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Stokes’ Theorem Stokes’ Theorem
Stokes’ Theorem equates the integral of the Stokes’ Theorem equates the integral of the
divergence of a vector field over a region to the divergence of a vector field over a region to the
surface integral of the vector field over the surface integral of the vector field over the
boundary: boundary:
NOES S JodA NOES S ﬂfng
where FxdA is defined by:
F>dA=(F,n)|dA i
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Ouline Tangent Spaces

Given a curve C(t)=(x(t),y(t)), the tangent line to the
curve at a point py=C(ty) is the line passing through

* Tangent Spaces p, With direction C'(t)=(x (ty),y'(t5))-

Tty
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Tangent Spaces
Given a curve C(t)=(x(t),y(t)), the tangent line to the

curve at a point py=C(ty) is the line passing through
po with direction C'(ty)=(X"(to),y'(to))-

This is the line that most closely approximates the
curve C(t) at the point p,.

Tty

Clto)
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Tangent Spaces

Often, what we want is a unit vector specifying the
tangent direction.

In this case, we need to normalize:
c'(t)
c')

Te(t) =

clto)

Clto)
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Tangent Spaces Tangent Spaces
Given a surface S(u,v) the tangent plane to the Given a surface S(u,v) the tangent plane to the
curve at a point p;=S(uy,V,) is the plane passing curve at a point p;=S(uy,V,) is the plane passing
through p,, parallel to the plane spanned by: through p,, parallel to the plane spanned by:
1(.) U 1(.) ad T )
T o T oo
This is the plane that most
closely approximates
S(u,v) at the point p.
L F (g.7) = (cosgsinf,cosf singsinf) ) L F (g,7) = (cosgsinf,cosf singsinf) )
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Tangent Spaces Tangent Spaces
In the case of the sphere, points are parameterized If we look at the dot-product of the two vectors:
by the equation: IF N .
= =(- f f
F (g,7) =(cosgsinf,cosf ,singsinf) g (- singsinf 0,cosgsin/)
T _ .
and the two tangent directions are: 0 (cosgcosf - sinf singcosf)
Al = (- singsinf 0, cosqsinf) we get:
1111::7 <EE> =sin®gsin®f +cos gsin® f
T (cosgcosf - sinf singcosf) Tg fq
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Tangent Spaces

If we look at the dot-product of the two vectors:
E = (- singsinf 0, cosqsinf)
Tq

1111—'; = (cosgcosf - sinf ;singcosf)

we get:
<E IF

, =(sin® g +cos g)sin® f
19 'nq> it g+ o5 )
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Tangent Spaces

If we look at the dot-product of the two vectors:

E = (- singsinf 0, cosqsinf)
Tg

1111—'; = (cosgcosf - sinf singcosf)
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Tangent Spaces

If we look at the dot-product of the two vectors:
IF

-

Tangent Spaces

If we look at the dot-product of the two vectors:

— = (- singsinf 0, cosqsinf) E = (- singsinf 0, cosqsinf)
Tg Ta9
1111—'; = (cosgcosf - sinf singcosf) 1111—'; = (cosgcosf - sinf singcosf)
we get: we get:
<EE> =sin*f <EE> =sin*f
Tg g Tg g
<11]]—'; 11]]—';> =cog gcos f +sin*f +sin® gcos’ f <11]]—'; 11]]—';> = (coszq+sir12q)cos2 f+sinf
& &
4 4

Tangent Spaces

If we look at the dot-product of the two vectors:
E = (- singsinf 0, cosqsinf)
Tq

1111—'; = (cosgcosf - sinf ;singcosf)
we get:
<E E> =sin’f
g 1q
<E E> =cos* f +sin*f
7 qf

Tangent Spaces

If we look at the dot-product of the two vectors:
E = (- singsinf 0, cosqsinf)
Tq

1111—'; = (cosgcosf - sinf singcosf)
we get:
<E E> =sin’f
g 1q

<E,E> 1
7 qf
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Tangent Spaces Tangent Spaces
If we look at the dot-product of the two vectors: If we look at the dot-product of the two vectors:
E = (- singsinf 0, cosqsinf) E = (- singsinf 0, cosqsinf)
Ta Ta9
I _ C T _ s
o (cosgcosf - sinf singcosf) o (cosgcosf - sinf singcosf)
we get we get
<EE> =sin’f <EE> =sin’f
g Tq g Tq
L L AL
[T [T
1F 'nF>_ . . . , <‘"F ‘"F>_
—,—— ) =- singcosgsinf cosf +sing cosgsinf cosf —,— )=
L <‘|]q i ) L g 17 )
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Tangent Spaces Ouline
So, the vectors: 1 qF
F.(gf)=—
/(@) sinf flg
TF * Gradients
F,(g.f)=——
(q.f) T
form an orthonormal basis for the tangent plane to
the sphere at the point F(q,f).
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Function Gradients Function Gradients
The gradient of a function is a vector which tells us The gradient of a function is a vector which tells us
how the function changes as we move in different how the function changes as we move in different
directions. directions.
Given a function f and given a direction v:
f(p+v)» f(p)+(Nf(p),v)
J N
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Function Gradients Curve Gradients
To compute the gradient, we choose two orthogonal Given a curve C(t), and given a function f(t) the
unit vectors u and v, and we set: gradient of the function is a vector field on the curve
i (p) zﬁ f(p+tu)u +£ f(p+tvv telling us how the function changes as we move
dt dt along the curve.
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Curve Gradients Curve Gradients
Example: Example:
Let C be the curve defined by: c(t) The grad[ent is not the c(t)
Ct) = (t,tz) function Nf=1!
and let f(t) be the function on This would imply that at any
8 ) point on the curve moving a
the curve defined by: .
f(t) =t unit forward would change the
value by a constant amount.
What is the gradient of f(t)?
N J N J
e A e A
Curve Gradients Curve Gradients
Example: Example:
The gradient is not the c(t) The gradient is not the C(t)
function Nf=1! function Nf=1!
As we move from t=1 to t=2, the As we move from t=1 to t=2, the
function changes by a value of 1. function changes by a value of 1.
Similarly, as we move from t=10 Similarly, as we move from t=10
to t=11, the function changes by to t=11, the function changes by
a value of 1. a value of 1.
But in the first case, we have moved a distance of:
d, »|C(2)- CQ)|=v1*+3
N J N J




Curve Gradients

( 2\

4 N\
Curve Gradients

Spherical Gradients

Given a function on the sphere, f(q,f), we would like
to compute the gradient:
Nf (g.7)

We need to pick two directions in parameter space
whose images on the surface of the sphere are
orthogonal.

Example: Example:
The gradient is not the c(t) We need to measure the ratio c(t)
function Nf=1! of the change in f over the
As we move from t=1 to t=2, the d'Sta?Ce travelefd(:t +e)- f(t)
function changes by a value of 1. Nef(t)» ————=
Similarly, as we move from t=10 IC(t+e)- C(t)|
to t=11, the function changes by
a value of 1.
. N )
In the second case, we have moved a distance of: N f(t) = 0]
d, »[C@Y- CAO)|=v1*+2F
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e A e A
Curve Gradients Spherical Gradients
Example: Given a function on the sphere, f(q,f), we would like
We need to measure the ratio c(t) o compute the gradleI%tf: f
of the change in f over the @.7)
distance traveled:
~ 1
N f(t) =
1+2t
N J N J
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Spherical Gradients

Given a function on the sphere, f(q,f), we would like
to compute the gradient:
Nf (g.7)

We need to pick two directions in parameter space
whose images on the surface of the sphere are

orthogonal. F(@.h)
7 o

The directions q and f
are two such directions:

F(@./o)
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Spherical Gradients Spherical Gradients
We could try taking the partial derivatives in the q We could try taking the partial derivatives in the q
and f directions: and f directions:
> f o qf = f o qf
Nf (g,f) = LL Nf (g,f) = LL
fig 1f fig 17
But this introduces bias!
Shifting by a constant Dqg will
move us different distances
depending on where we are on
the sphere.
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Spherical Gradients

How does the scale change as we change g or f by
a value of e?

Spherical Gradients

How does the scale change as we change q or f by
a value of e?

At the point p=F (q,f), changing the value of g by e,
moves us a distance of er along the circle about the
y-axis, where r is the radius of the circle:

Spherical Gradients

How does the scale change as we change q or f by
a value of e?

At the point p=F (q,f), changing the value of g by e,
moves us a distance of er along the circle about the
y-axis, where r is the radius of the circle.

On the sphere, the radius is
defined by:
r(f)=sinf

Spherical Gradients

How does the scale change as we change q or f by
a value of e?

At the point p=F (q,f), changing the value of f by e,
moves us a distance of e along a great circle,
regardless of where on the sphere we are:
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Spherical Gradients
Taking the scaling into account, we get:

Nf (g.7) » f(‘7+ee’;)n-ff @) flg.7 +e3- f(g.7)

( 2\
Spherical Gradients

Taking the scaling into account, we get:
flg+er)- f(q.r) flg.f+e)- i(g.f)

Nf (g,f
@7)> esinf e
. 1 9f l Tt
Nf(g,f)= —— F — F
) sinf g et !
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» The Spherical Laplacian

e A
The Spherical Laplacian

Recall:

The Laplacian operator is self-adjoint (symmetric)

There is an orthogonal basis of eigenvectors.

e A
The Spherical Laplacian

Recall:

The Laplacian operator is self-adjoint (symmetric)

There is an orthogonal basis of eigenvectors.

The Laplacian operator commutes with rotations

If F, are the eigenfunctions of the Laplacian
with eigenvalue | , rotations fix F, .

e A
The Spherical Laplacian

Recall:

The Laplacian operator is self-adjoint (symmetric)

There is an orthogonal basis of eigenvectors.

The Laplacian operator commutes with rotations

If F, are the eigenfunctions of the Laplacian
with eigenvalue | , rotations fix F, .

The irreducible representations are subspaces
of the F,.
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The Spherical Laplacian

All this implies that for a fixed degree |, the
spherical harmonics of degree I:

Y“(g.7) = €““R*(cosf)
(-IEKEl) must be eigenvectors of the Laplacian
with the same eigenvalue.

-

The Spherical Laplacian

All this implies that for a fixed degree |, the
spherical harmonics of degree I:

Y(q.F)=€“"R" (cosf)
(-IEKEl) must be eigenvectors of the Laplacian
with the same eigenvalue.

1. What is the Laplacian?

2. What are the eigenvalues?

=
The Spherical Laplacian

How do we compute the Laplacian of a spherical
function f(q,f)?

-

The Spherical Laplacian

How do we compute the Laplacian of a spherical
function f(q,f)?

Recall:

The Laplacian of a function is the divergence of
its gradient:
N2 f =RNxNf)

=
The Spherical Laplacian

By Stokes’ Theorem, we can compute the integral
of the Laplacian (the divergence of the gradient)
over a region by computing the surface integral of
the gradient field over the boundary:

-

The Spherical Laplacian

Consider the “square” on the sphere with end-
points (q,f), (g+ ef), (g+ ef +¢€) and (q.f +e):
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The Spherical Laplacian

Consider the “square” on the sphere with end-
points (q,f), (g+ ef), (g+ ef +¢€) and (q,f +e):

The integral of the Laplacian is
approximately:
(R2£ Jar> Area(RN?  (9.7)

R

-

The Spherical Laplacian

Consider the “square” on the sphere with end-
points (q,f), (g+ ef), (g+ ef +¢€) and (q,f +e):

The integral of the Laplacian is
approximately:
(R2£ Jar» Area(RN?  (9.7)

R

= e’ sinf N2f (q,f)

-

The Spherical Laplacian

Consider the “square” on the sphere with end-
points (q,f), (g+ ef), (g+ ef +¢€) and (q,f +e):

On the curve c,, the surface
integral of the gradient is
approximately:

(Nf )>dA» Lengtr(q)<Nf ,F ,>

3

-

The Spherical Laplacian

Consider the “square” on the sphere with end-
points (q,f), (g+ ef), (g+ ef +€) and (q,f +e):

On the curve c,, the surface
integral of the gradient is
approximately:

(Nf )>dA» Lengtr(q)<Nf ,F ,>

3

1 T 9
sin(f +e) 1q ' 17 '(O'l)>

=esin(f + e)<

N J N J
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The Spherical Laplacian The Spherical Laplacian
Consider the “square” on the sphere with end- Consider the “square” on the sphere with end-
points (q,f), (g+ ef), (g+ ef +¢€) and (q,f +e): points (q,f), (g+ ef), (g+ ef +¢€) and (q,f +e):
On the curve c,, the surface S Similarly, on the curve c,, the
integral of the gradient is ) surface integral of the gradient is
approximately: o) approximately:
(Rif )>dA» Length(c)(f F ;) (i )>dA» - esin() T (g.7)
o . 7
o 1 9 9
=esin(f+ e)< sin(f +e) g’ 17 '(O'l)>
=esin(f + e)%(q,f +e)
N J N J

10
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The Spherical Laplacian

Consider the “square” on the sphere with end-
points (q,f), (g+ ef), (g+ ef +¢€) and (q,f +e):

On the curve c;, the surface
integral of the gradient is
approximately:

(Nif )dA» Length(c,)(Nf ,F )

C3

-

The Spherical Laplacian

Consider the “square” on the sphere with end-
points (q,f), (g+ ef), (g+ ef +¢€) and (q,f +e):

On the curve c;, the surface
integral of the gradient is
approximately:

(N )dA» Length(c,)(Nf ,F )

_/ 1o
'E< sin(f) g 17 ’(j‘o)>

-

The Spherical Laplacian

Consider the “square” on the sphere with end-
points (q,f), (g+ ef), (g+ ef +¢€) and (q,f +e):

On the curve c;, the surface
integral of the gradient is
approximately:

(Nif )dA» Length(c,)(Nf ,F )

_/ 1o
'E< sin(f) g 17 ’(j‘o)>

1 91f

C3

-

The Spherical Laplacian

Consider the “square” on the sphere with end-
points (q,f), (g+ ef), (g+ ef +€) and (q,f +e):

Similarly, on the curve c,, the
surface integral of the gradient is
approximately:
(i) -e—2 T (57)
o sin(f) 1g

- esin(f)ﬁ(q+ ef)
N J N
s N s
The Spherical Laplacian The Spherical Laplacian
Consider the “square” on the sphere with end- Consider the “square” on the sphere with end-
points (q,f), (g+ ef), (g+ ef +¢€) and (q,f +e): points (q,f), (g+ ef), (g+ ef +¢€) and (q,f +e):
_____ )

Summing these together, we +9 Summing these together, we

can approximate the surface can approximate the surface

integral by: integral by:

[ )dare — 2 M rar)-Mir) +
" sin(f) 1q T9 - 1 T T 17 . Tt
" " (Rif )dA» e — Al —(g.f) +e ecr sm(f)—f(q,f)
e sinf +e N (g7 +6)- sin()-1(q.7) " sin(f) " 1g g il il
1 (7

N J N

11



-

The Spherical Laplacian

Consider the “square” on the sphere with end-
points (q,f), (g+ ef), (g+ ef +¢€) and (q,f +e):

-

The Spherical Laplacian

Using the fact that the boundary integral can be
approximated by:
Ll 0]

. , i
(Nif )dA» e e +W sinf 7 @.7)

R

and the surface integral can be approximated by:

Summing these together, we - b s
can approximate the surface (N f)dR»e sinf N*f(g.7)
integral by: R
< , 1 °f T .1
= f)+—- sinf > (q.f
W(Nf)wA»e SinfW( J+3F sinf gz @n
- -
( (

The Spherical Laplacian

Using the fact that the boundary integral can be
approximated by:
1 9% ) 1

- . f
e 1 T i I g1
W(Nf )dA» e 7 17 + Rl (@.7)

and the surface integral can be approximated by:
(N2 JdR» sinf K21 (g,7)

R
we can apply Stokes’ Theorem to get:

1 f°f 19 . 1
sin72f‘nqz( F)r—— smfw(q,f)

N?f(g,f) =
@7) sinf f

The Spherical Laplacian

1 7% 19 %
poRer ‘ﬂqz( ) —— L smfﬂf (g.f)

N2f(g,f) =
@1 sinf 7

In order to compute the eigenvalues of the
Laplacian associated to the the spherical
harmonics, we need to compute:

N2Y¥(g.7) = K2(e4R" (cosr))

-

The Spherical Laplacian

1 7% 19 %
poRer ‘ﬂqz( F)r—— L smfﬂf (g,)

N2f(g,f) =
@7 sinf 7

Taking the derivative with respect to q is easy:

1 ﬂ2Y|k(‘7xf) 1 T kg ok
= — R
sin’f  1g° sin*f 1g° (e ' (COSf))

-

The Spherical Laplacian

1 7% 19 %
peRer ‘qu( F)r— L smfﬂf (g.f)

N2f(g,f) =
@1 sinf 7

Taking the derivative with respect to q is easy:

1 e _ 1 1,
Sin2 f Iﬂqz - Sin2 f ﬂt72 (ekqPIk(COSf))
-k?
B sin® ekqu"(cosf)

12
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The Spherical Laplacian The Spherical Laplacian
o 1 7 19 2 1 7 179
N%f(qg,f) = fl+—— f— f N*f(g,f)= )+ f— f
@N= g7 1 @) gnr s SN 37 @1 @N= g7y @) gnr s SN 37 @)
Taking the derivative with respect to q is easy: Taking the derivative with respect to f is more
1 ™@rn_ 1 T (4w complicated:
R*(cosf
it g e RN, TR SR TR
Kk sinf 1f 17 sinf 17 (TR
= —e“R*(cosf)
sin“f
k2
= f
T sin’f Y@
\ J \
e N e
The Spherical Laplacian Associated Legendre Polynomials
o 1 7°f 1 Recall:
1@ N =t (af)+ 0 sin f—(q,f) Recat
sin”7 fig sin/ 1 The associated Legendre polynomials are
Taking the derivative with respect to f is more defined by the (somewhat hairy) f.?[m“'a:
” K (- D o\ d PR
complicated: R (x)= 1 - ) X (e-1)
X
LY g fM@n _ 11 g, 1 e'k"lﬁ"‘(cosf)] -k
sinf f 17 sinf f 1 R ( ) (- )k P (X)
ik (I )l
= eiq ﬂ s|nfm
sinf §f T
as it requires taking the derivatives of the
associated Legendre polynomials.
\ J \
e N e

Associated Legendre Polynomials

One can show, (but we won't) that the associated
Legendre polynomials satisfy the following two
identities:
dR(cosf) _ I cos)R*(cosf)- (1 + k)R (cosf)
df sinf
0=(I - k)R(cosf)- cosf (2! - )R* (cosf)+ (I + k- )R, (cosf)

The Spherical Laplacian

Plugging these identities into the equation for the
Laplacian, we get:
k _ k2ym
19 g M@ -k,

f)
— -1 +D)Y™(q,f
sinf 7 L sin®f (+D¥"(@.7)

13
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The Spherical Laplacian
Plugging these identities into the equation for the
Laplacian, we get:

il i 1TYIk(qrf) =-k2Y|m(q1f)_| | +1)Y™ f
sinf 7 sin L sin®f (+D¥"(@.7)

In sum, this gives:

N4 (g,1) =-1 0 +2Y(q.7)

=
Ouline

« Applications

~
Smoothing

In the case of a functions on a plane, we had
Newton’s Law of Cooling:

“The rate of heat loss of a body is proportional to the
difference in temperatures between the body and its
surroundings.”

~
Smoothing

In the case of a functions on a plane, we had
Newton’s Law of Cooling:

“The rate of heat loss of a body is proportional to the
difference in temperatures between the body and its
surroundings.”

This can be expresses as a PDE:
IF o /Rer
It

~
Smoothing

Using the fact that the spherical harmonics are
eigenvectors of the Laplacian, we get solutions of
the form:

F|k(q| f,t) —e /I(I+1)tYlk (q, f)

~
Smoothing

Using the fact that the spherical harmonics are
eigenvectors of the Laplacian, we get solutions of
the form:

Fi@.f.)=e"""Y (q.f)

Since the linear sum of solutions is also a
solution, solutions tg thle PDE will have the form:
F(g.ft)= a1ke"'('*1"\(,k(q,f)

1=0 k=-1
and we have freedom in choosing the linear

coefficients.

14
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Smoothing

To satisfy the initial condition:

F(g.70)=1(q.7) '
we need to compute the spherical harmonic
decomposition of f:y

-

Smoothing

To satisfy the initial condition:

F(g.70)=1(q.7) '
we need to compute the spherical harmonic
decomposition of f:y

fan=  FORY @ fa.n= FORY @
120 k=-1 120 k=-1
and then we set t@e slolution to be:
Fgrn= f0.ke"""Y g
1=0 k=-1
N N
e e
Smoothing The Spherical Wave Equation
F(g.f 1) = ¥ f(l k)e-ll(l+1)tYk(q f) We can repeat the same type of argument for the
T e SR wave equation, where the acceleration is
proportional to the difference in values:
2
T '2: =/N?F
It
§ .
e e

The Spherical Wave Equation

Again, using the fact that the spherical harmonics
Yk are eigenvectors of the Laplacian with
eigenvalues I(I+1), we get solutions of the form:

F|k+(q’f’t)=ei /1(1+1)t )e{lm(q’f)
Flk- (C],f,t):e_i /1 (I+1)t )a{lm(q’f)

The Spherical Wave Equation
Thus, given the initial conditions:
F(g.7.0) = f(q.f)
1
—F(g,f0)=0
T (9.7.0)
we get the solutionlz
F(g,f.t)=

1=0 k=-1

f (k) cody 710 +DtN*(g.9)

15
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The Spherical Wave Equation
Farn=  fll)ycodyTT+DiN @)

1=0 k=-1

Waving Gaussians
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