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Abstract
We showthat a simplemodi�cation of the power crust algorithm for surfacereconstructionproducescorrect
outputsin presenceof noise. Thisis provedusinga fairly realisticnoisemodel.Our theoretical resultsare related
to theproblemof computinga stablesubsetof themedialaxis.We demostrate theeffectivenessof our algorithm
with a numberof experimentalresults.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.3 [ComputerGraphics]:SurfaceReconstruction,
MedialAxis, Noisysamples

1. Intr oduction

Surfacereconstructionis animportantproblemin geometric
modeling.It hasreceiveda lot of attentionin thecomputer
graphicscommunityin recentyearsbecauseof thedevelop-
mentof laserscannertechnologyandits wide applications
in areassuchasreverseengineering,productdesign,medi-
calappliancedesignandarcheology, amongothers.

Differentapproacheshave beentakento theproblem,in-
cluding the work of Hoppe,DeRoseet al which popular-
ized laserrangescanningasa graphicstool [HDD� 92], the
rolling ball techniqueof Bernardinietal [BMR� 99], thevol-
umetricapproachof Curlessetal [CL96] usedin theDigital
Michelangeloproject [LPC� 00], andthe radial basisfunc-
tion methodof Beatsonetal. [CBC� 01].

Thealgorithms[ABK98, ACDL00, BC02, ACK01a] uses
the Voronoi diagramof the input set of point samplesto
producea polyhedraloutputsurface.A fair amountof the-
ory wasdevelopedalongwith thesealgorithms,which was
usedto provideguaranteesonthequalityof theoutputunder
theassumptionthat the input samplingis everywheresuf�-
ciently dense.The theory relatessurfacereconstructionto
the problemof medialaxis estimationin interestingways,
andshows that theVoronoidiagramandDelaunaytriangu-
lationof apointsetsampledfrom atwo-dimensionalsurface
have variousspecialproperties.Somestrengthsof thesam-
pling modelusedarethattherequiredsamplingdensitycan
vary over thesurfacewith the local level of detail,andthat

over-sampling,in arbitraryways,is allowed.Onedrawback
is thatit assumesthatthesampleis freeof noise.

Whennoiseis consideredaswell, thequality of theout-
put is relatedto both the densityand to the noiselevel of
thesample.A smallnumberof recentresultshave begunto
explorethespaceof what it is possibleto prove undervari-
ousnoisysamplingassumptions.Dey andGoswami[DG04]
proposedan algorithmfor which they could provide many
of theusualtheoreticalguarantees,usinga modelin which
boththesamplingdensityandthenoiselevel canvary with
thelocallevelof detail,butwhichgivesupthearbitraryover-
samplingproperty. A realnoisy input, however, might well
have arbitraryover-samplingbut the samplingdensityand
noiselevel usuallyvariesunpredictably, independentof the
local level of detail.

In thispaper, weshow thatsimilar resultscanbeachieved
given boundson the minimum samplingdensityandmaxi-
mumnoiselevel, but allowing arbitraryover-sampling.

RelatedWork

Most of the algorithmsusingthe Voronoi diagramandDe-
launaytriangulationof the samples,for which a variety of
theoreticalguaranteescanbe provided, requirethe input to
be noise-free[AB99, ACDL00, ACK01b, BC02]. In prac-
ticesomeof thesealgorithmsaremoresensitivetonoisethan
others.The recentalgorithmof Dey andGoswami [DG04]
extendsmuchof thetheorydevelopedin thenoise-freecase
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Figure1: A twodimensionalexampleof thepowercrustal-
gorithm.a) Anobjectandits medialaxis.b) Thevoronoidi-
agramandits poles,thebluepointscorrespondingto poles
and the circlescorrespondingto polar balls. c) Thesetof
innerandouterpolar balls.d) Thepowerdiagramof theset
of polar balls. Thealgorithmslabelsthecellsof this power
diagraminner or outer. e) Thesetof facesin thepowerdia-
gramwhich separateinner fromoutercells.

to inputswith noise.We do thesamewith a lessrestrictive
samplingmodel,asdescribedin moredetail in Section2.2.

Both our algorithmandthatof Dey andGoswami areex-
tensionsof thepowercrustalgorithmproposedby Amenta,
Choi and Kolluri [ACK01b]. This algorithm is illustrated
in Figure 1. Given an input sampleP of points on a sur-
faceS, it selectsfrom the Voronoi diagramof P a setV of
Voronoi vertices,the poles, which approximatethe medial
axis transformof S. It thenusesthepowerdiagram(a kind
of weightedVoronoidiagram)of thesetof Delauanayballs
centeredat V (the polar balls) to recover a polyhedralsur-
facerepresentation.

Voronoi-basedsurfacereconstructiontechniquesin gen-
eralarecloselyrelatedto Voronoi-basedalgorithmsfor me-
dial axisestimation(in factthepowercrustcodeis probably
moreoften usedfor the latter problem).Yet anothernoisy
samplingmodelwasusedby ChazalandLieutier [CL05] in
a recentpaperon medialaxisestimation:their samplingre-
quirementis simply thattheHausdorff distancebetweenthe

point sampleandthesurfaceitself is boundedby somecon-
stantr. Notice that this allows for arbitraryover-sampling,
but doesnotallow thesamplingdensityto varyover thesur-
faceaccordingto the local level of detail.ChazalandLieu-
tier proved,drawing onmoregeneralresults,thatasubsetof
theVoronoidiagramof P approachesa subsetof themedial
axisof Sasr ! 0, andthatbothconvergeto theentireme-
dial axis.It is temptingto applyChazalandLieutier's result
directly to thesurfacereconstructionproblem,by usingthe
power crustapproachto producea polyhedralsurfacefrom
their approximatemedialaxis.But this is not asstraightfor-
wardasit might seem:their medialaxisestimationincludes
Voronoi edgesandtwo-facesaswell asvertices,while the
analysisof thepower crustrelayson having anapproxima-
tion of themedialaxisby Voronoivertices.Also, thesubset
of themedialaxisapproximatedby ChazalandLieuteris not
guaranteedto be homotopy equivalentto the completeme-
dial axis,or to theobject,sincethesamplingis not required
to be denseenoughto capturethe smallesttopologicalfea-
ture.

Recentlysimilar techniqueshave beenusedto analyze
a particularsmoothsurfacedeterminedby a noisy setsof
samples[Kol05], a variantof theMLS surfacede�nition of
Levin [Lev03]. In this casearbitrary over-samplingseems
to be ruledout, sincethesurfacelocally averagesthe input
samplesandmaliciousover-samplingcouldin�uence thelo-
cal averages.Thereis alsoa recentalgorithmfor curve re-
constructionfrom anoisysample[CFG� 03] with theoretical
guarantees,for which the samplingmodelhasthe interest-
ing propertythatthequality of theoutputimproveswith in-
creasedsamplingdensity, evenwhenthenoiselevel remains
constant.Thesamplingmodelusedis notparticularlyrealis-
tic, but thepropertyseemsquiterelevantto practice.

2. GeometricDe�nitions and SamplingAssumptions

2.1. Defnitions and Notation

We will usethe following notation.For any setX � R3,
o
X,

Xc and¶X denoterespectively theinteriorof X, thecomple-
mentof X andtheboundaryof X. Givena point x anda set
Y we denoteby d(x;Y) = infy2 Y d(x;y). Givenany two set
X andY we denoteby d̃H (X;Y) = supx2 X d(x;Y) the one-
sidedHausdorff distancefrom X to Y and by dH (X;Y) =
maxf d̃H (X;Y); d̃H (Y;X)g theHausdorff distancebetweenX
andY. Wedenoteby Bc;r aball with centerc andradiusr .

Wewill considertwo-dimensional,compact,andC2 man-
ifolds without boundary, andwe will call sucha manifolda
smoothsurface. Let Sbea smoothsurface.We will assume
thatSis containedin anopen,boundeddomainW(eg, a big
openball). The surfaceS divides W into two opensolids,
theinside(innerregion) andtheoutside(outerregion) of S,
whicharedisconnected.

ThemedialaxisM of a surfaceSis theclosureof theset
of pointsin W that have at leasttwo distinct nearestpoints
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on S. NotethatthesetM is dividedinto two parts,theinner
andoutermedialaxis,belongingto theinneror outerregion
of the surfaceS, respectively. The ball Bm;r m centeredat a
medialaxispoint m with radiusr m = d(m;S) will becalled
a medialball. It is easyto seethata medialball is maximal

in the sensethat thereis no ball B with
o
B\ S = ; which

containsBm;r m.

ThemedialaxisM is aboundedset,sincein ourde�nition
it is containedin the boundeddomainW. So thereexits an
upperboundD0 for theradiusof themedialballs.

2.2. Samplingand NoiseModels

Thereareat leasttwo goodapproachesto de�ning sampling
andnoisemodels.First, we canbegin with a modelwhich
we believe roughly describesthe characteristicsof reason-
ableinputdatasets,andthenshow thatouralgorithmworks
correctlyon datathat �ts the model.The secondapproach
would beto begin with thealgorithm,anddescribethedata
setsfor which the algorithmis correctasbroadlyaspossi-
ble, andthenarguethat this broadclassof possibleinputs
includesreasonableinputdatasets(possiblyamongothers).
This is the approachtaken in the analysisof many of the
Voronoi-basedsurfacereconstructionalgorithms,asfollows.

Forapointx2 S, wede�ne lfs(x) = d(x;M). Thislfs func-
tion is usedto determinetherequiredsamplingdensity;it is
small in regionsof high curvatureor wheretwo patchesof
surfacepassclosetogether, and larger away from suchre-
gionsof �ne detail.

A �nite setof pointsP is ar-sampleof thesurfaceSif P �
Sandif for any x 2 S thereis a point p 2 P with d(x; p) �
r lfs(x).

Thepointsof anoisysampleP for Slie nearbut notonthe
surface.Let P̃ be the projectionof the setP onto S, taking
eachpoint p2 P to its closestpoint p̃2 S. Dey andGoswami
in [DG04] introducedthede�nition of anoisy(k; r)-sample:

De�nition 1 Noisy(k; r)-sample.A �nite setof pointsP is a
noisy(k; r)-sampleif thefollowing conditionshold:

1. P̃ is a r-sampleof S.
2. For any p 2 P; d(p; p̃) � c1 r lfs( p̃) for someconstantc1.
3. For any p 2 P; d(p;q) � c2 r lfs( p̃), whereq is the kth

nearestsampleto p, for someconstantc2.

Here the �rst condition requiresthe sampleto be dense
enough,thesecondconditionboundsthenoiselevel, andthe
third conditionrequiresthatthesampleis nowheretoodense
(by requiringthekth nearestsampleto befar enoughaway).
Thethird conditiondoesnotseemstrictly necessary, andone
of thecontributionsof this paperis to show that indeedit is
not, at leastfor many of the geometricresultsusedin the
analysis.We will adopta de�nition which we call a noisy
r-sample, essentiallyonly usingconditionsi) andii):

De�nition 2 Noisy r-sample.A �nite set of points P is a
noisyr-sampleif thefollowing two conditionshold:

1. P̃ is a r-sampleof S.
2. For any p2 P, d(p; p̃) � k1 r lfs( p̃), for someconstantk1.

We de�ne lfs(S) = minx2 Slfs(x) for the surface as a
whole. Assuming S is C2 we have lfs(S) > 0 [APR02].
We also de�ne the maximum local feature size D1 =
maxx2 Slfs(x) and we have D1 � D0 (recall that D0 is the
radiusof thelargestmedialball).

3. Geometricconstructionsand the algorithm

To avoid to dealingwith in�nite Voronoicells,weaddto the
samplesetP a setZ of eight points,the verticesof a large
boxcontainingW.

The conceptof poleswas de�ned by Amentaand Bern
[ACK01b] asfollows:

De�nition 3 The poles pi , po of a samplep 2 P, are the
two verticesof its Voronoicell farthestfrom p, oneoneither
sideof thesurface.TheVoronoiballsBpi ;r pi

, Bpo;r po
arethe

polar balls with radii r pi = d(pi ; p) andr po = d(po; p) re-
spectively.

Noticethatgivena noisysamplesetnot all Voronoicells
arelongandskinny, asthey arein thenoise-freecase.

A polarball Bv;r v is classi�edasaninner(outer)polarball
if its centeris insidethe inner (outer)region of R3 nS. We
denoteby PI andPO thesetof all innerandouterpolarballs,
respectively.

Algorithm

Our algorithmconsistsof a very simplemodi�cation to the
power crustalgorithm:we discardany polessuchthat the
radiusof theassociatedpolarball is smallerthan lfs(S)

c where
c > 1 is aconstant.

Thiscanbesummarizedasfollows.

Algorithm 3.1PowerCrust
1. ComputetheDelaunayDiagramof P[ Z.
2. DeterminethesetP of polarballs.
3. Deletefrom P any ball of radius< lfs(S)

c , producingP0.
4. Computethepowerdiagramof P0

5. Label theballs in P0 asouterballsor innerballs, resultingin
thesetsBO andBI .
6. Determinethe facesin Pow(BO [ BI ) separatinginner from
outercells.

We discussthe labeling in step� ve in the Appendix A.
It is doneusingexactly the samemethodasin the original
power crustalgorithms,but to show that it remainscorrect
in thenoisycaseweneedto provea few morelemmas.
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AnalysisOverview

Most of our paper is concernedwith the proof that this
simplemodi�cation producesan outputpolyhedralsurface
which is correct, topologically and geometrically, given a
noisy r-sample.Someof the lemmasare true for constant
r independentof S, The lemmas6-9 andTheorems1 and2
requiresr = O( lfs(S)

D1
).

We prove thata subsetof themedialaxiscanbewell ap-
proximatedby the setof poles,this is statedin Lemma6.
As a consequenceof this factwe prove in Lemma8 thatthe
boundaryof the union of the setof big inner (outer)polar
balls (seeEquations1 and2 ) is closeto the sampledsur-
face,in thesenseof Hausdorff distance.We usethis fact in
turn to show that theHausdorff distancebetweenthepower
crust and the sampledsurfaceis O( 4

p
r) (Theorem1) and

thatthepowercrustis homeomorphicto theoriginalsurface
S(Theorem2).

4. Union of polar balls

Given a constantc > 1 we de�ne the following two polar
ball subsets:

BI = f Bc;r c 2 PI : r c �
lfs(S)

c
g (1)

BO = f Bc;r c 2 PO : r c �
lfs(S)

c
g (2)

ThesetsBI andBO arethesetsof ballsretainedin ourmod-
i�ed power crustalgorithm.Their respective boundarysets
are:SI = ¶(

S
B2 BI

B) andSO = ¶(
S

B2 BO
B). Our goalwill

be to prove that the boundarysetsSI and SO are closeto
the surfaceS. Moreover, we will prove that a subsetof the
two-dimensionalfacesof the power diagramof BI [ BO is
homeomorphicto thesurfaceS.

Ourproofswill alsouseanotherpairof subsetsof thepo-
lar balls.We denoteby B0

I andB0
O thesetof innerandouter

polarballswhereeachball containsamedialaxispoint.That
is,

B0
I = f Bc;r c 2 PI : Bc;r c \ M 6= ; g (3)

B0
O = f Bc;r c 2 PO : Bc;r c \ M 6= ; g (4)

Thefollowing lemmaprovesthatB0
I � BI andB0

O � BO
respectively.

Lemma 1 B0
I � BI andB0

O � BO, for c > 2 andr < c� 2
k1c .

Proof Take a ball Bx;r 2 B0
I (Bx;r 2 BO). There exists a

samplep on ¶Bx;r andthereexists an inner (outer)medial
axispoint m insideBx;r . Thenwe have thatd( p̃; p) + 2r �
d( p̃; p) + d(p;m) � d( p̃;m) � lfs( p̃), andconsequentlyr �
lfs( p̃)� d( p̃;p)

2 � 1� k1� r
2 � lfs( p̃). Taking r � c� 2

k1c we get that
r � lfs( p̃)=c � lfs(S)=c.

The next lemmais a consequenceof the samplingrequire-
mentsandwill beusedfor laterproofs.

Lemma 2 Given P a noisy r-sampleof S, let D be a ball

with
o
D \ P = ; andD \ S6= ; , let x be a point in D \ S. If

B(x; r x) � D thenr x � r(1+ 2k1)lfs(x).

Proof By samplingcondition1 of De�nition 2. thereexists
asampleq suchthatd(x; q̃) � r lfs(x). Usingthefactthatlfs
is a one-Lipschitzfunction we have that lfs(q̃) � d(q̃;x) +
lfs(x) � r lfs(x) + lfs(x) = (1+ r)lfs(x).
By the samplingcondition2 andthe previous equationwe
getd(x;q) � d(x; q̃) + d(q̃;q) � r lfs(x) + k1 r lfs(q̃) � (r +

2k1r)lfs(x). Since
o
D\ P = ; onededucesthat

o
B(x; r x) \ P =

; , hencer x � d(x;q) � r(1+ 2k1)lfs(x).

Alsowehavethefollowing lemmafromAmentaandBern
[AB99] which estimatesthe anglebetweenthe normalsto
thesurfaceat two closepoints.

Lemma 3 For any two points p andq on S with d(p;q) �
r minf lfs(p); lfs(q)g, for any r � 1

3 , the anglebetweenthe
normalsto Sat p andq is atmost r

1� 3r .

A centralideain Voronoi-basedsurfacereconstructionis
that the Voronoi cells of a denseenoughnoise-freesam-
ple are long, skinny andperpendicularto the surface.This
is not true for all Voronoi cells when there is noise,but
the following lemmashows that it is true for large enough
Voronoi cells. Speci�cally, given a samplepoint p and a
point x 2 Vor(p) we boundtheanglebetweenthevector~xp
and the surfacenormal~np̃ at the projectionof the sample
p ontoS. Thelemmastatesthatwhenx is far away from p,
thenthisanglehastobesmall.In thenoise-freecase,“small"
meantO(r); hereweachieveaboundof only O(

p
r).

Lemma 4 Let p 2 P be a samplesuchthat thereexists a
point x on the inner (outer)region of the Voronoi cell of p
with distancer x betweenx and p satisfyingthe inequality
r x � lfs( p̃)

c1
for someconstantc1. Thentheanglebetweenthe

vector~xp andtheorientedoutward(inward)surfacenormal
~np̃ is O(

p
r).

Proof Denoteby Bm;r m theouter(inner)medialball tangent
to thesurfaceSat p̃. Let Bx;r x betheball centeredat x with
radiusr x = d(x; p). Sincex is in the Voronoi cell of p we

have
o
Bx;r x \ P = ; .

The angle between the vectors ~xp and ~np̃ is the sum
\ (t;x; p) + \ (t;m; p), wherethesegmentpt is perpendicu-
lar to xm, see�gure 2. Our aim will beto �nd upperbounds
for the angles\ (t;x; p) and \ (t;m; p), respectively. Since
d(x;t) < d(x; p) = r x, we have that t 2 Bx;r x, and the fol-
lowing two situationsarepossible:eithert 2 Bm;r m \ Bx;r x

or t 2 Bc
m;r m \ Bx;r x.

Firstcase:t 2 Bm;r m \ Bx;r x, see�gure 2 left. Sincet 2 Bm;r m

we have thatt is on theouter(inner)region of WnSandthe
ray lx containingx andt intersectsthesurfaceat thepoint ts
lying betweenthepointsx andt, thereforets 2 Bx;r x sincethe
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Figure2: Left: Illustrationof Lemma4,a fundamentalresultdescribingtheshapeof theVoronoicells.Whenthereexistsa point
x in Vor(p) such that d(x; p) � lfs( p̃)

c thentheanglebetweenthesegment~xp and thenormal~np̃ is a O(
p

r). Center:Figures
usedin theproofof Lemma4. t 2 Bm;r m \ Bx;r x. Rightt 2 Bc

m;r m \ Bx;r x

segment[x;t] � Bx;r x. Moreover, theray lx intersects¶Bx;r x

atthepointbx, see�gure 2. Usingthatts 2 Bx;r x wehave,for
small enoughr, the following inequalitythatwill beuseful
later:

lfs(ts) � d(ts; p̃) + lfs( p̃) � r x + d(x; p) + d(p; p̃) + lfs( p̃)

� 2r x + (1+ r � k1)lfs( p̃) � (2+ 2c1)r x = kc r x (5)

Becausethepointsts andbx areinsidetheball Bx;r x wehave
thatBts;d(ts;bx) � Bx;r x. SinceBx;r x is emptyof samples(be-
causer x is thedistanceof x to its closestpoint in P), wehave
that Bts;d(ts;bx) is also empty of samples.Consequently, by
Lemma2, we obtaind(ts;bx) � O(r) lfs(ts). From this last
equationtogetherwith equation5 andthefactthatt 2 [bx; ts]
weobtainthefollowing two inequalities:

d(t;bx) � d(ts;bx) � O(r)lfs(ts) � O(r)r x (6)

d(t; ts) � d(ts;bx) � O(r)lfs(ts) � O(r)r x (7)

Consequently, by 6 we have d(t;x) = r x � d(t;bx) � (1 �
O(r)) r x, hence

d(p;t) =
q

d(p;x)2 � d(x;t)2 = O(
p

r)r x (8)

so,theangle\ (t;x; p) is boundedby

\ (t;x; p) = arcsin
�

d(p;t)
r x

�
= O(

p
r) (9)

On the otherhand,sincet 2 Bm;r m, we have that lfs(ts) <
d(ts; t) + d(t;m) � O(r)lfs(ts) + r m, thusobtaininglfs(ts) <

r m
1� O(r) . Becausethe pointsm, t, ts arecollinear, t 2 Bm;r m

andts =2
o
Bm;r m. Sowe obtainthefollowing lower boundfor

thedistancebetweent andm:

d(t;m) � r m � d(t; ts) � r m � O(r)lfs(ts) > (1� O(r)) r m

.
Sincelfs( p̃) < r m, and using the samplingconditions,we
getthatd(p;m) < d(m; p̃) + d( p̃; p) � (1+ O(r)) r m, conse-
quently

d(p;t) =
q

d(p;m)2 � d(t;m)2 = O(
p

r)r m (10)

We have that r m = d(m; p̃) � d(m; p) + d(p; p̃), so using
that lfs( p̃) < r m we have d(m; p) � r m � d( p̃; p) � (1 �
O(r)) r m. FromthisequationandEquation10wecanbound
theangle\ (t;m; p) asfollows:

\ (t;m; p) = arcsin
�

d(p;t)
d(m; p)

�
= O(

p
r) (11)

Therefore,from 9 and 11 we have that our target angle
\ (t;x; p) + \ (t;m; p) is O(

p
r).

Secondcase:t 2 Bc
m \ Bx;r x (Note that this caseimplies

that Bm;r m \ Bx;r x = ; ). Since t =2 Bm;r m and d(p;m) �
d(t;m) we obtain that p =2 Bm;r m, consequentlywe have
thatd(t;¶Bm;r m) � d(p;¶Bm;r m) = d(p; p̃) � O(r)lfs( p̃), see
Figure2 right. From this inequalityandusingthe fact that
t 2 Bx;r x weget

d(t;x) � r x � d(t;¶Bm;r m) � r x � O(r)lfs( p̃) (12)

Sincelfs( p̃) � d( p̃; p) + d(p;x) � O(r)lfs( p̃) + r x we get
lfs( p̃) � r x

1� O(r) . ConsequentlyEquation12 canbe rewrit-

ten in termsof r x, that is d(t;x) � r x � O(r)lfs( p̃) � (1 �
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O(r)) r x. We deducethe following upperboundfor thedis-
tancebetweenp andt

d(p;t) =
q

d(p;x)2 � d(t;x)2 = O(
p

r)r x

Therefore, we have \ (t;x; p) = arcsin
�

d(p;t)
d(x;p)

�
�

arcsin
�

O(
p

r)r x
r x

�
= O(

p
r).

On the other hand, since t =2 Bm;r m we get d(t;m) >
r m. d(p;m) � d(p; p̃) + d( p̃;m) � O(r)lfs( p̃) + r m = (1+
O(r)) r m, andhence

d(p;t) =
q

d(p;m)2 � d(t;m)2 = O(
p

r)r m

and the angle \ (t;m; p) = arcsin
�

d(p;t)
d(p;m)

�
�

arcsin
�

O(
p

r)r m
r m

�
= O(

p
r). Thus we conclude that the

angle\ (t;x; p) + \ (t;m; p) is O(
p

r).

As a consequenceof this lemma,we have thattheinnerand

outerpartsof themedialaxisM areinsidethesets
S

B2 BI

o
B

and
S

B2 BO

o
B respectively, this is statedin thenext lemma.

Lemma 5 Givenan inner (outer)medialaxispoint m, then
thereexistsaninner(outer)polarball B 2 BI (B 2 BO) such

thatm2
o
B.

Proof There exists a sample p such that m is inside its
Voronoicell. Denoteby q the inner (outer)poleof p. Then
by the de�nition of local featuresize we have d(m; p̃) �
lfs( p̃). By the triangle inequality we have d(m; p) +
d(p; p̃) � d(m; p̃), sowehaved(m; p) � d(m; p̃) � d(p; p̃) �
lfs( p̃) � r k1 lfs( p̃). Taking r � 1

2k1
we get d(m; p) �

lfs( p̃)
2 . This fact along with Lemma4 implies that the an-

gle \ ( ~mp;~np̃) = O(
p

r), using the sameargument.Since
d(q; p) � d(m; p) we obtain\ ( ~qp;~np̃) = O(

p
r). Hencewe

obtain\ ( ~qp; ~mp) = O(
p

r).
We take r small enoughsuch that \ ( ~qp; ~mp) � p

4 . Since
d(m; p) � d(q; p) we �nd that m is inside the interior of
the inner (outer) polar ball Bq;d(q;p) . Hence,we have that
Bq;d(q:p) 2 B0

I (Bq;d(q;p) 2 B0
O). By Lemma1, B0

I � BI

(B0
O � BO), completingtheproof.

From now on assurethat r = O(lfs(S)=D1). We will show
that themedialaxispointsm with angle\ qmx1 suf�ciently
largearewell approximatedby poles.Thepointq is theclos-
estsampleto m andx1 is the closestsampleof the closest
surfacepoint to m.

Lemma6Letmbeainner(outer)medialaxispointsuchthat
m2 Vor(q) for somesampleq andlet p betheinner(outer)
poleof Vor(q). Let x̃ 2 Sbetheclosestpointto monSandx1
theclosestsampleto x̃. Thenwehavejd(m;x1) � d(m;q)j �
O(r) andif the angle\ x1mq>

p
r, thend(m; p) = O(

p
r)

andjd(m; x̃) � d(p;q)j � O(
p

r)

q

m

x


p

q
1

1
p

1

Figure 3: Themedialaxis point m 2 Vor(q) is closeto the
pole p of Vor(q) whenangle\ qmx1 >

p
r

Proof First we proof thatthedistancesd(q;m) andd(m;x1)
are close.Let q̃ be the projectionof the sampleq onto S,
sincex̃ is theclosestsampleto mthenwehavethatd(m; q̃) �
d(m; x̃). Usingthatd(m; q̃) � d(m;q) + d(q; q̃) we have that
d(m;q) � d(m; x̃) � O(r)lfs(q̃) � d(m; x̃) � O(r)D1. Rea-
soning in a similar way we have that d(m; p) � d(m;x1)
wherex1 is theclosestsampleof x̃, we have usingthetrian-
gular inequalityd(m; p) � d(m;x1) � d(m; x̃) + d(x̃;x1) =
d(m; x̃) + O(r)lfs(x̃) � d(m; x̃) + O(r)D1 wegetthat:

jd(m;q) � d(m; x̃)j � O(rD1) (13)

Usingthatjd(m; x̃) � d(m;x1)j � O(rD1) togetherwith equa-
tion 13wegetthat

jd(m;q) � d(m;x1)j � O(rD1) (14)

Sinced(m;q) � d(m;x1) thenthereexists a point q1 in the
segmentmx1 suchthatd(m;q1) = d(m;q), see�gure 3. Us-
ing 14wehave thatd(q1;x1) � O(rD1).
Our goal is to boundthedistancebetweenp andm, in that
directionwewill provethatthedistanced(p; p1) = d(p;q) �
d(m;q) andd(m;q1) aresmall,sowewill startby bounding
d(p;q).
The triangle qmq1 is isosceleswe have that d(q;q1) =
2sin(\ qmq1=2)d(m;q) from this we get that d(q;x1) �
d(q;q1) + d(q1;x1) � 2sin(\ qmq1=2)d(q;m) + O(rD1).
Using this last equation we can bound the angle
\ q1qx1 � arcsin( d(q1;x1)

d(q;q1) ) � arcsin( O(rD1)
2sin(O(

p
r)d(m;q) ) �

arcsin( O(rD1)
2sin(O(

p
r)lfs(S)) = O(

p
rD1=lfs(S)) . The an-

gle \ mqq1 satis�es that \ mqq1 = p=2 � \ qmq1=2.
By the lemma 4 we can deduce that angle
\ pqm = O(

p
r). Combining all this angle we derive

that \ pqx1 = p=2 � \ qmq1=2 + \ pqm+ \ q1qx1. Using
thatd(p;q) � d(p;x1) wederiveanupperboundfor d(p;q)

c
 TheEurographicsAssociation2005.



B. Mederos& N. Amenta& L. Velho& L. H deFigueiredo/ SurfaceReconstructionfromNoisyPoint Clouds

d(p;q) �
d(q;x1)=2

sin(p=2� \ pqx1)

=
d(q;x1)=2

sin(\ qmq1=2� \ pqm� \ q1qx)

�
d(m;q)

cos(\ pqm+ \ q1qx)

+
O(rD1)

sin(\ qmq1=2) cos(\ pqm+ \ q1qx)

=
d(m;q)

cos(O(
p

rD1=lfs(S)))

+
O(

p
rD1)

cos(O(
p

rD1=lfs(S)))
(15)

Recallthatmaxs2 Slhf(s) = D1 < D0, whereD0 is themaxi-
mumof theradiusof themedialballs.Fromequation15and
takingtheconstantr suchthatcos(O(

p
rD1=lfs(S))) � 1=2

which impliesthatr = O(lfs(S)=D1) wehave that

d(p; p1) = d(p;q) � d(m;q)

�
d(m;q)

cos(O(
p

rD1=lfs(S)))

+
O(

p
rD1)

cos(O(
p

rD1=lfs(S)))
� d(m;q)

=
1� cos(O(

p
rD1=lfs(S))

cos(O(
p

rD1=lfs(S)))
d(m;q) + O(

p
rD1)

= O(
p

rD1(1+ D0=lfs(S))) (16)

Ontheotherhandusing13wehavethatd(m;q) � d(m; x̃) +
O(rD1) = D1 + O(rD1), thereforewehave that

d(m; p1) = 2sin(\ pqm=2)d(m;q)

� 2sin(O(
p

r))d(m;q) = O(
p

rD0) (17)

Combiningequations17, 16wegetthat

d(m; p) � d(m; p1) + d(p1; p)

� O(
p

rD0) + O(
p

rD1(1+ D0=lfs(S)))

= O(
p

rD0(2+ D0=lfs(S))) : (18)

Finally, using that jd(m;q) � d(q; p)j � d(p; p1) and the
equation13 we have that jd(m; x̃) � d(p;q)j � O(

p
rD1)

Usingthis fact,lemma6, onecanderivesthatthebound-
ariesSI andSO of theunionof balls

S
B2 BI

B and
S

B2 BO
B

arecloseto thesurfaceS. This is statedin lemma8, to prove
this lemmaa technicallemma7 is �rst introduced.

Lemma 7 Let Bc1;r 1 andBc2;r 2 be two balls with Bc1;r 1 \
Bc2;r 2 6= ; andBc2;r 2 6� Bc1;r 1. Lete< r i ; i = 1;2besuchthat
d(c1;c2) � eandjr 1 � r 2j � e. Let x2 beapointon¶Bc2;r 2 n
Bc1;r 1 andf x1g = [c2;x2] \ ¶Bc1;r 1. Thend(x1;x2) � 2e.

Proof We have d(x1;x2) = r 2 � d(c2;x1). By thetriangular
inequalitywe have d(c2;x1) � d(c1;x1) � d(c2;c1) = r 1 �
d(c2;c1). Fromthesetwo inequalitiesweobtaind(x1;x2) �
r 2 � r 1 + d(c2;c1) � jr 2 � r 1j + d(c2;c1) � 2e

Lemma 8 dH (SI ;S) � O( 4
p

r) anddH (SO;S) � O( 4
p

r).

Proof Weshow thatdH (SI ;S) � O( 4
p

r); theargumentfor SO
is identical.Webegin by showing thatd̃H (SI ;S) � O( 4

p
r).

Considerany point x 2 SI . First assumethatx is on theout-
sideof S. Let Bc;r c beapolarball in BI suchthatx 2 ¶Bc;r c.
Thenthe segment[c;x] from the centerof the polar ball to
x intersectsS in a point s. Sincethe ball Bs;d(s;x) is inside
thepolarball Bc;r , Lemma2 impliesthatd(x;S) � d(x;s) =
O(r) andwearedone.
So let usassumethatx 2 SI is in the inner region of S. Let
x̃ 2 Sbetheclosestpoint to x on S, andlet mx̃ bethecenter
of the inner medialaxis ball Bmx̃;r x̃ tangentto S at x̃. Then
we have that x is inside the segment[x̃;mx̃]; otherwisethe

ball Bx;d(x;x̃) with
o
Bx;d(x;x̃) \ S= ; containsBmx̃;r x̃ which is a

contradictiondueto theball Bmx̃;r x̃ is maximal.
The medial axis point mx̃ belongs to the Voronoi cell
of some sample point q, let p and Bp;r p be the in-
ner pole of q and its polar ball respectively. The �rst
part of lemma 6 statesthat the distancesd(mx̃;x1) and
d(mx̃;q) where x1 is the closest sample to x̃ are very
close, that is jd(mx̃;x1) � d(mx̃;q)j � O(r). Supposethat
the angle\ qmx1 �

p
r, this implies that d(x1;q) is small.

Since d(mx̃;q) � d(mx̃;x1), then there exists a point q1
in the segment mx̃x1 such that d(mx̃;q1) = d(mx̃;q) and
d(x1;q1) = jd(mx̃;x1) � d(mx̃;q)j � O(r). Therefore,us-
ing that \ x1mq �

p
r we have d(q;x1) � d(q;q1) +

d(q1;x1) � 2sin(\ x1mq=2)d(m;q) + O(r) � O(
p

r) and
consequentlyd(x̃;q) � d(x̃;x1) + d(x1;q) � O(r)lfs(x̃) +
O(

p
r) = O(

p
r).

Ontheotherhand,thelemma4 impliesthat\ pqm= O(
p

r),
from this factandusingthat lfs(S)=2 � lfs(q̃)=2 � lfs(q̃) �
d(q; q̃) � d(m;q) � d(p;q) we have for r smallenoughthat
mx̃ 2 Bp;r p andconsequentlyBp;r p 2 B0

I � BI . Thepoint x̃ =2
Bp;r p because,otherwisex 2 Bp;r p which is a contradiction
with x 2 SI . Therefore,thereexistsx2 = [x̃;mx̃] \ ¶Bp;r p and
x2 [x̃;x2]. Fromthefactthatd(x̃;q) � O(

p
r) andq2 ¶Bp;r p

we get that d(x̃;x) � d(x̃;x2) �
p

d(x̃;q)2 + 2r pd(x̃;q) =
O( 4

p
r) andwearedone.

Now we considerthe case\ qmx1 >
p

r. The lemma 6
implies d(m; p) � O(

p
r) and jr x̃ � r pj = O(

p
r). Since

d(m; p) � O(
p

r), then for r small enoughmx̃ belongsto
Bp;r p andconsequentlyBp;r p 2 B0

I � BI . Recall that x̃ 2 S

andthatx 2 [x̃;mx̃]. If x̃ is inside
o
Bp;r p, then[x̃;mx̃] �

o
Bp;r p,

so that x 2
o
Bp;r p. But this contradictsthe fact that x 2 SI .

Henceit mustbethecasethatx̃ is on¶Bmx̃;r x̃ n
o
Bp;r p.

Let x2 = [mx̃; x̃] \ ¶Bp;r p (this intersectionpoint is unique).
We have thatx 2 [x2; x̃]; otherwise,x 2 (mx̃;x2), theportion

of the segmentinside
o
Bp;r p, which again is a contradiction

with the fact that x 2 SI and Bp;r p 2 BI . Now applying
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Lemma7, we have that d(x2; x̃) � 2O(
p

r) and d(x; x̃) �
d(x2; x̃) � O(

p
r), so we have proved that d̃H (SI ;S) �

O(
p

r).
Now we will prove that d̃H (S;SI ) � O(

p
r). Let x be an

arbitrary point on S and let Bm and Bm0 be the inner and
outermedialballstangentto Satx respectively. Thesegment
[m;m0] is orthogonalto Satx.
Now we will establishthat thereexists a point x1 on SI \
(m;m0). Supposenot; thenSI \ (m;m0) = ; , and thereex-
ists a ball Bc;r 2 BI suchthat m0 2 Bc;r . Sincec and m0

are on oppositesidesof S, then the segment [c;m0] inter-
sectsSat a point s, sowe have thatm0 2 Bs;d(s;¶Bc;r ) � Bc;r
with Bs;d(s;¶Bc;r ) emptyof samples.FromLemma2 we have

d(s;¶Bc;r ) = O(r)lfs(s) < d(s;m0), which impliesthatm0 =2
Bs;d(s;¶Bc;r ) , obtaininga contradictionwe the fact that the

segment[s;m0] is containedin Bs;d(s;¶Bc;r ) .

We can concludethere exists a point x1 on SI \ (m;m0).
Sincetheclosestpoint to x1 on Sis thepoint x (thesegment
[x1;x] is orthogonalto thesurfaceat x), we have d(x;x1) =
d(x1;S) � d̃H (SI ;S) � O( 4

p
r). Henced(x;SI ) � O( 4

p
r) and

consequentlyd̃H (S;SI ) � O( 4
p

r).

5. Power Crust

The power diagram of a set of balls B is the weighted
Voronoidiagramwhichassignsanunweightedpointx to the
cell of the ball B 2 B which minimizesthe power distance
dpow(x;B). The power distancebetweena point anda ball
dpow(x;Bc;r ) = d(x;c)2 � r 2. Wedenoteit byPow(BI [ BO).
In thenext two theoremwewill prove thatPow(BI [ BO) is
apolyhedralsurfacehomeomorphicandcloseto theoriginal
surfaceS.

Takinge< lfs(S) wedenoteby Ne = f x 2 R3 : d(x; x̃) �
eg a tubular neighborhoodaroundS. Theboundaryof Ne is
Se

S
S� e whereS� e = f x 2 R3 : x = x̃� enx̃g aretwo offset

surfaces.WhendH (SI ;S) < eanddH (SO;S) < e(Lemma8),
the boundarySI (SO) of the sets

S
B2 BI

B (
S

B2 BO
B) is in-

sidethesetNe andconsequentlythesetsSe andS� e arein-
side the interior of the sets

S
B2 BO

B and
S

B2 BI
B respec-

tively.

Theorem 1 If dH (SI ;S) � e and dH (SO;S) � e then the
Hausdorff distancebetweenPow(BI [ BO) andSis smaller
than2e.

Proof Let I(S� 2e) bethepartof WnS� 2e insidetheinterior
partof Sandlet O(S2e) bethepartof WnS2e insidetheex-
teriorof S. Hence,wehaveWnN2e = I(S� 2e) [ O(S2e) with
I(S� 2e) \ O(S2e) = ; . FromtheconditionsdH (SI ;S) � eand
dH (SO;S) � e we candeducethatO(S2e) � (

S
B2 BO

B) and
I(S� 2e) � (

S
B2 BI

B). Also onehas(
S

B2 BI
B) \ O(S2e) = ;

and(
S

B2 BO
B) \ I(S� 2e) = ; .

First we will prove that d̃H (Pow(BI [ BO);S) � 2e. This is
equivalentto proving thatPow(BI [ BO) � N2e. Let f bea
faceof Pow(BI [ BO) separatingthecell of theball B1 2 BI

fromthecell of theballB2 2 BO andlet xbeapointon f . Be-
causedpow(x;B2) = dpow(x;B1) we know that dpow(x;B2)
anddpow(x;B1) have thesamesign,implying thatwhenit is
negativethenx 2 B1 \ B2 andotherwisex =2

S
B2 BI

S
BO

B. In
the �rst casebecausex is simultaneouslyin (

S
B2 BI

B) and
(
S

B2 BO
B) thenfrom thepreviousobservationat thebegin-

ningof thelemmaonededucesthatx 2 N2e.
The secondcaseswe have x =2

S
B2 BI

S
BO

B, but due to
O(S2e) � (

S
B2 BO

B) andI(S� 2e) � (
S

B2 BI
B) thenwehave

thatx 2 N2e.
Now we will prove that d̃H (S;Pow(BI [ BO)) � 2e. Given
a point x 2 S the interval [x + 2enx̃;x � 2enx̃] hasbound-
ary points x + 2enx̃ and x̃ � 2en� e in the interior of the
set

S
B2 BI

B and
S

B2 BO
B respectively, hencewe have that

x̃+ 2enx̃ is in thepowercell of someball in BO andx̃� 2enx̃
is in the power cell of someball in BI , thereforemoving a
point alongthe interval [x̃+ 2enx̃; x̃ � 2enx̃] it will meetat a
faceof thepower crustat somepoint, otherwiseit will stay
forever in outerpowercellswhichis acontradictionwith the
factthatx̃ � 2enx̃ belongsto someinnerpowercell.

From the above theoremand the fact that dH (SI ;S) =
O( 4

p
r) and dH (SO;S) = O( 4

p
r) we can deduce that

dH (Pow(BI [ BO);S) = O( 4
p

r).

Now weextendthelemma[23] of Amenta,ChoiandKol-
luri [ACK01b] to a moregeneralsettingin which thepoint
u doesnotneedto beon thesurface.

Lemma 9 Givena point u anda ball Bc;r 2 BI (Bc;r 2 BO)
suchthatd(u;¶Bc;r ) � O(e) andu 2 Ne, thentheanglebe-
tweenthe vector~cu andthe outward (inward) normal~nũ is
O(

p
e).

Proof Seelemma9 in AppendixA

De�ne by fI (x) = minB2 BI dpow(x;B) and fO(x) =
minB2 BO dpow(x;B) thefunctionswhichreturntheminimum
powerdistancefrom x to the setsBI andBO respectively.
Basedin this two function the following lemma 2 from
Amenta,ChoiandKolluri [ACK01b] is alsovalid underour
samplingassumptionand for our particularpolar ball sets
BI andBO. We show functions fI and fO arestrictly mono-
tonic andhave a singleintersectionpoint alongthesegment
[x̃+ 2enx̃; x̃ � 2enx̃] since fI (x̃+ 2enx̃) fO(x̃+ 2enx̃) < 0 and
fI (x̃ � 2enx̃) fO(x̃ � 2enx̃) < 0.

Theorem 2 Thepower crustof BI
S

BO is a polyhedralsur-
facehomeomorphicto S.

Proof From the Lemma 8 we have that dH (SI ;S) =
O( 4

p
r) and dH (SI ;S) = O( 4

p
r) and from theorem1 we

have dH (Pow(BI [ BO);S) = O( 4
p

r). We will take e =
2dH (Pow(BI [ BO);S) whichis smallerthanlfs(S) for small
r. Given a point x̃ 2 S we have [x̃ � enx̃; x̃ + enx̃] � Ne.
Let d : Pow(BI [ BO) ! S the function that given a point
x 2 Pow(BI [ BO) assignstheclosestpointd(x) 2 S. Dueto
theprevious lemmawe have Pow(BI [ BO) ( Ne andsince
thesetof pointswherethedistancefunction is unde�nedis
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Figure 4: Bunnyand hip-bonemodels.Theverticesof the hip-bonemodelwere randomlyperturbedusingGaussiannoise,
whilenoisypointswereaddedto thevertex setof thebunnymodelto increasethedensity. Thebumpybut topologically correct
outputsshownherewereproducedbyapplyingour modi�ed powercrustalgorithmto thenoisypoint clouds.

Figure 5: View from insideof thehip model.On the left, our proposedmethod.Thefeature insidethe redcircle is the inside
view of thesmallholein themiddleof thehip which canbeseenin Figure 4. On theright, theoriginal powercrustalgorithm,
which hassomeartifactson theinterior.

themedialaxisthenthedistancefunctionis well de�ned on
thepowercrust.
We will prove it is a homeomorphism.Becausethe power
crust is a compactset (it is a �nite union of compactsets
in this casefaces)then we only needto prove that d(�)
is a continuous,one-to-oneand onto mapping.The conti-
nuity follows becausethe distancefunction to any set is
anone-Lipschitzfunction.Theontoconditionfollows from
dH (Pow(BI [ BO);S) � e, that is for any point x̃ 2 S there
exists at leasta power crustpoint in [x̃ � enx̃; x̃ + enx̃] and
givena point in [x̃ � enx̃; x̃+ enx̃] with e � lfs(S) its closest
pointonSis x̃.
The one-to-onecondition. Supposethat it is false, it im-

plies that therearetwo pointsx1 andx2 on Pow(BI [ BO)
such that d(x1) = d(x2) or equivalent x̃1 = x̃2 where x1
and x2 belongto [x̃1 � enx̃1; x̃1 + enx̃1]. Given a point x 2
[x̃1 � enx̃1; x̃1 + enx̃1] let Bcx;r x 2 BI bea ball which satis�es
dpow(x;Bcx;r x) = fI (x). Let Bx̃1� enx̃1

2 BI be a ball which
containsthepoint x̃1 � enx̃1 thenwe have dpow(x;Bcx;r x) �
dpow(x;Bx̃1� enx̃1

) � (r + d(x;¶Bx̃1� enx̃1
))2 � r 2 = O(e2)

wherer is the radiusof the ball Bx̃1� enx̃1
. From this fact

dpow(x;Bcx;r x) < O(e2) we obtainthatd(x;¶Bcx;r x) � O(e),
so applying the lemma9 to the point x we obtain that the
angle betweenthe outward normal nx̃ and the vector ~cxx
is O(

p
e) and consequentlyfor small enoughr we obtain

that this angleis smallerthan p=2. This meansthat when
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Figure6: Reconstructionof thedragonmodelperturbedwith Gaussiannoise. Theperturbedpoint cloudis shownon theleft.

we move the point x from x̃1 � enx̃1 to x̃1 + enx̃1 alongthe
segment[x̃1 � enx̃1; x̃1 + enx̃1] wehave thatthefunction fI is
strictly decreasing.Thesameargumentshows thatthefunc-
tion fO is strictly increasing.
A power crust points x is characterizedby the following
equality fI (x) = fO(x). Using that fI (x̃1 � enx̃1) � fO(x̃1 �
enx̃1) < 0 andthefunctionsfI and fO arestrictly decreasing
andincreasingrespectively alongtheinterval [x̃1 � enx̃1; x̃1+
enx̃1] thenthereexist anuniquepoint x3 on [x̃1 � enx̃1; x̃1 +
enx̃1] suchthat fI (x3) = fO(x3). Fromthis we concludethat
x1 = x2 = x3 andthefunctiond(�) is one-to-one.

6. Implementation and Experiments

Sincewe do not know lfs(S) for a given input surface,we
choosethesizeof theballsto eliminateby trial anderror in
eachcase.

Ourexperimentsweredoneusinganin-houseimplemen-
tation of the power crust algorithm, due to Ravi Kolluri.
This codeusesJonathanShewchuk's currently unreleased
pyramid codefor Delaunaytriangulation.Filteringthepo-
lar balls requiredaddingexactly eleven linesof codeto the
powercrustimplementation.

We testedthe algorithmwith several datasets,produced
by taking polyhedralmodelsandaddingnoise.The results
areshown in Figures4, 5 and6. Thebunny andthedragon
were taken from the Stanford3D scanningrepository, and
thehip-boneis from theCyberwareWebsite.For theStan-
ford bunny we addedfour new samplesper vertex respec-
tively, eachperturbedwith Gaussiannoise.For thehip-bone
and the dragonmodels,which arealreadyfairly large, we
just perturbedthe input samples.The bunny point setcon-
sistedof 179,736points and the reconstructionwas com-

puted in less than a minute. The hip-boneset contained
397,625pointsandthereconstructionrequiredabout3 min-
utes,while the dragonpoint setcontained875,290andre-
quiredabout10 minutes.Experimentsweredoneon a Pen-
tium 4, 2.4GHz,with 1Gbof memory.

In eachreconstructionwe chosethe constantd usedto
�lter the polar balls basedon the noiselevel, with d being
four timesthe varianceof the Gaussian.The noiselevel in
turn waschosento be lessthanthe smallestfeatureof the
input model,for instanceto avoid �lling in the hole in the
hip-boneor connectingtheneckof thedragonto its back.
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Appendix A: LabelingAlgorithm

Oncewe have determinedthesetP0 of polarballs to bere-
tainedin thenoisyversionof thepowercrustalgorithm,and

computedtheir power diagram,the next stepof the algo-
rithm is to labeleachof theballs in P0 asanouteror inner
ball, thusdeterminingthe setsBI andBO. We useexactly
the samelabelingalgorithmas in the original power crust
implementation[ACK01b], but we explain it herefor com-
pleteness.Thenwe prove a coupleof lemmaswhich guar-
anteethat the labelingalgorithmis correct.Theseproofsa
similar to analogousproofsin thenoise-freecase,but again
we includethemfor completeness.

For eachsamplein the specialset Z of verticesof the
boundingbox, its polar ball is insertedin a queueand la-
beledasouter. Thenwe iteratively propagate the labeling.
While thequeueis notempty, we removeaball Bp from the
queue.We examineeachof theballsBq whosecellsneigh-
bor thatof Bp in thepowerdiagramof P0. If theintersection
betweenBp andBq is at a anglebiggerthanp=4, we assign
to Bp thesamelabelasBq. Also weassigntheoppositelabel
to theball of theotherpoleof p, if thereis one.Thisprocess
is repeateduntil thereis not a new ball that canbe classi-
�ed asouteror inner. Oncewehave �nished thelabelingwe
determinethe facesin Pow(P0) separatinginner balls from
outerones.

Lemma 10 The angleof intersectionbetweena polar ball
Bc1;r 1 2 BI andapolarballBc2;r 2 2 BO with Bc2;r 2 \ Bc1;r 1 6=
; is O(r).

Proof We have thatthecenterc1 andc2 of Bc1;r 1 andBc2;r 2

arein differentsidesof S, thusthesegment[c1;c2] intersects
thesurfaceatapointx 2 S. Let f big = [c1;c2] \ ¶Bci ;r i with
i = 1;2.
The ball Bx;d(x;bi ) is inside Bci ;r i which is empty of sam-
ples.Thenby lemma2 we obtainthatd(x;bi) = O(r)lfs(x).
Henced(b1;b2) � d(x;b1) + d(x;b2) � O(r)lfs(x), conse-
quentlyd(b1;b2) � O(r) maxx2 Slfs(x) = O(r)D1.
Let P a planecontainingtheintersectioncircle betweenthe
ballsBc1;r 1 andBc2;r 2 andf zg = P \ [c1;c2]. Let usbound
thedistanceci to z we have thatd(ci ;z) � r i � d(b1;b2) �
r i � O(r)D1. Sincethatr i � lfs(S)=c, thenfor smallenough
r wehave:

cos(a i) =
d(ci ;z)

r i
�

r i � O(r)D1

r i
� 1� O(r)

cD1

lfs(S)
= 1� O(r)

Hencewe have thata i = O(r) for i = 1;2 andtheanglebe-
tweenthetwo ballsis a1 + a2 = O(r)

Lemma 11Let ebesmallerthanlfs(S). Givenapointu and
a ball Bc;r 2 BI (Bc;r 2 BO) suchthat d(u;¶Bc;r ) � O(e)
and u 2 Ne, then the anglebetweenthe vector ~cu and the
outward(inward)normal~nũ is O(

p
e).

Proof Let Bm;r m be the outermedialaxis ball tangentto S
at ũ andlet Bc;r 2 BI beaball suchthatd(u;¶Bc;r ) = O(e).
Let Ne bea tubular neighborhoodof S. It is easyto seethat
theball Bm;r m� e is insidetheoutersolid which is delimited
by Se andW, thereforeBc;r \ Bm;r m� e = ; .
The points c, m and u form a triangle and the point t is

c
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Figure7: Theangleq betweenthevector~cuandthenormal
~nũ at ũ

.

the projection of u onto the segment cm. Our aim is to
�nd an upperboundfor anglebetweenthe vectors~cu and
~nũ which is q = \ (m;c;u) + \ (u;m;u) see�gure 7. We

have the following identities \ (c;m;u) = arcsin
�

d(u;t)
d(u;m)

�

and\ (m;c;u) = arcsin
�

d(u;t)
d(u;c)

�
.

There are three possibilities: t 2 Bm;r m� e, t 2 Bc;r and
t =2 Bm;r m� e

S
Bc;r . When t 2 Bm;r m� e (t 2 Bc;r ) us-

ing the equations d(u;t) =
p

d(u;m)2 � d(t;m)2 and
d(u;t) =

p
d(u;c)2 � d(t;c)2 one deducethat d(u;t) �p

(r + d(u;¶Bc;r ))2 � r 2 = O(
p

e) when t 2 Bm;r m� e
and in the other case t 2 Bc;r we get d(u;t) �q

(r m+ d(ũ;¶Bm;r m� e))2 � r 2
m = O(

p
e). From this two

boundsof thedistanced(u;t) weobtainthat

\ (c;m;u) � arcsin
�

d(u;t)

r m �
q

r 2
m � d(u;t)2

�
= O(

p
e)

\ (m;c;u) � arcsin
�

d(u;t)

r �
p

r 2 � d(u;t)2

�
= O(

p
e)

Now consider t =2 Bm;r m� e
S

Bc;r . Let tmum with um 2
¶Bm;r m bea segmentparallelto ut andintersectingtheseg-
mentscm also let tcuc be parallelsegmentto tu with uc 2
¶Bc;r andtc 2 uc. Fromthiswegetthat

\ (c;m;u) = arcsin
�

d(um; tm)
r m

�
(19)

\ (m;c;u) = arcsin
�

d(uc; tc)
r

�
(20)

Due to d(um; tm) �
q

(r m � d(u;¶Bm;r m� e))2 � r m2 =

O(
p

e) andd(uc; tc) �
p

(r � d(u;¶Bc;r ))2 � r 2 = O(
p

e)

we obtainthat \ (c;m;u) = O(
p

e) and\ (m;c;u) = O(
p

e)

Corollary 1 The angle of intersectionbetweentwo balls
Bc1;r 1 2 BI andBc2;r 2 2 BI suchthatBc1;r 1 \ Bc2;r 2 \ Ne 6= ; ,
is p � O(

p
e).

Proof Take x 2 Ne \ Bc1;r 1 \ Bc2;r 2. We have that
d(x;¶Bci ;r i ) = 0 for i = 1;2.
Therefore,applying the lemma 11 we have the anglebe-
tweenthe surfacenormal~nx̃ and the vector ~cix, is O(

p
e)

for i = 1;2, consequentlytheanglebetweenthevectors ~c1x
and ~c2x is O(

p
e) andtheanglebetweenthetangentplanes

at x is p � O(
p

e).
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