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Abstract

Recenwork haveshownthat moving leastsquaes(MLS) surfacescanbe usedeffectivelyto reconstrucsurfaces
frompossiblynoisypoint cloud data. Several variantsof MLS surfaceshavebeensugested someof which have
beenanalyzedtheoetically for guarantees Theseanalysesso far, haveassumediniform samplingdensity We
proposea new variantof the MLSsurfacethat, for the r sttime incorporateslocal featuee sizesn its formulation,
andwe analyzeit for reconstructiorguaranteesusinga non-uniformsamplingdensity The proposedvariant of
theMLS surfacehasseveral computationabdvantaesover existingMLS methods.
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1. Intr oduction

In surfacereconstructionif the input point cloud is noisy,
a surface tting throughthe points can be too bumpy for
practicaluse.A remedyto this problemis to de ne a tar
get smoothsurface and project or generatepoints on this
smoothsurfacefor reconstructionOf coursethemainprob-
lem is to choosea suitablesmoothsurfacethat resembles
theoriginal surfacewhich theinput point cloud presumably
sampledSereralsuchtargetsurfaceshave beenproposede-
centlywith differentalgorithmsfor their computationsThe
radial basisfunction of Carretal. [JCCCM 01], the multi-
level partitionof unity of Ohtaleetal. [OBA 03], thenatural
neighborsurfaceof BoissonnaandCazasl§BCO0Q] andthe
moving leastsquaref Alexaetal. [ABCO 01] areexam-
plesof suchsurfacesto namea few.

Themoving leastsquaresurfacesMLS), originally pro-
posedby Levin [Lev98g] and later adoptedby Alexa et
al.[ABCO 01] for reconstructioave beenwidely usedfor
modelingand rendering[AA03, MVdF03,PKKGO03. The
popularopensourcesoftware PointShom3D [ZPKG02]im-
plementsthe MLS surfacesand shavs the effectivenessof
the MLS surfaceson realworld scannediata.Recently the
work of AmentaandKil [AK04] andKolluri [Kol05] have
broadentheunderstandingf theMLS surfacesKaolluri con-
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sideredanimplicit versionof the MLS surfacesandproved,
for the rst time, theoreticalguaranteesboutthem. Sub-
sequently Dey, Goswami and Sun [DGS05] proved simi-
lar guarantee$or the variantof MLS proposedoy Amenta
and Kil. Thesetheoreticalresultsassumea globally uni-
form samplingdensitywhich is quite restrictive. For exam-
ple, in Figure 1, the globally uniform samplingcondition
needsmore than 10* pointsto samplethe arc ab because
of asmallfeaturesomevhereelse.Ouraimis to prove guar
anteesaboutMLS surfacesunderanadaptve samplingcon-
dition similarto theoneusedoy AmentaandBern[AB99] in
thecontet of noise-fregeconstructionUndersuchadaptve
sampling,oneneedsonly 6 pointsto samplethearcin Fig-
ure 1. To accommodat@n adaptve sampling,we comeup
with anew variantof the MLS surfaceswhich incorporates
thelocal featuresizesof the sampledsurfacein its formula-
tion. Ourresultsshow thatthisnew MLS surfacehasseveral
adwantage®ver otherexisting MLS methods.

Figure 1: Thedash-dotinesrepresenthe medialaxis.
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1.1. MLS surfaces

Moving leastsquaress anextensionof thewell known least
squaresechniqueo t asurfaceto agivensetof datapoints.
The term "'moving' refersto the various weighting of the
points in calculatingtheir contritutions to the solution at
differentlocations. This uni ed view of the moving least
squaress nicely explainedby Shenet al. [SOS04].There
aremainly two typesof MLS surfacesconsideredn thelit-

eraturein the context of surfacereconstructions.

1.1.1. Implicit MLS

Shenet al.[SOS04 de ned a MLS surfaceimplicitly by a
function which they called IMLS surface. This surfaceis

speci ed by the moving least-squaresolutionto a set of

constraintghatforce thefunctionto assumegivenvaluesat
the samplesandalsoforceits upward gradientto matchthe
assignechormalsat the samplesEachconstraintis associ-
atedwith aweightfunction.In thesimplestcasetheimplicit

functioncanbetakenas

&p2pl(x  P)Tvplap(¥)
8 p2pdp(X)

whereqp is a weightingfunction and vp is the normalas-
signedto a samplep. Kolluri [Kol05] consideredhis sur
faceand shaved that the IMLS surfaceis indeedisotopic
(strongethanhomeomorphicjo the sampledsurfaceif the
inputsamples sufciently dense.

I (x) = (1.1)

1.1.2. Projection MLS

Levin [Lev98] pioneereda MLS surfacethatis de ned asa
setof stationarypointsof a projectionoperatorWe call this
projectionbasedMLS surfacesasPMLS surfaces Amenta
andKil [AKO4] gave a moreexplicit de nition for PMLS
surfacesas the local minima of an enegy function along
thedirectionsgivenby a vector eld. Basedon this explicit

de nition, they gave an implicit form for PMLS surfaces.
Speci cally, they shavedthatthe PMLS surfacede ned by
Levin [Lev98] is actuallythe implicit surfacegiven by the
zero-level setof theimplicit function

3= n(x)T(ij)

wheren: R®! R®is agivenvector eld, E: R® RS!
R is anenepy function given by E(y; n(x)) = % applly

p) "n(x)]%qp(y) with qp asa weightingfunction. If qp is a
Gaussiarwith width h then

-

o X n(x
309= & pToonn (K P20 (1.2)

p2 P

ThePMLS surfacede nition inherentlyleadsto a projection

methodby which points canbe projectedonto the surface.

Dey, Goswami andSun[DGSO0Y] prove theoreticalguaran-

teesfor PMLS surfaces.

1.1.3. Variation of PMLS (VMLS)

If we de ne theenegy functionasE(y; n(x)) = % & pplly
p) " n(x)]2qp(X) wheretheweightingfunctiongp varieswith
x insteadof y, we obtaina variantde nition of PMLS sur
faceswhichwe call VMLS in short.Indeed thisis theMLS
surfaceactuallyimplementedn PointShop3D by Zwicker
etal. [ZPKGO02]. It hasavery simpleimplicit form
G = & I(x P n(¥lap(9:
p2 P

An adwantageof this de nition is that, unlike the standard
PMLS surfaces,its inherentprojectionproceduredoesnot
requireary non-linearoptimization,which makesthe algo-
rithm fast,stableandeasyto implement.

(1.3)

1.1.4. Results

We adoptthe IMLS form in equationl.1 and modify it to
be adaptve to the featuresizesof the sampledsurface.This
enableaus to prove guaranteesinderan adaptve sampling
conditionasopposedo the uniform oneof Kolluri [Kol05]

andDey etal. [DGS05]. Themodi cation is in thechoiceof
theweightingfunctionfor de ning theimplicit function| .

Theweightingfunctiongp for de ning | is choserto bea
Gaussiarwhosewidth dependon thelocal featuresizesas
de ned by AmentaandBern[AB99]. The particularchoice
of this featuredependencés new andreasonedn section
3.1.We call the MLS surfacegivenby | with thesefeature
dependenciethe adaptiveMLS surfaceor AMLS surface
in short.As animplicit surface,onecanprojecta pointonto
AMLS surfaceshy theNewtoniterationmethodwhich strik-
ingly outperformsthe well known projectionprocedurefor
PMLS or VMLS surfaces.

We prove guaranteefor AMLS surfacesunderan adap-
tive samplingcondition and note its advantagesver other
MLS surfaces.Speci cally our resultscan be summarized
asfollows.

(i) ThesubseW of | l(O) ontowhich pointsareprojected
is indeedisotopicto the sampledsurface,i.e.,onecanbe
continuouslydeformedo the otheralwaysmaintaininga
homeomorphisnbetweerthem.

(i) Theabore guaranteeequireshattheassignedrectorsto
thesamplestloselyapproximatehe normalsof the sam-
pledsurface We presentaprovablealgorithmto estimate
thenormalsat the samplesvenwhenthey arenoisy.

(iii) We preseninimplementatiorio approximatehe AMLS

surface which establishests effectivenessand discuss
several of its adwantagesover other MLS surfaces.
Speci cally, our resultsshov that the standardNewton
iterationusedfor projectionon AMLS surfacesis faster
thanthe projectionsusedfor PMLS surfaces.

The proofsof someof our resultscannotbe includedin
theten-pagdimit of the paper An extendedversionof this
paperincluding all the missingproofsis availablefrom the
authors'webpagegDSO05].
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2. Preliminaries
2.1. Surfaceand thickening

LetS RS beacompactC? smoothsurfacewithoutbound-
ary. For simplicity assumethat S has a single connected
componentLet W and Wp denotethe boundedand un-
boundedcomponentsof R®nS respectiely. For a point
z2 S, let fi; denotethe orientednormalof S at z wherefi;
pointslocally toward the unboundedccomponent\p. Let a
line througha point z2 S alongthe normalfi; be denoted
zii(2) -

For a point x 2 R% andasetX RS let d(x; X) denote
the distanceof x to X, i.e., d(x;X) = infyaxkx yk. The
medialaxis M of S is the closureof thesetY ~ R® where
for eachy 2 Y thedistancel(y; S) is realizedby two or more
points.In otherwords,M is the locus of the centersof the
maximalballs whoseinteriorsareemptyof ary point from
S. Thelocalfeaturesizeatapointz?2 S, Ifs(2), is de ned as
thedistanced(z M) of zto themedialaxis M. The function
Ifs() is 1-Lipschitz.

Letn:R3! Smapapointx2 R® toits closestpointin
S. It is known thatn is well de ned if its domainavoids M
which will be the casefor our useof n. DenoteX = n(x).
Let f (X) denotethe signeddistanceof a pointxto S, i.e.,
f(x) = (x >"<)Tﬁ>~<. Forareald 0, de ne offsetsurfaces
S;qandS 4where

Siq= Fx2 R%jf(x) = +difs(X)g

S 4= fx2 R3f(x) = difs(R)g:
LetdSbetheregionbetweerS 4andS, gy, i.e.,
dfs(X) f(x) difs(X)g;

Figure2 illustratesthe above concepts.

ds= fx2 R¥j

Figure 2: ThesetdS, medialaxis,normalsandIfs().

2.2. Sampling

An adaptve sampling density basedon the local fea-
ture size called e-sampling has been used for proving
the correctnessof several surface reconstructionalgo-
rithms [AB99, ACDL02,BCO0(Q. For this work we assume
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asimilar samplingconditionbut modify it for possiblenoisy
input. Apartfrom condition(iii) justi cation of all othercon-
ditions canbe foundin [DG04]. We sayP Riisa noisy
(e;a)-sampleof thesurfaceS if thefollowing samplingcon-
ditionshold.

(i) Thedistancefrom eachpointz?2 S to its closestsample
is lessthanelfs(2).

(i) Thedistancerom eachsamplep 2 P to its closestpoint
ponSis lessthan€?lfs(p).

(i) Eachsamplep is equippedwith a normalvp wherethe

anglebetweernvp andthenormalfip atits closesipoint 5
onSis lessthane.

(iv) The numberof the samplesinside B(x; elfs(X)) is less
thana small numbera, for ary x 2 R3. In this papera
is setto beb.

Olviously the lessthe e is, the betterS is sampledby P.
UsuallyP is consideredo beagoodsampleof the surfaceif
e 01.

For our proofs we needa result that all samplesnear
a point z on S lie within a small slab centeringz. Kol-
luri [Kol0O5] madea similar obsenation assuminguniform
samplingdensity Herewe extendit for adaptve sampling.
A ball with the centerx andradiusr is denotedasB(x;r).
DenoteS(x;r) to be the boundaryof B(x;r). Considerary
pointzon S andaball B(zr Ifs(2)) with asmallradius,i.e.,
r > Oissmall.LetPL+ andPL betwo planesperpendicu-
lar to i, andata smalldistancenlfs(z) from z. We shaw that
if wis of theorderof €2 + r 2, all pointsof P within the ball
B(zr Ifs(2)) lie within theslabmadeby PL+ andPL .

Lemma 1 For r 1 ande 01, ary sampleinside
B(zr Ifs(2)) liesinsidethe slabboundedby the planesPL+
andPL where

_(E+1)?  (A+r) 5
T2l @21 et

In additionwe shav thata smallball B(x; 5Ifs(X)) centering
ary pointxin R® containsa smallnumberof pointsfrom P.

Lemma2Forr 0:4ande 0:1,thenumberof samples
insideB(x; 5Ifs(X)) is lessthanl where

| = a ifr 2e
75 3a .
= otherwise.
el

3. De nition of AMLS
3.1. Weighting functions

Theimplicit functionvaluel (x) ata point x shouldbe pri-
marily decidedby the nearbysamplesThatis exactly the
reasonwhy differentimplicit MLS functions proposedso
far weigh the sampleddifferently in a suminsteadof giv-
ing themequalweights.We have alreadyseenthatthe sam-
pleswithin asufciently smallneighborhoodrepredictably
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distributedwithin asmallslab(Lemmal). Howeverthesur
faceoutsidethe neighborhoodcould vary arbitrarily with-
outchangingts partinside.As aresult,the samplesutside
the neighborhoodould be arbitrarily distributed.Hencewe
should designa weighting function suchthat the samples
outsidethe neighborhoochave muchlesseffect on the im-
plicit functionthanthoseinside.

Figure 3: Thesolid curvesandthe dash-dotinesrepresent
part of the surfaceandits medialaxisrespectively

Gaussiarfunctionsare a good choiceto meetthe above
requirementsincetheir widths cancontrolthein uence of
the samplesTo malke the implicit surfacesensitve to fea-
turesof the original sampledsurface,we take the width of
the Gaussiarfunction to be a fraction of the local feature
size.However, one needsto be more careful.If we simply

kx pk?2

take a fraction of Ifs(X) asthewidth, i.e., take e m as
the weighting function wherer < 1, we cannotboundthe
effect of the far away samplesConsiderthe left picturein
Figure3. Thelocalfeaturesizeatthepoint p canbearbitrar
ily smallandhencethe numberof samplesaroundf needs
to bearbitrarily large to meetthe samplingconditions.Con-
sequentlythe summatiorof the weightsover thosesamples
which areoutsideB(x; Ifs(X)) becomedoo largeto be dom-
inatedby the contritutions of the samplesn the neighbor
hoodof x.

An alternatve optionis to take a fraction of Ifs(f) asthe
k x pk2
width, i.e.,take e (12 asthe weightingfunction. How-
everit alsofails asillustratedin theright picturein Figure3.
1

The samplessuchas p hasa constantweighte [eo®?  As
the summationextendsoutsidethe neighborhoodf x, the
contribution of the samplesemainsconstaninsteadof de-
creasingAs a result,onecannothopeto boundthe outside
contrikution.

We overcomethedif culty by anovel combijnationof the
above two options,i.e, by takinga fractionof ~  Ifs(X)Ifs()
asthewidth of the Gaussiamweightingfunctions.This takes
into accountheeffectsfrom both membersthecontribjtign

kx  pk
senderp andthe contritution recever x. Unlike e [r‘fsﬁmz ,
suchform of weighting function decreasess p goesfar
away from x no matterhow the surfacelookslike. In addi-
tion, suchform of weightingfunctionassignsa smallvalue
to the pointsthat samplesmall featureswhich in turn can-
celsouttheeffect thatsmallfeaturegequiremoresamples.

There is still one more dif culty. The function Ifs(),

thoughcontinuousijs notsmootheverywhereon S. Thenon-
smoothnesappearsvhereS intersectghe medialaxisof its
own medialaxis M. To make the implicit function smooth,
we usea smoothfunction f() arbitrarily closeto Ifs() where

109 Ifs(x)]

for arbitrarily smallb > 0, say10 1%, Thisis doablesince
thefamily of realvaluedsmoothfunctionsover smoothman-
ifolds is densdn thefamily of continuousfunctions[Hir88]
andthe minimal featuresizeis strictly positive for ary c?
manifcﬁd [Wol92]. Finally we choosea fraction (given by

blfs(x) (3.4)

re) of  f(X)) f(f) asthewidth of the Gaussiarweighting
functions.Speci cally we take
P 2
2kx  pk
ngp(X) = ——ov—: 3.5
RO @)

The factor P 2 in the exponentis for the corveniencein
proofsaswe will seelater. In generaljt is known thatlarger
valuesof re make the MLS surface smoother To have a
senseof appropriatevaluesof r e, considerthe casewhere
x is on the surface S. The samplessuchas p in Figure 4
acrossthe medial axis to point x should have little effect
on the implicit function valueat x. 'Eakingre 0:4 makes

the weight of p at x lessthane 2° 2 5 10 © since
kx pk 2maXx Ifs(X);Ifs(p)g.

Figure 4: Thesolid andthe dash-dotinesrepresentpart of
the surfaceandits medialaxisrespectively

3.2. AMLS function

De ne
NO= & [(x P vplap(®) (3.6)
p2 P
and
I (x) = \';\'/E’)?) 3.7)

whereW (x) = & p pdp(x). Obviously theimplicit functions
N andl have exactly the sameO-level set,i.e., | l(0) =
N %(0). Therefore we could have taken N insteadof |
for AMLS, but we shaw in section8 thatl hasasigni cant
computationabdwantagesinceNewton iterationfor | hasa
much larger corvergentdomainthanthe onefor N . How-
ever, the functionN hasa simplerform to analyze Hence,
we analyzethe O-level setof | viathefunctionN .
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4. Contrib utions of distant samples

Theoreml is one of our main contrikutionsin this paper
which saysthatthe effect of distantsampleon a point can
be bounded.Oncewe prove this, the overall techniqueof
Kolluri [Kol05] for IMLS surfaceswith uniform sampling
or of Dey et al. [DGSO05]for PMLS surfaceswith uniform
samplingcanbe applied.However, the detailsneedcareful
work.

In variousclaims, the contribution of a samplep to the
implicit functionor its deriative at pointx will be bounded
from above by anexpressiorthatinvolvestheterm

P 5 X 2
|p(x) = e rzzﬁ(ﬁ)f‘z;) kaipks:
[85 () f(RI!

The valuesof s andt will vary between0 to 2 andfrom 0
to 1 respectiely in variousequationswvherelp is used.For
instancethe contritution of a samplep to functionN at x
canbeboundedy Ip(x) with s= 1 andt = 0.

Following Kolluri [Kol05] our strateyy for boundingl p(x)
will beto decompose¢he spacento sphericalshellscenter
ing x. Theoreml shaws thatthe total contrikbution from all
thesamplesn the shellsdecreaseastheir distancegrom x
increaselet Sx(w; r ) betheshellregionbetweerthespheres
S(x; wifs(X)) andS(x; (w+ r)Ifs(X)). Fori = 0;1;::: consider
the nestedshellsgivenby Sx(w;;r) wherew; = r + ir (Fig-
ure 5). To prove Theoreml we needa resultthat bounds
the total contritution of the sampleslying within the in-
tersectionof a small ball of radius rjlfs(ﬁ) and the shell
Sx(w;;r). Let B% be ary suchball. We would like to bound

the sum & , B\ Su(wir) Ip(X). The ball Br2 has a radius

r7Ifs(>”<) thoughits centeris notnecessarilx. Thereforepne
cannotuseLemmaz? to boundthe numberof samplesin-
side Br7 . We overcomethis dif culty by usinga hierarchi-
cal subdvision of the boundingbox NC; of B% . The subdi-
vision divides a cubeunlessit can be coveredwith a ball
B(c;r) wherer is a fraction of Ifs(€). Then, one can call
uponLemmaz2 to boundthe numberof samplesin B(c;r)
andhencen the cubesof thesubdvision. Thereforewe can
boundthe numberof samplesn B% usingthe numberof the
leaf nodesin its correspondingubdiision tree.Notice that
we do nothave anexplicit boundfor the numberof samples
in ary B% sincea’[differentpositionsBré may have different
subdvision treesadaptingto the local geometryof the sur
face.However, we do have an explicit upperboundfor the
total weightsfrom the samplesnside ary B% asprovedin
Lemma3.

AssumeahierarchicabubdvisiontreeHST of NC; asfol-
lows. Let ¢c; bethecenterof theboundingcubeNC;. Subdi-
vide NC; into 27 subcube®f size%lfs(i) if Ifs(€1) < Ifs(X).
Let NC, be ary suchsubcubelt canbe coveredby a ball
B = B(C2; 5 1fs(X)) wherec; is the centerof NC;. Sub-

divide NC, in the sameway if Ifs(Ep) < %Ifs(i). In gen-
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eral, keep subdviding a subcubeNCy at the kth level if
Ifs(€) < zk—lllfs(f() wherecy is the centerof NCy. Obsere

thatNCy is coveredby B_rR = B(cy; %R Ifs(X)) . Figure5 shavs
2!
aHSTin 2D caseWe useNC, alsoto denotdts intersection
with B_rE.
2

30
y

Figure5: Thenestedshellsandthe hierarchical subdivision
tree

Lemma3lfr 04,e O:landr 5r,
o LU ENVY S
&  l le m07 SR 2

p2 BL\ Sx(Wi;l')
2

where0 s 2,0 t 1l1andl isdenedin Lemma2.

Proof Casel: Ifs(€;) Ifs(X): HST hasonly one node
NC;. Let p beary samplein Bré. Obsere thatkp &1k

2kp cik  2(kp pk+kp k) 2€lfs(P) + rlfs(Gy).
By Lipschitzpropertyof Ifs(),

~ 1

Ifs(p) 1+ 22

Frominequality3.4we have

~ 1r
f(P) mf(i)

Ifs(X):

whereb®= iLg.Similarlyfromconditionkx pk  rlfs(X)

(pliesin Sx(w;;r)) andthefactkX pk  2(kx pk+ kp
pk) we obtain
1+2r

7“1 2ez)kx pk:

f(p) (1+b)

Hence

P31 2 rkx pk
|p(X) e @+b)(1+2r) r2¢() [

IDéb°(1+ 26?) .+ kx pk®

1r [r f(2]12
which is a decreasindunctionof kx  pk whenkx pk
4rlfs(%). Sincekx  pk Wii(kf),weha/e

[p 20%1+ 2¢?)t WP
@ b 1A

) w
|p(x) e (1+b)2(1+2r) 12

f()'z)S 2t
e a2 rﬁzitf()z)s 2.

It is not hard to verify the secondinequality under the
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given conditions. The lemma follows from the fact that
B(cy; % f(€1)) covers B% andhencethe numberof samples
insideB% is lessthan! from Lemmaz2.

Case2: Ifs(€;1) < Ifs(X): ConsideraleafnodeNCy atthekth

level which is coveredby BErF in HST. We have Ifs(€)

F11fs(R). Let p beary sampleinsidethe node.Sincek s

&k 2kp ckk, weobtain

ot 1
b1+ 2e%) 2k 1
On the otherhand, p is alsoinsidethe parentnodeNCy 1
coveredby B in HST. Sincekp € 1k 2kp ¢ 1k

(D) f(%):

®T
andlfs(& 1) < z1Ifs(%), we obtain

bY1+r) 1

O T2 x2f®:

Hencefor thegivenvalueof r ande, we have

Ip(x) -
P —
o x z‘bzé(luiﬁez)% Sk 2)[2 2b0(1+ 2e'2)]t kx pk®
1r [r f(]2
122535 ik 2 W oooms 2
- (1+2r)r2 _
27° 2 rz (%)

Since B(cy; rz f(&)) covers BrT and hencethe numberof

2
samplesnsidetheleafnodeNC; is lessthanl from Lemma
2,we have

8 o0 Lore? wwe gD Wpgsa
p2 NG 27 r

(4.8)
The above equationgives the boundfor contributions of
samplesinside a single leaf nodeNCy at ary level k 2.
We useinductionto establishthat the boundalsoholdsfor
ary internalnode.Let NCy beaninternalnode.Then,by in-
ductionwe canassumehat eachof the 27 childrenof NCy
satisfy equation4.8 with k = k+ 1. Summingover this 27

childrenandreplacingk with k+ 1 in equatior4.8,we get
K1 s

é Ip(X) | e 2 a2 otk 1) ﬁzltf(;(')s 2
p2 NG '

1 2 P otk 2)

i |e (1+2r)r 2
27
Thelemmafollows from thefactthat27 NCys partition B% .

O

" ho° 2

Theorem 1 If r 0:4,e O0Olandr 5r, thenfor ary
x2 R®
2 2 2 s
° +rr+ r
a |p(X) C1| 7[' rrz r e (1 2nr2 th f()N()S 2t
p2B(xr (%) ' '

where0 s 2,0 t 1andC1:180p§p.

Proof ThespaceoutsideB(x; rlfs(X)) canbedecomposedty

(Sx(Wi;r)) L o wherew; = r+ ir . EachSx(wj;r ) canbecov-
v .
eredby Iessthanw ballsof radius}Ifs(%) as

in [Kol05]. From Lemma3 the contritution from the sam-
plesinsideeachof theseballsareboundedHence

1
a b¥=a a 1K
pZB(x;r f(%)) i=0p2 Sy(wi;r)
1 _ 2 w
Cil 5 Wrwr+r? o,
5 r2

W o oors 2t
_ 2 f®
i=0
2 2 2 s
re+orr+r o 2.
Cll r.429 (+2rr2 r_th(f(')S :
Thelastinequalityholdsbecausehe seriess boundedrom
above by ageometricserieswvith commonratiolessthan0:8.

O

5. Isotopy

Althoughwe prove Theroeml with hypothesis  0:4 and
e 0:1whichis plausiblein practice,our proof for isotopy
usesthesettinge 4 10 Sandre= e Therequirement
for suchsmall e is probablyan artifact of our proof tech-
nigue. Thereareroomsto improve theseconstantghough
the proofsbecomemore complicatedseethe discussiorin
the extendedversion[DS05]). We focusedmoreon demon-
stratingtheideasbehindtheproofsratherthantighteningthe
constantsln ourexperimentsthe AMLS surfacesvork well
on sparsalatasetsaswe shaw in section?.

LetW =N 1(0)' 0:1S, the subsetof N 1(0) inside
0:1S. Lemmad shavsthatW is indeedwithin 0:3eS In addi-
tion, Lemma6 impliesthat5N cannotvanishin 0:3eSand
henceQ is aregularvalue.So, by implicit functiontheorem
W isacompactsmoothsurface Recallthatn: R3! Stakes
apointto its closestpointon S. Let njyy betherestrictionof
n to W. We prove thatnjy is ahomeomorphisnSinceW is
includedin atopologicalthickening0:3eSof S andW sep-
aratesthe sidesof 0:3eS we alsohave W andS isotopicin
R? dueto a resultof Chazaland Cohen-SteinefCCS04.
So,to prove isotopy we only needto prove thatW andS are
homeomorphic.

Theorem 2 njyy is ahomeomorphism.

Proof The function njyy is continuoussincen is. SinceW
is compactit is sufcient to shav thatnjy is surjectve and
injective which arethestatementsf Lemma5 andLemma?
respectiely. [

To prove that njy is surjectve we use the following
lemmawhich saysthat N crosseszero within 0:3e§ i.e.
W 2 0:3eS

Lemma4
N(X) >0 if x2 (0:1Sn0:3e9\ Wp
<0 ifx2 (0:1Sn0:3e9\ W
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Lemma 5 njy is surjective.

Proof Letzbeary pointin S. Thenormalline * 4, , through

z along the normal fiz, intersectsN 1(0) within 0:3eS
thanksto Lemma4. By de nition of W, it intersectsV at
pointx suchthatkx zk 0:3elfs(2). This meansjyw maps
apointof W to zor anothempointy on S. We arguethaty 6 z
doesnot exist. For if it doesthedistanceky xk hasto be
lessthan0:3elfs(z). Hencewehavekz yk 0:6€lfs(2). On
the otherhand,ky zk hasto be morethanthe distanceof
z to the medialaxis, which is at leastlfs(z). Therefore for
eachpointz2 S, thereis a pointin W which is mappedby
njwtoz. [

In the following lemmawe prove that the directional
derivative of N alongfig is always positive. This, in turn,
helpsusto prove thatnjyy is injective. We introducea handy
notation.Let ux[N ] be the directionalderivative of N ata
pointx alongthe unit vectoru.

Lemma 6 Let zbeary pointon S, thenfor ary X2 "z, \
0:3eS

(Aiz)x[N]> 0
Lemma 7 njy is injective.

Proof To prove the injectivity of njy, assumefor contra-
diction that there are two points w and w® in W so that
njw(w) = njw(W% = z This means' 5, intersectsV atw
andw® within 0:3eS(Lemma4). Without lossof generality
assumehatw andw® aretwo suchconsecutie intersection
points.Then, 27, mal«asatleastE anglewith oneof thenor
malstoW atwandw®. But, thatls|mp055|ble=_;|nceLemma6
impliesthat

\ fiz;BN (X) < g

for ary pointx2 “z5,\ 0:3eS [

6. Normal estimation

The computationof the normalvector eld n requiresas-
signednormalsat the points of P. Theseassignechormals
shouldapproximatethe normalsat the closestpoints of S.

RecentlyDey etal. [DGS05]proposeda Delaunaybasedal-

gorithmfor estimatingnormals.The proofsfor this estima-
tion workswith uniform samplingcondition.We canextend
the proofsto the adaptie samplingcondition[DS05.

A Delaunayball is a circumscribingball of atetrahedron
in theDelaunaytriangulationof theinputpointsetP. It is de-
notedB(c;r) if its centeris c andradiusis r. We call B(c;r)
big if r is morethancertaintimesthe averagenearesheigh-
bor distancesf the samplesincidenton B(c;r). The vec-
tors from the samplesincidentto suchbig Delaunayballs
towardstheir centersndeedapproximatehe normalsof S.
Figure6 shavs animplementatiorof this concept.

The following lemmais the basisof our normal estima-
tion.

¢ TheEurographic#ssociation2005.

Figure 6: Outwad normalsare estimatedrom big Delau-
nay balls at a subsetof samplegmiddle); pointsafter pro-
jectionwith thesenormals(right).

Lemma 8 Let p 2 P beincidentto a Delaunayball B(c; r)
wherer > %Ifs( p) andc 2 Wo. Then,\ pc;fig = O(e) for a
sufciently smalle> 0.

Lemma8 tellsusthatnormalscanbeestimatedrom large
Delaunayballs. The next lemmais a direct consequencef
Lemmab5 in [DGO04] which saysthattherearemary big De-
launayballs.

Lemma 9 For eachpoint x 2 S, thereis a Delaunayball
containinga medial axis point inside and a sampleon the
boundarywithin O(e) f(x) distancefrom x.

Lemma8 andLemma9 togethersuggestnalgorithmfor
estimatinghenormalsof S from P. We computethebig De-
launayballsby comparingtheir radii with the nearesheigh-
bor distance®f theincidentsamplesFor apoint p 2 P, let
| p denotethe averagenearesiistancedo the ve nearest
neighborsof p in P. We determineall Delaunayballs in-
cidentto p whoseradii arelarger thancl p wherec is an
userde ned parametenVetake c = 2:5in our experiments.
Notice that somepointsin P may not satisfythis condition
which meanghey do not contrituteary big Delaunayballs.
After obtainingthe normals,we orient them using a con-
sistentwalk on innerandouterDelaunayballs asdescribed
in [DGO4].

7. Algorithm and Implementation

In this sectiorwe summarizalifferentstepsof thealgorithm
for reconstructiorandtheir implementationsln absencef
S onecannotcomputdfs(X) andhencef (X) for apointx ex-
actly. Dueto this dif culty , ourimplementatiorasdescribed
belov canonly approximatethe AMLS surface.However,
theresultsof ourimplementatiorshaw thatthis approxima-
tion is effective in practice.

We have alreadydiscussedhe normal estimationstep.
For featureestimationwe usethe approximatiorof theme-
dial axiswith VoronoidiagramsIn noiselessase Amenta,
Choi and Kolluri [ACKO01] showved that, for a densesam-
ple, the Voronoiverticesfurthestfrom their generatingsites
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AMLS(P)
NORMAL ESTIMATION:
ComputeDel(P)
for eachpoint p with big Delaunayball
computethenormalnp
FEATURE ESTIMATION:
for eachp 2 P estimatef ()
PROJECTION:
foreachp2 P
1 projectp to p0 by Newtoniteration;
if kp p% >t goto1with p:= p°
endfor
RECONSTRUCTION:
Let P°bethe projectedpointset;
reconstructvith P°.

alsocalledpolesapproximatehemedialaxis. Then,by mea-
suringthe shortestdistanceof a samplep to the polesone
canapproximatdfs(p). In caseof noise,this doesnot work

as poles do not necessarilyapproximatethe medial axis.

As a remedywe fall back on an obsenation of Dey and
Goswami [DG04] which saysthateachmedialaxis pointis

coveredwith abig Delaunayball. So,we considereachpoint

p 2 P thathasabig Delaunayball incidentto it. We take the

centerof thebiggestDelaunayball incidentto p andalsothe

centerof thebiggestDelaunayball incidentto p in theoppo-
sitedirection.Thesecentersactaspolesin thenoisysample.
Let L denotethesesetof poles.We approximatef (X) atary

pointxasd(p; L) wherepis theclosespointto xin P. Actu-

ally, p approximate€ andd( p; L) approximateshedistance
of X to themedialaxis.

In projectionwe move p to a nev point p0 by Newton
iterationwhich canbe describedasfollows. Projectp along
51 (p) to anew position

I (p)

0_
=p WS I (p) (7.9)

p

and iterate until the distancebetweenp and p0 becomes
smallerthana given threshold.To computel and5l , we

only take the samplednsidethe ball with radius5 timesthe

width of the Gaussiarweightingfunctionsincethe samples
outsidethis ball have litte effect on the function. The con-

vergenceof the Newton iterationcanbe proved usingstan-

dardnumericalttechniquesDueto the spacdimit, we skipa

formal proof here.However, we shav by examplesthatthe

Newton iterationfor AMLS surfacecorvergesquickly and

hasabig corvergentdomainin section8.

Finally, the projectedset of points are fed to a recon-
structionalgorithmto producethe output.We usedthe Co-
CONE software[COC] to reconstrucfrom the projectedset
of points.Figure7 shavstheresultsof ouralgorithmapplied
onMAX-PLANCK andBIGHAND pointclouds.

Figure 7: Reconstructionresults befoe (left) and after
(right) smoothingwith AMLS.re = 0:75 for both models.
The reasonwe choosea bigger value for r e than the one
(0:4) we suggestin section3.1is that our feature estimation
methodtendsto give a feature sizeslightly smallerthanthe
exactone

8. Computational aspectsof AMLS

In this sectionwe discussseveral propertiesof AMLS some
of which provide it anedgeover the others.

8.1. Normalizing weights

Thedifferencebetweenthe functionsN (x) andl (x) is that
the weightsin | (X) is normalized.Although normalizing
weightsdoesnotchangeheimplicit surfaceaswe discussed
in sectionb, it doeschangethe behaior of the Newton pro-

jection (NP). Speci cally it increaseshe domainof corver

gencesigni cantly. Onecanseefrom equation7.9 that NP

movesx alongthedirection5l (x) whenl (x) < 0 andalong
theoppositedirectionwhenl (x) > 0. Newton projectionfor

thefuntionN hasasimilarbehaior. Figure8 shavsthegra-

dient eld andtheresultsof NP for | andN appliedon a

noisydata.

8.2. AMLS vs.VMLS

VMLS surfacesasdiscussedn sectionl.1.3have aninher
ent projectionprocedure(PP) by which the pointsare pro-
jected onto the surfaces.PP can be describedas follows.
Projectx alongn(x) to a new position

)(O =X & n(X)

&p2pdp(¥) (8.10)
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Figure 8: Theleft andright columnsshowthe resultof NP
onl| andN respectivelyThe top row showsthe function
valuesandthegradient eld. Thevaluesare negativeat cold
color and positiveat warm color. In the bottom,the lines
connectinput gray pointsto their correspondingstationary
greenpointsof NP

Model |P| Method #nb #iter Time

Max- 49137 NP 1000 3.1 94
planck PP 1108 7.2 310

bighand 38214 NP 1392 3.2 109
PP 1527 8.6 400

Table 1: |P| is the numberof pointsin the point cloud. We

computetiter in the aveiage sensei.e., weadd up thenum-
ber of iterationsusedto projectall the input pointsand di-

videit by |P| to get#iter. Similarly#nbis theavermge number
of pointsconsideed as neighbos. e choosethe threshold
t = 10 25 Times(second)are for projectingall the input
points(PCwith a 2.8GHzP4 CPU and 1GBRAM).

anditerateuntil a stationarypointis reachedWe arguethat
NP usedfor AMLS surfaceis betterthanthe PPin two re-
spectscornvergencerateandtiming. As Table8.2showvs, NP,
in generalusedessiterationsto projecta pointontotheim-
plicit surface.Thisis notsurprisingas5l (x) with x closeto
theimplicit surfacecanestimatehenormalmoreaccurately
at its closestpoint on the implicit surface.In addition,one
hasto computen(x) beforeevaluatingG(x) . Henceto com-
putethenew positionusingPP, onehasto iteratetwice over
its neighboringpointswhich makesPPslowerthanNP even
in eachiteration.

8.3. AMLS vs.PMLS

In the de nition of standardPMLS, the actualPMLS sur
faceis only a subsebf the zerolevel setd l(O) wherethe

¢ TheEurographic#ssociation2005.

enepy function E reaches minimum alongthe normaldi-
rection.As onecandeducerom equationl.2, therearetwo
otherlayersof zero-lesel setsof theimplicit functionJ on
both sidesof the PMLS surface,wherethe enegy function
E reacheghe local maximum;seethe left mostpicturein
Figure9. We referto thesetwo layersasmaximalayers. The
distancebetweentheselayerscould be extremely small at
placesvhereeitherthelocalfeaturesizeis smallor thenoise
levelis highor both.In thatcasecomputation®@nthePMLS
surfacebecomdif cult.

Firstof all, mary existingimplicit surfacetechniquesuch
asraytracingandpolygonizingbecomehardto applyonthe
standard®MLS surfacesinceoneneedgo distinguishdiffer-
ent zero-level sets.Whenthe maximalayerscomecloseto
thetrue PMLS surface the marchingstepin araytracerand
the sizeof the cubesin a polygonizermay becomemprac-
tically small. Actually, in the leftmostpicture of Figure 9,
althoughoneedgeof the red cubeonly intersectghe curve
(bold greenline) once, a polygonizing algorithm [Blo94]
misjudgedthe edgenotintersectinghe surface.

Second the inherentprojection procedurefor the stan-
dard PMLS surface requires a non-linear optimization,
speci cally an one-dimensionalminimization. The one-
dimensionakminimizationalgorithmsusuallybegin with an
interval known to containa minimumguessm suchthatthe
functionvalueat m mustbe lessthanthe function valuesat
the endsof the interval. Finding sucha minimum guessm
couldbehardif thetwo maximalayerscomeclose.

Third, thestandard®MLS surfaceis moresensitve to the
noise Whenthenoiselevel for positionor normalor bothin-
creasesthe threelayersof the zero-level sets(onefor min-
ima andtwo for maxima)could easily interferewith each
other In themiddlepictureof Figure9, the zero-level setfor
minimagetsmeigedwith thosefor maxima.As aresult,the
standardPMLS could give animplicit surfacewith holesor
disconnectnessiowever underthe samelevel of noise,the
AMLS still givesthe properimplicit surface,seethe right-
mostpicturein Figure9.
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