FFTs in Graphics and Vision
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Representations

A representation of a group G on a vector space
V is a map p that sends every element in G to an
iInvertible linear transformation on V, satisfying:

p(9-h)=p(g)-po(h)

for all g,heG.
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Sub-Representation

Given a representation, p, of a group, G, on a
vector space, V, if there exists a subspace WcV,
such that the representation fixes W:

p,wWeW vVgeG and weW

then we say that W is a sub-representation of V.
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Irreducible Representations

Given a representation, p, of a group, G, on a
vector space, V, the representation is said to be
irreducible if the only subspaces of V that are
sub-representations are:

W=V and W =0
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Schur’s Lemma (Corollary)

If piIs an irreducible, unitary, representation of a
commutative group G onto a complex vector
space V, then:

o 'V must be one-dimensional
o Forany geG, p(g) is a unit-norm complex number
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Why do we care?

In signal/image/voxel processing, we are often
Interested In applying a filter to some Iinitial data.

E.g. Smoothing:
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Smoothing

What we are really doing is computing a moving
iInner product:
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Smoothing

What we are really doing is computing a moving
iInner product:
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Smoothing

What we are really doing is computing a moving
iInner product:
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Smoothing

We can write out the operation of smoothing a
signal f by a filter g as:

(f*g)a) =(f,p,(9))

where p, Is the linear transformation that
translates a periodic function by «.

-T T -7 T 6=Z3
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Moving Dot Products

We can think of this as a representation:
o V Is the space of periodic functions on the line
o G Is the group of real numbers in [-7t,7)
o p, IS the representation translating a function by «.
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Moving Dot Products

We can think of this as a representation:
o V Is the space of periodic functions on the line
o G Is the group of real numbers in [-7t,7)
o p, IS the representation translating a function by «.

This is a representation of a commutative group...

2L
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Moving Dot Products

So there exist one-dimensional, complex,
orthogonal, subspaces V,,...,V,cV that are the
Irreducible representations of V.
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Moving Dot Products

So there exist one-dimensional, complex,
orthogonal, subspaces V,,...,V,cV that are the
Irreducible representations of V.

In particular, we can set {f,(6)} to be an orthogonal
basis for V by choosing each f,(6) to be some unit
vector in V,.

2
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Moving Dot Products

So there exist one-dimensional, complex,
orthogonal, subspaces V,,...,V,cV that are the
Irreducible representations of V.

In particular, we can set {f,(6)} to be an orthogonal
basis for V by choosing each f,(6) to be some unit
vector in V,.

Since the V, are sub-representations and they are
one-dimensional, we know that:

pa(fi (9)) = A () 1;(0)
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Moving Dot Products

Since the {f,(0)} are a basis for V we can express

the functions f(0) and g(6) in terms of this basis:
f(@) :aifl(‘g)"'az f2(9)+"'+an fn(H)
g(H) :b1f1(9)+b2 f2(9)+”'+bn fn(g)

J
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Moving Dot Products

Then the moving dot-product can be written as:

(f*g)(@)=(f,p,(9))

%
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Moving Dot Products

(f*g)(a)=(f,p,(0))

Expanding f and g in terms of the

(f*g)(e)= <Za. .,pa(

basis {f,,..

S
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Moving Dot Products

(f*g)() = <Za. .,pa(ZbeJD

Using the fact that p, Is a linear transformation:

(f*g)(a) = <Za, .,pra(f,)>

J
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Moving Dot Products

(f*g)(e) = <Za. .,pra(f,)>

Using the fact that the inner product is linear in
the first term:
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Moving Dot Products
(f *g)(a) :_Zn:ai<fi’zn:bjpa(fj)>

Using the fact that the inner product is conjugate-
linear in the second term:

(f *g)(a): Zn:aigj<fi’pa(fj)>

i, j=1

)
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Moving Dot Products

(f *g)(a)z Zn:aiBj<fi’Pa(fj)>

i, j=1

Using the fact that on V,, the representation p, Is
just scalar multiplication:
n

(f*g)(@)=> ab,(f.2,(a)f))

i) j=1

Y
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Moving Dot Products

(*9)@) = Xap,(f. 4 (@f,)

I, j=1

Again, using the fact that the inner product is
conjugate-linear In thensecond term:

(f *g)(a) — Zaiﬁjzj(ax 1:i’ fJ>

I, j=1

J
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Moving Dot Products

(f *g)(a) — Zn:aiﬁjzj(ax fi’ fJ>

i j=1

And finally, using the fact that the f, are
orthogonal unit-vectors:

(t*9)@) =Y abA ()

%
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Moving Dot Products

(f*9)(@) = ab (@)

This implies that we can compute the moving dot-
product by multiplying the coefficients of f and g.
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Moving Dot Products

(t*9)@)=Y abA (@)

This implies that we can compute the moving dot-
product by multiplying the coefficients of f and g.
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Outline

Moving Dot Products:
o One-Dimensional (Continuous)
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Moving Dot Products (Periodic Functiongg’

Let’s consider the case of periodic functions in
more detall:
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Let’s consider the case of periodic functions in
more detall:

o V Is the space of periodic functions on the line

o G Is the group of real numbers in [0,27)

o p, IS the representation translating a function by «:

p.(f(0))=T(0-a)
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Moving Dot Products (Periodic Functiongig"

Let’s consider the case of periodic functions in
more detall:

o V Is the space of periodic functions on the line

o G Is the group of real numbers in [0,27)

o p, IS the representation translating a function by «:

p.(f(0))=T(0-a)

What are the irreducible representations V,?

What are the corresponding functions A, (a)?
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It turns out that the one-dimensional spaces V,
are the spans of the complex exponentials:

V, = Span (e”‘9 )
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It turns out that the one-dimensional spaces V,
are the spans of the complex exponentials:

V, = Span (e”‘9 )
Given any vector veV,, applying o, to v, we get:

p.W)=p,(c-e")
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It turns out that the one-dimensional spaces V,
are the spans of the complex exponentials:

V, = Span (e”‘9 )

Given any vector veV,, applying o, to v, we get:
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It turns out that the one-dimensional spaces V,
are the spans of the complex exponentials:

V, = Span (e”‘9 )
Given any vector veV,, applying o, to v, we get:

P, () =p,(c-e™
:C_pa(eike
_¢.pik(0-a)
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Moving Dot Products (Periodic Functiong¥g

It turns out that the one-dimensional spaces V,
are the spans of the complex exponentials:

V, = Span (e”‘9 )

Given any vector veV,, applying o, to v, we get:
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Moving Dot Products (Periodic Functiong¥g

It turns out that the one-dimensional spaces V,
are the spans of the complex exponentials:

V, = Span (e”‘9 )
Given any vector veV,, applying o, to v, we get:

p, (V)= p,(c-e"
1
=c-p, (e
_ c.plk(0-2)
—C- eik@ e

—ika

=€ -V

—ika
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Moving Dot Products (Periodic Functiongig

It turns out that the one-dimensional spaces V,
are the spans of the complex exponentials:

V, = Span (e‘“’ )

Given any vector veV,, applying o, to v, we get:

P, () =p,(c-e"

®/




[ N
B,
P m
G .‘,\'_T‘
.

Moving Dot Products (Periodic Function:

A

1)
Pk

A

Ot

Note

The periodic functions:
f ()= e’

do not have unit norm!
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Moving Dot Products (Periodic Functiongig

Note
The periodic functions:
fk (9) _ eik@

do not have unit norm!
|£.©@)] ={1(6), £ (6))
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Moving Dot Products (Periodic Functiongig

Note

The periodic functions:
f ()= e’

do not have unit norm!
[£.O) =(1(6), T (6))

:Tfk(e)-fk(e)dﬁ
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Note

The periodic functions:
f ()= e’

do not have unit norm!
[£.O) =(1(6), £ (6))
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o

_ elké’.e—lkﬁde
0




-

Moving Dot Products (Periodic Function:

Note

The periodic functions:
f ()= e’

do not have unit norm!
[£.0) =(f(6), f,(6))

2

= [1,(0)- T, (0)do
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Moving Dot Products (Periodic Functiongig

Note

The periodic functions:
f ()= e’

do not have unit norm!
[£.O) =(f.(0), T, ()

2r

= [ 1.(0)-1,(6)do
L
_ elke.e—lkede
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Moving Dot Products (Periodic Function,

Note

The periodic functions:
f ()= e’

do not have unit norm!

We need to normalize these functions to make

them unit-norm:
]_ .
.I: 9 _ _elk9
(0) ,/27r
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Moving Dot Products (Periodic Functionshg"

Thus, given two periodic functions on the line, f(0)
and g(0), we can write:

f(@)_Zak\/ie”‘@ and g(@)_Zin

to get: )
(f * g)(a) = Zakgkzk(a)

"




Moving Dot Products (Periodic Functionshg"

Thus, given two periodic functions on the line, f(0)
and g(0), we can write:

f(@)_Zak\/ie”‘@ and g(@)_Zin

to get: )
(f * g)(a) = Zakﬁkzk(a)

= > abe™
k=—o0

)




Thus, given two periodic functions on the line, f(e)
and g(0), we can write:

f(@)_Zak\/ie”‘@ and g(@)_Zin

to get:

(1*9)(@)= YabA(@
_ iakgkeika

= > 2rab,; /ie‘k“
K K=—c0 27[ 56)
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Moving Dot Products (Periodic Functiongig

What's really going on here?
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Moving Dot Products (Periodic Functiongg

What's really going on here?

What is a rotation by o degrees in the complex
plane?

If we express a complex number in terms of
radius and angle (r,0), then rotation by o degrees
corresponds to the map:

(r,0) > (r,0+a)

\_ >/
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Moving Dot Products (Periodic Functiongg

What's really going on here?

What is a rotation by o degrees in the complex
plane?

If we express a complex number in terms of
radius and angle (r,0), then rotation by o degrees
corresponds to the map:

(r,0) > (r,0+a)

|

rei? _s rpi(f+a) _ eia(rem)

\_ >/
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Moving Dot Products (Periodic Functiongg
What's really going on here?

What is a rotation by o degrees in the complex
plane?

If we express a complex number in terms of
radius and angle (r,0), then rotation by o degrees
corres

rei? _s rpi(f+a) _ eia(reie)

- 2
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Moving Dot Products (Periodic Functiong’

What's really going on here?

Let's consider the graph of a complex
exponential. This iIs just a helix:

.I: (9) _ eiZH

69
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Moving Dot Products (Periodic Functiong¥g:

What's really going on here?

Let’s consider the graph of a complex
exponential. This iIs just a helix.

If we translate the function by «, we get:

\ f(0)=e'? 62
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What's really going on here?

Let’s consider the graph of a complex
exponeqt A .

If we tr

\ f(g):eiZH
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What's really going on here?

Let’s consider the graph of a complex
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Moving Dot Products:

o One-Dimensional (Discrete)
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Moving Dot Products (Periodic Arrays) (8

In practice, we don’t have infinite precision, and
so we discretize both the function space and the
group:

o V Is the space of periodic n-dimensional arrays

o G Is the group of integers modulo n

o p Is the representation shifting the entries in the
array by | positions

)
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Moving Dot Products (Periodic Arrays) ¥

In practice, we don’t have infinite precision, and
so we discretize both the function space and the
group:

o V Is the space of periodic n-dimensional arrays

o G Is the group of integers modulo n

o p Is the representation shifting the entries in the
array by | positions

What are the irreducible representations V,?

What are the corresponding functions A, (a)?
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Moving Dot Products (Periodic Arrays) ¥

<y

We set V, to be the one-dimensional spaces that
are the discretized versions of the complex
exponentials:

V, = Span (v, )

where v, Is defined by sampling the k-th complex
exponential:

Vk[]:(eikeo ok aikO eikenl)

where:
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Moving Dot Products (Periodic Arrays)

Applying p_ to v,[ ], we get:
P (v ID) = (" ... e")
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Moving Dot Products (Periodic Arrays)

Applying p_ to v,[ ], we get:
P (v ID) = (" ... e")

Now we can write out:
0., - (|]—a)2rx
n
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Moving Dot Products (Periodic Arrays)

Applying p_ to v,[ ], we get:
P (v ID) = (" ... e")

Now we can write out:
0., = (]—a)2x
n

127 —a2rx
= +
n n
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Moving Dot Products (Periodic Arrays)

Applying p_ to v,[ ], we get:
P (v ID) = (" ... e")

Now we can write out:
0., - (j—a)2x
n

127 —alx
= +
n n

=¢9j +0
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Moving Dot Products (Periodic Arrays)

Applying p to v,| ], we get:
P (v [ = (" ... ")
Now we can write out:
0,,=0.+0,

So that:
p, (v [1) = (€% ",
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Moving Dot Products (Periodic Arrays)

Applying p_ to v,[ ], we get:
P (v ID) = (" ... e")

Now we can write out:

0._,=0+0.,
So that:
,Oa (Vk [ ]) _ (e'lké?o . elkH_a . elkﬁn_l ) elk@_a )93 0
=e"% .y [] 0, 0,
6,
N Y
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Note 1

The periodic arrays:

Vk[]:(eikeo ok aikOy eiken_l)

do not have unit norm!




Note 1

The periodic arrays:

Vk[]:(eikeo NN eiken_l)

do not have unit norm!
ML = (v [1vi[])
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Note 1

The periodic arrays:

Vk[]:(eikeo NN eiken_l)

do not have unit norm!
M =




Note 1

The periodic arrays:
Vk[] _ (eikeo | ikt L okt 2 | eiken_l)

do not have unit norm!
L1 = (1w [1)

ANIRAN

I—‘z—

Il
M

[l
= O

J
n ) )
e|k49j . e—lkej

j=0




Note 1

The periodic arrays:

v.[]1= (eikeo okt

do not have unit norm!

v L1 = (v

M

[

T T T
| |
— O — O

N &

I—‘z—

o

[

vi[J]-vili]

D

|

| okt 2 | eiken_l)

Vi[])

iké;
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Note 1

The periodic arrays:

Vk[]:(eikeo ok aikOy eiken_l)

do not have unit norm!
ML = v L1V [])

D Vi [i1-v,[]]
j=0
< ikg, _ -ike,
De e
j=0
~1
1
j=0
n

@D




Note 1

The periodic arrays:

Vk[]:(eikeo NN eiken_l)

do not have unit norm!

We need to normalize these functions to make
them unit-norm:

v, = \/I(eikeo ’eikel’m’eiken_z’eiken_l)
n




Note 2

The arrays v,| ] and v,, [ ] are the same array:

\f v, []= (I(k+n)(90 | .’ei(k+n)6?n1)




Note 2

The arrays v,| ] and v,, [ ] are the same array:

\/ﬁ -V, [] _ ei(k+n)t90 ei(k+n)9n1)
+n yoooy

— (™% g% gikth .eian_l)
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Note 2

The arrays v,| ] and v,, [ ] are the same array:

\/ﬁ -V, [] _ ei(k+n)t90 ei(k+n)9n1)
+n yoooy

_ (i@ .einﬁo’”.’eiken_l .eian_l)

But ndg is just a multiple of 2x:
00, =7 _ jon
n




Note 2

The arrays v,| ] and v,, [ ] are the same array:

\/ﬁ -V, [] _ Eei(kJrn)@O ei(k+n)9n1)
+n yoooy

ikby . qindy aikdns .eian_l)
’ o o o ’

But ndg is just a multiple of 2x:
00, =7 _ jon
n

|

einej :1




Note 2

The arrays v,| ] and v,, [ ] are the same array:

\/ﬁ'vk+n[] :Ee

But ndg is just a multi

\/ﬁ'vkm[] :Ee

€

:\/ﬁ°vk[]

€

i (k)6 ai(k ), )

ikby . qindy aikdns .eian_l)
’ o o o ’

ple of 2x, so
Koy ginds ikl .einﬁn_l)

ikd, aikln s )




Note 3

The arrays {vg[ ],..., V.1 I} are linearly
iIndependent.




we can write:

=3 aull and gl]=3 byl

to get: .
(f[1* o[l = > ab 4[]

3 19,@/

Thus, given two n-dimensional arrays, f[ | and g| ]:,




3 19,@/

Thus, given two n-dimensional arrays, f[ | and g| ],F
we can write:

=3 aull and gl]=3 byl

to get: .
(f[1* o[l = > abAla]

n-1
= \/ﬁz abvila] o,
k=0 0

4




-

Outline

Moving Dot Products:

o Higher-Dimensional
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The same kind of method can be used for higher
dimensions:
o Periodic functions in 2D

1
(27)

I, B) =+(27) T, (. B)

alld _ qimg

f|m(9, ¢) —




dimensions:
o Periodic functions in 2D
1 . |
fm (9’ _ ellé?.elm¢
| ( ¢) (272_)2

I, B) =+(27) T, (. B)

o Periodic functions in 3D

1:Imn (91 ¢1 ¢) = (23-2_)3

Zmn(a’ﬂ!y): (272-)3 flmn(a’ﬁ’y)

eiI6? . eim¢ . eingp

The same kind of method can be used for higher

J
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Moving Dot Products:

o Computational Complexity
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Computational Complexity

What do we need to do in order to compute the
moving dot-product of two periodic, n-dimensional
arrays f[ ] and g[ ]?

*
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Computational Complexity

What do we need to do in order to compute the
moving dot-product of two periodic, n-dimensional
arrays f[ ] and g[ ]?

1. We need to express f[ ] and g[ ] in terms of the
basis v,[ |

f1=Yavull and gf1=Y bl

%)
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Computational Complexity

What do we need to do in order to compute the
moving dot-product of two periodic, n-dimensional
arrays f[ ] and g[ ]?

1. We need to express f[ ] and g[ ] in terms of the
basis v,[ |

f1=Yavull and gf1=Y bl

2. We need to multiply the coefficients:

(F1 9l =YY a1
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Computational Complexity

What do we need to do in order to compute the
moving dot-product of two periodic, n-dimensional
arrays f[ ] and g[ ]?

1. We need to express f[ ] and g[ ] in terms of the
basis v,[ |

f[]=”2akvk[] and g[]="2bkvk[]

2. We need to multiply the coefflc:lents

(F[1*g[D[]= fZakbvk[]

3. We need to evaluate the moving dot-product at
every index o

(f[1*9[]al= fZakbvk[a]
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Computational Complexity

What do we need to do in order to compute the
moving dot-product of two periodic, n-dimensional
arrays f[ ] and g[ ]?

The first and third steps are a change of bases.

This amounts to a matrix multiplication and can
be as bad as quadratic in the dimension of the
array.

)
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Computational Complexity

What do we need to do in order to compute the
moving dot-product of two periodic, n-dimensional

arrays f[ ] and g[ ]?

1. We need to express f[ ] and g[ ] in terms of the
basis v,[ |

f[]=”2akvk[] and g[]="2bkvk[]

O(n?)

2. We need to multiply the coefflc:lents

(F[1*g[D[]= fZakbvk[]

O(n)

3. We need to evaluate the moving dot-product at
every index o

(f[1*9[]al= fZakbvk[a]

O(n?)

%
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Computational Complexity

What do we need to do in order to compute the
moving dot-product of two periodic, n-dimensional
arrays f[ ] and g[ ]?

The Fast Fourier Transform (FFT) is an algorithm
for expressing an array represented by samples
at {6,,...,6,1} as a linear sum of the v,.

The Fast Inverse Fourier Transform (IFFT) is an
algorithm for expressing an array represented as
a linear sum of the v, by samples at {6,,...,6,..}-

Both take O(n logn) time.
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Computational Complexity

What do we need to do in order to compute the
moving dot-product of two periodic, n-dimensional

arrays f[ ] and g[ ]?

1. We need to express f[ ] and g[ ] in terms of the

basis v,[ |
f[]zzakvk[] and g[]zzbkvk[]

2. We need to multiply the coefflc:lents

(F[1*g[D[]= fZakbvk[]

O(n logn)

O(n)

3. We need to evaluate the moving dot-product at

every index o

(f[1*9[]al= fZakbvk[a]

O(n logn)

Ak
)
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The Inverse Fourier Transform

The Fourier Transform is a change of basis
transformation:

Evaluation Basis Complex Exponential Basis

(1’0,...,0’0) (eIOHO, e|06?1, el ei049n_2 ’ elogn_l)/\/ﬁ
Fourier i10, i10, i10, i10, ;
(01....00) Transfon Gy e, e )/~/n
(0,0,...,1,0) (/D% in-D4 (202 @l(-201) 1
(0,0’ L ’O,]_) (ei(n—l)H0 | ei(n—1)91 L ’ei(n—l)é’n_z | ei(n—1)6’n_1) / \/ﬁ
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The Inverse Fourier Transform

This can be represented by the matrix:

(1 1 1 1 )
; 1 eie ei(n—2)9 ei(n—l)e
S e s
n 1 ei(n—2)6’ ei(n—2)(n—2)¢9 ei(n—2)(n—1)¢9
\ 1 ei(n-l)e ei(n—2)(n—1)9 ei(n—l)(n—l)e
where 0 Is the angle:

02"
n
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( 1 1 oo 1 1 \
1 el? ... @i(n-2)0 ai(n-10
1] - , , . .
F=.- : : " : :
n 1 ei(n—2)¢9 ei(n—2)(n—2)9 ei(n_Z)(n_l)g
L1 pi-D8  ai(n-2)(n-D&  i(n-1)(n-1)6

Since both bases are orthogonal, the matrix Is
unitary, and the inverse Fourier transform is just
the transpose conjugate of the forward Fourier
transform.
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( 1 1 oo 1 1 \
1 N (U ai(n-10
1 | | |
F=.- : : " : :
n 1 ei(n—2)¢9 ei(n—2)(n—2)9 ei(n_Z)(n_l)g
\ 1 e'(n_l)g e'(”—Z)(n—l)H el(n—l)(n—l)e

In particular, given the Fourier coefficients:
CHIERN

the inverse Fourier transform gives:
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( 1 1 oo 1 1 \
1 N (U ai(n-10
1 | | |
F=.- : : " : :
n 1 ei(n—2)¢9 ei(n—2)(n—2)9 ei(n_Z)(n_l)g
\ 1 e'(n_l)g e'(”—Z)(n—l)H el(n—l)(n—l)e

Taking the double conjugate, we get:
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( 1 1 oo 1 1
1 e ... gl ai(n-10
1 . . .
F=.- : : " : :
n 1 ei(n—2)¢9 ei(n—2)(n—2)9 ei(n_Z)(n_l)g
\ 1 e'(n_l)g e'(”—Z)(n—l)H el(n—l)(n—l)e

Taking the double conjugate, we get:

a, a,

FY|  |=FY :
an—l an—l

t 50

=F' :

an—1
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( 1 1 oo 1 1 \
1 N (U ai(n-10
1 | | |
F=.- : : " : :
n 1 ei(n—2)¢9 ei(n—2)(n—2)9 ei(n_Z)(n_l)g
\ 1 e'(n_1)9 e'(”—Z)(n—l)H el(n—l)(n—l)e

Since F=F, this implies that:

a0 aO
F'\ : |=F| :

an—l an—l
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/ao\ /50\

\&n1 ) \an—lj

Thus, we can compute the inverse Fourier
transform by:
1. Taking the conjugate of the Fourier coefficients
2. Computing the forward Fourier transform
3. Taking the conjugate of the resultant coefficients.
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