FFTs in Graphics and Vision

The Fast Fourier Transform
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The FFT Algorithm
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Computational Complexity

What do we need to do in order to compute the
moving dot-product of two periodic, n-dimensional

arrays f[ ] and g[ ]?

1. We need to express f[ ] and g[ ] in terms of the
basis v,[ |

f[]=”2f[k]vk[] and g[]=”2@[k]vk[]

O(n?)

2. We need to multiply the coefflc:lents

¢[1*9[11]= fzf[k]g[k]vk[]

O(n)

3. We need to evaluate the moving dot-product at
every index o

€[1*9[1]a]l=n zf[k]g[k]vk[a]

O(n?)
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Goal

Given an n-dimensional array of complex values

f[ ], we would like to
coefficients of f[ |

il

compute the Fourier

=Y fiiw 1

where v, [ | are the ©

Iscrete samples of the

complex exponentials at n regularly spaced

positions:

V [] — 1 ‘ikZ:zO/n | eik27rl/n o eik27r(n—2)/n ’ eik27r(n—1)/n h
k n _




-

Challenge

How can we compute all n Fourier coefficients
efficiently?
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Challenge

How can we compute all n Fourier coefficients?
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Challenge

How can we compute all n Fourier coefficients?

Since the vectors v,| | are orthonormal, we can
compute the k-th Fourier coefficient of f[ | by
computing the dot-product:

fIk]=(f[1v[])
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Challenge

How can we compute all n Fourier coefficients?

Since the vectors v,| | are orthonormal, we can
compute the k-th Fourier coefficient of f[ | by
computing the dot-product:

f[k] = < [1vi[])
flil-v.[1]
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Challenge

How can we compute all n Fourier coefficients?

Since the vectors v,| | are orthonormal, we can
compute the k-th Fourier coefficient of f[ | by
computing the dot-product:

fIkl=(f[1v[])
=2 fLT-wli]

1 n-1 _ . -
=\ [ 2 fLil-e e
N 4%
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Challenge

How can we compute all n Fourier coefficients?

Since the vectors v,| | are orthonormal, we can
compute the k-th Fourier coefficient of f[ | by
computin
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Challenge

How can we compute all n Fourier coefficients?

Since the vectors v,| | are orthonormal, we can
compute the k-th Fourier coefficient of f[ | by
computin




-

Challenge

How can we compute all n Fourier coefficients
efficiently?
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Approach (Divide and Conquer)

Key ldea:

f we decompose the array into the even and odd
nalves, we can solve smaller problems and then
combine.
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Approach (Divide and Conquer)

Key ldea:

Consider the 8-dimensional array:
f[]: qo’ fl’ f2’ fs’ 1E4’ f5’ f6’ f7/

And consider its even/odd decomposition:
fol 1= 601 fo, 14, f6<
fll1= €, f,, s f,_

)
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Approach (Divide and Conquer)

Key ldea:

f[1=6,, 1, f,, f,, f., f, f., T,
fo:: — qEo’ f21 f4’ fG:
- - ¢ f ™~

f
1L 57 V7 _4
Now let’s con3|der the Fourier coefficients:
f[k]= HZ}ﬂﬂwme”
ly Iy ly

K pik27/8 aik2z/4 aik2z/4 15)
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Approach (Divide and Conquer)

Key ldea:

f[1=€,, 1, f,, f, f,, f, f, T,
fo::zqo’fw 4’f6<
1=€,, f,, ., f,

f
Now let's con3|der the Fourier coefficients:

1= 33 fi1e 0"
j=0 Y Ot Order Coefficients iy

// \\fU]X mf[Zj; ﬁ\f[ﬁ;ﬂ
NPARNPARNY

\_ f[0] f,[0] f,[0] 1)

1L 5 7 _~4
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Approach (Divide and Conquer)

Key ldea:

Now let's con3|der the
HZ f[j]°e_ik2ﬂj/n

f[k]=

il

OLd

1L

ly

\({7

f[6]

f[‘SL//“

R
N N
—ty
w

f
Fourier coefficients:

1st Order Coefficients

ly

] f[6] 7]
f[O] mf [0] mf[l] .

f2]
f[1]

f[ﬂk/(/ X T2 X f[5]\< )/
f[1]
f[3 w 3]

fo[1]

f,[1]

)
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Approach (Divide and Conquer)

Key ldea:

Now let's con3|der the
HZ f[j]°e_ik2ﬂj/n

f[k]=

il

OLd

AOAA

1L

ol

f[3]

f4’ fs’ f6’ f7\

0 "1 f21 f31

f
NPTR Y
s

~ —
1f6<
5’f7/

f
Fourier coefficients:

2nd Order Coefficients iy

[7]
o f[ﬁ]/"\w f[sf\f[u

fo[2]

f,[2]

/Jf[4]x f[z]\T/f[zL] X f[7]\(/f[5]x

S
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Approach (Divide and Conquer)

Key ldea:

Now let's con3|der the
HZ f[j]°e_ik2ﬂj/n

f[k]=

il

OLd

1L

ly

\({5

f[2]

f[‘w//‘

R
N N
ey
w

f
Fourier coefficients:

3'd Order Coefficients

ly

] f[2 f[3]
f[0] /L\f [0] mf[l] .

f[6]
f[2]

f[ﬂk/(/ X T4 X f[5r\ )/
f[3]
fl1 w 7]

fo[2]

f,[2]

2
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For every frequency:

* The even components
are in the same position
as the original

* The odd ones are off by
a fixed angle.

Approach (Divide and Conquer)

f[]

f

mfm

[]

mf[zu

.

6

[0]

N

f[4\
] f[1]

7]

LL\f[O] f[6f

2]

\f [0] f [3]/0\f [1]

f[Z\\‘
f[1

fl2]

N

‘//m] f[Z]\(
5]
f[5] F

f[0]

Jf [4] f[ﬂ\ / [5]

i3]
\f[O] / \f[l]

f[3
IE) el o i/

A i

|'LJ
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Approach (Divide and Conquer)

Assume that n is even (n=2m) and lets consider
the even and odd entries separately. That is, let
fol ] and f,[ | be the m-dimensional arrays:

f.[k]= f[2K] f[K]= f[2k +1]
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Approach (Divide and Conquer)

f.[k]= f[2K] f[K]= f[2K +1]

The k-th Fourier coefficient of f iIs defined as:

£ 1 & =1 A-ik27/n
fkl=,= 2, flil-e™”
N o

2
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Approach (Divide and Conquer)

f.[k]= f[2K] f[K]= f[2K +1]

The k-th Fourier coefficient of f iIs defined as:

£ 1 & =1 A-ik27/n
fkl=,= 2, flil-e™”
N o

Splitting this summation into the even and odd
terms gives:

.I:[k] \/TZ ¢ [21] e—lk27r(2])/(2m) 4 f[ZJ _I_l] |k27r(2j+1)/(2m) :

2
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Approach (Divide and Conquer)

f.[k]= f[2K] f[K]= f[2K +1]

Splitting the summation we got:
f[k] \/TZ ‘ [21] e—lk27r(2])/(2m) n f[2j +1] |k27r(2j+1)/(2m):

Re-writing the exponent, we get:

f[k] \/TZ‘[ZJ] e |k27z]/m_|_ f[ZJ—I—l] |k27z]/m. —|k27r/n:

*
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Approach (Divide and Conquer)

f.[k]= f[2K] f[K]= f[2K +1]

Simplifying the exponent gave:

f[k] \/TZ‘[ZJ] e |k27z]/m_|_ f[2]—|—1] |k27z]/m. —|k27r/n:

Plugging in our expression for the even and odd
entries gives:

.I:[k] \/IZ‘ [J] e —ik27/m 1 f [J] e —ik27j/m |k27r/n:

J
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Approach (Divide and Conquer)

f.[k]= f[2K] f[K]= f[2K +1]

Plugging in our expression for the even and odd
entries gives:

m-1 _ _ _ _ _ ~
1 Z ¢O[j]'e_lk2ﬂ]/m 4 fl[j].e—|k27z]/m _e—|k27r/n
j=0

f[k] = -

-

Re-writing this equation gives:

1& fIi ~ik27j/m ~ik2z/n 1& fIi —1k27/m
> folil-e +€ =2 filile
i—0 N'j=o

f[k]= -

%
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Approach (Divide and Conquer)

f.[k]= f[2K] f[K]= f[2K +1]

Re-writing this equation gave:
1 —I m —ik27z/n s - —ik24/m
f[k] \/721: [J] e k24 / +e ik2rz/ \/;Z fl[_l]e k27 /
j=0

But the interior summations resemble Fourier
coefficients:

f[k] = ( € K1+ f[Kk].e "

)
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Approach (Divide and Conquer)

f.[k]= f[2K] f[K]= f[2K +1]

f[k] = \/g € [k]+ f,[K]-e "2

So, If we can figure out the Fourier coefficients of
f,[ ] and f,[ ], we can combine them to get the
Fourier coefficients of f[ ].

J
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Approach (Divide and Conquer)

f.[k]= f[2K] f[K]= f[2K +1]

f[k] = \/g € [k]+ f,[K]-e "2

So, If we can figure out the Fourier coefficients of
f,[ ] and f,[ ], we can combine them to get the
Fourier coefficients of f[ ].

Assuming that m is also even, we can repeat for
fo] ] and f,[ | to get their Fourier coefficients.
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Approach (Divide and Conquer)

f.[k]= f[2K] f[K]= f[2K +1]

f[k] = \/g € [k]+ f,[K]-e "2

So, If we can figure out the Fourier coefficients of
f,[ ] and f,[ ], we can combine them to get the
Fourier coefficients of f[ ].

Assuming that m is also even, we can repeat for
fo] ] and f,[ | to get their Fourier coefficients.

Thus, if nis a power of 2, we can keep
L separating, giving an O(n log n) algorithm. 2y




-

Outline

Y

Applications in 1D
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Applications of the FFT

* Moving Dot Products / Cross Correlation

f[-2]- - g[-2]
f-1l- - g[-1]
f 0I5 - 9[0]
f[]- - g[1]
fl2l- - 9[2]

Tfr A
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Applications of the FFT

* Moving Dot Products / Cross Correlation
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Applications of the FFT

* Moving Dot Products / Cross Correlation

f[-2] g[-2]
f[-1] g[-1]
T[] g[0]
f] g[1]
f[2] g[2]

AN
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Applications of the FFT

* Moving Dot Products / Cross Correlation

e Convolution

This is like cross-correlation, except that flip the
entries of the array g[ | before cross-correlating.

f[-2]- > 9[2] f[-2] g[-2]
f[-1]- > g[1] f[-1] gl-1]
f[0]« > 9[0] f[0] 9[0]
f[1]< > g[-1] f[1] g[1]
f[2]« > 9[-2] f[2] 9l2]

)




-

Applications of the FFT

* Moving Dot Products / Cross Correlation

e Convolution

This is like cross-correlation, except that flip the
entries of the array g[ | before cross-correlating.

f[-2) ? o[2] f[-2) o[-2]
f[-1] o[1] f[-1] o[-1]
f10] . g[0] f[0] [0}
fmé g[-1] F1] g[1]
fl2)— o2 [2] o[2]

*)
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Applications of the FFT

* Moving Dot Products / Cross Correlation

e Convolution

This is like cross-correlation, except that flip the
entries of the array g[ | before cross-correlating.

f[-2] /9[2] f[-2] g[-2]

f[-1] % [1] 1] o[-1]

f10] « " g[o] f[0] [0}

< .ol-1) f[1] l1]

f[2] %g[—zl f[2] gl2]
-

>
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Applications of the FFT

* Moving Dot Products / Cross Correlation

e Convolution

This is like cross-correlation, except that flip the
entries of the array g[ | before cross-correlating.

Note: If g[ ] is symmetric (i.e. g[-k]=g[K]) then the
convolution of f[ ] with g[ ] is equal to the cross-
correlation of f[ ] with g[ |.

Mﬁﬁ /\ AN

~ (1 Tl D=([ #[ ]
\ *)
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Applications of the FFT

* Moving Dot Products / Cross Correlation
« Convolution

* Polynomial Multiplication

%
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Applications of the FFT

* Moving Dot Products / Cross Correlation
« Convolution

* Polynomial Multiplication
Given two polynomials:
p(x)=a, +a,Xx+---+a_ X"
q(x) =b, +bx+---+b_x"

we can represent the polynomials p(x) and g(x) by
(2n+1)-dimensional arrays:

p(x) > b.,.....a . a.a,....a,
q(x) - l_n,...,b_l,bo,bl,.. b,

with
K a_n:---:a_lzb_n:---:b_lzo

)
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Applications of the FFT

* Moving Dot Products / Cross Correlation
« Convolution

* Polynomial Multiplication
The 0™ order coefficient of the product is:

a[-2]x < b[-2]
a[-1+>. ¥ b[-1]
a[0] < b[0]
a[l]«" = b[l]
a[2]* " p[2]

Y
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Applications of the FFT

* Moving Dot Products / Cross Correlation
« Convolution

* Polynomial Multiplication
The 15t order coefficient of the product is:

a[-2]. «b[-2]
a[-1].>_ 7, b[-1]
a[0]«% £~ b[O0]
a[l]« =7 x> b[l]
a[2]=" 2 b[2]
¥ Rl

)
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Applications of the FFT

* Moving Dot Products / Cross Correlation
« Convolution

* Polynomial Multiplication
The 2nd order coefficient of the product is:

a[-2], . b[-2]
a[-1] x> o b[-1]
a[0]+« >, b[O]
a[1] b[1]
a[2] b[2]

¥/
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Applications of the FFT

* Moving Dot Products / Cross Correlation
« Convolution

* Polynomial Multiplication

The coefficients of the product can be computed by
convolving the arrays corresponding to the
coefficients of the original polynomials.

a[-2], . b[-2]
a[-1] x> o b[-1]
a[0]+« >, b[O]
a[1] b[1]
a[2] b[2]
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Applications of the FFT

* Moving Dot Products / Cross Correlation
« Convolution
* Polynomial Multiplication

* Big Integer Multiplication
Given an integer, we can treat it as a polynomial.

Example:
47601345=5-10° +4-10* +3-10°* +1-10° +- - -

*/
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Applications of the FFT

* Moving Dot Products / Cross Correlation
« Convolution
* Polynomial Multiplication

* Big Integer Multiplication

Given an integer, we can treat it as a polynomial.
To multiply two integers, we need to figure out what
the new value in the 1s place,

Example:
47601345=5-10° +4-10* +3-10°* +1-10° +- - -

_ 46018729=9¥1O°+2-101+7-102+8-1O3+---

®/
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Applications of the FFT

* Moving Dot Products / Cross Correlation
« Convolution
* Polynomial Multiplication

* Big Integer Multiplication

Given an integer, we can treat it as a polynomial.
To multiply two integers, we need to figure out what
the new value in the 1s place, the 10s place,

Example:
47601345=5-10° +4-10* +3-10°* +1-10° +- - -

_ 46018729=9.10° +2-10' +7-10° +8-10° +- - -

Y
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Applications of the FFT

* Moving Dot Products / Cross Correlation

« Convolution
* Polynomial Multiplication

* Big Integer Multiplication

Given an integer, we can treat it as a polynomial.

To multiply two integers, we need to figure out what
the new value in the 1s place, the 10s place, the 100s
place, etc. will be.

Example:
47601345=5-10° +4-10* +3-10°* +1-10° +- - -

e

46018729=9-10° +2-10" +7-10° +8-10° +--- % )
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Applications of the FFT

* Moving Dot Products / Cross Correlation
« Convolution
* Polynomial Multiplication

* Big Integer Multiplication

Given an integer, we can treat it as a polynomial.

To multiply two integers, we need to figure out what
the new value in the 1s place, the 10s place, the 100s
place, etc. will be.

So big integer multiplication can be implemented as a
convolution.

®)
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Multi-Dimensional FFTs

%
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Multi-Dimensional FFTs

How do we compute the Fourier transform of a
multi-dimensional signal?

Examples:
o Images
o Voxel Grids
o Etc.
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2D FFTs

For regularly sampled, nxn grids, the irreducible
representations are spanned by the orthogonal
basis {v,,[ ][ ]} where:

V|m[J][k] _ %eiIZﬂj/n .eim27zk/n
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2D FFTs

For regularly sampled, nxn grids, the irreducible
representations are spanned by the orthogonal

basis {v,,[ ][ ]} where:

| 1 i127/n  Lim27k/n
Vlm[J][k]: Felzﬂj/ .e 27K/

To see this, consider the action of an index shift
by (a,3) on any one of these basis functions:

p(a,ﬁ) qlm[]][k]:: Vlm[j —0(] [k _/8]

%
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2D FFTs

For regularly sampled, nxn grids, the irreducible
representations are spanned by the orthogonal

basis {v,,[ ][ ]} where:

| 1 i127/n  Lim27k/n
Vlm[J][k]: Felzﬂj/ .e 27K/

To see this, consider the action of an index shift
by (a,3) on any one of these basis functions:

p(a,ﬁ) qlm[]][k]:: Vlm[j —0(] [k _/8]

_ 1 i127(j—a)/n
=.|—¢€
n

_aik2z(k=p)/n
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2D FFTs

For regularly sampled, nxn grids, the irreducible
representations are spanned by the orthogonal

basis {v,,[ ][ ]} where:

1 i127/n im27k/n

Vlm[j][k]: Fe €

To see this, consider the action of an index shift
by (a,3) on any one of these basis functions:

p(a,ﬁ) qlm[]][k]:: Vlm[j —0(] [k _/8]

_ 1 i127(j—a)/n
=.|—¢€
n

_aik2z(k=p)/n

_ M-i127in 2780 1 i127/n  ~im27k/n
= .e . _e .e
“\/ n2

\_ >/
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2D FFTs

For regularly sampled, nxn grids, the irreducible
representations are spanned by the orthogonal
basis {v,,[ ][ ]} where:

1 i127/n im27k/n

Vlm[j][k]: Fe €

To see this, consider the action of an index shift
by (a,3) on any one of these basis functions:

p(a,ﬁ) qlm[]][k]:: Vlm[j —0(] [k _/8]

_ 1 i127(j—a)/n
=.|—¢€
n

_aik2z(k=p)/n

_ M-i127in 2780 1 i127/n  ~im27k/n
= .e . _e .e
“\/ n2

_ ‘—I'Z?Z’O{/n .e—|272'ﬂ/n /V|m[_l][k]

%)
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2D FFTs

How can we compute the 2D Fourier coefficients

efficiently?

>
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2D FFTs

How can we compute the 2D Fourier coefficients

efficiently?

To do this, we will leverage the fact that the 2D
basis vectors can be expressed as the product of
1D basis vectors.

%
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2D FFTs

How can we com
efficiently?

To do this, we wil

pute the 2D Fourier coefficients

| leverage the fact that the 2D

basis vectors can be expressed as the product of

1D basis vectors.

In particular, setti
array:

ng v|[ ] to be the n-dimensional

: 1 27 /n
Vl[J]:J:elzm/
n

%
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2D FFTs

How can we compute the 2D Fourier coefficients

efficiently?

To do this, we will leverage the fact that the 2D
basis vectors can be expressed as the product of
1D basis vectors.

In particular, setting v|[ ] to be the n-dimensional

array:

we get:

: 1 i127/n
Vl[J]:J:elzm/
n

Vin LK =V [1]-V, [K]

%
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2D FFTs

To compute the (I,m)-th Fourier coefficient of an
(nxn)-dimensional grid f[ ][ ], we compute the dot-

product of f[ ][ ] wit

f[][m] = (f

Vi

'\V|m[]_

]

100)

69
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2D FFTs

To compute the (I,m)-th Fourier coefficient of an

(nxn)-dimensional grid f[ ||
L VIm[ ]

product of f
f[I]

0] wit

m] =

n_

J

[

(@)

Vi

n-1

], we compute the dot-

]

100)

TLI]k]-vin[1]1K]

k:

o

J
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2D FFTs

To compute the (I,m)-th Fourier coefficient of an
(nxn)-dimensional grid f[ ][ ], we compute the dot-

product of f
f[I]

LT with v [T
m] =

n-—

=

11V [100)

-1 n-1

Z TLI]k]-vin[1]1K]

=0 Kk

1 = —im n —| j/n
_ \/:2 z .I:[J][k] 27K/n 127/
n =0 k=0

)
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2D FFTs

To compute the (I,m)-th Fourier coefficient of an
(nxn)-dimensional grid f[ ][ ], we compute the dot-
product of f[ ][ J with v, [ ][ ]:

fO1Im] = { F[1[1.vi[10])

=35 v, LK

:\/%an“:]][k] |m27zk/n. —il27j/n

:\/Iznl S f[J][k] |m2ﬂk/nj.eiI2nj/n
N 520\ k=0
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2D FFTs
F[1]m] = %Zﬁzf[n[k]-emﬂ““]

The interior summation looks distinctly like a 1D
Fourier transform!

)




2D FFTs
F[1]m] = %Zﬂzf[j][k]-eim’“]

The interior summation looks distinctly like a 1D
Fourier transform!

In particular, if we set f[ ] to be the 1D array
obtained by pulling the j-th row of f[ ][ |

f;[kI= tLJIK]
we et -
f[|][m] \/7 (Z f [k] |m2ﬂk/nJ e—|I27z]/n

)




2D FFTs
F[1]m] = %Zﬂzf[j][k]-eim’“]

The interior summation looks distinctly like a 1D
Fourier transform!

In particular, if we set f[ ] to be the 1D array
obtained by pulling the j-th row of f[ ][ |

tilkl= TLJIK]

we gedt. ) 1 n-t o
f[|][m]: HZ (Zf [k] |m2ﬂk/nJ gi127i/n
j=0
n-1 _
— % fj[m].e—ll27z]/n

Y
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2D FFTs _
fillm= [ f fm]-¢ 2"

But then the exterior summation also looks like a
1D Fourier transform!

i
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2D FFTs _
fillm= [ f fm]-¢ 2"

But then the exterior summation also looks like a
1D Fourier transform!

In particular, we see that the (I,m)-th Fourier

coefficient can be computed by:

1. Computing the 1D Fourier transform of each row
Independently

2. Computing the 1D Fourier transform of the 1D
array consisting of the m-th Fourier coefficients of
the different rows

3. Pulling the I-th Fourier coefficient of the second
transform.

%
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2D FFTs

f[17[m] = %ifj[m]-e-“%’”

Thus, to compute all of the Fourier coefficients,
we need to:

1. Compute the Fourier coefficients of each row
2. Compute the Fourier coefficients of each column

And the total complexity of this operation is:
O(n? log n)
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More Applications

(0]

o

(0]

(0]

Gaussian Smoothing
Up-Sampling
Differentiation
Boundary Detection
Gaussian Sharpening

"
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Gaussian Smoothing

Given an nxn grid of values, we would like to
smooth the grid.
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Gaussian Smoothing

Given an nxn grid of values, we would like to
smooth the grid.

To do this we need:
o f[][]: The initial grid
o @[]l ]: The smoothing filter, usually a Gaussian:
e—;b(j2+k2)

gLillk]= e

with —n/2<j,k<n/2.
o (fLIIIT*9[ Il DI ]: The Gaussian-smoothed grid

"
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Up-Sampling

Given an n-dimensional array, we would like to
extrapolate the array to a 2n-dimensional array.

*
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Up-Sampling

Given an n-dimensional array, we would like to
extrapolate the array to a 2n-dimensional array.

One way to do this is to fit a continuous function
to the original array and then sample at 2n
regular samples.

| =

A \

®)
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Up-Sampling

‘.J’C»S’ 4

How do we generate a continuous function from a
set of n samples?

"
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Up-Sampling

>

How do we generate a continuous function from a
set of n samples?

Recall that the Fourier decomposition expresses
the filter f[ ] as:

n-1 _ _
fil= = Ik
Nio

"
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Up-Sampling
How do we generate a continuous function from a

set of n samples?

We can fit a continuous function to the data by
replacing the discrete index 0<j<n with a
continuous index 0ss<n :

n-1 A ] . n-1 . -
fl)]= EZ f[k].elk(zﬂlln) &= f(s)= EZ f[k].elk(ZzzS/n)
Ni=o n &

o .
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Up-Sampling

How do we generate a continuous function from a
set of n samples?

We can fit a continuous function to the data by
replacing the discrete index 0<j<n with a
continuous index 0ss<n :

n-1 A ] . n-1 . -
fl)]= EZf[k].elk(Zﬂjln) @&=) f(s)= %Zf[k].elk(Zﬂs/n)
Nio —

Since at integer values |, we have:
fL1]=1()
we know that the continuous function interpolates

L the n discrete samples.

Nl
19
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Up-Sampling

Word of Warning:

Recall that for integer values of j, the complex

exponential satisfies the condition:
eik(27zj/n) _ ei(k+n)(27zj/n)

%
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Up-Sampling

Word of Warning:

Recall that for integer values of j, the complex

exponential satisfies the condition:
eik(27zj/n) _ ei(k+n)(27zj/n)

Thus, If we were to fit a function:
n-1 _ _ _ 1 |
f[J] — EZ f[k] .elk(2ﬂ]/n) <:::> f (S) _ %Z f[k].el(k+n)(27z8/n)
Nico —

we would also get a continuous function that
Interpolates the n discrete samples.

"
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Up-Sampling

Word of Warning:

The difference Is in how the array Is interpolated:

n-1 n-1 _ _
f (S) — l f k] . eik(27zs/n) f (S) — EZ f [k] ) e|(k+n)(27zs/n)
N - Nico

A A r'
i
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Up-Sampling

Word of Warning:

Extrapolating the discrete samples is an under-
constrained problem, and so there are many
different solutions.

In practice, we would like the smoothest possible
fit, so we would like to minimize the contribution
of high frequency terms

oalbt Ll

n-1 _ _ . |
f (S) — EZ f [k] . e|k(27zs/n) f (S) — f [k . e|(k+n)(27zs/n)
Nio

%
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Up-Sampling

Word of Warning:

Thus, the "best” fit is obtained using the function:

f(5)= |~

n/2

Z f[k] ) eik(27zS/n)

k=—n/2+1

)
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Up-Sampling

Word of Warning:

Thus, the "best” fit is obtained using the function:

n/2

f(s) = E Z f[k].eik(Zﬂs/n)

k=—n/2+1

A simple algorithm for implementing this is:
1. Compute the n Fourier coefficients of f[ |
2. Generate an arrav of 2n Fourier coefficients:
0 otherwise

3. Compute the inverse Fourier transform to get back
\ the 2n-dimensional array g | 85
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Differentiation

Given an n-dimensional array f[ |, how do we
compute the derivative of f[ ]?

%)
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Differentiation

Given an n-dimensional array f[ |, how do we
compute the derivative of f[ ]?

Finite Differences:

Define the derivative at some index | as the average
of the discrete left and right derivatives:

£ €[)+1]- f[J']:Zr «)]-T0i-1.




-
Differentiation

Given an n-dimensional array f[ |, how do we
compute the derivative of f[ ]?

Finite Differences:

Define the derivative at some index | as the average
of the discrete left and right derivatives:

o €[j+1- L]+ €[j1-f[i-1_
f'ljl= 5
_ f[j+1-f[j-1]
2
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Differentiation

Given an n-dimensional array f[ |, how do we
compute the derivative of f[ ]?

Finite Differences:

Define the derivative at some index | as the average
of the discrete left and right derivatives:

Continuous Differentiation:

Fit a continuous function to the samples and take the
derivative of the continuous function.

%
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Differentiation

Continuous Differentiation:

Fit a continuous function to the samples and take the
derivative of the continuous function.

If we a continuous function to f[ ] by:

f (S) _ \/I iz: f[k] . eik(27zS/n)

k=—n/2+1
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Differentiation

Continuous Differentiation:

Fit a continuous function to the samples and take the
derivative of the continuous function.

If we a continuous function to f[ ] by:

n/2

f (S) _ 1 Z f[k] . eik(27zS/n)

k=—n/2+1

Then using the fact that:

O g pe”
oS
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Differentiation

Continuous Differentiation:

Fit a continuous function to the samples and take the
derivative of the continuous function.

If we a continuous function to f[ ] by:

n/2

f (S) _ 1 Z f[k] . eik(27zS/n)

k=—n/2+1
Then using the fact that:
O g ge
oS
We get:
n/2 . _
f'(s) = 1 > f[K](ik2x /n)- e

\\» nk=—n/2+1 93/
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Differentiation

Continuous Differentiation:

n/2 _
f'(s) = 1 > f[K](ik27 /n)- e

k=—n/2+1

Thus, we can obtain the values of the continuous
derivative by multiplying the k-th Fourier
coefficient of f[ | by (ik2=/n):

f'[k] = (ik27 /n) f[K]
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Boundary Detection

To compute the boundary of a grid f[ ][ ], we
would like to measure how much the grid f[ ][ ] Is
changing at every index.

Specifically, we would like to define a grid g[ ][ ]
such that g[j][k] measure the “rate of change” of
f[ ][ ] at the index (J,k).

*
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Boundary Detection

Gradient Method:

One way to measure the rate of change is by
computing the gradient of f[ ][ | at every point and

setting:
o[i1lk] = |VfL[ilK]]

%)
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Boundary Detection
Gradient Method:

One way to measure the rate of change is by
computing the gradient of f[ ][ | at every point and

setting:
o[i1lk] = |VfL[ilK]]

To compute the gradient, we need to compute the
partial derivatives of f[ |[ ] at every point.

%)
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Boundary Detection

Gradient Method:

This can be done with the FFT:

1. Compute the Fourier coefficients of f[ ][ ]

2. Generate the two grids corresponding to the
Fourier coefficients of the partial derivatives:

f,Lillk]= f[jllk]-(ij27/n)
f,[J1[k]= f[1LK]- (k27 /n)

3. Compute the inverse Fourier transforms to get the
grids of partial derivatives f,[ ][ ] and f,[ ][ ]

4. Set g[ ][ ] to be the grid of gradient lengths:
o j1IK1 =/ £, LITIKT? + f, [i[KT?
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Boundary Detection

Laplacian Method:

An alternate way to measure the rate of change is
to compute the difference between the original
grid and a smoothed version of the grid.

)
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Boundary Detection

Laplacian Method:

An alternate way to measure the rate of change is
to compute the difference between the original
grid and a smoothed version of the grid.

A measure of this difference can be obtained by
computing the Laplacian (the sum of unmixed)

partial derivatives:
Af=f,+f
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Boundary Detection

Laplacian Method:

This can be done with the FFT:

1. Compute the Fourier coefficients of f[ ][ ]

2. Generate the grid corresponding to the Fourier
coefficients of the Laplacian:

fxx -+ fyy Ej][k] = f[j][k]- Gij 27r/n)2 +(ik27r/n)2:
= —f[jIK]- €j% +Kk?)4x? In?
3. Set g[ ][] to be the inverse Fourier transform of the
Laplacian Fourier coefficients.
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Gaussian Sharpening

How do we undo the effects of Gaussian-
smoothing a grid?

101)
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Gaussian Sharpening

How do we undo the effects of Gaussian-
smoothing a grid?

We compute the Gaussian smoothing of f[ ][ ] by:

1. Computing the Fourier transforms of f[ ][ ] and the
Gaussian grid g[ ][ |

2. Multiplying the Fourier coefficients of f[ ][ | by the
the Fourier coefficients of g[ ][ ]

3. Computing the inverse Fourier transform

102)
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Gaussian Sharpening

How do we undo the effects of Gaussian-
smoothing a grid?

To sharpen an image, we have to undo the

convolution. This can be done by:
1. Computing the Fourier transforms of f[ |[[ ] and g[ ][ |

2. Multiplying the Fourier coefficients of f[ ][ | by the
reciprocals of the Fourier coefficients of g[ ][ |

3. Computing the inverse Fourier transform
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Gaussian Sharpening

How do we undo the effects of Gaussian-
smoothing a grid?

To sharpen an image, we have to undo the

convolution. This can be done by:
1. Computing the Fourier transforms of f[ |[[ ] and g[ ][ |

2. Multiplying the Fourier coefficients of f[ ][ ] by the
reciprocals of the Fourier coefficients of g[ ][ |

3. Computing the inverse Fourier transform
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Real FFTs

105)
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Real FFTs

So far, we have considered the Fourier transform
of complex valued functions. What happens when
the values of the function are all real?

f(0)-f(0)=0

N iy
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Real FFTs

If we write out the function f In terms of its Fourier
decomposition, we get

t(0) = Z f (k) \/7

107)
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Real FFTs

If we write out the function f In terms of its Fourier

decomposition, we get

f () = Z f (k)- \F e

Using the fact that f(6)-f(6)=0 we get:

0 A 1 ] o0 ~ 1 ]
0= f(k)-.[—e™ — f(k). . [—e
k; ()\/27[ k; (k) >

108)
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Real FFTs

If we write out the function f In terms of its Fourier

decomposition, we get

f () = Z f (k)- \F e

Using the fact that f(6)-f(6)=0 we get:
C f L o 7 . i —ike
osz;of(k).\/;e —kZ;of(k) 5 ¢

But this can be re-written as:
O:if(k) |k9 Zf( k) |k6’
k=—o0

k=—o0

109)
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Real FFTs

0= i f(k)-\/ze‘ke— e

k) ieiké’
\ 277

Simplifying this equation we get:

0= _Z(f(k)—f( k)) \/7

27

k@
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Real FFTs

0= Z f(k)-,/ie”‘@— Z f (—k)- %e‘ké’

Simplifying this equation we get
1 iké

0= :Z(f(k)—f( k) N

But since the function on the left is equal to zero,
this must imply that all the Fourier coefficients are
equal to zero:

N 1
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Real FFTs

f (k)= f(=k)

Thus when the function f is real, the Fourier
coefficients have the property that the k-th Fourier
coefficient is the complex conjugate of the (-k)-th
Fourier coefficient.

N iy
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Real FFTs

Although this discussion holds true for real
functions, a similar argument shows that for real-
valued, n-dimensional arrays f[ |, the Fourier
coefficients have the property that:

f[k]= f[n—K]
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Real FFTs

For real-valued arrays:
o In 1D we have:

f[jl1= fln-j]
o |n 2D we have:

f[jlk]= f[n— jlIn—k]

o |n 3D we have:

f[j1kI0]= fn— jlIn—K]n-1]

So when the array Is real-valued, we only have to
compute and store half of the coefficients.

N e




