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Abstract

We showthat a simplemodi cation of the power crust algorithm for surfacereconstructionproducescorrect
outputsin presencef noise Thisis provedusinga fairly realisticnoisemodel.Our theoetical resultsare related
to the problemof computinga stablesubsef the medialaxis. We demostate the effectivenessf our algorithm

with a numberof experimentakesults.

Cateyoriesand SubjectDescriptorgaccordingto ACM CCS} 1.3.3 [ComputerGraphics]:SurfaceReconstruction,

Medial Axis, Noisy samples

1. Intr oduction

Surfacereconstructioris animportantproblemin geometric
modeling.It hasreceved a lot of attentionin the computer
graphicscommunityin recentyearsbecausef the develop-
mentof laserscannetechnologyandits wide applications
in areassuchasreverseengineeringproductdesign,medi-
cal appliancedesignandarcheologyamongothers.

Differentapproachebave beentakento the problem,in-
cluding the work of Hoppe, DeRoseet al which popular
izedlaserrangescanningasa graphicstool [HDD 92], the
rolling ball techniqueof Bernardinietal [ BMR 99], thevol-
umetricapproaclof Curlessetal [CL96] usedin the Digital
Michelangeloproject[LPC 00], andthe radial basisfunc-
tion methodof Beatsoretal. [CBC 01].

Thealgorithmg ABK98, ACDLO00O, BC02 ACK014 uses
the Voronoi diagramof the input set of point samplesto
producea polyhedraloutputsurface.A fair amountof the-
ory wasdevelopedalongwith thesealgorithms,which was
usedto provide guaranteesn thequality of theoutputunder
the assumptiorthatthe input samplingis everywheresuf-
ciently dense.The theory relatessurfacereconstructiorto
the problemof medial axis estimationin interestingways,
andshaws that the Voronoi diagramand Delaunaytriangu-
lation of apointsetsampledrom atwo-dimensionasurface
have variousspecialproperties Somestrengthsf the sam-
pling modelusedarethatthe requiredsamplingdensitycan
vary over the surfacewith the local level of detail,andthat
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oversampling,in arbitraryways,is allowed. Onedravback
is thatit assumeshatthe sampleis free of noise.

Whennoiseis consideredaswell, the quality of the out-
put is relatedto both the densityandto the noiselevel of
the sample A smallnumberof recentresultshave begunto
explore the spaceof whatit is possibleto prove undervari-
ousnoisysamplingassumptiondDey andGoswami[DGO04]
proposedan algorithmfor which they could provide mary
of the usualtheoreticalguaranteesjsinga modelin which
boththe samplingdensityandthe noiselevel canvary with
thelocallevel of detail,but whichgivesupthearbitraryover
samplingproperty A real noisy input, however, might well
have arbitrary over-samplingbut the samplingdensityand
noiselevel usuallyvariesunpredictablyindependenof the
local level of detail.

In this paperwe shav thatsimilarresultscanbeachieved
given boundson the minimum samplingdensityand maxi-
mum noiselevel, but allowing arbitraryoversampling.

RelatedWork

Most of the algorithmsusingthe Voronoidiagramand De-
launaytriangulationof the samplesfor which a variety of
theoreticalguaranteesanbe provided, requirethe input to
be noise-free[AB99, ACDL00O, ACKO1h BCOZ. In prac-
tice someof thesealgorithmsaremoresensitve to noisethan
others.The recentalgorithmof Dey and Goswami [DGO04]
extendsmuchof thetheorydevelopedin the noise-freecase
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Figure 1: A two dimensionakxampleof the powercrustal-
gorithm.a) An objectandits medialaxis.b) Thevoronoidi-
agramandits poles,the blue pointscorrespondingo poles
and the circles correspondingto polar balls. ¢) The setof
innerandouterpolar balls. d) Thepowerdiagramof theset
of polar balls. Thealgorithmslabelsthe cells of this power
diagraminner or outer e) Thesetof facesin the powerdia-
gramwhich sepaateinnerfromoutercells.

to inputswith noise.We do the samewith a lessrestrictive
samplingmodel,asdescribedn moredetailin Section2.2.

Both our algorithmandthatof Dey andGoswami areex-
tensionsof the powercrustalgorithmproposedy Amenta,
Choi and Kolluri [ACKO01l. This algorithm is illustrated
in Figure 1. Given an input sampleP of pointson a sur
faceS it selectsfrom the Voronoi diagramof P a setV of
Voronoi vertices,the poles which approximatethe medial
axistransformof S It thenusesthe powerdiagram (a kind
of weightedVoronoidiagram)of the setof Delauanayballs
centerecatV (the polar balls) to recover a polyhedralsur
facerepresentation.

Voronoi-basedurfacereconstructiortechniquesn gen-
eralarecloselyrelatedto Voronoi-basedlgorithmsfor me-
dial axisestimation(in factthe power crustcodeis probably
more often usedfor the latter problem).Yet anothernoisy
samplingmodelwasusedby ChazalandLieutier[CLO5] in
arecentpaperon medialaxis estimationtheir samplingre-
quirements simply thatthe Hausdorf distancebetweerthe

pointsampleandthe surfaceitself is boundedy somecon-
stantr. Notice that this allows for arbitrary over-sampling,
but doesnotallow the samplingdensityto vary over the sur
faceaccordingto thelocal level of detail. ChazalandLieu-
tier proved,dranving on moregeneratesults thata subsebf
the Voronoidiagramof P approachea subsebf the medial
axisof Sasr! 0, andthatbothcorvergeto theentireme-
dial axis.It is temptingto apply ChazalandLieutier's result
directly to the surfacereconstructiorproblem,by usingthe
power crustapproacho producea polyhedralsurfacefrom
their approximatanedialaxis. But this is not asstraightfor
wardasit might seemtheir medialaxisestimationincludes
Voronoi edgesandtwo-facesaswell asvertices,while the
analysisof the power crustrelayson having an approxima-
tion of the medialaxis by Voronoivertices.Also, the subset
of themedialaxisapproximatedby ChazalandLieuteris not
guaranteedo be homotopy equivalentto the completeme-
dial axis, or to the object,sincethe samplingis notrequired
to be denseenoughto capturethe smallesttopologicalfea-
ture.

Recentlysimilar techniqueshave beenusedto analyze
a particularsmoothsurface determinedby a noisy setsof
samplegKol05], avariantof the MLS surfacede nition of
Levin [Lev03]. In this casearbitrary oversamplingseems
to beruled out, sincethe surfacelocally averageghe input
samplesandmaliciousover-samplingcouldin uencethelo-
cal averagesThereis alsoa recentalgorithmfor curve re-
constructiorfrom anoisysampld CFG 03] with theoretical
guaranteedfor which the samplingmodel hasthe interest-
ing propertythatthe quality of the outputimproveswith in-
creasedamplingdensity evenwhenthenoiselevel remains
constantThesamplingmodelusedis notparticularlyrealis-
tic, but the propertyseemsjuiterelevantto practice.

2. Geometric De nitions and Sampling Assumptions

2.1. Defnitions and Notation

We will usethe following notation.For ary setX R3, )%
X©andfX denoterespectrely theinterior of X, thecomple-
mentof X andthe boundaryof X. Givena pointx anda set
Y we denoteby d(x;Y) = infyoy d(x;y). Givenary two set
X andY we denoteby d4 (X;Y) = sup, x d(x;Y) the one-
sidedHausdorf distancefrom X to Y and by dy(X;Y) =

maxf dy (X;Y);dy (Y; X)g theHausdorf distancebetweenX
andY. We denoteby Bc;r aball with centerc andradiusr .

Wewill considertwo-dimensionalcompactandC2 man-
ifolds without boundaryandwe will call sucha manifolda
smoothsurface Let S be a smoothsuriace.We will assume
thatSis containedn anopen,boundeddomainW (eg, a big
openball). The surface S divides W into two opensolids,
theinside(innerregion) andthe outside(outerregion) of S
which aredisconnected.

ThemedialaxisM of a surfaceSis the closureof the set
of pointsin Wthat have at leasttwo distinct nearespoints
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on S. Notethatthe setM is dividedinto two parts,theinner
andoutermedialaxis,belongingto theinneror outerregion
of the surfaceS, respectiely. The ball Bmy,,, centeredat a
medialaxis point mwith radiusr m = d(m; S) will becalled
amedialball. It is easyto seethata medialball is maximal

0
in the sensethat thereis no ball B with B\ S= ; which
containsBmyr -

ThemedialaxisM is aboundedset,sincein ourde nition
it is containedin the boundeddomainW. So thereexits an
upperboundDy for theradiusof the medialballs.

2.2. Sampling and NoiseModels

Thereareatleasttwo goodapproachet de ning sampling
andnoisemodels.First, we canbeagin with a modelwhich
we believe roughly describeghe characteristicef reason-
ableinputdatasets,andthenshav thatour algorithmworks
correctlyon datathat ts the model. The secondapproach
would beto begin with the algorithm,anddescribethe data
setsfor which the algorithmis correctas broadly as possi-
ble, andthen argue that this broadclassof possibleinputs
includesreasonablénput datasets(possiblyamongothers).
This is the approachtaken in the analysisof mary of the
Voronoi-basedurfacereconstructioralgorithms asfollows.

Forapointx2 S wede nelfs(x) = d(x; M). Thislfs func-
tion is usedto determingherequiredsamplingdensity;it is
smallin regionsof high cunatureor wheretwo patchesof
surfacepassclosetogether and larger away from suchre-
gionsof ne detail.

A nite setof pointsP is ar-sampleof thesurfaceSif P
Sandif for ary x 2 Sthereis apoint p2 P with d(x; p)
rifs(x).

Thepointsof anoisysampleP for Slie nearbut notonthe
surface.Let P be the projectionof the setP onto S, taking
eachpointp 2 Ptoits closespointf2 S. Dey andGoswami
in [DGO04] introducedahede nition of anoisy(k;r)-sample

De nition 1 Noisy (k;r)-sampleA nite setof pointsPis a
noisy (k; r)-samplef thefollowing conditionshold:

1. Bisar-sampleof S

2. Forary p2 P;d(p;p) car Ifs(p) for someconstant;.

3. Forary p2 P; d(p;q) car Ifs(f), whereq is the Kth
nearessampleto p, for someconstants.

Herethe rst conditionrequiresthe sampleto be dense
enoughthesecond:onditionboundghenoiselevel, andthe
third conditionrequireghatthesamplds nowheretoodense
(by requiringthe Kth nearessampleto befar enoughaway).
Thethird conditiondoesnotseenstrictly necessaryandone
of the contrikbutionsof this paperis to shav thatindeedit is
not, at leastfor mary of the geometricresultsusedin the
analysis.We will adopta de nition which we call a noisy
r-sample essentiallyonly usingconditionsi) andii):
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De nition 2 Noisy r-sample.A nite setof pointsP is a
noisyr-sampleif thefollowing two conditionshold:

1. Pisar-sampleof S

2. Forary p2 P,d(p;p) kyrlfs(p), for someconstank;.

We de ne Ifs(S) = miny slfs(x) for the surface as a
whole. Assuming S is C? we hae Ifs(S > 0 [APROZ.
We also de ne the maximum local feature size D; =
maxe slfs(x) andwe have Dy Dy (recall that Dy is the
radiusof thelargestmedialball).

3. Geometric constructionsand the algorithm

To avoid to dealingwith in nite Voronoicells,we addto the
samplesetP a setZ of eightpoints,the verticesof a large
box containingW.

The conceptof poleswas de ned by Amentaand Bern
[ACKO1h asfollows:

De nition 3 The poles p;j, po of a samplep 2 P, arethe
two verticesof its Voronoicell farthesfrom p, oneon either
sideof thesurface.The VoronoiballsBy;r . , Bpq;r ,, arethe
polar balls with radii r p, = d(p;; p) andr p, = d(po; p) re-
spectvely.

Noticethatgivena noisy samplesetnot all Voronoicells
arelong andskinry, asthey arein the noise-freecase.

A polarball By, is classi edasaninner(outer)polarball
if its centeris insidethe inner (outer) region of R3nS We
denoteby P, andPg thesetof all innerandouterpolarballs,
respectiely.

Algorithm

Our algorithmconsistsof a very simplemodi cation to the
power crustalgorithm: we discardary polessuchthatthe

radiusof theassociategolarball is smallerthan@ where
c> lisaconstant.

This canbe summarizedsfollows.

Algorithm 3.1 Power Crust

1. Computethe DelaunayDiagramof P[ Z.
2. Determinethe setP of polarballs.
3. Deletefrom P ary ball of radius<
4. Computethe power diagramof P°
5. Labelthe ballsin PP asouterballs or inner balls, resultingin
thesetsBp andB;.

6. Determinethe facesin Ponv(Bo [ B)) separatingnner from
outercells.

Ifs(
[+

%)

, producingP®.

We discussthe labelingin step ve in the AppendixA.
It is doneusingexactly the samemethodasin the original
power crustalgorithms,but to shav thatit remainscorrect
in thenoisy casewe needto prove afew morelemmas.
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Analysis Overview

Most of our paperis concernedwith the proof that this
simple modi cation producesan outputpolyhedralsurface
which is correct,topologically and geometrically given a
noisy r-sample.Someof the lemmasare true for constant
r independenof S, Thelemmas6-9 andTheoremsl and2

requires = O(@).

We prove thata subsebf the medialaxiscanbe well ap-
proximatedby the setof poles,this is statedin Lemmas.
As aconsequencef this factwe prove in Lemma8 thatthe
boundaryof the union of the setof big inner (outer) polar
balls (seeEquationsl and?2 ) is closeto the sampledsur
face,in the senseof Hausdorf distance We usethis factin
turn to show thatthe Hausdorf distchebetweerthe power
crust and the sampledsurfaceis O(*r) (Theoreml) and
thatthe power crustis homeomorphido theoriginal surface
S(Theorem?2).

4. Union of polar balls

Given a constantc > 1 we de ne the following two polar
ball subsets:

B| = ch;rcz P| i O} @g (1)
BO = f Bc;rcz PO . @g (2)

ThesetsB, andBg arethe setsof ballsretainedn our mod-
ied power grustalgorithm.Their éespect{re boundarysets
are:§ = T( g, B) andSo = (" g2, B). Our goal will

be to prove that the boundarysetsS and & arecloseto
the surfaceS. Moreover, we will prove thata subsetof the
two-dimensionafacesof the power diagramof B, [ Bg is
homeomorphido the surfaceS.

Our proofswill alsouseanotherpair of subset®f thepo-
lar balls. We denoteby BY andBY the setof innerandouter
polarballswhereeachball containsamedialaxispoint. That
is,

BP = f B(;;rC 2 P| . Bc;rc\ M6 X g (3)
BOO = f Bc;rc 2 PO . Bc;rc\ M6 ; g (4)
Thefollowing lemmaprovesthatBY B andBY Bgo
respectiely.
Lemma1B B, andBY Bo,forc> 2andr < $2.

Proof Take a ball By, 2 B? (Bxr 2 Bp). Thereexists a
samplep on 1By andthereexists aninner (outer) medial
axis point minside By . Thenwe have thatd(p; p) + 2r

d(q; 9) +~'d(p; m) d(p;m) Ifs(p), andconsequently
(@) _dBR) Lkt ifs(f). Takingr %2 we getthat
r Ifs(p)=c Ifs(§=c. O

The next lemmais a consequencef the samplingrequire-
mentsandwill be usedfor laterproofs.

Lemma 2 Given P a noisy r-sampleof S let D be a ball

with IS\ P=; andD\ S6 ;, letx beapointin D\ S If
B(x;rx) Dthenryx r(1+ 2kg)Ifs(x).

Proof By samplingcondition1 of De nition 2. thereexists

asampleg suchthatd(x;§) rlfs(x). Usingthefactthatlfs

is a one-Lipschitziunction we have thatlfs(§)  d(g;x) +

Ifs(x) rlfs(x) + Ifs(x) = (1+ r)lfs(x).

By the samplingcondition 2 andthe previous equationwe

getd(x;q) d(x )+ d(Gia) rifs(x) + kyrifs(g) (r+
[0}

2k1r)lfs(x).SinceIg\ P =; onededuceshatB(x;rx)\ P=
;y hencerx  d(x;q) r(1+ 2kq)lfs(x). [

Also we have thefollowing lemmafrom AmentaandBern
[AB99] which estimateghe anglebetweenthe normalsto
thesurfaceattwo closepoints.

Lemma 3 For ary two points p andq on S with d(p;q)
r minf Ifs(p);Ifs(g)g, for ary r % the anglebetweenthe
normalsto Sat p andq is atmost ;.

A centralideain Voronoi-basedurfacereconstructioris
that the Voronoi cells of a denseenoughnoise-freesam-
ple arelong, skinny and perpendiculato the surface.This
is not true for all Voronoi cells when thereis noise, but
the following lemmashaws thatit is true for large enough
Voronoi cells. Speci cally, given a samplepoint p and a
pointx 2 Vor(p) we boundthe anglebetweerthe vectorxp
andthe surfacenormalf at the projectionof the sample
p onto S. Thelemmastateghatwhenx is far away from p,
thenthisanglehasto besmall.In thenoise-frea:%se:‘small"
meantO(r); herewe achiere aboundof only O(" ).

Lemma 4 Let p 2 P be a samplesuchthat thereexists a
point x on the inner (outer) region of the Voronoi cell of p
with distancer x betweenx and p satisfyingthe inequality
rx @ for someconstant;. Thentheanglebetweerthe
vectopr andthe orientedoutward (inward) surfacenormal
ApisO(" T).

Proof Denoteby B, the outer(inner) medialball tangent
to the surfaceSat f. Let Bxr, betheball centeredat x with

radiusr x = d(x; p). Sincex is in the Voronoi cell of p we
ha/egx;rx\ P= -

The angle betweenthe vectors xp and np is the sum
\ (t;xp) + \ (t;m; p), wherethe sggmentpt is perpendicu-
lar to xm, see gure 2. Ouraimwill beto nd upperbounds
for the angles\ (t;x; p) and\ (t;m; p), respectrely. Since
d(x;t) < d(x; p) = rx, we have thatt 2 Byr,, andthe fol-

lowing two situationsare possible:eithert 2 Bmy,,\ Bxr,

ort2 Biyr,,\ Bxry-

Firstcaset 2 Bmyr,,\ Bxr,, seegure 2left. Sincet 2 Bmy,,

we have thatt is ontheouter(inner)region of WnSandthe
ray Ix containingx andt intersectghe surfaceat the pointts

lying betweerthepointsx andt, therefords 2 By, Ssincethe

¢ TheEurographic#ssociation2005.



B.Medens& N.Amenta& L. \elho& L. H deFigueiredo/ SurfaceReconstructiofiromNoisyPoint Clouds

Figure2: Left: lllustration of Lemma4, a fundamentatesultdescribingthe shapeof the Voronoi cells.Whenthere existsa point

x in Vor(p) sud that d(x; p)

@ thenthe angle betweerthe sggmentxp andthe normalng is a O(" r). Center:Figures

usedin theproofof Lemmad.t 2 By, \ Byr,. Rightt 2 Bfyr, \ Bxr,

segment[x;t]  Bxr,. Moreover, theray |x intersectd[By:,
atthepointby, see gure 2. Usingthatts 2 By, we have,for
small enoughr, the following inequalitythatwill be useful
later:

lfs(ts)  d(ts; p) + Ifs(B) rx+ d(x;p) + d(p; f) + Ifs(f)
2ry+ (1+r1 k)lfs(p) (2+ 2¢c1)rx= kerx (5)

Becausehepointsts andby areinsidetheball Byr, we have
that By .qtub)  Bxr«- SinceByr, is emptyof samplegbe-
cause y is thedistanceof x toits closespointin P), we have
that Byt IS alsoempty of samples Consequentlyby
Lemma2, we obtaind(ts;bx)  O(r) Ifs(ts). From this last
equatiortogethemwith equatiorb andthefactthatt 2 [by;ts]
we obtainthefollowing two inequalities:

d(t;bg) d(ts;b)  O(r)lfs(ts)  O(r)rx (6)

d(t;ts)  d(ts;bx)  O(n)lfs(ts)  O(r)rx (7)

Consequentlyby 6 we have d(t;x) = rx d(t;bx) (1
O(r))r x, hence

q
d(p;t) =

so,theangle\ (t;x; p) is boundeddy

dpx? dxnz=ol e (®

\ (t;x; p) = arcsin w = O(p ) 9)
X

On the otherhand,sincet 2 Bmy,,, Wwe have that Ifs(ts) <

d(ts;t) + d(t;m)  O(r)lfs(ts) + r m, thusobtaininglfs(ts) <

lr—g(r). Becausehe pointsm, t, ts arecollinear t 2 B,
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0
andts 2 By ,,. Sowe obtainthe following lower boundfor
thedistancebetweert andm:

dit;m) rm d(t;ts) rm O(r)lfs(ts) > (1 O(r))rm

Sincelfs(f) < rm, and usingthe samplingconditions,we
getthatd(p;m) < d(m; p) + d(p;p) (1+ O(r))r m, conse-
quently

q
d(p;t) =

We have thatrm = d(m;p)  d(m;p) + d(p; f), so using
thatlfs(p) < rm we have d(m;p) rm d(f;p) (1
O(r))r m. Fromthis equatiorandEquation10 we canbound
theangle\ (t; m; p) asfollows:

d(p;m)2  d(t;m)2= O(p Nrrm (10)

dipt) _ P~

amp -0 D
Therefore,from 9 and 11pwe have that our tamet angle
\ (txp)+\ (tmp) isO(C T).

Secondcase:t 2 Bf,\ Bxr, (Note that this caseimplies
that Bmr,,, \ Bxr, = ;). Sincet 2 Bmr,, and d(p;m)
d(t;m) we obtain that p 2 Bmr,,, cOnsequentlywe have
thatd(t; 1Bmr,)  d(p; 1Bmry,) = d(p; )  O(n)lfs(f), see
Figure 2 right. From this inequality and using the fact that
t2 Bx;rx Weget

\ (t;m; p) = arcsin

dit;x) rx d(t;9Bmr,) rx O(r)lfs(p) (12)

Sincelfs(f) d(p;p) + d(p;x)  O(r)lfs(P) + r x we get
Ifs( ) 1r—c§(r)- ConsequenthEquation12 canbe rewrit-
tenin termsof ry, thatis d(t;x) rx O(r)ifs(p) (1
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O(r))r x. We deducethe following upperboundfor the dis-
tancebetweenp andt

q__
dp = 2 dt2= ol
Therefore, we have \ (t;x;p) = arcsin g&fg

p -
arcsin O(r—:)’* = O(p .

On the other hand, sincet 2 By, we get d(t;m) >
rm.d(pim)  d(p;p)+d(Bm) O(Nifs(p)+rm= (1+
O(r))r m, andhence

q

dpi)=  d(pm?2 dt;m2= o Hrm

d(pit)

d(p;m)
arcsin = O(p r). Thus we conclude that the
angle\ (t;x;p)+\ (t;m;p) isO(Io r. O

and the angle arcsin

o® Hr m
'm

\ (tmp) =

As aconsequencef thislemma,we have thattheinnerand
. . L S 0
outerpartsof the medialaxisM areinsidethesets g, g B

S o . _
and gy g, B respectiely, thisis statedn thenext lemma.

Lemma 5 Givenaninner (outer)medialaxis point m, then
thereexistsaninner(outer)polarballB2 B (B2 Bgp) such

0
thatm2 B.

Proof There exists a samplep suchthat m is inside its
Voronoi cell. Denoteby q the inner (outer) pole of p. Then
by the de nition of local featuresize we have d(m; )
Ifs(p). By the triangle inequality we have d(m;p) +
d(p;p) d(m;p), sowehaved(m;p) d(m;P) d(p;p)
Ifs(f) rkulfs(p). Taking r 5 we get d(m;p)

@. This fact alondg with Lemma4 implies that the an-
gle\ (mp;Ap) = O( r), usingthe sameaﬁgument.Since
d(g;p) d(m;p) weoBtain\ (ap;Ap) = O( T). Hencewe
obtain\ (ep;mp) = O( ).

We take r small enoughsuchthat\ (ap;mp) §. Since
d(m;p) d(g;p) we nd thatm is inside the interior of
the inner (outer) polar ball By q(q.;)- Hence,we have that
Badip) 2 BY (Byd(qp 2 B%)- By Lemmal, BS B
(8% Bo), completingtheproof. [

From now on assurethatr = O(Ifs($)=D,). We will shav
thatthe medialaxis pointsm with angle\ gmx sufciently
largearewell approximatedby poles.Thepointqis theclos-
estsampleto m andx; is the closestsampleof the closest
surfacepointto m.

Lemma6 Letmbeainner(outer)medialaxispointsuchthat
m2 Vor(q) for somesampleq andlet p betheinner(outer)
poleof Vor(q). LetX2 Sbetheclosespointto mon Sandx;
theclosessampleto X. Thenwe Ba/ejd(m; x1) d(m; qB'
O(r) andif the angle\ xlmB> r, thend(m; p) = O( )
andjd(m%) d(p;q)j O(" 1)

p

P, /~m

Figure 3: Themedialaxis pointm 2 \Qr(q) is closeto the
pole p of Vor(q) whenangle\ gmx > " 1

Proof Firstwe proofthatthe distancesl(g; m) andd(m; x1)
areclose.Let § be the projectionof the sampleq onto S,
sinceX is theclosessampleo mthenwe have thatd(m; §)
d(m;X). Usingthatd(m;§) d(m;q) + d(q; §) we havethat
dima) d(m%) O(nlfs(d) d(mKX) O(r)D;. Rea-
soningin a similar way we have thatd(m;p)  d(m;xq)
wherex; is the closestsampleof X, we have usingthetrian-
gularinequalityd(m;p) d(m;x;) d(m;X) + d(X;x1) =
d(m;X) + O(r)lfs(X) d(m;X) + O(r)D, we getthat:

jd(ma) d(m;K)j O(rDy) 13)
Usingthatjd(m;X) d(m;x1)j O(rDy) togethemwith equa-
tion 13 we getthat

jd(m;g)  d(m;xq)j O(rDy) (14)

Sinced(m;q) d(m;x1) thenthereexistsa point g in the
segmentmy suchthatd(m;qg;) = d(m;q), see gure 3. Us-
ing 14we havethatd(qs;x;) O(rDy).

Our goalis to boundthe distancebetweenp andm, in that
directionwewill provethatthedistanced(p; p1) = d(p;q)
d(m; ) andd(m; q1) aresmall,sowe will startby bounding
d(p; ).

The triangle gmq, is isosceleswe have that d(qg;q1) =
2sin(\ gmqg=2)d(m;qg) from this we get that d(q; x1)
d(g;an) + d(gi;x)  2sin(\ gmg=2)d(q;m) + O(rDy).
Using this last equation we can bound the angle

\quoxe arcsif( 3@y gregi o OB0)

d(a,q1) 2sin(O(" r)d(m;q)

arcsi—— 2y = o fD,=s(9).

ZsnO(" 1s(S) The an-
gle \ mqq satises that \ mqq = p=2 \ gmq=2.
By the Ie{)nma 4 we can deduce that angle
\ pgm= O(" r). Combining all this angle we derive
that\ pgx = p=2 \ gmqg=2+\ pgm+ \ q10%. Using
thatd(p;q) d(p;x1) we derive anupperboundfor d(p; q)

¢ TheEurographic#ssociation2005.
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d(g;x1)=2
sin(p=2 \ pox)
d(g;x1)=2
sin\ gmg=2 \ pgm \ g10%)
d(m;q)
cog\ pgm+\ d10X)
O(rDy)
sin(\ gmq=2) cog\ pgm+ \ g1g%)
- d(m; )
cogO(" rDy=Ifs(9)))
o(" rDy)
cogO(" rDy=Ifs(9))
Recallthatmaxg slhf(s) = Dy < Dy, whereDy is the maxi-
mumof theradiusof themedialballs.EromequationlSand

takingthe constant suchthatcoO(" rD;=Ifs(S)) 1=2
whichimpliesthatr = O(Ifs(S=D;) we have that

d(p;q)

+

(15)

d(p;a) d(m;q)
d(m;q)
cogO(" rDy=Ifs(9)))
of” oy
cogO(" rDIfs(9)))

1 cogQ(" FDy=s(S)
cogO(" rDi=Ifs(9))
o(° 7Dy(1+ DyAfs(9)) (16)
d(m;X) +

d(p; p1)

d(m; g)

d(mo)+ of” 7Dy)

Ontheotherhandusing13we have thatd(m; g)
O(rDy) = D1+ O(rDy), thereforewe have that

d(m;p) = 2sin(\ pgnF2)d(m;q)
2sin(O(" n))d(m;q) = O(" rDp) (17)
Combiningequationsl?, 16 we getthat

d(m; p) d(rg; p1) + d(pé; p)
O(" rDp) + O(" rDy(1+ Do=Ifs(9)))

= o° TDy(2+ Dy=Ifs(9): (18)

Finally, using that jd(m;q)  d(g;p)j  d(p; p1) qu the
equation13 we have that jd(m;X) d(p;q)j O( rDy)
O

Usingthis fact,lemmas, onecan%eri\/esthatthg bound-
aries§ ando of theunionof balls g5 Band gy, B
arecloseto thesurfaceS. Thisis statedn lemmas, to prove
thislemmaatechnicalemma? is rst introduced.

Lemma 7 Let Bc,:r, andBg,:;r, be two balls with Be;:r, \

Bc,:r, 6 ; andBc,:r, 6 Bgy:r,. Lete< rj;i= 1;2besuchthat
d(ci;c2) eandjr; rp e Letxp beapointonfBe,:r,n
Beyir, andf xig = [C2; 2]\ 1Beyyr,. Thend(xi;x2)  2e.

¢ TheEurographic#ssociation2005.

Proof We have d(x1;%2) = ro  d(cp;X1). By thetriangular
inequalitywe have d(cp;x1)  d(c1;x1) d(cp;cp) = ra
d(cp; ¢1). Fromthesetwo inequalitieswe obtaind(xy; x2)

ro ri+d(cycy) jro ri+d(cc) 2 O

Lemma8du(S:9 O anddu(So:S O 7).

Proof Weshaw thatd (S; 9 O(B‘ F);Ntheargumem{?r S
is identical.We begin by shaving thatdy(S;S  O(?*r).
Considerary pointx 2 §. Firstassumehatx is on the out-
sideof S Let B¢, beapolarballin B; suchthatx 2 Bc..
Thenthe segment][c; X] from the centerof the polar ball to
x intersectsS in a point s. Sincethe ball Bg (s, is inside
thepolarball Ber , Lemma2 impliesthatd(x;S)  d(x;s) =
O(r) andwe aredone.

Solet usassumehatx 2 § is in theinnerregion of S Let
X2 Shetheclosestpointto x on S andlet mg bethe center
of theinner medialaxis ball By:r; tangentto Sat X. Then
we have that x is inside the sggment[X; mg]; otherwisethe

ball By.g(x5 With I%X;d(x;g)\ S=; containBmr; Whichis a
contradictiondueto the ball By, is maximal.

The medial axis point mg belongsto the Voronoi cell
of some sample point g, let p and Bpyr, be the in-
ner pole of q and its polar ball respectiely. The rst
part of lemma 6 statesthat the distancesd(mg;x;) and
d(mg;g) where x; is the closestsampleto X are very
close,thatis jd(m;;aq) d(mg;q)j  O(r). Supposethat
the angle\ gmx. r, this implies that d(xz; g) is small.
Sinced(mg;q)  d(mg;x1), then there exists a point g1
in the sgment mgx; suchthat d(mg;q;) = d(mg;q) and
d(x;q1) = jd(mg;xg)  d(mg;q)j  O(r). Therefore,us-

ing that \ xymq r we have d(qg;xq) dgq;ql) +
d(gu;x1)  2sin(\ x;meF2)d(m;q) + O(r)  O(" r) and
coBsequen (%90 d(Xxq)+ d(xq;9)  O(r)lfs(X) +
o r)=0( ).

Ontheotherhand thelemma4 impliesthat\ pgm= O(p r),
from this factandusingthatlfs(S=2 Ifs(§)=2 Ifs(§)
d(q;6 d(m;g) d(p;qg) wehavefor r smallenoughthat
mg 2 Bp;r, andconsequentlBp; , 2 BY  By. Thepoint 2
Bp;r, becauseotherwisex 2 Bp;r, Whichis a contradiction
with x2 §. Thereforethereexistsx, = g; mg]\ Bp;r, and
X2 [%; %2]. Fromthefactthatd(f(;cB O(" r)andg2 1Bpy,
wepget thatd(X;x)  d(X;x2) d(%q)2+ 2rpd(X,g) =
O(**r) andwe aredone.

Now we considerth%case\ gmy > P r. ThB lemma 6
implies d(m;B) O(" r) andjrg rpj= O( r). Since
d(m;p) O( r), thenfor r small enoughmg belongsto
Bp;r, andconsequenthBp;r, 2 Bf’ B,. RecallthatX 2 S

(o] (o]
andthatx 2 [%;mg]. If Xis insideBpyr ,, then[;mg]  Bpir,,
(o]
sothatx 2 Bpy,. But this contradictsthe factthatx 2 §.

[0}
Henceit mustbethe casethatX is on 1Bmy;r; NBpyr .
Let xo = [mg; K]\ TBp;r, (thisintersectionpointis unique).
We have thatx 2 [xo;X]; otherwisex 2 (mg; xo), the portion

[0}
of the segmentinside Bp;r ,, which again is a contradiction
with the factthatx 2 § and Bp;r, 2 B; . Now applying
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Lemma?, Wepha/e that d(x2; %) ZO(p r) andd(x;%)
d(>§;;>"<) O(" T), so we have proved that dy(S;9
(1)

Now we will prove that dy(SS) O(p r). Let x be an
arbitrary point on S andlet Bm and Byp be the inner and
outermedialballstangento Satx respectrely. Thesegment
[m; MY is orthogonato Satx.

Now we will establishthat thereexists a point x; on §\
(m;m%). Supposenot; then§ \ (m;m®) = ;, andthereex-
ists a ball By 2 By suchthatm®2 Ber. Sincec and m®
are on oppositesidesof S, thenthe seggment|c; moj inter-
sectsSata points, sowe have thatm®2 BsdstBe,)  Ber
with Bs;d(s‘ﬂBc;r) emptyof samplesFromLemma2 we have
d(s; 1Bc;r) = O(n)lfs(s) < d(s; mcﬁ, which impliesthatm02
Bsd(stB., ), Obtaininga contradictionwe the fact that the
segment[s; m7| is containedn Bsd(s1Ber )-

We can concludethere exists a point x; on §\ (m; m().
Sincetheclosesipointto x; on Sis the pointx (thesegment
[x1;X] is orthogonatto th%surfaceat X), we have d(x;x1) =
dx;9 dn(§;9 O(" ) Henced(x'S) O("r)and
consequentigy(SS) OC*r). O

5. Power Crust

The power diagram of a set of balls B is the weighted
Voronoidiagramwhich assignsanunweightedoointx to the
cell of the ball B 2 B which minimizesthe power distance
dpow(X; B). The power distancebetweena point anda ball

dpow{X; Ber) = d(x;¢)? 2. Wedenotet by Pon(B; [ Bo).

In the next two theoremwe will provethatPow(B [ Bp) is

apolyhedralurfacehomeomorphi@andcloseto theoriginal

surfaceS.

Takinge< Ifs(S) wedenoteby Ne= fx2 R® : d(x;X)
eggtubular neighborhoodaroundS. The boundaryof Ne is
S S ewhereS ¢=fx2 R3:x=% engg aretwo offset
surfacesWhendy (S;9) < eandgH(So; S § e(Lemmas8),
the boundary§ (o) of thesets g5 B (g2, B) isin-
sidethe setNe andconsequgntlyhesets ndS ¢ arein-
side the interior of the sets g, 5, B and g, g, B respec-
tively.

Theorem 1 If dy(S§;9 eanddy(So;S e thenthe
Hausdorf distancebetweenPown(B; [ Bp) andSis smaller
thanZ2e.

Proof LetI(S 2) bethepartof WnS 5. insidetheinterior
partof Sandlet O(Sye) bethe partof Wn Sy insidethe ex-
terior of S Hencewe have WnNpe = (S 2¢) [ O(Spe) With
I(S 20)\ O(Se) = ;.FromtheconditionsdH%S;S) eand
dn(So;S) gewecandeducehatO(Se) ( s28,B)and
I(S 2¢) ( g2p B).Alsoonehas(  gyp B)\ O(Spe) = ;
and(" g2, B)\ I(S 2¢) = ;.

First we will prwethatcTH(PON(B|[ Bo);S 2e Thisis
equivalentto proving thatPon(B [ Bo) Npe. Let f bea
faceof Pow(B) [ Bp) separatinghecell of theball B; 2 B,

fromthecell of theball B, 2 B andletx beapointon f. Be-
causedpow(X; B2) = dpow(X; B1) we know that dpow(X; B2)
anddpow(X; B1) ha/ethesamesign,implying thatwhenit is
negativethenx2 B\ B, andotherwisex 2 B S, B-In
tlg;e rst casebecause is simultaneouslyn ( gy g, B) and
(" B2 B, B) thenfrom the previous obserationat the begin-
ning of thelemmaonededuceshatx 2 Nye.

The secor?caseswe have x 2 B S B, B, but due to
O(S¢) ( m2B,B)andi(S 2) ( g2p B) thenwehave
thatx 2 Noe.

Now we will prove that JH(S PowmB| [ Bp)) <2e. Given
a point x 2 Sthe intenval [x+ 2eng;x  2eng] hasbound-
aryspointsx+ 2@; andX 2en ¢ in the interior of the
set gy Band g,p, B respectiely, hencewe have that
X+ 2eng isin thepawer cell of someballin Bo andX  2eng
is in the pawer cell of someball in B, thereforemoving a
pointalongtheinterval [X+ 2eng; X  2eng] it will meetata
faceof the power crustat somepoint, otherwiseit will stay
foreverin outerpower cellswhichis acontradictiorwith the
factthatX 2eng belongsto someinnerpowercell. []

rom the above theoremarbd the factthat dy(S;9 =
O(*r) and dy(So;9 =,0(*r) we can deduce that
du(Pov(Bi [ Bo);S) = O("T).

Now we extendthelemma[23] of Amenta,ChoiandKol-
luri [ACKO1h to a moregeneralsettingin which the point
u doesnotneedto beonthesurface.

Lemma 9 Givenapointu andaball Ber 2 By (Ber 2 Bo)
suchthatd(u;Bcr) O(€) andu 2 Ne, thentheanglebe-
tW%enthe vectoreu andthe outward (inward) normalng is
o(" e.

Proof Seelemmag in AppendixA [

Dene by fi(x) = mingyg, dpow(X;B) and fo(x) =
mingy g, dpow(X; B) thefunctionswhichreturntheminimum
power distancefrom x to the setsB; and Bp respectiely.
Basedin this two function the following lemma2 from
Amenta,ChoiandKolluri [ACKO01H] is alsovalid underour
samplingassumptiorand for our particularpolar ball sets
B andBp. We shaw functions f| and fg arestrictly mono-
tonic andhave a singleintersectiorpoint alongthe segment
[X+ 2eng; X 2eng] sincef| (X+ 2eng) fo(X+ 2eng) < 0 and
fi(X  2eng) fo(X 2eng) < 0.

S
Theorem 2 Thepower crustof By ~ Bg is apolyhedralsur
facehomeomorphido S.

Pr%of From the Lemma% we have that dy(S;9 =
O(*r) and dq(S;9 = O(*r) 5H1d from theorem1 we
have dy(Pow(B [ Bo);S = O(*r). We will take e =
2dy (Pow(B [ Bo);S) whichis smallerthanlfs(S) for small
r. Given a point X2 Swe have [X eng; X+ eng]  Ne.
Letd: Pown(B|[ Bp)! Sthefunctionthatgivena point
x2 Pon(B [ Bp) assigngheclosesipointd(x) 2 S Dueto
the previouslemmawe have Pav(B| [ Bp) ( Ne andsince
the setof pointswherethe distancefunctionis unde nedis
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Figure 4: Bunnyand hip-bonemodels.The verticesof the hip-bonemodelwere randomlyperturbedusing Gaussiannoise
while noisypointswere addedto the vertex setof the bunnymodelto increasethe density Thebumpybut topologically correct
outputsshownhere were producedby applyingour modi ed powercrustalgorithmto the noisypoint clouds.

Figure 5: View frominside of the hip model.On the left, our proposedmethod.Thefeature insidethered circle is theinside
view of the smallholein the middleof the hip which canbe seenin Figure 4. Ontheright, the original powercrustalgorithm,

which hassomeartifactsontheinterior.

themedialaxisthenthedistancefunctionis well de ned on

thepower crust.

We will prove it is a homeomorphismBecausehe power
crustis a compactset (it is a nite union of compactsets
in this casefaces)then we only needto prove that d()

is a continuous,one-to-oneand onto mapping.The conti-

nuity follows becausethe distancefunction to ary setis

anone-Lipschitzfunction. The onto conditionfollows from

dq(Pov(Bi [ Bp);S e thatis for ary pointX 2 Sthere
exists at leasta power crustpointin [X eng; X+ eng] and
givenapointin [X eng; X+ eng] with e  Ifs(S) its closest
pointon Sis X.

The one-to-onecondition. Supposethat it is false,it im-

¢ TheEurographic#ssociation2005.

plies that therearetwo pointsx; andx, on Pov(B; [ Bo)
suchthat d(x;) = d(x2) or equivalentX; = X, where xg
andx; belongto [X; eng ;X + eng]. Given a point x 2
[X1 eng,; X+ eng,] let Beir, 2 By beaball which satis es
dpow(X; Beyry) = fi(X). Let By, en;, 2 By be a ball which
containsthe pointX;  eng, thenwe have dpow(X; Be,:r,)

dpow(X;Bg, en,)  (r + d(x By en,))® 1?2 = O()
wherer is the radiusof the ball By, eng, - From this fact
dpow(X; ch;rx) < O(e‘z) we Obtainthatd(x; ﬂch;rx) O(e),
so applyingthe lemma? to the point x we obtainthat the
anglepbetweenthe outward normal ng and the vector exx
is O(" e andconsequentlyfor small enoughr we obtain
that this angleis smallerthan p=2. This meansthat when
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Figure 6: Reconstructiomf thedragonmodelperturbedwith Gaussiamoise Theperturbedpoint cloudis shownon the left.

we move the point x from X;  eng, to X; + eng, alongthe
segment[X; eng ;X1 + eng ] we have thatthefunction f; is
strictly decreasingThe sameargumentshavs thatthe func-
tion fo is strictly increasing.

A power crust points x is characterizedvy the following
equality fi(X) = fo(X). Using that fi(Xy eng,) fo(X1
eng,) < 0 andthefunctionsf; and fg arestrictly decreasing
andincreasingespectiely alongtheinterval [X;  eng, ;%X +
eng, ] thenthereexist anuniquepointxz on[X; eng,; X +
eng, ] suchthat | (x3) = fo(x3). Fromthis we concludethat
X1 = X = xg andthefunctiond( ) is one-to-one. []

6. Implementation and Experiments

Sincewe do not know Ifs(S) for a given input surface,we
choosethe sizeof theballsto eliminateby trial anderrorin
eachcase.

Our experimentsveredoneusinganin-houseémplemen-
tation of the power crust algorithm, due to Ravi Kolluri.
This code usesJonathanShevchuk's currently unreleased
pyramid codefor Delaunaytriangulation Filtering the po-
lar balls requiredaddingexactly elevenlines of codeto the
power crustimplementation.

We testedthe algorithmwith several datasets,produced
by taking polyhedralmodelsand addingnoise.The results
areshown in Figures4, 5 and6. The bunry andthe dragon
were taken from the Stanford3D scanningrepository and
the hip-boneis from the Cyberware Web site. For the Stan-
ford bunry we addedfour newv samplesper vertex respec-
tively, eachperturbedvith Gaussiamoise.For the hip-bone
andthe dragonmodels,which are alreadyfairly large, we
just perturbedthe input samplesThe bunry point setcon-
sistedof 179,736points and the reconstructiorwas com-

putedin lessthan a minute. The hip-bone set contained
397,625po0intsandthereconstructiomequiredabout3 min-
utes,while the dragonpoint setcontained875,290andre-
quiredabout10 minutes.Experimentsveredoneon a Pen-
tium 4, 2.4GHz with 1Gbof memory

In eachreconstructionwe chosethe constantd usedto
Iter the polar balls basedon the noiselevel, with d being
four timesthe varianceof the GaussianThe noiselevel in
turn was chosento be lessthanthe smallestfeatureof the
input model, for instanceto avoid lling in the holein the
hip-boneor connectinghe neckof thedragonto its back.
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Appendix A: LabelingAlgorithm

Oncewe have determinedhe setP° of polarballsto bere-
tainedin the noisyversionof the power crustalgorithm,and

¢ TheEurographic#ssociation2005.

computedtheir power diagram,the next stepof the algo-
rithm is to label eachof the ballsin P° asan outeror inner
ball, thus determiningthe setsB, andBg. We useexactly
the samelabeling algorithmasin the original power crust
implementatiorf ACKO1H], but we explain it herefor com-
pletenessThenwe prove a coupleof lemmaswhich guar
anteethatthe labelingalgorithmis correct. Theseproofsa
similar to analogougproofsin the noise-freecase but again
we includethemfor completeness.

For eachsamplein the specialset Z of verticesof the
boundingbox, its polar ball is insertedin a queueand la-
beledasouter Thenwe iteratively propagte the labeling.
While the queueis notempty we remove a ball Bp from the
queue We examineeachof the balls Bq whosecells neigh-
borthatof By, in the power diagramof P°. If theintersection
betweerBp andBy is at a anglebiggerthanp=4, we assign
to Bp thesamdabelasBg. Also we assigrtheoppositdabel
to theball of the otherpoleof p, if thereis one.This process
is repeateduntil thereis not a new ball that canbe classi-
ed asouteror inner Oncewe have nished thelabelingwe
determinethe facesin Pon(P% separatingnner balls from
outerones.

Lemma 10 The angleof intersectionbetweena polar ball
Bcl;rl 2 B andapolarball BCg:fz 2 BO with BCz;I’z\ Bcl;r 1 6
; 15 O(r).

Proof We have thatthe centerc; andc, of Bg,:r, andBg,:r,

arein differentsidesof S, thusthesegment|cy; c;] intersects
thesurfaceatapointx 2 S Letfbjg= [c1;¢2]\ 1Bg:r; with

i=12.

The ball Byq(xp,) is inside Be;r; which is empty of sam-
ples.Thenby lemma2 we obtainthatd(x; b;) = O(r)Ifs(x).

Henced(by;by)  d(x;by) + d(x;bp)  O(r)lfs(x), conse-
quentlyd(by;by)  O(r) maxe slfs(x) = O(r)Dy.

Let P aplanecontainingtheintersectiorcircle betweerthe

balls Bg,:r, andBg,:r, andfzg= P\ [c1;Cp]. Let usbound
thedistancec; to zwe have thatd(ci;2) ri d(by;by)

ri O(r)Dy. Sincethatr;  Ifs(S)=c, thenfor smallenough
r we have:

cDy
ifs(S)

Hencewe have thata; = O(r) for i = 1;2 andtheanglebe-
tweenthetwo ballsisa; + a, = O(r) O

coqa;) = 1 O(r)

d(c;9 ri O(r)Dy -1 o)
ri I

Lemma 11 Let e besmallerthanlfs(S). Givenapointu and
aball Ber 2 By (Ber 2 Bp) suchthatd(u; 1Bcr) O(e)
andu 2 Ne, thenthe angle betwsenthe vector eu and the
outward (inward)normahag is O(" €).

Proof Let Bmy,, be the outermedialaxis ball tangentto S
atiandlet B¢y 2 Bj beaball suchthatd(u; 1Bc;r) = O(€).
Let Ne beatubular neighborhoodf S It is easyto seethat
theball By, e is insidetheoutersolid which is delimited
by S andW, thereforeBer \ Bmr,, e= ;.

The points ¢, m and u form a triangle and the point t is
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Figure 7: Theangleq betweerthevectoreu andthenormal
fAg at (i

the projection of u onto the sggmentcm Our aim is to
nd an upperboundfor anglebetweenthe vectorseu and
fAg whichis g = \ (m;c;u) + \ (u;m;u) see gure 7. We
d(u;t)

have the following identities\ (c;m;u) = arcsin awm

d(uit)

d(uic)

There are th@e possibilities:t 2 Bmr,, e t 2 Bgr and

t 2 Bmr,, e Bcr. Whent Bmr, e (t 2 Bgr) us-

ing the equations d(u;t) = = d(u;m)?2 d(t;m?2 and
(ut) = d(u;c)2 d(t;c)? 9ge deducethat d(u;t)
(r+d(uTBcr)2 r2 = 0( e whent 2 Bmyr, e

and in the other caset 2 B¢r we get d(ut)
(rm+ d(@TBmr. )2 r2= O(° 8. From this two

boundsof thedistanced(u;t) we obtainthat

and\ (m;c;u) = arcsin

\ (c;m;u)  arcsin q% = O(p 5
rm  réh o dut)?
. d(u;t) P
\ (m;c;u arcsin —p————— =0( €
( ) r rz d(ut)? 9

Now considert 2 By, es Ber. Let tmum with um 2
Bmr ., be asggmentparallelto ut andintersectinghe sey-
mentscm alsolet tcuc be parallel sggmentto tu with uc 2
9Bcr andtc 2 uc. Fromthiswe getthat

d(Um;tm)
m
d(Uc;tc)
r

arcsin

\ (c;m;u) (19)

arcsin

\ (m;c;u) (20)

q
(rm d(u;Bmyr e))2 rm =
r duiBe)Z r2=0( 9

Due to d(um;tm)
o® & andd(uc:to)

we obtainthat\ (c;m;u) = O(p e) and\ (m;c;u) = O(p e
[

Corollary 1 The angle of intersectionbetweentwo balls
Bcyir, 2 andBc,r, 2 B| suchthatBe,:r;\ Bc,ir,\ Ne6 ;,
isp O( €.

Proof Take x 2 Ne\ Beyir; \ Beyr,. We have that
d(x;YBg:r;) = Ofori= 1;2.

Therefore,applying the lemma 11 we have the anglebe-
tweenthe surface normalfg andthe vectorex, is O(" €)
fori= 1,2, canequenttheanglebetweerthevectorsclx
andepx is O(p _é) andthe anglebetweerthe tangentplanes
atxisp O( e. O

¢ TheEurographic#ssociation2005.



