the eigenfunctions of the Laplacian
with eigenvalue A, rotations fix F,.
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The Spherical Laplacian

Recall:

The Laplacian operator Is self-adjoint (symmetric)

— There Is an orthogonal basis of eigenvectors.

The Laplacian operator commutes with rotations

= If F, are the eigenfunctions of the Laplacian
with eigenvalue A, rotations fix F,.

= The irreducible representations are subspaces
of the F,.

-
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The Spherical Laplacian

All this implies that for a fixed degree |, the
spherical harmonics of degree I:

Y|k 0’¢:: ik@Rk(COS¢)
(-I<k<l) must be eigenvectors of the Laplacian
with the same eigenvalue.
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The Spherical Laplacian

All this implies that for a fixed degree |, the
spherical harmonics of degree I:

Y|k 0’¢:: ik@Rk(COS¢)

(-I<k<l) must be eigenvectors of the Laplacian
with the same eigenvalue.

1. What is the Laplacian?

2. What are the eigenvalues?
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The Spherical Laplacian

How do we compute the Laplacian of a spherical

function (0,¢)?
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The Spherical Laplacian

How do we compute the Laplacian of a spherical “
function (0,¢)?

Recall:

The Laplacian of a function is the divergence of
Its gradient:
Vef =V (VF)
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The Spherical Laplacian

By Stokesodo Theorem, we
of the Laplacian (the divergence of the gradient)
over a region by computing the surface integral of
the gradient field over the boundary:

Vit
Cl
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The Spherical Laplacian

Consi der the Asqguareso (;n
points (0,¢), (6+ ,0), (6+ ¢, + €) and (0, + ¢€):
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The Spherical Laplacian

Consider the nsquaree o

points (6,9), (6+ ¢,0), (6+ ¢,0 + €) and (0, + €):

The integral of the Laplacian is
approximately:

[€*f dR~ Area(R)V*f (0,4)
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The Spherical Laplacian

Consider the nsquaree o

points (6,9), (6+ ¢,0), (6+ ¢,0 + €) and (0, + €):

The integral of the Laplacian is
approximately:

[€*f dR~ Area(R)V*f (0,4)

= £2sing V21 (6,4)
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The Spherical Laplacian

Consi der the Asqguareso (;n
points (0,¢), (6+ ,0), (6+ ¢, + €) and (0, + ¢€):

On the curve c,, the surface
Integral of the gradient is
approximately:

[ @f ~dA~ Length(c,))(Vf,®, )

G
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The Spherical Laplacian

Consi der the Asqguareso on
points (6,9), (6+ ¢,0), (6+ ¢,0 + €) and (0, + €):

On the curve c,, the surface
Integral of the gradient is
approximately:

[ @f ~dA~ Length(c,))(Vf,®, )

G

| 1 of of
=esn(g+ 8)<£sin ¢+c 00 0f
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The Spherical Laplacian

Consi der the Asqguareso on
points (6,9), (6+ ¢,0), (6+ ¢,0 + €) and (0, + €):

On the curve c,, the surface
Integral of the gradient is
approximately:

jl7f -dA~ Length(c,)(Vf,®,)

G
| 1 & o
=esn(d+ 8)<£sin ¢+c 00 0f

= E‘Siﬂ(¢+€)2f—¢(l9,¢+8)
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The Spherical Laplacian

Consi der the Asqguareso on
points (6,9), (6+ ¢,0), (6+ ¢,0 + €) and (0, + €):

Similarly, on the curve c,, the
surface integral of the gradient is
approximately:

[@f ~dA~ —zsin(g) Sf—¢ ©,9)




-
The Spherical Laplacian

Consi der the Asqguareso (;n
points (0,¢), (6+ ,0), (6+ ¢, + €) and (0, + ¢€):

On the curve c;, the surface
Integral of the gradient is
approximately:
ij - dA= Length(c,)(Vf,®,)
C3
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The Spherical Laplacian

Consi der the Asqguareso on
points (6,9), (6+ ¢,0), (6+ ¢,0 + €) and (0, + €):

On the curve c;, the surface
Integral of the gradient is
approximately:

ij - dA= Length(c,)(Vf,®,)

1 o of
- g<[sin ¢ 00’ a¢]’ (]’O)>
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The Spherical Laplacian

Consider the nNnsquareeo
points (6,9), (6+ ¢,0), (6+ ¢,0 + €) and (0, + €):

On the curve c;, the surface
Integral of the gradient is
approximately:

ij - dA= Length(c,)(Vf,®,)

1 o of
- g<[sin ¢ 00’ a¢]’ (]’O)>
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The Spherical Laplacian

Consider the nsquaree o

points (6,9), (6+ ¢,0), (6+ ¢,0 + €) and (0, + €):

Similarly, on the curve c,, the
surface integral of the gradient is
approximately: o

f -dA~— |
JV - “sng) 00 U7
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The Spherical Laplacian

Consi der the Asqguareso on
points (6,9), (6+ ¢,0), (6+ ¢,0 + €) and (0, + €):

Summing these together, we
can approximate the boundary
Integral by:

(1 [of
\Sin® | 00

8(Sin(¢ +¢£) (% (0,¢+¢)—sin(y) % (9,¢)]

ij ~dAx~ g 9+8,¢\—i0,¢j}+
= el
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The Spherical Laplacian

Consider the nNnsquareeo
points (6,9), (6+ ¢,0), (6+ ¢,0 + €) and (0, + €):

Summing these together, we
can approximate the boundary
Integral by:

- 1 ofef o . . of
a£ Uf “dA~ 8[sin .28 [ae 0,¢j]+g(ga—¢[sun(¢)5—¢(e,¢)

J
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The Spherical Laplacian

Consi der the Asqguareso on
points (6,9), (6+ ¢,0), (6+ ¢,0 + €) and (0, + €):

Summing these together, we
can approximate the boundary
Integral by:

0.6 +

[@f “dAxs? 1 o°f 9
92 sng 00”7 as
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The Spherical Laplacian

Using the fact that the boundary integral can be

approximated by:

2
IVf:dAwgz( L of 0,0 + ¢
R

sing 002 "~ O¢

2|

<0,
sin ¢ ¢( ¢)}

and the surface integral can be approximatec
[€?f dR~&?sng V2 (0,9)

R
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The Spherical Laplacian

Using the fact that the boundary integral can be
approximated by:

_[Vf :dA% 52(
R

1 o°f 5
sin ¢ 06° 0.9+ o {Sm¢_¢(9 ‘b)}

and the surface integral can be approximated by:
[€?f dR~&?sng V2 (0,9)

R
we can apply Stokeso The

1 o°f 1 0
0.4 + { ¢a—¢(9¢)}

sin® ¢ 00° Sin¢g 04

Vi (0,4) =
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The Spherical Laplacian

Vi (0,4) =

1 o0°f _ -~ 1 0

sin® ¢ 067 ¢.0 sing O¢

|

o

sinﬂ(e,@}

n order to compute the eigenvalues of the
_aplacian associated to the the spherical
narmonics, we need to compute:

VZYlk(9,¢) _ VZ eikQ Rk ‘:O%:
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The Spherical Laplacian

1 o°f -~ 1

V£ (0,9) = 0,0 +

1 ot L 9 sing 2 (0,9)
Sin“ ¢ 06 ~ SNy O¢

Taking the derivative with respect to 0 is easy:

1 82Y|k(6’,¢): 1 &

sin2g 862 sin2 ¢ 0662

¢ Rk €oss :
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The Spherical Laplacian

V2£(0,9) = 0,0 + sing—(6,9)

sSin‘ ¢ 067 ~ sing o4

182f-18{8f }

Taking the derivative with respect to 0 is easy:
2\/ k 2 -

12 aYl (§’¢): 12 82 Qikgl:?k ¢OS¢\'

sin“¢ 00 Sin“ ¢ 00 ~

— k?

" sin? 7,

eikt9 Rk ¢08¢ :
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The Spherical Laplacian

182f-18{8f }

0,0 + sing— (6, ¢)

v f(9’¢):sin2¢ 007 "= sing o4

Taking the derivative with respect to 0 is easy:
2\/ k 2 -

12 aYl (§’¢): 12 82 Qikgl:?k ¢OS¢\'

sin“¢ 00 Sin“ ¢ 00 ~

— k?

2

eikt9 Rk t05¢ :
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The Spherical Laplacian

VZf(9’¢):s'1 anr+ 1 a{

n’g 00> "~ sing o4 ¢_( M

o

Taking the derivative with respect to ¢ is more
complicated:

1 0 oY (0,9) 1 0 Kl e
sin¢a¢[ n? o¢ ] S|n¢8¢[ln¢ 4Ptos¢j
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The Spherical Laplacian

V2 (6, 4) = il 8f‘?’¢-~+ 1 8{ ng

sSin‘ ¢ 067 ~ sing o4 O

G
oA
) s
B i
1 . |

W)
208 ¥
D S
X, WA
oy
S
L]

—(9 ?)

Taking the derivative with respect to ¢ is more
complicated:

Sin g O¢ oQ Sing O¢
RGN [ ng oP tos¢]
~sin @ O¢ oQ

as It requires taking the derivatives of the
associated Legendre polynomials.

1 a[ ¢av(a¢)] 1 a[|n¢—<*'k9Pktos¢j




Recall:

The associated Legendre polynomials are
defined by the (somewhat hairy) formula:

K o~ (-1 AL ™ ., .7
&= =x_ dx -1
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Associated Legendre Polynomials

One can show, (but we wo
Legendre polynomials satisfy the following two
identities:
dR* ¢osp | cos@)P* ¢osp — (I +k)R", ¢osp
d¢ sin ¢
0= (I-k)R* €osp —cosp(2 ~DR, ¢osg + (I +k-1)R", €0 _




-
The Spherical Laplacian

Plugging these identities into the equation for the
Laplacian, we get:

1 o . oY 6,0 ZYm(é' 9)
sin¢a¢(sm¢ o0 ] 74 (1 +DY™(8,9)
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The Spherical Laplacian

Plugging these identities into the equation for the

Laplacian, we get:

1 of_. oY(0.9)) —-k¥Y"0.4) m
sin¢8¢5(sm¢ o ]— — (1 +1)Y,7(0,9)

Sin® ¢

In sum, this gives:

VY0, ¢) =1 (1 +2)Y* (0, 9)







