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Abstract. This paper presents a method that uses the level sets of volumes to reconstruct the shapes of 3D ok
from range data. The strategy is to formulate 3D reconstruction as a statistical problem: find that surface whic
mostly likely, given the data and some prior knowledge about the application domain. The resulting optimizati
problem is solved by an incremental process of deformation. We represent a deformable surface as the level
a discretely sampled scalar function of three dimensions, i.e., a volume l&etiset modelkave been shown to
mimic conventional deformable surface models by encoding surface movements as changes in the greyscale v
of the volume. The result is a voxel-based modeling technology that offers several advantages over conventi
parametric models, including flexible topology, no need for reparameterization, concise descriptions of differen
structure, and a natural scale space for hierarchical representations. This paper builds on previous work in
3D reconstruction and level-set modeling. It presents a fundamental result in surface estimation from range c
an analytical characterization of the surface that maximizes the posterior probability. It also presents a nc
computational technique for level-set modeling, called the sparse-field algorithm, which combines the advante
of a level-set approach with the computational efficiency and accuracy of a parametric representation. The sp:
field algorithm is more efficient than other approaches, and because it assigns the level set to a specific s
grid points, it positions the level-set model more accurately than the grid itself. These properties, computatic
efficiency and subcell accuracy, are essential when trying to reconstruct the shapes of 3D objects. Results are s
for the reconstruction objects from sets of noisy and overlapping range maps.
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1. Introduction research is the enhancement of the underlying level-set
technology in order to make it suitable for problems in

There are two aspectstothisresearch. Thefirstaspectis3D reconstruction. This section introduces the issues

the application, which is the development of 3D models surrounding those two aspects of the work, and lays

from range data. That problem is formulated using out the overall structure of the paper.

a statistical approach, which maximizes the posterior

probability of a surface. The result is a surface thatis 1.1. 3D Reconstruction

described by a nonlinear objective function. That opti-

mization is solved using a variational approach and a When investigating 3D reconstruction, it is necessary

gradient-descent method. The optimization produces to describe the kind of data being considered. This

an evolution equation for deforming a surface so thatit work deals primarily with data that is from range or

matches a given set of data. The work in this paper usesdistance sensors that have some kind of “scanning ca-

the level sets of volumes as a means of representing andcbability”. Three different properties of this data are im-

manipulating object shapes. The second aspect of theportant. First, the data is range or distance (i.e., direct
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3D) compared to intensity or luminance, as one would proaches use a few general assumptions about the do
expect from an X-ray or a video camera. Second, the main; assumptions are often at the level of basic surface
data is relatively dense, rather than a sparse scatter-geometry, e.g., continuity. Low-level approaches can
ing of 3D points. This density is obtained by rotating capture more detail but often provide very little higher
or translating a device that takes a discrete set of 3D level information. For this reason such approaches are
measurements. From a single point of view the range well suited for applications that are geared to visual-
finder sweeps out a volume, and there is a 2D topo- ization by a human, rather than recognition by some
logy on these range measurements that is induced byautomated system. These approaches form surfaces
the motion of the scanning device. The third impor- from sets of 3D data by performing a fusion of differ-
tant aspect of this data is that it is noisy. Thus, the entscans, butthey typically impose very little structure
3D reconstruction problem is not strictly geometric; it on the data. The performance of low-level approaches
is also statistical. For this work we assume that algo- tends to degrade gradually as the assumptions aboult
rithms for calibrating the range sensor and registering the environment and the sensor are violated. However,
the multiple views are taken from the variety of auto- low-level approaches typically require more data in or-
mated and semiautomated techniques that are in theder to give useful results. The voxel-based approach
literature (Besl and McKay, 1992; Chen and Medioni, in this paper is a low-level approach and is therefore
1992; Zhang, 1994). best suited to applications that provide a relatively large
Under the circumstances described above, appro-amount of data that must be fused to produce a result
aches to 3D reconstruction can be distinguished basedwith a great amount of detail.
on the “level” of the models that one uses. High-
level models have been used extensively in computer 1.2. Level-Set Models
vision—some examples are given in (Jain and Jain,
1990; Jain and Flynn, 1993). High-level models are The strategy taken within this research is to pose the
those that represent specific objects or classes of ob-reconstruction problem as the process of finding the
jects. Such approaches can work with relatively lit- surface or set of surfaces that are most likely to have
tle information (such as sparse sets of features), andgiven rise to the data. Thus, itis a Maximum A Poste-
when they work they can lead directly to higher level riori (MAP) strategy which can combine the data with
processes such as recognition. High-level approachesknown properties or tendencies of the surfaces being
usually work best in situations where the domain is measured. Finding those surfaces with the highest like-
restricted and well characterized, and where the dis- lihood is generally a nonlinear optimization problem.
tinguishing shape characteristics of a particular object A common and often effective strategy for solving
can be captured by relatively few parameters. Typi- such optimization problems is to use a variational ap-
cally, such reconstructions do not capture those details proach. Thatis, startwith aninitial solution and perturb
that are unique to a particular object. or deform that solution so that it improves the over-
Another class of approaches could be characterizedall likelihood. Thus, the variational approach requires
as “mid level”. Mid-level approaches to reconstruction a modeling technology that can undergo such goal-
are characterized by the use of geometric primitives driven deformations. Such models, often caltbsl
that can be combined in various ways to form more formable modelsare used extensively in the computer
complicated objects. The assumption is that the ob- graphics and computer vision literature (Kass et al.,
jects in the domain can be decomposed into finite set 1987; Staib and Duncan, 1992; Miller et al., 1991;
of such primitives. This strategy can work quite well Terzopoulos et al., 1988). These models typically un-
on certain domains, such as man-made objects—manydergo iterative processes that implement some type of
of which were designed using such primitives. The fit- hill-climbing strategy on the objective function.
ting of primitives can also provide important structural Conventional geometric models are parametric. That
information such as part/subpart decomposition. The is, they are mappings from one space, which coincides
results of such systems are generally some mixture of with the dimensionality of the model, to another, which
the data and the models, but they tend to strongly reflect is the range. Typically, these parameterizations rely on
the shapes of the models or primitives that are chosen.a set of basis functions that span some finite subspace of
Finally, one could characterize the class of “low all possible shapes. Thus, when considering deforma-
level” approaches to 3D reconstruction. These ap- tions, parametric models have several drawbacks that
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make them inadequate for certain kinds of applications.  These problems are significant in the context of 3D
The dependency on the parameterization and an assoreconstruction. The sparse-field algorithm described
ciated basis is critical; it limits the kinds of shapes a in this paper addresses these issues by representing
model can represent. Models typically do not deform surface as both a discretely-sampled 3D field and a sub-
far from their initial conditions without some sort of  set of that field which consists of a set of grid points (or
reparameterization. Such reparameterizations are of-voxels), calledactive pointsthrough which the model
ten inefficient and developed on the basis of heuristics passes. At each time step in the deformation process
rather than a consistent mathematical foundation. The only a thin layer of voxels near the active points are visi-
parameterization can also make it difficult to measure ted and updated. In this way the computational com-
the intrinsic geometry of the model, as with polygonal plexity of the algorithm grows with the dimensionality
meshes for instance. of the surface, rather than the dimensionality of the
An alternative to a parametric model is an implicit volume. The set of active points are kept in a linked
model, i.e., specifying a model as a level set of a scalar list which enables quick and efficient access to a set of
function,¢. This scalar function can be sampled on a points near or on the model.
discrete rectilinear grid. SucHevel-setepresentation The remainder of this paper proceeds as follows. Af-
(Sethian, 1996) has a number of practical and theore- ter a brief review in Section 2 of other relevant work,
tical advantages over conventional parametric models, Section 3 presents the formulation of 3D reconstruction
especially in the context of deformation and reconstruc- as a process of finding the most likely surface given a
tion. First, level-set models are topologically flexible, set of range data and some general knowledge about
that is, the models can “split” into pieces to form mul- the relative likelihoods of different surface properties.
tiple objects (Malladi et al., 1995; Whitaker and Chen, Solving that problem requires the ability to manipu-
1994). Second, the evolution of the embeddings late or deform surface shape in a systematic manner.
a differential expression that is invariant to orthogonal Section 4 shows how this deformation can be achieved
group transformations (rotations and translations). The via an implicit representation, using the level sets of
shapes formed by the level setsfoére restricted only  a discretely sampled scalar function of 3D. This sec-
by the resolution of the discrete sampling used to repre- tion discusses the numerical methods that are used to
senty. Finally, the representation of deformable mod- solve the equations of motion. Section 5 describes an
els in terms of amultidimensional imag@rovides a efficient computational technique, the sparse-field al-
method for multiscale or multigrid solutions. For in- gorithm, and presents the results of an empirical anal-
stance, solutions can starton arelatively coarse grid andysis which shows that the sparse-field algorithm gives
then proceed to progressively finer grids as the energy solutions that compare favorably to previously pro-
reaches a minimum (Whitaker, 1995). Such a multigrid posed algorithms. Additionally, the sparse-field algo-
strategy reduces computation time, controls the relative rithm is shown to overcome the aliasing artifacts as-
importance of large and small-scale structures inthe in- sociated with other level-set approaches and thereby
putimage, and helps to simplify the objective function. achieves greater accuracy compared to those app-
Despite these advantages, level-set models sufferroaches. Section 6 shows how the level-set technology
from several drawbacks compared with parametric can be applied to the problem of 3D reconstruction. It
models. One disadvantage is the large number of com-shows how using level-set models within the MAP re-
putations needed to solve these equations over the en-construction framework provides new capabilities for
tire range. Surface deformations in 3D, for example, surface reconstruction.
require solutions to a 3D, nonlinear, partial differential
equation: a significant computational task. Another 2. Related Work
drawback of level-set models is the absence of any di-
rect, efficient representation of the surface during de- Several low- and mid-level reconstruction approaches
formation. Such direct representations are useful when described in the literature are worth noting. Turk and
incorporating forces that depend on the multilocal or Levoy (1994) describe a “zippering” algorithm that
global information. A third drawback is the finite re- combines triangle meshes, each representing a range
solution that is imposed by the discrete approximation map of the same object from a different point of view.
to the scalar field. Level-set models are limited by Chenand Mdioni (1994) use atriangle mesh which ex-
resolution rather than shape. pands inside a sequence of range maps. This strategy is
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similar to that of Miller et al. (1991) whichwas demon- a set of rules and thresholds. Szeliski et al. (1993) pro-
strated on 3D medical data. pose systems of oriented particles that join together,
Several low-level volumetric approaches have been disconnect, and rejoin in order to change topology.
proposed. Chien and Aggarwal (1989) have used bi- Mclnerny and Terzopoulos (1995) propose parametric
nary volumes with the aid of oct-trees to reconstruct models that are reparameterized based on a local grid
objects from multiple silhouettes. The focus is on us- structure that allows for changes in topology. Despite
ing silhouettes and object features to do recognition. these advances, for 3D reconstruction the level-set ap-
Muraki (1991) uses implicit or blobby models to re- proach offers several practical advantages, which are
construct objects from range data. Theindividual blobs discussed in more detail in the sections that follow.
are spherically symmetric 3D potentials that are com-  With regard to level-set models, this work draws
bined linearly so that they blend together. The global on a number of recent developments in computational
nature of the potentials makes updates somewhat ex-physics and computer vision. Osherand Sethian (1988)
pensive, thus limiting the number of primitives that can have proposed the embedding of wavefront propaga-
be efficiently computed. tions that model physical systems, and they have deve-
Hoppe et al. (1992) proposed an implicit strategy loped numerical schemes, calleg-wind schemes,
which constructs a 3D field based on the signed dis- to solve the resulting equations. In image processing
tance transform of tangent planes generated from un- Alvarez et al. (1992) have proposed a morphologi-
ordered 3D data. Regions are always associated withcal scale space for planar curves which relies on geo-
the nearest points, and therefore there is little or no av- metric invariant curve evolutions. In computer vision
eraging. Curless and Levoy (1996) describe a volume- Kimia et al. (1992) have proposed a reaction-diffusion
based technique for combining range data. They use space in which singularities represent basic properties
the signed distance transform to encode volume ele- of 2D shape. They use the same strategy as (Osher
ments with data that represent the averages (with someand Sethian 1988) of embedding planar curves in order
allowance for outliers) of multiple measurements. Sur- to create geometric flows that are independent of any
faces of objects are the level sets of volumes. They particular parameterization.
show that the resolution of the scanner can be overcome Malladi et al. (1995) have proposed a segmentation
by such an averaging technique. Hilton et al. (1996) scheme based on a wavefront propagation that allows
describe a similar algorithm which is an extension to seed points to contract or expand. The author (Whitaker
(Hoppe et al., 1992) that accounts for interference at and Chen, 1994) has shown that image “forces” (the
occluding contours and thin objects. term used in the sense of first-order physics) can drive
Another volumetric approach, which is more of a level sets toward interesting features in images or vol-
“mid-level” strategy, is that of (DeCarlo and Metaxas, umes, as with conventional deformable models, while
1995), in which they use a combination of primitives geometric flows can be used to enforce smoothness
that can deform, split, and even change topology in and continuity. Caselles et al. (1995) have reached a
order to match the input data. The computer vision similar formulation using a conformal mapping and
literature shows numerous mid-level approaches that have shown that the equations resulting from moving
fit volumetric models to range data—see (Dickinson level sets in this manner are well posed. Adalstein and
etal., 1997), for example. Sethian (1995) have proposed a narrow-band scheme,
In robotics several researchers (Elfes, 1989; with a finite band of 6—12 grid points on either side of
Moravec, 1988) have investigated the usecfupancy the level set, for reducing the computations associated
grids. The sensor model and the methods for combin- with level-set models. Results in successive sections
ing sensor measurements from different points of view of this paper will show the ability to reduce the width
follow from a Bayesian formulation. Strictly speaking of this narrow band to a single grid point will improve
an occupancy grid does not give a 3D reconstruction; computational performance and accuracy.
occupancies do not give the most likely surfaces. This paper makes several contributions to previous
With regard to deformable models, there are several work in this field. One is a statistical formulation of
parametric approaches that seek to overcome the usuathe 3D reconstruction problem that gives an optimal
topological limitations of parametric models. DeCarlo surface estimate while making very few assumptions
and Metaxas (1995) allow the primitives associated about the scene. This formulation incorporates a noise
with an object to make discrete changes as a result of model and may include some prior knowledge about
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the relative likelihoods of different kinds of surfaces. In this work, we start with the simple sensor model,
The result is quite general, but it is particularly well i.e., independent, additive, Gaussian noise, to generate
suited for level-set models. This paper presents exam-the basic algorithm and then modify that algorithm to
ples that show effectiveness of the level-set approach account for some of these other complicating factors.
for this application. Another contribution is the nu- The outliers, for instance, are handled within the mini-
merical scheme for implementing the level-set models. mization process rather than the underlying model.
This new scheme compares favorably with previously Areas where the sensor failed (either by lack of sig-
proposed methods both in terms of computational effi- nal or occlusion) are handled by giving such points
ciency and accuracy. low confidence, i.e., large variance, so that they have
little effect on the final results. The formulation that

) results from these assumptions is optimal for indepen-

3. AMAP Reconstruction Strategy dent, additive, Gaussian noise, but later sections will

) ) ) i show that it is useful when the noise is more complex
Arange finder is a device that produces a distance mea-(g,ch as in the case of outliers).

surement along a particular line of site. The distance = The strategy in this work is to use a maximum a
measurement and, to a lesser degree, the direction ofyosteriori (MAP) approach to construct an expression
the line of sight are corrupted by noise. For the pur- ¢o the surface likelihood conditional on the measured

poses of this work we assume that the noise is additive 415 The total error associated with a model converts
and Gaussian. When the range finder is combined with ji0 5 volume integral, and the Euler-Lagrange of that

a scanning mechanism, it produces a 2D array of data,olyme integral defines the motion of a deformable
and the noise is often assumed to be independent from,o4el that seeks to maximize this likelihood.

one element of the array to another. In the eventthat | ot g a compact subset of 3D, be the surface that en-

the noise is nonstationary, we assume that the variabil- ;|gses the objec, i.e.,S=9%Q. Let{RY, ..., RM}
ity of the noise process is known (€.g., as a function pe 5 set of range maps, each of which consists of set of
of object distance or scanner orientation). The scan- 3p pointsR1) = {r(li> r©}, which can arranged in

LR ] m 1

ning mechanism is typically calibrated, enabling one 4 op grid, with coordinates, v, defined by the scan-

to calculate the direction of the line of sight associated ning mechanism. Associated with each grid point is
with each mea_surement in the 2D array. In the event 4 ray, called the line of sight, along which the range
that the scanning mechanism does not produce a 2Dmeasurement is taken. Assume that the rays within a
array, but rather an unordered list of range measure- single range map do not intersect, as is the case with
ments taken in different directions, one can impose a the spherical, cylindrical, or linear projective scanning
2D topology on the data by the use of nearest-neighbor ,echanisms that are used on most range finders.

relationships as in Delaunay triangulation. Asingle2D  The posterior probability of is given by Bayes rule:
array of range data taken from a single location of the

scanner is called nge map One of the goals of this o o P(RY,...,R™|S)P(S)

work is to combine the information from a collection  P(S|R®, ..., R™) = P(R® RM

of range maps. ( B ) 1
The above sensor model has some significant short- @)

comings. First, the noise is rarely additive Gaussian. . ) .

Outliers, for instance, are a problem. The noise can T_he goal Is to f'm_j the most I|k_e|y surface modeto
often be related to surface characteristics, and there-9'V€ 'S¢ to a particular collection of range data,
fore could be correlated. In the case of structured light
sensors, such as the one used for some of the results
in this paper, the data contains occluded regions for
which there is no data at all. As a theoretical con-
sideration, Gaussian noise allows finite probabilities
for measurements behind the scanner. In cases wherevhere the denominatd®(R®, ..., R™) is removed

the noise level is some appreciable fraction of the because itisanormalization factor that does not depend
distance from the scanner (very rare in practice), a onS. The termP(S) is the prior, which reflects the
log-normal distribution for the noise might be more fact that within the set of possible surfaces, some are
appropriate. more likely than others, independent of the data.

sup[P(S|R™, ..., R™)]
S

= sup[P(RP,....,RP[S)P©S)] (2
N
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The range maps, conditional on the surface position,
are independent random variables (this ignores the ef-

of the optimization. The squared distance of the sur-
face to the range measurement can be represented a

fects of surface properties on error, as discussed above) an integral

and thus,

P(RY,...,R"|S) = P(RY|S)...P(R"|S)

- HP(R“) |S). 3

EachR(®) consists of an array of 3D range data that can
be represented a§’,. Within a given range map each

s —ri)2=/mx(a—ri>ls<a)da
0

Imax
— / (¢ —r1j) do
li

wherels() is a function that is unity inside the object
and zero outside, ang,,y indicates the maximum ef-

()

range measurement is a independent random variable fective range of the range finder. The termy serves

and therefore

P(RY.....R™|S) =[] P(ri.]S).

i uv

4)

As is typical with such MAP algorithms, the maxi-
mization is performed as a minimization on the nega-
tive logarithm of the probability:

sgp{m(P(s\ R, ....RM))}

—i _ 0] —
= inf Z;m PrP|S)—InPS)t. (5)

The right-hand side of Eq. (5) reflects the combination
of terms that is typical with MAP reconstructions. The

terms are of two different types: those terms that en-
force the solution to look like the data and those terms

that enforce the prior, i.e., that encourage the solutions
to conform to those expectations that are independent

of the data.

Each individual range measurementis dependent not

on the surfacé as a whole, but on that particular point

on the surface that is first intersected along the line
of sight from the scanner location. Consider a single
range reading;, represented as a distance along its

associated line of sight. Suppose that the distance to

the surface along that line of sight is given §y The
Gaussian noise model gives the following probability
density function for individual range readings,

1 1
NP |S) = S5(s —r)*+
M 18) = 6 =1+ o

=Gi(s —r)”+k(c), (6)
where the variance;? associated with a range reading
ri is represented as a confidence measute 1/oi2.
The termk(c;) can be ignored, because it does not de-
pend on surface position and will not affect the outcome

as a bound on the error if the line of sight fails to in-
tersect the surface, and it also serves to limit the range
of influence of a particular range reading. That s, sur-
face points that lie beyong,,x have no impact on the
conditional likelihood associated with that range mea-
surement.

Strictly speaking, this formulation is valid only if the
surface intersects the line of sight at most once between
the scanner andnax, as shown in Fig. 1(a). Thus, the
segment along the line of sight with length,x should
be long enough to penetrate the model (as it deforms)
but not so long that it emerges from the other side or
enters the object again, as could easily happen with
self occlusions. Typicallyrmax should depend on,
€.0.,max="i + &. The use of ,,5xande serves to limit
the effects of the range data and thereby simplifies the
mathematical model by ignoring self occlusions of the
object. Unfortunately, in order for this to work pro-
perly,e must be chosen so that scans to do not interfere
with each other in areas where the object self occludes.
This is not always possible, but with modifications to
the minimization algorithm, discussed in successive
sections, this problem can be all but eliminated.

Instead of putting bound,ax on the integral, we can
use awindowing functionw, that nullifies the effects
of surface that lie beyondnay, i-€.,

1 ifrpax—a>0
0 ifrpax—a <0

8)

o (Fmax @) = {
The error becomes
(s —r)?= /f(a —ls@ o + &, @) da

- [w(a —roi +&a)de. (9)

Given this formulation, the windowing functioa(-)
need not be binary; it could implement a fuzzy cutoff
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Figure 1L The MAP reconstruction strategy: (a) the squared error along the line of sight can be written as an integral that includes a bir
membership function for the object, (b) a single range scan, consisting of a number of measurements along lines of sight emanating fror
point at the left, creates surface in 3D (shown here as a curve in the plane). A circular model deforms to fit the data (motion indicated by arro

of the influence of the range data. Results in later the likelihood of thejth scan as an integral:
sections use a Gaussian centered at the range reading .
with standard deviatioe. —In(P(RV]S))

To extend this formulation to include all of the sam-
plesin asingle scaR, we representthe distancealong ~ ~ ///C(% 0)((an(p, ) — r(p, 0)) - n(g, 0))
the I!ne of ;lght in 3D. Let; be the unit veqtor along % ((@n(g, 6) — (@, 0)) - n(g, 6))
the line of sight and; = r;n; be the 3D location of the

ith range reading. Then x ls(an(g, 0)) da dp do — K, (12)

whereg andé are the continuous versions wfandv,

—IN(P(R|8)) = =In(P(rs,....m [ 5)) respectively, ana(-), r(-), c(-), are continuous func-

— [ C_ryn tions derived from some suitable interpolation (e.g.,
= § Gi ((anj —ry) - nj) o o
i 0 bilinear) of their discrete counterparts.
x w((an —r;)-n;) Because the rays that define the lines of sight asso-

ciated with a single scan do not cross, there is unique
o mapping from each point within the 3D subspace swept
— Zcu.u/ ((@Nuy — Fuw) - Nuy) out by the range finder to the poitp, ) within the
us Jo range map that has a line of sight passing through that
X @ ((@Nyy — Typ) - Nuy) 3D point. Therefore, the volume integral of Eq. (13)
can be reformulated in Cartesian coordinates:
x ls(anyy) do — K (10)

x ls(ani) da — k

—In(P(RV|S %/c(x) D(X)  (D(X))
wherels : R R is unity inside the object and zero ( ( | )) R

otherwise, and x ls(X)y (X) dx — Kk, (13)
00 wherey (x) is the Jacobian, i.ey (x) dx = dpdfda.
k= ZCU~v/r o((@Nyy = Tuw) Nuw) The termD(X) = ((X — r (x)) - n(x)) is the signed dis-
e " tance from the surface position to the range measure-
X (@Ny,p = Fup) - Ny dor, 11) ment, andR is the volume swept out by the range

finder. If we define the confidenagx) to be zero
which does not depend on the surface. The notation for any point outside the space swept out by the scan-
u, v refers to the fact that the measurements from a sin- ner, then one can extend bounds of the integral to
gle range map are arranged in a 2D grid. If we assume R3. Because)s is a binary function that is one only
that this grid is relatively dense we can approximate within the object, the integral can be re-expressed over
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the object itself particular choice ofv(-) andc(-), and with a uniform
prior.
_|n(p(R(J) |3)) A~ / c(X) D(X) @ (D(X)) There are several reasons for going to an iterative
Q scheme for finding optimal solutions. First is the use
xy(X) dx —k. (14) of a prior. In surface reconstruction, even a very low

level of noise can degrade the quality of the rendered
The gradient descent on the posterior for a single range surfaces in the final result, and in such cases better re-
map is therefore constructions can be obtained by introducing a prior.
Second is aliasing. Discretizimg(x) and finding the
s = —¢(S) D(S) w(D(S)) y(S) N, (15) zero crossings will cause aliasing in those places where
ot the transition from positive to negative is particularly
steep. A deformable model can place the surface much
more precisely. The third reason for going to an it-
erative scheme is that despite the windowing function
w(X) there is interference between different range maps
at places of high curvature. This problem is addressed

whereN is the surface normal.

Equation (15) describes the motion of a model as it
seeks to maximize its likelihood of giving rise to a sin-
gle range magR, which is set of range measurements.
A single range map creates a surface in 3D (shown in ¢*F ' v - > M ! -
Fig. 1(b) as acurve in the plane), and the model expandst introducing a nonlln(_aanty Whlch_|s solvedin an iter-
or contracts, with a magnitude proportional to the dis- 2tlVe scheme as described in Section 6.1. In this work,
tance along the line of sight to the range reading, so that Selutions of the linear problem will serve as the ini-

it exactly fills the volume behind that surface. The win- tial conditions for the nonlinear, iterative optimization
dowing functionw(-) controls the depth of the region strategy that results from the inclusion of a prior and a

behind the range surface over which this expanding or nonlinear term that compensates for lack of any explicit

contracting action occurs. The functign.) describes ~ Model of self occlusions.
the unit-volume relationship between the scanner coor-

dinates and cartesian coordinates. For the results in this 1. The Prior

paper we assume that the rays (lines of sight) emanat-

ing from the scanner are nearly parallel and regularly tnere are numerous possibilities for selecting priors

sampled, so that(-) is a constant. . that are consistent with the MAP formulation of the
The effect of multiple range maps is additive, and 0 ious section. These possibilities range from high-
the Euler-Lagrange of the combined posterior is level priors that bias the solution to look like certain
39S shapes (Johnson, 1993) to low-level priors that enforce
i —g( SN + p(S), (16) some very general properties on those shapes. The goa
of this work is to obtain a somewhat general recon-
where struction algorithm that can be subsequently tuned to
specific applications. Therefore, we use a low-level
g(x) = Zc(”(x) DD (x) w (DD (%) yP(x), prior that biases solutions toward smooth, continuous
i surfaces, like those associated with many man-made
a7) objects or anatomical structures. Of course, the selec-
tion of a prior will depend strongly on the application;
and the superscripts indicate the range, line-of-sight, the choice of prior for the reconstruction of injection-
and confidence functions associated with a particular molded, hand-held objects should probably differ from
range map. The term(S) = —3 In P(S) is the Euler- the prior needed to reconstruct the shapes of highly ir-
Lagrange of the prior. In the absence of any prior (i.e., regular objects, such as the human brain with its many
uniform prior), p(S) = 0, and maximizing the com-  folds and protrusions.
bined effects of a sequence of range maps is linear; the For many applications, a natural choice of prior is
solution is given by the zero crossings of the 3D func- to penalize the integral of the normalized first deriva-
tion defined in Eqg. (17). Indeed, the algorithms pro- tives on the object surface, i.e., penalize surface area.
posed by (Curless and Levoy, 1996), as well as (Hoppe This choice is based on the heuristic that many physical
et al., 1992) and (Hilton et al., 1996), can be formu- processes, both synthetic and natural, tend to conserve
lated as a special cases of this MAP approach, with a surface area and produce objects that reflect, at some
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level of detail, this tendency to minimize area. Alter- the MAP approach to operate with less data (Sethian,
natively, one could say that given a set of surfaces that 1996). This paper will show that despite the limitations
are near the data, the algorithm should choose a surfaceof the second-order smoothing given in Eqg. (19), that
that has less area. Often, but not always, this will be prior is an improvement over none at all, especially in
the smoother surface. A probability distribution forthe cases of noisy surface data.

prior that reflects this principle is
B 1/2
P(S) = (—) exp(—ﬁ//\/~/\/’dx> (18)
1 S The hill-climbing optimization strategy described in
the previous section requires a modeling technology
Afterthe logarithm, the Euler-Lagrange of this quantity - that is capable of accommodating incremental changes
is the mean curvature of the surface: in surface shape in an efficient manner. The equation of
25 928 motion given by (16) makes no assumptions about the
p(S(r, s 1) = BH(S) = B <F + _2> (19) type of surface model used to achieve the reconstruc-
r as tion. The MAP formulation could be adapted to any
number of conventional, parametric surface models by

4. Level-Set Models

wherer, sis a local, orthonormal parameterization. expressing changes in surface position in terms of the
The termp controls the probability distribution of  parameters that control surface shape.
surfaces inthe prior. Alarggd means that the prior fa- However, there are some drawbacks to using para-

vors more strongly surfaces that are smoother. The pa-metric deformable models. For instance, as mod-
rameters could be set in any number of differentways. els evolve and undergo large deviations from their
One way would be to “calibrate” the system by scan- original shapes, surface parameterizations often intro-
ning a number of known objects and determine which duce de facto constraints. The expansion of polyg-
values ofg give the most accurate/reliable reconstruc- onal models can create a kind of coarseness which
tions. Another method would be to take a collection prevents the model from capturing smaller structures;
of objects that represent the application domain, model thus the evolution of polygonal models requires the
them, and generate a probability density function for creation and deletion of polygons (Miller et al., 1991,
surface area, possibly at different scales or resolutions. MacDonald et al., 1994; Chen andedioni, 1994),
For this work, we treag as a free parameter that must or alternatively, a reparameterization (Mclnerny and
be tuned by the person using the algorithm. Terzopoulos, 1995; DeCarlo and Metaxas, 1995). Also
The existence of a free paramefarepresents atyp-  the choice a surface model with relatively few degrees
ical property of signal processing systems that must of freedom, such as superquadric or superelipsoid, re-
deal with noise in the absence of specific information stricts solutions to the relatively small space of shapes
about the signal. Results in the following sections will that are captured by those modeling technologies.
show that the algorithm is somewhat robust with re-  An alternative to a parametric model, is a level-set
spect to this free paramete, and that the algorithms  model (Sethian, 1996), i.e., a model that treats a 3D
fails gradually as this parameter is set too high or low. surface as the level-set of a discretely sampled volume.
This paper will also show that very small values of Previous work has shown promising results with this
B can reduce the effects of uncorrelated noise with- modeling technology for 3D reconstruction, primarily
out distorting the overall shapes of the objects being in the context of 3D medical data (Malladi et al., 1995;
reconstructed. Whitaker and Chen, 1994; Whitaker, 1994). This sec-
Despite the usefulness of this second-order smooth-tion gives the formulation for this modeling strategy,
ing term, it is somewhat limited in its effectiveness be- starting with an equation of motion for a deformable
cause itcan interpolate only position and tends to create surface (Whitaker and Chen, 1994). This formulation
straight lines, flat surfaces, or singularities where there differs somewhat from that of (Caselles et al., 1995),
is little data. The topic of developing more effective which they develop by applying a conformal mapping
low-level priors (Whitaker, 1995), as well as incorpo- to the energy function defined over the range.
rating high-level priors, is an area of ongoing investi-  The strategy is to rely on the properties of regular
gation. Fourth-order terms, for example, could create surfaces, which have local parameterizations that can
structures with smoothly varying normals and allow be expressed in terms of geometric quantities such as
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arc length, curvature, etc. If one starts with a param- whereg(-) is the cumulative effect from all of the in-
eterized surface and the associated equations of mo-dividual range maps as in Eq. (17). The level-set for-
tion, and then removes the parameterization from the mulation, without the prior, becomes
deformable model, all that remains is surface shape,
which is expressed in terms of the embeddipgThe 99 _ o5

: ) : — = 9X)[V9| (25)
strategy for embedding active surfaces consists of four ot

t : .
Steps The mean curvature, used for the prior, from Eq. (19)

is computed directly from the first- and second-order

1. Express the equations of motion for a deformable structure ofp,

model in terms of some unspecified parameteriza-
tion (as was done in Section 3).
2. Describe the parameterization in terms of the dif- IVo| (Str + Sss) - N )
ferential structure of the model. 2 2 272 [(42 2
3. Assume the model is the level set of a function = (0 + 0y +07) 2[(8y +9;)ou
4. Express the geometry of the level set in terms of the + (92 + ¢2)byy + (7 + ¢§)¢zz
differential structure ofp and create an evolution — 20xyxy — 20y dsbys — 2h:xbax].  (26)
equation forp.
) Combining the data term and the prior gives the fol-
In orderto apply this strategy to a deformable surface lowing level-set formulation:
S, represens as a level set of an 3D scalar function,
¢ : R® x R* — R, which evolves over time. The evo-

1
lution equations of the individual level surfaces imply 9 _ 9|Vl + B (¢% + ¢ + ¢Z) 2
corresponding evolution equations for the scalar func- ot 5 ) 5 )
tion ¢ (x, t), wherex € R3. x [(#5 + ¢7)dxx + (07 + &) byy
A parametric deformable modeK(r, s, t) where + (0F + ¢7) b2z — 2¢xdyduy

r,seU CR, can be represented
P — 2y buyz — 2bupuos] 27)

S={xl¢Xxt) =k} (20) : L -

Equation (27) is invariant under certain kinds of geo-
metric transformations. First, it is invariant to orthog-
onal group transformations on Thus, the position
and orientation of the model or the data has no impact

The surfaceS remains a level set af over time, and
therefore the time derivative is zero:

AP(S, 1) 39S (to within the error introduced by the representation of
ar T Ve =0, (21) %) on the solution. Equation (27) is also invariant to
monotonic transformations afy that is, Eq. (27) acts
where only on level sets and treats each level sep @&fs an
individual surface evolving under the same set of set of
dp d¢p 0 i
VoL _¢ _¢ LAY 22) priors and forces as all other level setspof
ax’ ay’ oz
Thus, 4.1. Numerical Algorithms
d¢ S The differential equation described by Eqg. (27) has two

S
Bt —V¢- Bt |V¢|§ N, (23) parts. Thefirst partis afirst-order termthat has the form
agxX)|Ve (x)]. Itis a moving wave front with a velocity

whereN = —V¢/|V¢| is the surface normal. that depends on position. This expression cannot be
The data term for reconstruction from Eq. (16) takes solved with a simple forward finite difference scheme.
the form Such schemes tend to overshoot, and they are unstable
To solve this problem Osher and Sethian (1988) pro-
E = —gN (24) pose arup-windscheme. The up-wind method uses a

ot one-sided derivative that looks in the up-wind direction
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of the moving wavefront, and thereby avoids the over-

shooting associated with forward finite differences.
The one-sided derivatives are denoteddsy and

d). Letuy y ., with domainX be an approximation to

¢ defined on a discrete rectilinear grid with spacimg

The one-sided derivatives are

d>(<+)ux,y,z = (Uxth,y,z — Ux,y,z)/hs (28)

d>((_)ux,y,z é (Ux,y,z - Uxfh,y,z)/h- (29)

For the first term of Eq. (27) the up-wind scheme has
the following form (Osher and Sethian, 1988):

g(x,y, 2)|Vul
= ([maxg(x, y, ), 0) d{"u
+ min(g(x, Y, 2), 0) df(‘)u]2

+ [max(g(x, Y, 2),0) d§,+)u Figure 2 A level curve of a 2D scalar field passes through a finite
) 2 set of cells. Only those grid points nearest to the level curve are
4+ min(g(x, Y, ), 0) df)u] relevant to the evolution of that curve.

+ [maxg(x, y. 2), 0) d{Pu
. PN and the presence of contour families can be a nuisance
+ min(g(x, y, 2, 0) d;”u]") 2, (30) because further processing might be required to extract
the level set that is of interest.
When solving for only a single level set(x, t) = K,
the evolution ofg is important only in the vicinity of
that level set. The evolution of the implicit models is
< 1 (31) such that the level sets evolve independently (to within
T osUB Ly LexfIVA(X, Y, Z, D)} the error introduced by the discrete grid). Thus, one
should perform calculations for the evolutiongobnly
The second term in Eq. (27) is a diffusion term that in aneighborhood of the surfade={x | ¢ (x) =k}. In
can be solved using a finite forward difference scheme the discrete setting, there is a particular subset of grid
with centralized differences and does not require the points whose values control a particular level set (see
up-wind method. Fig. 2).
Adalstein and Sethian (1995) proposenarrow-
band approach that takes advantage of the fact that
4.2. Narrow-Band Methods the movement of a particular level set is a local pheno-
menon. The narrow-band technique constructs an em-
If one is interested in only a single level set, the formu- bedding of the evolving curve or surface via a signed
lation described previously is not computationally ef- distance transform. The distance transform is com-
ficient. This is because solutions are usually computed puted over a finite width of onlyn points, and the re-
over the entire domain ai. The solutionsyy y ,(t) maining points are setto constant values to indicate that
describe the evolution of an embedded family of con- they do not lie within the narrow band, arbeas they
tours. While this dense family of solutions might be call it. The evolution of the surface (they demonstrate
advantageous for certain applications, there are otherit for curves in the plane) is computed by calculating
applications that require only a single surface model. the evolution ofu only on the set of grid points that
In such applications the calculation of solutions over are within a fixed distance to the initial level set, i.e.,
a dense field is an unnecessary computational burdenwithin the narrow band. When the evolving level set

where the time steps are limited by the speed of the
fastest moving wavefront,
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approaches the edge of the band, they calculate a newthe process can be computed with sufficient accuracy.
distance transform and a new embedding, and they re-The strategy is to extend the embedding from the ac-
peat the process. This algorithm relies on the fact that tive points outward in layers to create a neighborhood
the embedding is not a critical aspect of the evolution around those points that is precisely the width needed
of the level set. That is, the embedding can be trans- to calculate the derivatives for the next time step.
formed or recomputed at any point in time, so longas  This approach has several advantages. The algo-
such a transformation does not change the position of rithm does precisely the number of calculations needed
the kth level set, and the evolution will be unaffected to compute the next position of the level curve. It does
by this change in the embedding. not require explicitly recalculating the positions of level
Despite the improvements in computation time, the sets and their distance transforms. For large 3D data
narrow-band approach is not optimal for several rea- sets, the very process of incrementing a counter and
sons. First it requires a band of significant width checking the status of all of the grid points is pro-
(m=12 in the examples of Adalstein and Sethian hibitive. In the sparse-field algorithm the number of
(1995)) where one would like to have a band that is points being computed is so small, it is feasible to use
only as wide as necessary to calculate the derivativesa linked-list to keep track of them. Thus, at each it-
of u near the level set (e.gn=2). The wider band eration the algorithnvisits only those points adjacent
is necessary because the narrow-band algorithm tradego the k-level curve. Also, the sparse-field approach
off two competing computational costs. One is the cost identifies a single level set with a specific set of points
of stopping the evolution and computing the position of whose values control the position of that level set. This
the curve and distance transform (to subcell accuracy) allows one to compute external forces to an accuracy
and determining the domain of the band. The other is that is better than the grid spacing of the model, result-
the cost of computing the evolution process over the ing in a modeling system that is more accurate for 3D
entire band. The narrow-band method also requires reconstruction.
additional techniques, such as smoothing, to maintain  Thek-level surfacesS, of a functionu defined on a
the stability at the boundaries of the band, where some discrete grid has a set of cells through which it passes,
grid points are undergoing the evolution and nearby as shown in Fig. 2. The set of grid points adjacent to

neighbors are stationary. the level set is called thactive set and the indivi-
dual elements of this set are calladtive points As
5. Sparse-Field Solutions the model deforms the active points will change value.

All of the derivatives (up to second order) required to

The narrow-band algorithm reduces computation time calculate the update af are computed using nearest
by restricting the updates tobemndof grid points that neighbor differences. Therefore, only the active points
lie near the level set. However, that strategy is based onand their neighbors are relevant to the evolution of the
the assumption that computing the distance transform level-set at any particular time in the evolution process.
is so costly that it cannot be done at every iteration of  One important aspect of the sparse-field algorithm
the evolution process—the band of computation must is the mechanism to control membership in the active
be wide enough to justify this costly update of the em- set. In order to maintain stability, one must update the
bedding. active set and neighboring points in a way that allows
The sparse-field algorithm proposed in this section grid pointsto enter and leave the active setwithoutthose
uses an approximation to the distance transform that changes in status affecting their values. This mecha-
makes it feasible to recompute the neighborhood of nism can be understood as follows. Active points must
the level-set model at each time step. Thus, it takes be adjacent to the level-set model. Therefore, their po-
the narrow-band strategy to the extreme; it computes sitions lie within a fixed distance to the model. Because

updates on a band of grid points that is only one the embedding is a distance transform, the values of

point wide. The values of the points in the active set for locations in the active set must lie within a certain
can be updated using the up-wind scheme and therange of values. When active-point values move out

mean-curvature flow described in the previous sec- of this active rangethey are no longer adjacent to the
tions. When computing updates on so few points, how- model. They must be removed from the set and other
ever, one must be careful to maintain a neighborhood grid points, those whose values are moving into the
around those points so that the derivatives that control active range, must be added to take their place. The
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Figure 3 The status of grid points and their values at two different points in time show that as the zero crossinguoivgyss passed from
one grid point to another.

precise ordering and execution of these operations istives. In this way, the inside and outside grid points
critical to the proper operation of the algorithm. undergo no changes in their values that affect or distort
If we assume that the embeddings a discrete ap-  the evolution of the zero set. The work in this paper
proximation to the distance transform of the model, uses first- and second-order derivatives computed on a
then the distance of a particular grid poirg, to the 3 x 3 x 3 kernel (city-block distance 2 to the corners).
level set is given by the value ofat that grid point. If Therefore, only five layers are necessary: 2 inside lay-
the distance between grid points is defined to be unity, ers, 2 outside layers, and the active set. These layers
then we should remove a point from the active setwhen are denoted.,, Lo, L_3, L _5, andL, respectively.
the value ol at that point no longer lies in the interval The active set has grid point values in the range
[—— —](see Fig. 3). Ifthe neighbors of that point main- [—— —] The values of the grid points in each neigh-
tain thelr distance of 1, then those neighbors will move borhood layer are kept 1 unit from the next layer closest
into the active range just ag is ready to be removed. to the active set (as in Fig. 3). Thus the values of layer
There are two operations that are significant to the L; fall in the interval [ — % i+ %]. For 2N + 1 lay-
evolution of the active set. First, the valuesiatt active ers, the values of the grid points that are not in any
points change from one iteration to the next. Second, of the layers are either inside all of the layers, with
as the values of active points move out of the active a value ofN + %, or outside all of the layers, with a
range they are removed from the active set and other, value of —N — %2 The procedure for updating the im-
neighboring grid points are added to the active set to age and the active set based on surface movements i
take their place. The appendix of this paper gives some as follows:
formal definitions of active sets and the operations that
affect them, and it shows that active sets will always 1. For each active grid poin,, do the following:
form a boundary between positive and negative regions
in the discrete sampling, even as control of the level
set passes from one set of active points to another.
Because grid points that are near the active set are
kept at a fixed value difference from the active points,
active points serve to control changes in the non-
active grid points to which they are adjacent. The 2. For each active grid poing; add the change to the
neighborhoods of the active set are definethirers grid point value and decide if the new valug (t +
Lys,...,Lyn andL_q,..., L_n, where thel indi- At) falls outside the-E ] interval. If so, putx;
cates the city-block distance from the nearest active  onlists of grid points that are changing status, called
grid point, and negative numbers are used for the out-  the status lisf § or S 4, for uy, (t + At) > % or
side layers. For notational convenience the active set  uy (t + At) < —%, respectively.
is denoted_o. 3. Visit the grid points in the layerk; in the order
The number of layers should coincide with the size of i ==+1,...,£N, and update the grid point values
the footprint or neighborhood used to calculate deriva-  based on the values (by adding or subtracting one

(a) Calculate the local geometry of the level set.

(b) Compute the net change of;, based on the
internal and external forces, using some sta-
ble (e.g., upwind) numerical scheme where
necessary.
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unit) of the next inner layerlj;. If more than possible. In the numerical schemes for updating level-
onel;x1 neighbor exists then use the neighbor that set models, the time steps are limited by the speed of
indicates a level curve closest to that grid point, the “fastest” moving level curve, i.e., the maximum of

i.e., use the maximum for the outside layers and the force function. Because the sparse-field method
minimum for the inside layers. If a grid point in  calculates the movement of level sets over a subset of
layerL; has nd.;x; neighbors, then it gets demoted the image, time steps are bounded from below by those

to Lij+1, the next level away from the active set. of the dense-field case, i.e.,
4. For each status liss.1, Sio, ..., Sty do the fol-
lowing: SUP (9(X)) < SUNG(X)), (32)
xeACX xeX

(a) Foreachelemenry onthe status lisg, remove
x;j from the listL;;1, and add it to the; list,
or, inthe case af = =(N + 1), remove it from
all lists.

(b) Add allLjx; neighbors to th& . list.

whereg(x) is the space varying speed function a#d
is the active set.

5.1. Empirical Results of the

This algorithm can be implemented efficiently us- Sparse-Field Algorithm

ing linked-list data structures combined with arrays to
store the values of the grid points and their states as
shown in Fig. 4. This requires only those grid points
whose values are changing, the active points and their
neighbors, to be visited at each time step. Therefore,
computation time grows as"~*, wherem is the num-
ber of grid points along one dimensionwf Computa-
tion time for dense-field approach increasem@asThe
m"~1 growth in computation time for the sparse-field
models is consistent with conventional (parameterized)
models, for which computation times increase with the
resolution of the domain, rather than the range.
Another important aspect of the performance of the
sparse-field algorithm is the larger time steps that are

5.1.1. Error Analysis. The sparse-field algorithm de-
scribed above is based on an important approximation:
grid points adjacent to the active points are assumed
to undergo the same change in value as their nearby
active-set neighbors. The dense-field algorithms treat
each level set (and each grid point) separately. Because
proximate level sets can have different shapes and un-
dergo different forces, nearby grid points can undergo
different changes in value. The question is how the
sparse-field approximation affects the evolution of the
zero-level set. The results in this section show that
the evolution of the zero-level set in the sparse-field
algorithm introduces an error that is consistent with
that of the dense-field approach and that both errors
bl S Layer 1 are significantly smaller than the grid spacimg

§ Q g In order to measure the effects of these approxi-
mations we compare the movement of the level sets
computed by the both the dense-field and sparse-field
methods to the deformation of a circle, which can be
computed analytically (Adalstein and Sethian, 1995).
The total error of a model is computed from the set
of zero crossings along the lines connecting the grid.
Cell Values These points are found by using a linear interpolation

between adjacent points that lie on either side of a zero
Cell Status crossing. Thetotal erroristhe average squared distance

of these zero crossings from the ideal.

Figure 5(a) shows the error of the dense- and sparse-

field methods in 2D for a circle moving under its own
r0res perlEIEIEIET curvature. Figure 5(b) shows the same results for the a
V3/7/2/2/773/3 4
L circle moving in the direction of the inward normal at a
uniform speed of 1. The 2D grid is 1060100, and the
Figure 4 Linked-list data structures provide efficient access to Qrid spacing is unity. The circle begins with a radius
those grid points with values and status that must be updated. of 30 units. These results show that, on the whole, the
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Figure 5 The rms errors, relative to ground truth, for a circle evolving under constant speed and curvature suggest that the errors assoc
with the sparse-field algorithm are no worse than those introduced by the discretization and level-set approximation.

sparse-field method and dense-field methods give com-If « is of the same order magnitude lagbecause it

parable errors. The magnitude of these errors, whenrequires several floating point calculations involving

scaled appropriately for differences in time constants nearest neighbors), then Eq. (33) gives some rough

and grid spacing, are consistent with those documentedbounds on the efficiency:.012 < R < 0.36.

in (Adalstein and Sethian, 1995) even though the error  Of course, these numbers are estimates and depenc

metric is slightly different. Notice that in the case of quite heavily on the implementation. For the experi-

constant inward velocity, both discrete level-set meth- ments of this section we have used a rather high-level,

ods have high errors as the circle radius becomes quiteobject-oriented, C++ image processing library (devel-

small (it should be zero da = 30). This is to be oped in house), which uses in-line functions where

expected and is a inevitable consequence of using dis-practical as well as templated images and generic data

crete methods to represent objects with sizes that arestructures. This library emphasizes ease of implemen-

comparable to the grid spacing. tation rather than performance. The “inner loops” of
the methods compared, i.e., those loops that do the

5.1.2. Timing. Measurements of the timing bear out calculations and updates at each pixel, are written with

the expected improvements in performance with the identicalcodewhere possible. Allresults are computed

sparse-field method. A rough calculation of the ex- ©n & Sun Sparc 10.

pected improvements is as follows. In 2D, ax n

image require&kn? calculations per update, whekés

the number of calculations per grid point. The updates Table 1 A comparison of execution times (secondsfiteration) for

for the sparse field should lé&n, wherek’ includes the computing the evolution a circle.

extra costs associated with updating and maintaining —

. ) . Image Efficiency

the _nelghborhood. LeR = k/K/, be the efficiency of i Sparse-field Dense-field factBr

the improvement. Of course, we expétts less than

one because of the extra overhead of maintaining the

Circle moving under curvature

active set and the neighborhood around it. For a circle 75 0.02 0.12 0.080
ofradiusn/3, the cardinality of the active setis approxi- 150 0.03 0.49 0.109
mately 2. The neighborhood is another four layers, 300 0.07 1.96 0.093
eachrequiring 1 pass foran update. Letthe costofvisit- ggg 0.14 7.87 0.094

ing maintaining the list and updating the neighborhood

be denotedr. Then the ratio of calculation timeg, Circle moving at constant speed )

for the two methods should be approximately s 0.02 0.11 0.073
150 0.05 0.44 0.059

K K 1 300 0.10 1.74 0.058

R= 600 0.20 6.97 0.058

K~ (da+1D2k 8a+2
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Figure 6. A comparison of the sparse-field method with the narrow-band results from (Adalstein and Sethian, 1995) bears out the advan
of the sparse field method. The advantage is modest for small models but grows as the models get larger—an important trend when consi
large, volumetric models.

Table 1 gives the average time per iteration, averaged field algorithm can be modified to improve the overall
over 25 iterations, for a circle of radiuy/3 moving accuracy of the level-set method.
with first curvature and then a constant inward speed. It is well known that front propagations of the form
The execution times and the efficiency factors confirm of Eq. (25), without any smoothing term, form shocks
the expected improvements in performance from the where fronts moving in opposite directions meet. Inthe
sparse-field method. discrete domain, when using an upwind scheme, these

Making direct comparisons of these computation shocks take the form of high contrast regions that form
times with the results of other researchers is difficult along those grid points that lie near the zero crossings
because of differences in implementations and hard- of g(-). Unfortunately, these shocks have an adverse
ware. However, the ratio of the dense-field computa- side effect; they constrain the positions of level-set so-
tion time to that of the sparse-field algorithm gives a lutions to fall on the grid lines, half way between grid
performance ratio We have computed the same per- points. The high contrast regions associated with shock
formance ratio for the narrow-band method from the formation causaliasingin the final results of level-set
data in (Adalstein and Sethian, 1995). Figure 6 shows models.
a graph of that ratio for the sparse-field approach and This aliasing is not an inherent property of the im-
the narrow-band method for two distinct band widths, 6 plicit representation. Indeed, grid-point values can be
and 12. These results show that the sparse-field methodmanipulated to position zero crossings anywhere on
is somewhat faster, and the improvements in computa- the grid lines, and linear or higher order interpolation
tion time grow as the domain size increases. For larger techniques can be used to construct parametric repre-
models, the difference in computation time between sentations from level sets to within subcell accuracy.
these methods is even more extreme. The models inThe aliasing associated with the moving wavefronts
these experiments are relatively small and the time dif- follows from the fact that the numerical schemes for
ference should be more dramatic as one goes to 3D. Forpropagating fronts sample the force functig®) only
instance, the circle inthe 300300 image containsap- at grid point locations; it is an inherent problem in
proximately 600 pixels along its border. The surface of the level-set numerical schemes that have been pro-
a sphere in a 30Q 300x 300 volume would contain  posed to date. Any iterative deformation scheme that

about 40,000 voxels. samples the forcing function at only a discrete set of
grid locations will be limited in its ability to accurately
5.2. Subcell Accuracy locate the solution.

The problems associated with the discrete sampling
Results of the previous section demonstrate the accu-of the forcing function are particularly troublesome
racy and computational efficiency of the sparse-field whenconsidering 3D reconstruction. Figure 7(a) shows
algorithm. However, the level-set approach is still not the result of allowing a cube (sampled on 2880 x 50
appropriate for 3D reconstruction because of its limited grid) to move on the distance transform of a torus.
spatial resolution. This section shows how the sparse- The distance transform of the torus (which serves as
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GV (b) ©

Figure 7. The deformation of a cube moves down-hill on the distance transform of a torus: (a) the steady state of the dense-field appre
shows that the torus suffers from aliasing due to the shocks which form near the boundary of the torus, (b) the sparse-field algorithm bounces
and forth between grid points that have forces in opposite directions, and (c) the modified sparse-field algorithm uses a first-order approxim
to position the zero-level set to subcell accuracy.

the g(x) for the reconstruction) is computed analyti- level set does not necessarily pass through the center
cally and then sampled on the same grid as the cube.of the grid point (except in the special case where the
The level-set model forms patterns that reflect the grid point has a value zero). Newton’s method gives a
underlying grid structure because of the shocks that first-order approximation to the position of the nearby
form between grid points that are inside and outside zero-level set, as in Fig. 8(a).

of the torus boundary. The problems of shock cre- Let xe IP be the position of a grid pointyuy be
ation and aliasing are even more serious in cases wherethe vector of first derivatives of the model at some time
the forces, represented lmy-), have a greater reso- t. The position of the closest zero-level set to the grid
lution than the model—as in the case of recovering pointX is given by

3D models from high-resolution range maps. In such vu
X

cases limiting the model position to the resolution of X=X—Uy—"—, (34)
. . . L VUX . VUX
the grid is far from optimal; it introduces unnecessary
artifacts. exceptwhewuy = 0, which must be handled as a spe-

The sparse-field algorithm provides a mechanism for cial case. Computing the forces on level-set locations
positioning level sets to subcell accuracy. Inthe sparse- away from the grid points is similar in philosophy to
field algorithm the active grid points can be thought the method oéxtendinghe velocity fields of level sets
of as control points for a nearby zero-level set. The described by Sethian (1996).
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Figure 8 The modified sparse-field algorithm: (a) for a curve in a plane, the position of the level set near to a grid point is found using Newto
method, (b) for a square being fit to a circle, the sparse-field method obtains subcell accuracy and almost perfect fit (less than a 100th of a
error), while the dense-field scheme forms shocks and stabilizes at an error of 0.20 cells.
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The numerical computation &fuy in Eq. (34) can This strategy of approximating the level-set position
proceed in one of several different ways. Although to subcell accuracy can generalized to higher orders.
centralized differences are possible, the closest zeroFor instance, in two dimensions one can fit a second-

crossing can be found by finding teeeepestne-sided
derivative in each dimension. Define the function

a lal > |b|
MaxAbs(a, by 2 | b lal < [b] . (35)
ath  |a| = |b|

The direction of nearest zero crossing can be calculat-
ing by using

Vux 2 MaxAbs(d{Puy, duy), .. .,

MaxAbs(d{ uy, dit uy). (36)

Figure 7(c) shows that better results are obtained
from the modified sparse-field method (first-order ap-
proximation to the level-set location) than methods
which sample force-field values only at grid point loca-
tions. The first-order approximation allows grid points
to achieve grey-level values that reflect their distance
from nearby features. This first-order improvement is
essential in using the level-set paradigm for modeling
3D objects. The rendering of 3D models makes use
of first-order derivatives of the volume data, which are
sensitive to aliasing artifacts.

Figure 8(b) shows the error, using the same error

measure described in Section 5.1.1, for a square mov-

ing down-hill on the distance transform of a circle.

order function tou in the neighborhood of the active
grid point. Such higher order schemes are not pursued
in this paper for two reasons. First, they would add con-
siderably to the computational burden of the method.
Second, the embedding of the level set is the distance
transform implies thalp| = 1 almost everywhere, and
therefore second derivative in the gradient direction is
virtually O except at singularities (Bruce and Giblin,
1986).

6. Level-Set Models for 3D Reconstruction

This section combines the level-set modeling techno-
logy from Sections 4 and 5 with the MAP reconstruc-
tion formulation of Section 3 to generate 3D recon-
structions of objects from multiple range maps. The
strategy is as follows. Construct a rather coarse vol-
ume that is the solution to the linear problem, i.e., the
zero-level sets ofj(-), without the prior. This vol-
ume serves as initialization for a level-set model which
moves toward the data given by the range maps while
undergoing a second-order flow to enforce the prior.
After the rate of deformation slows to below some
threshold, the resolution is increased, the volume re-
sampled, and the process repeated. The coarse-to-fine
strategy is intended to be a continuation method (as
described by Nielson (1997) and Snyder et al. (1995))
for both reducing computation and preventing the al-

The error begins at about 7 units and slowly decreasesgorithm from converging on local minima.

as the model moves toward the circle. The differencein

There are several additional considerations which

the sparse-field and dense-field methods demonstratesffect the performance of this algorithm. The first con-

the subcell accuracy that is obtained with the first-order
modifications. The dense-field method forms shocks,

and the error stabilizes at about 0.20 cells. The dense-

field scheme produces a binary image which is the
inside-outside function for the circle. Thisresultis rep-

resentative of other numerical algorithms for level sets,
such as that of (Adalstein and Sethian, 1995) which do
not attempt to position level sets to subcell accuracy.
The sparse-field method positions the zero-level set to

sideration is that the MAP formulation in Section 3
suffers from a problem; it ignores the nonlinearity re-
sulting from the fact that the range scanner gives the
depth reading for theingle closest surface poiatong

the line of sight. Therefore, the solution given by the
zero sets ofj(-) could contain artifacts that result from
surfaces interacting at occlusion boundaries. The use
of rmax Or the windowing functiorw(-) help alleviate
this problem, but it is virtually impossible to stop this

subcell accuracy and eventually obtains very small er- interaction in places where the object has high curva-
rors in fitting the level set. The small dip in error at ture near its occluding contour. An iterative scheme
about 50 iterations is even more dramatic in the dense- can eliminate interactions of surfaces near occluding
field approach but is not easily visible on the logarith- contours by taking advantage of the knowledge that
mic scale given in Fig. 8(b). This overshoot indicates the objects are solids. That is, a surface cannot return
that the model moves through the solution and slightly a range reading if it is facing away from the scanner.
beyond before reaching a steady state. If the surface normal is taken to be outward, then the
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dot product of the surface normal and the line of sight
must be negative. The evolution equation, modified to

include only those surface that face the scanner asso-

ciated with a particular range map, is

ap (X, 1)
ot

= Vx| Y DV ®) (DY) yV & V)
j

nd T 1
% + B(d2+ ¢+ ¢2) 2
x [(92+¢2)bux + (02 +02)byy
+ (9% + 95) b2z — 2(Bxpyduy + dyd2yz
+ ¢20x20].  (37)

wheren (x) is the line of sight from a range finder to
a 3D point,x.

A second practical consideration is the confidence
associated with the range data. In Section 3 the con-
fidence measure!)) (x) was expressed as the inverse

of the variance of the sensor noise associated with the6.1.

range measurement along the line of sigi®). Other
factors also affect this confidence metric. One such
factor is the uncertainty in the position of the model
that results from the discretization of the embedding
More specifically, each grid point being updated in the
volumeu, controls the movement a of a level surface
nearby, whose position is known to only finite accu-
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That is,

VDD (x) = Vx — vrP(x)

)
=VX — wvg(x)
a0
8r(”(9, )
¢

Thus, this formulation has the intuitive result of low-
ering the confidence near step edges in the range map
Some simple reasoning gives approximate values for
ox. If the surface position is known to within one
half of a voxel (and voxels have unit length), then one
should choose? = 1/12. If the first-order approxi-
mation reduces that by an order of magnitude we have
02=1/120. Figure 9(a) shows a noisy range map gen-
erated from the CAD model of a mug, and Fig. 9(b)
shows the resulting confidence map with= 1/120

and a constant noise value for all range measurements
of 1 unit.

Results

This section presents 3D reconstructions from several
different sets of data. The first is synthetic data of
a torus, shown as a surface in Figs. 10(a) and (b).
These 200« 200 pixel depth maps are computed analy-
tically and corrupted with 20% uncorrelated Gaussian
noise. Six such views of the torus are combined in the

racy. Thus, there is cloud of uncertainty around each examples that follow.

grid point. The first-order approximation to the level- The second set of data is ten synthetic views com-
set position described in Section 5.2 improves matters puted from a CAD model of a mug as shown in
considerably, but the 3D positional error cannot be dis- Fig. 10(c). This mug has some smaller features such as
counted entirely. For this work we assume that the spa- the handle (particularly, where it attaches to the body)
tial uncertainty is isotropic with variance denotefl and the top of the rim. Results will be shown with and

The positional error associated with the discrete sam- without 50% additive Gaussian noise.
pling of a volume gives rise to an uncertainty aboutthe  For real data, Fig. 10(d) shows a 480500 pixel
line of sight and thereby uncertainty about the value of depth map taken from a telephone receiver using a tri-
the associated range measurement. Using a first-orderangulating laser range finder. Eight such views have
approximation to calculate this error we have been positioned relative to each other, initially by hand
and then by an automated surface matching technique
(Turk and Levov, 1994).

Figure 11(a) shows the initial model used for fitting
the level-set model to the range data for the torus. The
whereo () (x)2 is the variance associated with the range initial model is a 80« 80 x 40 voxels and is produced
measurement along the line of sight that passes throughby finding the zero crossings of the data tegfi). For
x and DV (x), as in Eq. (13), is the signed distance all of the examples of this paper, 3D surface render-
along the line of sight between the range measurementings of level sets are from polygonalized surfaces ob-
andx e R3. Derivatives oD (x) combine the geom-  tained from the volumes by the marching cubes method
etry of the scanner with derivatives of the range map. (Lorenson and Cline, 1982). Figure 11(b) shows the

1

(6D ) + [VDD ) ? 02(%)

(38)
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() (b)

Figure 9 The range map of a mug, viewed as an image (a), gives rise to a confidence measure (b) that combines both the noise of the sc
with the spatial uncertainty of the model.

result of the level-set model that uses Fig. 11(a) as an reconstruction resembles the original in Fig. 14(c) to
initial state and3 value of 025. The resulting model,  withinthe accuracy afforded by the discretization of the
which combines the six points of view and the smooth- volume and some small shadowing artifacts around the
ing function, is a reasonable reconstruction of the orig- handle, where it is difficult to completely map because
inal object (Fig. 11(c)). Figure 11(d) shows the re- of self occlusions. The final model is 140140 140
sult of the combined data tergy(-) created by the six ~ voxels. At this resolution the handle is less than two
noisy torus range maps that have been smoothed withvoxels thick, but one can still recover the fine details
Gaussian blurring prior to their combination. Such an where the handle attaches to the main part of the mug.
image-space blurring distorts the geometric structure The facets are in the original, polygonal model. Such
of the range maps so that they no longer fit together; large volumes (almost 3 million voxels) necessitate the
this results in view-dependent artifacts. The object- use of the sparse-field approach, which visits the entire
based smoothing, achieved by incorporating the prior data set only during the initialization, and visits only
of Eq. (19) into the level-set approach, does not pro- those voxels that lie near the surface thereafter. With
duce such artifacts. no priors (i.e.,8 = 0) and range images that are cor-
Figure 12 shows the effects of the paramgten the rupted by additive Gaussian noise, the surface takes on
final result. The parameter is not a threshold that must an rough appearance. Figure 14(d) shows how a small
be set precisely; results change graduall\sasries influence of the priorg = 0.5, produces a smoother
over an order of magnitude. Figure 13 shows, for dif- result. The result that includes the smoothing prior is
ferentvalues oB, the rms error of the reconstruction of  also quantitatively better as determined by the rms er-
the torus as a percentage of the magnitude of the noiseror from the original mug model. The 140140x 140
added to the synthetic range maps. Even without the grid used for the mug required 16 iterations. The entire
prior, the averaging obtained from the MAP method reconstruction process lasted about 20 min on a Sparc
overcomes much of the initial noise in the data. The 10. Most of that time was spent on the initialization and
quality of the reconstruction does depend on the choice resampling which requires visiting the entire volume.
of B, but the use of the prior provides significant im- For the workstation used in this work, this large
provements in the reconstruction for any choice of beta model is at the limit of what can be stored in random
that is within an order of magnitude of the optimum.  access memory. As a result, models larger than this
A 3D model of a mug, shown in Fig. 14(a), isused to typically introduce thrashing and significantly longer
generate 10 range maps. These ten views are then comeomputation times. Methods for efficiently repre-
bined to reconstruct the 3D model (Fig. 14(b)). The senting sparse volumes are well documented in the
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(@) (b)

(d)

Figure 10 Range maps: synthetic range data of a torus—2Q@00 pixels with 20% Gaussian white noise (as a fraction of smaller diameter)
taken of both end (a) and side (b). Synthetic range data of a mug (c)><256 pixels with 50% Gaussian white noise (as a fraction of handle
width). Triangulating laser range data of telephone (d).

literature, but access time penalties associated with poor; it contains hundreds of holes. The combination
current technologies (e.g., oct-trees) would make such of smoothing and sub-voxel accuracy obtained from the
methods inefficient for the iterative procedures used in level-set models pulls the model away from the outliers
this work. Reducing these memory requirements while and gives a convincing reconstruction.
maintaining run-time efficiency is an area of ongoing In Fig. 16 eight range maps of a telephone (taken
investigation. with a triangulating laser range finder (Curless and
Figure 15 shows how the algorithm is able to han- Levoy, 1995)) are combined to create a 3D reconstruc-
dle outliers. Figure 15(a) shows a single scan from tion. Figure 16(a) shows the 4020 x 20 initial model
the same mug data set corrupted with 1% replacementused for fitting level-set models to the range data. That
noise (i.e., outliers) instead of additive Gaussian noise. model serves as the initial conditions for the evolution
The resulting initialization shown in Fig. 15(b) is quite  givenby Eq. (39). Afterthe model settles down (change
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(b)

© (d)

Figure 11  An initial model (a) is constructed by combining six points of view of a torus using the zero crossiggs.ofhe model which
is attracted to the range data but undergoes internal forces evolves and settles into a smoother steady state (b) which resembles the unca
torus (c). Image-based smoothing produces view-dependent artifacts (d).

from one iteration to the next drops below a threshold), data generated by the range scanner; it maximizes the
the volume is resampled onto a finer grid, and the pro- posterior probability of the surface.

cess is repeated. The scanner images have artifacts By using the independence of the sensor noise and
which affect the result of the modeling as shown in assuming that the collection of data in any one map is
Fig. 17(a). These artifacts result from false surfaces in dense relative to the object structure, the MAP formu-
the data, as well as misalignments in the range maps.lation converts the error from individual range readings
The MAP reconstruction algorithm as it stands cannot into a volume integral. The Euler-Lagrange of that vol-
realign the data, but to the extent these artifacts have ume integral gives the equation of motion for a surface
a high-frequency character to them, they can be con- that seeks to minimize its likelihood conditional on the

trolled by adjusting the smoothing paramejgr, data. The introduction of a prior leads to a full MAP
formulation. This is a fundamental result in 3D re-
7. Conclusions construction which poses surface reconstruction as an

evolutionary process based on first principles.
This paper has presented a strategy for reconstructing This paper has also proposed level-set models for
3D objects by combining range maps taken from dif- computing the deformations associated with MAP
ferent points of view. The strategy is to compute the estimation. The level-set modeling approach is well
surface which is mostly likely to have given rise to the suited for the MAP reconstruction formulation because
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(b)

(© (d)

Figure 12  Solutions to reconstruction described in Fig. 11 with valueg af (a) 0, (b) 0.04, (c) 0.32, and (d) 0.64.
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Figure 13 The rms error of the reconstruction of a torus, given as a percentage of the magnitude of the noise, for different values of
prior, 8.
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(d)

Figure 14 Level-set MAP reconstruction of a mug using synthetic data generated from a 3D model (a). Without noise the reconstruction
is limited only by the resolution of the model (140140 x 140). With noise, the surface appears rough (c). Including a prigr f 0.25
improves the appearance of the reconstruction (d) and the rms error from the original.

@ (b) (0)

Figure 15 The effects of outliers: (a) the original mug data set corrupted by replacement noise, (b) the poor initialization that results frc
that data and (c) the results of the iterative, level-set formulation.
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@) (b) ©

Figure 16 The results of the level-set MAP reconstruction approach: an initial model (a) is constructed by combining eight points of view o
telephone into a discrete occupancy grid oB420 x 20 grid points. Results from the course model serve as initial conditions for successively

finer models in (b) and (c).

(CY (b) (©

Figure 17 Artifacts that produce discontinuities can be controlled by tuning the wgighthe smoothing term. In (a), (b), and (c), steady-state
solutions withg = 0.1, 1.0, and 5.0, respectively.

it offers flexible topologies, multiscale/multigrid rep- computable in a fraction of the time required for other
resentations, many degrees of freedom, and efficientlevel-set approaches. This paper has shown that this
methods for calculating geometric surface properties. new method introduces errors that are no worse than
Despite these advantages, the level-set approach as deprevious algorithms. The sparse-field algorithm also
scribed in the literature suffers from high computa- enables one to use a first-order approximation to the
tional costs and limited accuracy. level-set position, and therefore it is actually more ac-
This paper has proposed an enhancement to level-curate under circumstances where the forcing function
set modeling technology in the form of a new algo- is defined to greater accuracy than the grid structure,
rithm, a sparse-field method. The sparse-field method as is the case with the proposed MAP formulation for
performs calculations and updates only at those grid 3D reconstruction.
point locations that lie near the zero-level set (or any  Results on both real and synthetic data confirm the
level set of interest). As a result this algorithm is effectiveness of combining the MAP strategy with the
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level-set modeling method. The use of a very simple
prior, which biases solutions toward those that have
less surface area, can improve the reconstruction in

én, 1 <m < n}. Thatis, the B neighbors ok;, given
by C(x;), are those points that lie adjacentdoin one
of the grid directions.

the presence of uncorrelated noise and high-frequency One minor point is the handling of boundary con-

artifacts.
There are, however, several areas that warrant fur-

ditions on the domain. For this work we assume that
every grid point hasr2 adjacent grid points, meaning

ther development. One area s the problem of large dataeither a toroidal topology (wrap around) or an infinite
sets. While the sparse-field method reduces the numberarray of grid points. All of the results described in this

of computations required for deforming, it does not al-

section can be extended to other topologies or boundary

leviate the need to store data for the volume that covers conditions.

the entire domain. Another area of ongoing investiga-
tion is the prior. The second-order smoothing used in

Theadjacentoperator,A(x;, X;) for x;, Xj € X, in-
dicates whether or not two or more grid points are ad-

this paper tends to distort the shapes of objects whenjacent, i.e.,

applied too aggressively. This is particularly true when

the objects have high curvature, such as the handle of

the mug in Fig. 14. Priors, such as the bending energy,
that rely on higher order geometry or priors that incor-
porate higher level knowledge about the objects could
improve the quality of the results.

Appendix

Aformal definition of active sets and the operations per-

formed on them gives some general properties regard-

ing their behavior during the sparse-field algorithm.
Letu be a discrete approximationgoon a rectangular
grid. On each of the grid points (or voxels in 3D}as

a value equal to that @f. An active set is a set of grid
points that are adjacent to the level set. For notational

AX, Xj) é Xj € C(x). (40)
The sign operato®(x;, X;, u) indicates whether or not
the values olu associated with two grid points have
values of opposite sign, i.e.,

O(%,Xj,u) = (uy >0 and uy,0) or

(uy <0 and uy >=0). (41)
Note that bothO(x;, xj) and A(x;, X, u) are commu-
tative. An adjacent grid point pair with values that have
opposite signs are said to lie orzaro crossing

An active setA is a subset oK such that for every
adjacent pair with opposite sign, at least one of the
grid points of that pair is in the active set. That is,

convenience the zero-level set is used, and thus active A C X is an active set if and only ifvx;, x; € X,

sets consist of grid points that lie near zero crossings.

Asthe level set moves, two things happen to active sets.
First, the values of active set and nearby points change.

O(xi, Xj, u) and A(x;, Xj) = {xi, x;}N.A # @. This
definition means that an active set could include grid
points that are not necessary to satisfy the condition.

Second, points are added and removed from the activeAn active set is said to befficientif for all members of

set, i.e., activity igpassedon from one grid point to
another. The remainder of this section serves to for-

the active set have a neighbor of opposite sign, H4e.,
is efficientif and only ifvx; € A 3 x s.t. O(Xi, Xj, u)

malize these ideas and show that active sets maintainand A(x;, x;). Efficient active sets consist entirely of

their important properties as the sparse-field algorithm
progresses. In order to maintain generality, the discus-
sion proceeds in dimensions, whene = 3 for surface
reconstruction problem at hand.

Avolumel = {X, u} of dimensiomis a set of grid
points, X, arranged in a rectilinear grid and a discrete

mappingu : X — R. A grid pointx; € X has an
associated indek(xj) € 1" (i.e.,i = ig,...,in and
ij € 1). This index has a basi®y, ..., &, which

consists of unit vectors along the grid lines, i|.~

1,0,..),=(0,1,0,...),...,e. = (0,..., 1).
Each grid point has a set ohZonnected neighbors

which are given byC(xj) = {X|i(x) = i(xj) £

grid points that lie on zero crossings.

There are several properties of active sets that are
important. First, an efficient active set can be con-
structed from a volume (if it is finite) by testing the
values of each grid point and its neighbors and con-
structing a union of all of those grid points that lie on
zero crossings. Second, an efficient active set can be
constructed from any (finite) active set by successively
removing those grid points that do not lie on zero cross-
ings. Third, active sets divide images into enclosed
positive and negative regions. This is true because, by
the definition of an active set, there is no connected
path (a sequence of adjacent grid points) from a grid
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point with positive value to a grid point with negative
value that does not pass through an active grid point.

The sparse field algorithm works with active sets and
performs two distinct actions on these sets; it moves
the activity of grid points to adjacent grid points, and it
changes the values of grid points. The following results
show that sparse-field algorithm maintains the proper-
ties of active sets (they continue to divide positive and
negative regions).

A movemenbf an active setd is a procedure for
constructing a new set of grid poind = M(A, I).
This procedure is to remove a grid poijt e A from
A and add to4 all of x;’s neighbors that have opposite
sign. That s,

M(A, 1) £ {A—{x;}}U{x | A%, x;) and
O(xi, Xj, W} (42)

Proposition 1. A set of grid points4d’ constructed by
a movement procedured’ = M(A, |), is an active
set.

Proof Proposition 1: Let x; denote the grid point
that is removed. Assume that’ is not an active set.
Then there exists a pair of grid poin{s;, X} such
that O(x;, xj, u) and A(x, x) and{x;, x} N A" =@.
There are two cases to consider:

Xj ¢ {Xi, X}: In this case neither of the grid points
{xi, Xk} N A = @. ThusA is not an active set, which
violates one of the assumptions.

Xj € {Xi, Xk}: This also violates the assumption because
all opposite-sign neighbors af are in.A’. m]

Proposition 2. If A is an efficient active sethen
the set of grid pointsd’ constructed by a movement
procedure A’ M(A, |), is also an efficient active
set.

Proof Proposition 2: Let x; denote the grid point
that is removed.A’ is an active set by Proposition 1.
Thus only the proof of efficiency is necessary. Assume
that A’ is not efficient, then there exists an active grid
pointx; with a neighborhoodN = {xx | A(X;, X} such
that{xx | O(Xi, Xx, W} N N = @. There are two cases
to consider:

Xj € A: This violates the assumption becaudas
assumed to be efficient.
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X; ¢ A’: In this casex; is one of the grid points that
is added ta4’ by the movement procedure. How-
ever, these grid points are added because they have
a neighbor of opposite sign, namely. O

An updateof an active set is the construction of a
new image which has a new value for one of its active
points, i.e.|’ = {X, U’} whereu’ = U (u, A).

Proposition 3.  An update of | to 1with I’ = {X, U’}
and U = U(u, A) preserves the active sgt, i.e, A
is still an active set of 'l

Proof Proposition 3:  Let x; be the grid point with a
value thatis changed. Assume this not an active set
of I’. Thenthere exists a pair of grid poiris, xx} such
that O(xi, Xj, u) and A(x;, k) and{x, x¢} N A = @.
There are two cases to consider:

Xj ¢ {X,Xc}: In this case neither of the grid points
{xi, X} N A = ¢, which meansthad is notan active
set of X, u (sinceu andu’ differ only in the value at
X;j), which violates one of the assumptions.

Xj € {X, xc}: This also violates the assumption be-
causex; is by definition in the active sed. O

Itis provable that the update procedure does not pre-
serve the efficiency of an active setin all cases. Certain
combinations of grid points can be shown to produce
inefficient active sets after an update procedure. Patho-
logical cases can produce dense sets of active points tha
fill whole regions and render the sparse-field method
inefficient.

One solution to the problem of inefficiency ipaun-
ing process which systematically removes unnecessary
active points. A pruning procedui®(u, A) is a pro-
cedure that produces a new active dét= A — {x;}
if the neighborhoodN of x; is of the same sign,
i.e.,, O, Xj, u) vx;i € N, and A’ = A otherwise. The
pruning procedure can be repeated for eagk A
after an update step and can be shown to produce an
efficient active set. The author has found that in prac-
tice such a pruning procedure is unnecessary, and that
under normal situations active sets remain efficient ex-
cept at singularities, i.e., where level sets break, join,
or disappear.
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