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Abstract

We describe algebraic methods for creating implicit sur-
faces using linear combinations of radial basis interpolants
to form complex models from scattered surface points.
Shapes with arbitrary topology are easily represented with-
out the usual interpolation or aliasing errors arising from
discrete sampling. These methods were first applied to im-
plicit surfaces by Savchenko, et al. and later developed in-
dependently by Turk and O’Brien as a means of performing
shape interpolation. Earlier approaches were limited as a
modeling mechanism because of the order of the computa-
tional complexity involved. We explore and extend these im-
plicit interpolating methods to make them suitable for sys-
tems of large numbers of scattered surface points by using
compactly supported radial basis interpolants. The use of
compactly supported elements generates a sparse solution
space, reducing the computational complexity and making
the technique practical for large models. The local nature
of compactly supported radial basis functions permits the
use of computational techniques and data structures such as
k-d trees for spatial subdivision, promoting fast solvers and
methods to divide and conquer many of the subproblems as-
sociated with these methods. Moreover, the representation
of complex models permits the exploration of diverse sur-
face geometry. This reduction in computational complex-
ity enables the application of these methods to the study of
shape properties of large complex shapes.

1 Introduction

As a research field of growing interest, implicit surface
representations have a colorful history, with their founda-

tions established early in the development of 3D curves
and surfaces in computer graphics [2]. However, the com-
putation of implicit surfaces has often been hampered by
the constraints of available processing power and the lim-
ited complexity of the models that can be created. As
CPU speeds, available memory, and computing costs have
evolved, more complex models and techniques have be-
come possible, spurring general interest in implicit surfaces
[3, 6]. However, managing complex models remains dif-
ficult. The core research in modeling with implicit sur-
faces centers around primitives that do not always facili-
tate the control of the exact surface. While alternatives to
surface control through simple primitives exist, they also
have drawbacks. In their recent work on adaptive parti-
cle sampling and control of implicit surfaces, Heckbert and
Witkin [18] report that particle control of such surfaces is
slippery and elusive.

Recent growth in level set techniques [9, 12] and varia-
tional methods [7] have created new interest in understand-
ing and manipulating complex surface models directly from
the surface representation. Whitaker and Breen [17] have
shown how level set techniques can be used to model and
manipulate computer graphic shapes, effectively morphing
from one to another. They characterize the level set as an
implicit representation where the primitives are distributed
throughout an active volumetric cloud layer near the surface
boundary. They utilize Sethian’s notion of the active set, to
reduce the size of the volume representation to a sparse col-
lar of primitives. However, even with this reduction, the
representations are cumbersome, and the bookkeeping to
support these methods are intricate and difficult to maintain.

Other recent work has developed techniques for inter-
polating an implicit surface directly from surface point
data [11, 14]. This work provides some insight into how to
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manage and employ a collection of implicit primitives while
simultaneously directly controlling the surface parameters.
This method allows direct specification of a complex sur-
face from sparse, irregular surface samples. The method is
quite flexible and has been extended to higher dimensions
to support shape interpolation [15]. However, because of
computational and storage complexity, the technique as de-
scribed cannot be used to model surfaces where large num-
bers of surface points are included, making it unsuitable for
applications where range data or tomographic reconstruc-
tion often lead to data described by hundreds of thousands
of surface points.

This paper primarily addresses the topic of computa-
tional complexity. We explore an adaptation of the meth-
ods in [11, 14], applying compactly supported radial basis
functions [16] to create an efficient algorithm for computing
interpolated surfaces. Our technique produces significant
improvements in memory utilization and computational ef-
ficiency. We discuss both the advantages of our technique as
well as the consequences or prerequisite requirements im-
posed by our methods in later sections.

This more efficient approach is creating opportunities to
explore complex shapes through implicit modeling meth-
ods. In particular, the thin-plate-spline radial basis function
and the Green’s function solutions with their order O(n2)
solutions are impractical when the number of constraints
exceeds a few thousand points. By shifting to a compactly
supported radial basis function, we can create differentiable
analytic representations of large complex models. These ef-
ficient solutions make possible techniques for studying the
deep structure of solid shapes. In the discussion section of
this paper, we present early applications of these implicit
surfaces to problems such as surface shape analysis.

2 Background / Problem

The key idea in both [11] and [14] is that one may pro-
duce an implicit surface from known surface points by inter-
polating the embedding function within which the surface is
implicitly defined. While we primarily follow here the pre-
sentation found in [14], we also encourage the interested
reader to see an alternative and earlier formulation in [11].

2.1 Interpolating Surfaces by Interpolating Em-
bedding Functions

An implicit surface is defined by {x : f(x) = 0} for
some embedding function f : IRn → IR. The key idea be-
hind interpolated implicit surfaces is to find a smooth em-
bedding function f such that f(xi) = 0 for each known
surface point xi, and f(yi) = 1 for one or more points yi

known to be inside the shape. (Alternatively, constraints of
the form f(yi) = −1 may be added for points outside the

Figure 1. Implicit curve interpolated using
zero-constraints along the curve and positive
constraints just inside these points in the di-
rection opposite the known (or desired) nor-
mals. (Figure courtesy of Greg Turk.)

shape.) Turk and O’Brien select these interior points using
normals at the surface points as shown in Figure 1.

This may be generalized to a scattered-data interpola-
tion problem as follows. Given a set of positions ci and
corresponding values hi, solve for an embedding function
f such that f(ci) = hi. Thus, surface interpolation may be
turned into higher-dimensional scattered-data interpolation,
a well-studied field.

Turk and O’Brien chose to use thin-plate splines, which
minimize the bending energy of the embedding function:
E =

∫
Ω

f2
xx(x) + f2

xy(x) + f2
yy(x) dx. They called their

method variational implicit surfaces, because they formu-
late the problem as one of variational interpolation (min-
imizing an energy functional subject to interpolative con-
straints). They did not, however, solve for the embedding
function using an iterative minimization approach but in-
stead solve for the known closed-form solution using radial
basis functions as described in Section 2.2. (Savchenko, et
al. use similar splines based on the use of Green’s function.)

2.2 Radial Basis Functions

Scattered data interpolation can be achieved using ra-
dial basis functions centered at the constraints. Radial basis
functions are circularly-symmetric functions centered at a
particular point.

Duchon [5] has shown that solving for thin-plate splines
through known points in two dimensions is equivalent to
interpolating these points using the biharmonic radial ba-
sis function φ(r) = r2 log |r| (Figure 2a). In three dimen-
sions, the thin-plate solution is equivalent to interpolating
these points using the radial basis function φ(r) = |r|3 (Fig-
ure 2b).

Radial basis functions may be used to interpolate a func-
tion with n points by using n radial basis functions centered
at these points. The resulting interpolated function thus be-
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comes

f(x) =
n∑

i=1

diφ(‖x − ci‖) (1)

where ci is the position of the known values, di is the weight
of the radial basis function positioned at that point. In some
cases (including the thin-plate spline solution), it is nec-
essary to add a first-degree polynomial P to account for
the linear and constant portions of f and ensure positive-
definiteness of the solution:

f(x) =
n∑

i=1

diφ(‖x − ci‖) + P (x) (2)

To solve for the set of weights di that satisfy the known
constraints f(ci) = hi, we substitute each ci into Eq. 2:

f(ci) =
n∑

j=1

djφ(‖ci − cj‖) = hi (3)

or, if a polynomial is required:

f(ci) =
n∑

j=1

djφ(‖ci − cj‖) + P (x) = hi (4)

Solving for the weights dj using Eq. 3 and denoting φij =
φ(‖ci − cj‖) produces the following system:




φ11 φ12 . . . φ1n

φ21 φ22 . . . φ2n

...
...

. . .
...

φn1 φn2 . . . φnn







d1

d2

...
dn


 =




h1

h2

...
hn


 (5)

If a polynomial is required, Eq. 4 similarly becomes



φ11 φ12 . . . φ1n cx
1 cy

1 cz
1 1

φ21 φ22 . . . φ2n cx
2 cy

2 cz
2 1

...
...

. . .
...

...
...

...
...

φn1 φn2 . . . φnn cx
n cy

n cz
n 1

cx
1 cx

2 . . . cx
n 0 0 0 0

cy
1 cy

2 . . . cy
n 0 0 0 0

cz
1 cz

2 . . . cz
n 0 0 0 0

1 1 . . . 1 0 0 0 0







d1

d2

...
dn

px

py

pz

1




=




h1

h2

...
hn

0
0
0
0




(6)

In both Eqs. 5 and 6 the matrix is obviously real sym-
metric, and with proper selection of basis functions it can
be made positive-definite. Thus, a solution always exists to
these systems.

2.3 Algorithmic Complexity

Calculating and using implicit surfaces that interpolate
may be analyzed in three parts:

1. Constructing the system of equations,
2. Solving the system of equations, and
3. Evaluating the interpolating function (as required).

2.3.1 Constructing the System of Equations

A significant portion of the computational cost involved in
calculating these implicit surfaces is the cost required to
construct the matrix (or submatrix) φij = φ(‖ci − cj‖).
Recall that the thin-plate radial basis function is φ(r) =
r2 log r (two dimensions) or φ(r) = r3 (three dimensions).
This means that the matrix is entirely non-zero except along
the diagonal, requiring the calculation of all inter-point
distances within the set {ci}. Although the symmetry of
the matrix cuts the computational cost in half, the com-
putational complexity is still O(n2). Furthermore, storage
of such a matrix requires O(n2) floating-point values—a
potentially more prohibitive factor than the computational
complexity.

2.3.2 Solving the System of Equations

Although Turk and O’Brien use LU factorization (an O(n3)
algorithm) to solve Eq. 5, they correctly point out that it is
possible to solve this system in O(n2) by iterative means.
Thus, while solution of the system may appear to be the
limiting step, it need only be as computationally expensive
as constructing the system.

2.3.3 Evaluating the Function

For nearly all applications it is not enough to simply solve
for the weights of the respective radial basis functions.
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