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ABSTRACT

We presentan ef®cientand uniform approachfor the automatic
reconstructionof surfacesof CAD (computeraideddesign)models
andscalar®eldsde®nedon them,from an unorganizedcollection
of scannedpointdata.A possibleapplicationis therapidcomputer
modelreconstructionof anexistingpartor prototypefrom a three
dimensional(3D) pointsscanof its surface.Color, textureor some
scalarmaterialpropertyof thephysicalpart,de®nenaturalscalar
®eldsoverthesurfaceof theCAD model.

Our reconstructionalgorithmdoesnot imposeanyconvexityor
differentiability restrictionson thesurfaceof theoriginal physical
partor thescalar®eldfunction,exceptthatit assumesthatthereis a
suf®cientsamplingof theinputpointdatato unambiguouslyrecon-
structtheCAD model.Comparedto earliermethodsouralgorithm
hasthe advantagesof simplicity, ef®ciencyanduniformity (both
CAD modelandscalar®eldreconstruction).Thesimplicity andef-
®ciencyof ourapproachis basedonseveralnovelusesof appropri-
atesub-structures(alphashapes)of a three-dimensionalDelaunay
Triangulation,its dualthethree-dimensionalVoronoidiagram,and
dual usesof trivariateBernstein-BÂezier forms. The boundaryof
theCAD modelis modeledusingimplicit cubicBernstein-BÂezier
patches,while thescalar®eldis reconstructedwith functionalcubic
Bernstein-BÂezierpatches.

CR Categoriesand SubjectDescriptors: I.3.5[ComputerGraph-
ics]: ComputationalGeometryandObjectModeling;J.6[Computer-
AidedEngineering]:Computer-AidedDesign.

Additional keywords: Geometricmodeling,shaperecovery,range
dataanalysis,algebraicsurfaces,triangulations,alpha-shapes.
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INTRODUCTION

In this paperwe presentan approachfor the reconstructionof a
surface,andscalar®eldsde®nedoverit, from scattereddatapoints.
The pointsareassumedsampledfrom thesurfaceof a 3D object,
andthesamplingis assumedto bedenseanduniform(theseterms
will begivenamoreprecisemeaninglaterin thepaper).

Laser rangescannersare able to producea densesampling,
usuallyorganizedin a rectangulargrid, of anobjectsurface.Some
modelsalsoallow to measurethe RGB componentsof the color
(i.e. threescalar®elds)ateachsampledpoint. Whentheobjecthas
asimpleshape,thisgrid of pointscanbeasuf®cientrepresentation.
However, objectswith amorecomplexgeometry, e.g.objectswith
holes,handles,pockets,cannotbescannedin asinglepass,andthe
variousscansarenot easyto merge [42]. Otherapplications,for
examplerecoveringtheshapeof abonefromcontourdataextracted
fromaCTscan,requirereconstructionof asurfacefromdatapoints
organizedin slices.Theapproachof consideringtheinputpointsas
unorganizedhastheadvantageof generatingcross-derivativesby a
uniformtreatmentof all spatialdirections.

Thereconstructionproblemweareconsideringmaybeformally
statedasfollows:

Letanunorganizedcollectionof points�������
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where<
*

and<92 areuser-de®nedapproximationparameters.
Theusercanalsochoosethedegreeof theBernstein-BÂezier
polynomialpatchesusedin theapproximation.

Additionally, generatedifferentvisualizationsof thedomain
surface)

* andthesurface-on-surface)+2 .

In this paperwe reconstructthe (

1 smoothdomain )
* using a

piecewisealgebraicsurface(the zero contourof a (

1 trivariate
piecewisepolynomial function). The surfaceis constitutedby



barycentricimplicit Bernstein-BÂezierpatches,which areguaran-
teedto be single-sheetedwithin eachtetrahedron.We havealso
developedamethodsimilar to theonedescribedhere,butbasedon
tensor-productBernstein-BÂezierpatches[5].

Someresearchershavefocusedon reconstructinga piecewise-
linearrepresentationof theunknownsurface& [38,25, 13,30, 43].
Thesepapersprovidea very nicesurveyof boththevariednature
of applicationsandpastapproaches.

Relatedprior work [2, 6, 7, 15,16, 27, 28, 35, 33] of ®ttingwith
smoothimplicit surfacepatches,minimally all requirean input
surfacetriangulationof thedatapoints. The surface®ttingpaper
of [32] is similar to ours in that it only assumesa suf®ciently
densesetof input datapointsbut differs from our approachin the
adaptivenatureof re®nement,in time ef®ciencyandin thedegree
of the implicit surfacepatchesused. The authorsproposeeither
a (

0 reconstructionalgorithm basedon an adaptivetetrahedral
decomposition,or a schemethat usestri-quadratic(degreesix)
tensorproductimplicit surfacepatcheswith a Powell-Sabintype
split to achieve(

1 continuity.
Our schemeeffectively utilizes the incrementalDelaunaytri-

angulationfor a moreadaptive®t; the dual Voronoi diagramfor
ef®cientpoint locationin signeddistancecomputationsanddegree
threeimplicit surfacepatches.Furthermore,in thesametimeit also
computesa (

1 smoothapproximation)

2

of the sampledscalar
function.

A different, three-stepsolutionis describedin papers[30, 31,
29]. In the®rstphase,a triangularmeshthatapproximatesthedata
points is created. In a secondphase,the meshis optimizedwith
respectto the numberof trianglesandthe distancefrom the data
points.A third stepconstructsasmoothsurfacefrom themesh.

If thesurface)
* isgiven,theproblemof constructingthescalar

function )32 is known as surfaceinterpolationon a surface,and
arisesin severalapplicationareas,e.g. in modelingandvisualizing
the rain fall on the earth,the pressureon the wing of an airplane
or the temperatureon the surfaceof a humanbody. Note that
the trivariatescalarfunction )

2 is a two dimensionalsurfacein
� 4 sinceits domainis the two dimensionalsurface)

*
(andnot

all of
� 3). The problemis relatively recentandwasposedasan

openquestionby Barnhill [9]. A numberof methodshavebeen
developedsincethenfor its solution(for surveyssee[10, 26, 37,
34]). Most of the proposedapproachesinterpolatescattereddata
over planaror sphericaldomainsurfaces. In [12] and [35], the
domainsurfaceis generalizedto aconvexsurfaceandatopological
genuszerosurface,respectively. Pottmann[39] presentsamethod
whichdoesnotpossesssimilarrestrictionsonthedomainsurfacebut
requiresit to beat least(

2 differentiable.In [11] the (

2 restriction
is dropped,howeverthe interpolationsurfaceis constructedby
trans®niteinterpolationusing non-polynomials. A similar non-
polynomialtrans®niteinterpolantconstructionisusedin [36],while
the interpolationschemein [41] requiresat least (

4 continuity.
Anotherapproach,basedon interpolationwith cubic (for (

1) or
quintic (for (

2) polynomials,is describedin [8].

1 OVERVIEW OF THE ALGORITHM

Our algorithmconsistsof thefollowing threephases:

1. Preprocessing: Preprocessthedatapointssothatasigned-
distancefunctionis de®nedandef®cientlycomputable.I.e.,
givena querypoint � , thefunctionmustreturntheapproxi-
matedistanceof thepoint from thedomainsurface)+* , with
apositivesignif � liesoutsidetheobject,andanegativesign
otherwise. We use � -shapes[21] to computea piecewise
linearapproximationof thedomain )+* , from which theap-
proximatedsigneddistanceis computed.Detailsonthispart
aregivenin Section2.

2. Appr oximation: Incrementallydecomposethespaceinto
tetrahedra. For eachtetrahedron� that containsa portion
of the domain & , computeBernstein-BÂezier trivariate im-
plicit approximants

,

*

� and
,

2

� for both thedomain & and
the®eld ' , basedon datapointsandon thesigned-distance
function describedabove. Then computethe errorsof the
approximantsfor the given datapoints,andrepeatthe pro-
cess,re®ningateachstepthedecomposition,until theerrors
meetthespeci®edrequirements.Theuseof aglobalsigned-
distancefunction in the computationof the coef®cientsof
eachpatchguarantees( 0 continuityof thereconstructedsur-
faces. We usean incremental3D Delaunaytriangulation
schemetogetherwith a suitablepoint-insertionschemeto
avoid badly-shapedtetrahedrain thespatialdecomposition.
Thispartof thealgorithmis furtherdetailedin Section3.

3. Smoothing: UseaClough-Tocher12-waysplit to makethe
reconstructedsurfaces(

1-smooth.SeeSection4 for details.

Ourdomainsurface)

*

andsurface-on-surface)

2

reconstruc-
tion schemedoesnot imposeanyconvexityor differentiabilityre-
strictionson theoriginal domainsurface& or function ' , except
thatit assumesthatthereis a suf®cientsamplingof theinput point
datato unambiguouslyreconstructthedomainsurface& . While it
is dif®cultto preciselyboundtherequiredsamplingdensity, wead-
dressthisissuein Section2.4andcharacterizetherequiredsampling
densityin termsof an � -shape(subgraphof a Delaunaytriangu-
lation of the points) which matchesthe topologyof the original
(unknown)sampledsurface& . Comparedto the abovemethods
ouralgorithmthushasthefollowing advantages:

1. It uni®esthereconstructionof thedomainsurface& andthe
scalarfunction ' de®nedon thedomainsurface;

2. It is adaptiveandapproximateslarge densedatasetswith a
relativelysmallnumberof (

1 smoothpatches.

Outline of the paper: Therestof our paperis asfollows. In
Sections2, 3 and4 wepresentadetaileddescriptionof Phases1, 2
and3of thereconstructionalgorithmasoutlinedabove. In Section5
weillustrateall thephasesof thealgorithmwith theaidof asimple
2Dexample.In Section6weshowsomeexamplesof reconstructed
surfacesandsurface-on-surfaces,anddiscusspossibledirectionsof
futureinvestigation.

More detailson thealgorithmandadditionalexamplescanbe
foundin [4].

2 PHASE 1: PREPROCESSINGAND THE
SIGNED-DISTANCE FUNCTION

Aswementionedin Section1,ouralgorithmreliesonthecomputa-
tion of thesigned-distance� �

�

� of aquerypoint � from thedomain
surface& . Theabsolutevalueof ���

�

� is de®nedastheEuclidean
minimal distanceof thepoint � from thedomainsurface& , while
its sign is arbitrarily de®nedto bepositivewhen � lies outsidethe
objectwhoseboundaryis & , andnegativeotherwise.

In our implementationof the algorithm, we use � -shapesto
computea piecewiselinear approximation�

*
of the domain & ,

andmakeuseof the associateddata-structures(3D Delaunaytri-
angulationandVoronoi diagram)to ef®cientlylocate � w.r.t. the
objectandcomputetheassociatedsigned-distance.An alternative
methodfor computingan approximatedsigned-distancefunction,
basedon propagationof normals,is describedin [30].

Beforedescribingthe actualsigned-distancecomputation,we
brie¯y reviewsomeconceptsandresultsfrom ComputationalGe-
ometry usedin the algorithm. The style of this presentationis
informal. The readercanrefer to thepapersin the referencesfor
moredetails.



(a) (b) (c) (d)

Figure1: A setof pointsin 3D (a),andthreedifferent � -shapes.

2.1 DelaunayTriangulations

Givenaset � of pointsin
� 3 onecanbuild a tetrahedralizationof

theconvexhull of � , thatis,apartitionof ���

%��/�
��� into tetrahedra,
in sucha way that the circumscribingsphereof eachtetrahedron

� doesnot containany other point of � than the verticesof � .
Sucha tetrahedralizationis calleda (3D) Delaunaytriangulation
and,undernondegeneracyassumptions(no threepointson a line,
etc.) it is unique. Many different techniqueshavebeenproposed
for thecomputationof Delaunaytriangulations(see[19, 40, 18]).
For our purposes,an incrementalapproachis particularly well-
suited,as it canbe usedin both the preprocessingphaseandthe
incrementalre®ningof the adaptive,approximatingtriangulation
(seeSection3).

Thealgorithmweuseis therandomized,incremental,̄ ipping-
basedalgorithm proposedin [22], with heedpaid to robustness
issuesdueto®niteprecisioncalculations[18]. At thebeginningthe
triangulationis initializedasasingletetrahedron,with verticesªat
in®nityº, thatcontainsall pointsof � . At eachstepapoint from �

is insertedasa newvertexin the triangulation,the tetrahedronin
which � lies is split andtheDelaunaypropertyis re-establishedby
ª¯ippingº tetrahedra.

This algorithmusesa datastructure,calledthe history DAG,
that maintainsthe collection of discardedtetrahedra. The DAG
is usedto locatethe tetrahedronin which thepoint to be inserted
lies. Whenatetrahedronis split or groupsof tetrahedraare¯ipped,
they becomeinternalnodesof the DAG while the newly created
tetrahedrabecometheirchildrenin theDAG. To locateapoint,one
startsat the root of theDAG (the singletetrahedronof the initial
triangulation)andfollows links downto a leaf.

It is possibleto build theDelaunaytriangulationof a setof %

points in
���

in � �
% log %
	 %

�

��� 2


� expectedtime. The second
termin thisexpressionisof thesameorderasthemaximumnumber
of possiblesimplices.In practice,therunningtimeof thealgorithm
(for � = 2, 3) is muchbetterthanthis theoreticbound(the actual
runningtimedependson thedistributionof points).

2.2 Voronoi Diagrams

Voronoidiagramsarewell knowntoolsin computationalgeometry
(see[3] for a survey). They providean ef®cientsolution to the
PostOf®ceProblem, that is an answerto the query: what is the
closestpoint ��� � to a given point � ? Voronoi diagramsare
relatedto Delaunaytriangulationsby duality. It is easyto build
a Voronoi diagramonceonehasthe correspondingtriangulation,
andvice-versa.A Voronoidiagramis a partitionof thespaceinto
convexcells. Thereis a cell for eachpoint of ��� � , and the
cell of a point � is the set of points that are closerto � than to

anyotherpoint of � . So,all onehasto do to answertheclosest-
point query is to locatethe cell the querypoint lies in. Ef®cient
point-locationdatastructurescan be built on top of the Voronoi
diagram. Using the randomizedapproachdescribedin [14], one
builds the point-locationdata-structure(called an RPO-tree, for
RandomizedPostOf®cetree) on top of the Voronoi diagramin

� �
%

2���

� expectedtime, for any ®xed<�� 0, andis thenableto
answertheclosest-pointqueryin � � log %-� expectedtime. Thedata
structurerequires � �
%

2���

� spacein the worst case. We usethe
RPO-treedatastructurefor our point locationandsigned-distance
computations.

2.3 � -Shapes

GiventheDelaunaytriangulation� of apointset � , regardedasa
simplicialcomplex,onecanassigntoeachsimplex����� (vertices,
edges,trianglesandtetrahedra)asizede®nedin thefollowing way.
Let Q � bethesmallestspherewhoseboundarycontainsall vertices
of � . Thenthesizeof � will bede®nedto beequalto thesquareof
the radiusof Q

�
, and � will besaidto becon¯ict-freeif Q

�
does

notcontainanypointof Potherthantheverticesof � .
ThesubcomplexS� of simplices����� with eitheroneof the

following properties:

(a) Thesizeof � is lessthan � and � is con¯ict-free

(b) � is a faceof � and ��� S� ,

is calledthe � -shapeof � .
� -Shapeshavebeenintroducedin the planein [20] andthen

extendedto thethree-dimensionalspacein [21].
Onecanintuitively think of an � -shapeasthesubcomplexof �

obtainedin the following way: imaginethat a ball-shapederaser,
whoseradiusis  � , is movedin thespace,assumingall possible
positionssuchthat no point of � lies in the eraser. The eraser
removesall simplicesit canpassthrough,butnot thosewhosesize
is smallerthan � . Theremainingsimplices(togetherwith all their
faces)form the � -shapefor that valueof the parameter� . Two
extremecasesarethe 0-shape,which reducesto the collectionof
points � , and the ! -shape,that coincideswith the convex-hull
of � . Notice that thereexistsonly a ®nitenumberof different

� -shapes.The collectionof all possible� -shapesof � is called
the family of � -shapesof � (seeFigure1), andcanbe computed
in time proportionalto thenumberof simplicesin � . We usethe

� -shapecomputationfor our generatinganinitial piecewiselinear
approximation�4* of thedomainsurface& (seeSection2.4).



2.4 Signed-DistanceComputation
Obviouslythedomainsurface& is unknown,sowe needto build
somesuitableapproximationof it toclassifypointsaseitherinternal
or externalto the object being reconstructed,and to computea
distancefrom it.

In thepreprocessingphasetheDelaunaytriangulationof theset
of input points � is computed,andthentheVoronoidiagramand
the family of � -shapesof � areconstructed.During theprocess,
thehistoryDAG andtheRPO-treedatastructuresarebuilt to allow
a fast locationof the tetrahedronandVoronoicell a querypoint �

lies in. Notethatall thesedatastructuresareintimatelyrelated.
Tetrahedrain theDelaunaytriangulationareclassi®edaseither

internalor external(andassigneda correspondingsign) basedon
a particular � -shapechosenasa ªgoodº linearapproximation�

*

to thesurfaceto bereconstructed.Thecomputationof thesigned-
distanceis thenreducedto locatingthe querypoint � in both the
Delaunaytriangulation,to decideits sign �

�

�

1, and in the
Voronoidiagram,to®ndtheclosestpoint ��� � . Theapproximated
signed-distance��� 6 �

�

6 is thenreturned.
A dif®culty in the processoutlined aboveis the choiceof a

suitablevaluefor � . Weassumethattheinputdatais denseenough
so that thereexistsan � suchthat the � -shapeapproximatesthe
object with the sametopology as the original unknownsurface

& . In our currentschemea suitable � is selectedinteractively.
The boundaryof theselected� -shapemustpossessthe following
properties:

(a) It doesnotcontainanysingular(i.e. isolated)vertex;

(b) Thereare no ªmissingº edges,i.e. there can be missing
trianglesin the boundary, but if two adjacenttrianglesare
missing,theircommonedgemustbein the � -shape.

Thesepropertiesmakea slightly weakerconditionthanrequiring
that thereexist an � -shapethat correctlyapproximatesthe object
andthathasacompleteboundary. In ourexperienceit is sometime
dif®cultto ®ndan � valuesuchthat thesestrongerconditionsare
satis®ed,evenfor ªreasonablydenseºsamplings.

Whenan � -shapewith the abovepropertiesis determined,it
is easyto distinguishbetweeninternalandexternaltetrahedrain
theunderlyingtriangulation� . Onedoesa breadth®rstsearchon
the dual graphof � , startingwith a tetrahedronthat is known to
be external(e.g. onethat hasa vertexat in®nity)andcontinuing
with adjacenttetrahedra.Thesetetrahedraaremarkedasexternal
(positivesign) and put in a queuefor further processing.When
onehits a tetrahedron� belongingto S� , � is markedasinternal
andnot enqueued.The samehappenswhen,visiting an adjacent
tetrahedron� of apositivetetrahedron� , one®ndsthatthecommon
face(or all threeedgesof thecommonface)belongsto S� . This
meansthat going from � to � onecrossesthe boundary, so � is
markedasinternal(negativesign)andnotenqueued.

Whenthedatapointsarenot very denseor uniform, theerror
causedby usingtheapproximateddistancecomputationdescribed
abovecanbetoo large. In thesecases,it is possibleto improvethe
errorby returningthedistanceof thequerypoint from �

* , instead
of � .

3 PHASE 2: INCREMENT AL REFINEMENT
AND APPROXIMA TION

In Phase2 of thealgorithma 3D Delaunaytriangulation� is ini-
tialized and incrementallyre®ned,and (

0-continuouspiecewise-
polynomialfunctions(approximants)

,

* and
,

2 aregenerated.
For eachtetrahedron� � � that containsa portionof & we

computetwoBernstein-BÂeziertrivariatepolynomials
,

*

� and
,

2

� , to
approximatethepart of domainsurfaceandscalar®eldcontained

in � , respectively. The coef®cientsof the polynomialsare com-
putedusingdatapointswithin � andthe signed-distancefunction
describedin Section2.4.

After computingthetwo polynomials,theerrorsof theapprox-
imantsareestimatedand, if oneor both the errorsare too large,
thecurrenttriangulation� is re®ned,until theerrorsarewithin the
given bounds. The triangulationre®nementis doneby addingat
eachstepa new point to split the tetrahedronwith the maximum
error, andusingthe incrementalDelaunaytriangulationalgorithm
to updatethetriangulation.

Beforedescribingin furtherdetailsthecomputationof theap-
proximatingfunctions,werecallsomefactsandterminologyrelated
to Bernstein-BÂeziertrivariateforms.

3.1 Bernstein-BÂezier (BB) Form
Let � 1 
 � 2 
 � 3 
 � 4 �

� 3 beaf®neindependent.Thenthetetrahe-
dron � with vertices� 1 
 � 2 
 � 3, and � 4, is � ��� � 1� 2� 3� 4 �

. For

any �@�

4
�
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 � 3 
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 � 2 
 � 3 
 � 4 ��
 is the barycentriccoordinateof � ,
�

�

�

�

�

1
�
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�

3
�

4(asasubscript,wesimplywrite � 1 � 2 � 3 � 4 for �#� 1 
$� 2 
$� 3 
$� 4 �

 )

arecalledBÂezierordinates,and �

4
�

standsfor the setof all four
dimensionalvectorswith nonnegativeintegercomponents.

Thepoints
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�
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� 1

%

� 1 	
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%
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� 3 	

� 4

%

� 4 
 6 �?6�� %

arecalledthe regularpointsof � . The points � �

�




�

�

� �

� 4 are
calledBÂezierpointsandtheirpiecewiselinearinterpolationBÂezier
net.

Thefollowing lemmagivesnecessaryandsuf®cientconditions
for continuity.

Lemma 3.1 ([24]). Let
,

� �7���%!
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�'�)(
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�

�
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!
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�

�
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�

�

� �!� betwo polynomialsde®nedon two tetrahedra
� � 1� 2� 3� 4 �
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,
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Figure2: The layersof BÂezier ordinatesin a tetrahedron.(left)
Three-sidedpatch.(right) Four-sidedpatch.
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Figure 3: The splitting of a tetrahedron(right) into four sub-
tetrahedra(left). Only oneof theresultingsub-tetrahedrais shown.

(ii)
,

and + are (

1 continuousat the commonface � � 2� 3� 4 �
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andonly if (2) holdsand,for all � � 0� 2 � 3 � 4, 6 �56���% > 1,
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�
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1� 1 	

�

2� 2 	

�

3� 3 	

�

4� 4 
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�
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Therelation(3) will becalledcoplanarcondition.
Thefollowing Lemmasgivesuf®cientconditionsfor apatchto

besingle-sheeted(see[6] for proofsandfurtherdetails).

Lemma 3.2 Let � � � � 1� 2� 3� 4 �

. Theregularpointsof � can be
thoughtof as organizedin triangular layers,that wecan number
from0 to % going from � 1 to the oppositeface � � 2� 3� 4 �

(seeFig-
ure2). If theBÂezierordinatesareall positive(negative)on layers
0 
#"#"#"$
��1> 1 and all negative(positive)on layers � 	 1 
#"$"#"#
.%

(0 ;�� ; % ), thenthepatchis single-sheeted(i.e.,anyline through
� 1 and � � � � 2� 3� 4 �

intersectsthepatchonlyonce).

Lemma 3.3 Let � � � � 1� 2� 3� 4 �

. Theregularpointsof � can be
thoughtofasorganizedin quadrilaterallayers,thatwecannumber
from 0 to % going from edge � � 1� 2 �

to the oppositeedge � � 3� 4 �

(seeFigure2). If theBÂezierordinatesareall positive(negative)on
layers0 
#"#"$"#
��?> 1andall negative(positive)onlayers��	 1 
#"#"#"#
�%

(0 ;�� ; % ), thenthepatchis single-sheeted(i.e.,anyline through
� � � � 1� 2 �

and �

� � � 3� 4 �

intersectsthepatchonlyonce).

In theLemmasabove,theBÂezierordinateson layer � canhave
any sign. Patchessatisfyingtheconditionsof Lemma3.2 will be
called three-sided; thosesatisfyingthe conditionsof Lemma3.3
will becalledfour-sided.

3.2 Outline of Phase2 of the Algorithm
Wearenowreadyto presentin detailsthestepsrequiredto compute
theapproximantfunctions

,

* and
,

2 .

1. Build aninitial boundingtetrahedron� , suchthat � � � . Set
� ��� �7� and � = verticesof � . Mark � asnew.

2. For each new tetrahedron� � � , computethe signed-
distanceat all its regularpoints �

� . If the valuesof ��� �

�

� ,
6 �060� % , donotsatisfyeitherLemma3.2or Lemma3.3,then
set � *

�

���-2

�

��! . Otherwise,computelocalapproximants

,

*

�

� �7� �

�

� �&�

��� �

*

�

�

�

�

� �!� (4)

,

2

�

� �7� �

�

� �&�

��� �

2

�

�

�

�

� �!� (5)

for thedomainsurface& andscalar®eld' asfollows:

For the domainapproximant,the coef®cients
�

*

� are com-
putedby®rstinterpolatingthecomputedvaluesof thesigned-
distancefunction:

,

*

�

� �

�

�!� ��� �

�

��
 6 �56���% � 6�

Thetetrahedron� is thensplit intofoursub-tetrahedra � 1 "$"#" � 4

(seeFigure3) by joining thebaricenterof � with its four ver-
tices( �	� is the sub-tetrahedronoppositeto vertex �
� ). The
regularpointsonthefacesof thesub-tetrahedracoincidewith
thoseof theoriginal tetrahedron� . For thesepointswe use
thecoef®cientscomputedfrom(6). Noticethatontheshared
faceof two adjacenttetrahedrathesecoef®cientswill coin-
cide, as

,

* , restrictedto that face, interpolatesthe signed
distanceata numberof pointsequalto thenumberof its co-
ef®cients.All interior coef®cientsof thesub-tetrahedraare
computedby solvingtheleastsquaresproblem

�

,

*

�
�

� �7�
�!� 0 
 �7� � ��� �
�


�� � 1 "#"$" 4
,

*

�
�

� �

�

�+� � � �

�

��
 6 �?6�� %?
 �
���

� 0 
�� � 1 "#"�" 4
� 7�

wherewe usethe valuesof the signed-distanceat regular
points (of eachsub-tetrahedron�

� ) in addition to the data
points containedin � . The signed-distancedatahelps in
avoidingmultiplesheetsin theapproximatingpatch.

For thescalar®eldapproximantwe computea leastsquares
approximationof the®eldvaluesatdatapointswithin � :

,

*

�

� � ���4� � �8
 �7� � ��� � � 8�

Noticethatthe®eldapproximantis not globallycontinuous.
Continuity will be achievedby averagingandinterpolating
valuesof theapproximantat thevertices� of � in a subse-
quentphase,describedin Section4.

3. If thecoef®cientscomputedin thestepabovedo not satisfy
theconditionsof eitherLemma3.2or Lemma3.3,set �

*

�

�

�
2

�

� ! . Otherwise,computetheapproximationerror for
bothfunctions:

�

*

�

���

!

4
�

� 1 !����������

�

,

*

�

� �
�

�

2

Card�
��� � �

�

2

�

�

�

!

���������

�

�

,

2

�

� �
�

�3>@�
�

�

2

Card�
��� � �



(if � � ���

�

, thenset � *

�

� 0 and �-2

�

� 0), andkeeptrack
of thefollowing two quantities:

�

*

���

� max
�

���

� �

*

�

�

and
�

2

��� �

� max
�

���

� �

2

�

�

4. If both � *

���

; < * and �-2

��� �

; <�2 thenthe algorithmstops
the incrementalre®nementphaseandbeginsthe smoothing
phase.Otherwise,either � , or �', , is selectedfor further re-
®nement(accordingtoauser-de®nablestrategy. E.g.: choose
always�', ®rst,assigningpriority to thesurface,asvariations
of the scalar®eld ' generallycorrespondto variationsof
thesurface).Thecircumcenter� of theselectedtetrahedron
is computedand addedto the set � of verticesof the tri-
angulation,� is insertedin � and � is updatedwith splits
and¯ippings to accommodatethenewvertexandrestorethe
Delaunayproperty(addingthecenterof thecircumscribing
sphereof � isutilizing theemptyspherepropertyof Delaunay
triangulationsandin generalyieldsgoodaspectratiotetrahe-
drain the®naltriangulation[17]). At thesametimethesubset

� � � of pointsthat lie within eachmodi®edtetrahedron�

is updated.This is doneby consideringthepointsoriginally
within themodi®edsimplex,andreclassifyingthemwith re-
spectto thesplitting/¯ipping planes.

Thenmark all split/¯ipped tetrahedraas old andall newly
createdonesasnewandgo backto step2.

4 PHASE3: ACHIEVING �

1CONTINUITY VIA
A 3D CLOUGH-T OCHER SCHEME

Thefunctions
,

* � �7� and
,

2
� �7� computedin phase2 of thealgo-

rithm arenot (

1 continuous.To achieve(

1 continuity, weapplya
subdivisionschemeto thetetrahedraof � , andcompute(

1-smooth
Bernstein-BÂezierpatcheson there®nedtriangulation.

We baseour trivariateschemeon the % -dimensionalClough-
Tocherschemegivenby WorseyandFarin[44, 23]. In thisscheme,
onecomputesforeachvertexin theoriginaltriangulationanaverage
of thevaluesof thefunctions

,

* and
,

2 andtheirgradients,for all
patchesthat sharethat vertex(the surfaceapproximantis already

(

0, so only the gradientneedsto be averaged).In addition, the
averagegradientatthemiddlepointof eachedgeiscomputed.Each
tetrahedronis thensplit into twelvesub-tetrahedraby insertingthe
incenterof eachtetrahedronandapointoneachface(thepointonthe
facesharedby two adjacenttetrahedramustbecollinearwith their
incenters[44]), andjoining thesepointswith theoriginal vertices.
A cubictrivariatepolynomialis built oneachsub-tetrahedron.The
coef®cientsof thetwelveresultingpatchesarecomputedbasedon
the value of the function at eachvertex, the averagegradientat
verticesandmid-edgepoints,andthe continuity constraint. The
resultingpatchesare (

1 continuousand interpolatethe averaged
valuesandgradientof thefunctions.

AnothertrivariateClough-Tocherscheme(see[1]) splits each
tetrahedroninto four sub-tetrahedra.Howeverthe interpolantsin
eachsub-tetrahedraarenow of quintic degreeandfurthermorere-
quire (

2 dataattheverticesof themaintetrahedron.Sinceourdata
at theverticesof thetetrahedralmeshcomesfrom theaveragingof
locally computedlow degreeinterpolants,thehigherorderderiva-
tives tendto beun-reliablein general.We thereforepreferto use
thelowerdegreecubicschemethatusesonly®rstorderderivatives
at thevertices.

An alternativeapproachto build a (

1 interpolantwith cubic
patcheshasbeenpresentedin [8], andits applicationto ourmethod
is describedin [4].

5 A SIMPLE 2D EXAMPLE

We presentin this sectionan exampleof the threephasesof the
algorithm.For presentationpurposes,thestepsareillustratedwith
the aid of a 2D example. The methodis in fact perfectlysuited
for beingappliedin 2D reconstruction,andwe choseto describe
it only for the 3D caseto keepthe notationsimple and because
the mostinterestingapplicationsarisefrom the studyof ®eldson
thesurfaceof 3D objects.Restrictingourselvesto abi-dimensional
exampleallowsusto illustratethevariousstepswith pictureswhich
we believearemoreeasilyunderstood.The generalizationof the
techniquesinvolvedshouldbeclearfrom thetext.

In thefollowing wereferto Figures4(a)±(n).Figure(a)shows
thesamplepoints� �

� 2. Figure(b)showstheassociatedfunction
values � . The computedDelaunaytriangulationandassociated
Voronoidiagramaredepictedin Figure(c). Thesedatastructures
will beusedfor fastpoint locationin signed-distancecomputation.
The chosen� -shapeis shownin Figure (d). Four stepsof the
approximationphaseareillustratedin Figures(e)though(i). Notice
theadaptivesubdivisionof theplane.Theimplicit Bernstein-BÂezier
patchesareshownin red. Emptytrianglesarelight-blueandthose
containingapatcharegrey. Thesetriangleslie onthezeroplane,so
their intersectionwith thepatchesform theimplicit curve

,

*
� 0.

Figures(l) and(m)showthe®nalreconstructed(

1 implicit patches,
afterClough-Tochersubdivision,for boththedomainandthescalar
®eld.Thezerocontourof

,

*

is ®nallyshownin Figure(n).

6 EXAMPLES AND CONCLUSIONS

Someexamplesof reconstructionof 3D objectsand associated
scalar®eldsarepresentedin thisSection.

Thedatafor thehumanfemur in Figure5, 9223points,comes
from contouringof a CT scan.Thealgorithmdoesnot usethefact
that the datais arrangedin slices. The reconstructed(

1 surface
is madeby 400cubicpatches.The reconstructionalgorithmtook
about10 minutesonaSGI Indigo2.

Theenginein Figure6 hasbeenreconstructedfrom a dataset
containing9800points. The numberof patchesgeneratedin the
approximationphaseis 382,with anerrorequalto 1/100of thesize
of the object. Eachpatchis of degree3, andis thereforede®ned
by 20 coef®cients. At the sametime, an approximate(

1 scalar
®eld(pressureform a simulatedexperiment)over the surfacehas
alsobeencomputed.Severaltechniquescanbe usedto visualize
this surface-on-surfacedata. In Figure6(c) we showiso-pressure
regions. With thenormal projectionmethod,eachpoint � on the
domainsurface)

*
is projectedin thedirectionnormalto )

*
, to a

distanceproportionalto thevalue
,

24� � � of the®eldat thatpoint.
Theprojectedsurfaceis visiblein transparencyin Figure6(d),with
iso-contoursof thepressureprojectedonit.

The datafor the headof Spockis a subsampling(about104

points have been used)of scandata obtainedwith a laser 3D
digitizer. The reconstructedsurfaceis constitutedby 1100cubic
patches.
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