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ABSTRACT

We presentan ef®cientand uniform approachfor the automatic
reconstructiof surfaceof CAD (computerideddesign)models
andscalar®eldsde®nedn them,from an unomganizedcollection
of scannegbointdata. A possibleapplicationis therapidcomputer
modelreconstructiorof anexistingpartor prototypefrom a three
dimensional3D) pointsscanof its surface.Color, textureor some
scalarmaterialpropertyof the physicalpart, de®nenaturalscalar
®eldsoverthesurfaceof the CAD model.

Ourreconstructiorlgorithmdoesnotimposeany convexityor
differentiability restrictionson the surfaceof the original physical
partor thescala®eldfunction,excepthatit assumeshatthereis a
suf®cientsamplingof theinput pointdatato unambiguouslyecon-
structthe CAD model. Comparedo earliermethodsour algorithm
hasthe advantage®f simplicity, ef®ciencyand uniformity (both
CAD modelandscala®eldreconstruction) Thesimplicity andef-
®ciencyof ourapproachs basedn severahovelusesof appropri-
ate sub-structuregalphashapespf a three-dimensiondDelaunay
Triangulationjts dualthethree-dimensionaforonoidiagram and
dual usesof trivariate Bernstein-Bzierforms. The boundaryof
the CAD modelis modeledusingimplicit cubic Bernstein-Bzier
patcheswhile thescala®eldis reconstructeaith functionalcubic
Bernstein-Bzierpatches.

CR Categoriesand SubjectDescriptors: 1.3.5[ComputerGraph-
ics]: ComputationaGeometryandObjectModeling;J.6[Computer
Aided Engineering]:ComputerAided Design.

Additional keywords: Geometrianodeling shapeecoveryrange
dataanalysisalgebraicsurfacestriangulationsalpha-shapes.
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INTRODUCTION

In this paperwe presentan approachfor the reconstructiorof a
surfaceandscala®eldsle®nedaverit, from scatteredlatapoints.
The pointsareassumedampledrom the surfaceof a 3D object,
andthe samplingis assumedo be denseanduniform (theseterms
will begivenamoreprecisemeanindaterin thepaper).

Laserrangescannersare able to producea densesampling,
usuallyorganizedn arectangulagrid, of anobjectsurface.Some
modelsalso allow to measureghe RGB component®f the color
(i.e. threescala®eldsht eachsampledoint. Whentheobjecthas
asimpleshapethisgrid of pointscanbeasuf®cientepresentation.
However objectswith amorecomplexgeometrye.g. objectswith
holes handlespocketscannotbe scannedn asinglepassandthe
variousscansarenot easyto mege [42]. Otherapplicationsfor
examplerecoveringheshapef abonefrom contourdataextracted
fromaCT scanfequirereconstructiomf asurfacerom datapoints
organizedn slices. Theapproachof consideringheinputpointsas
unorganizechastheadvantagef generatingross-derivativeby a
uniform treatmenbf all spatialdirections.

Thereconstructioproblemwe areconsideringnaybeformally
statedasfollows:

Letanunomganizecollectionof points

3 andassociatedalues L 1 . be
given. Thepoints areassumedampledrom adomain
in 3 (theboundaryof athree-dimensionaibject)while the
values areassumedampledrom somescalarfunction
onthedomain

Constructa ! smoothpiecewisepolynomialsurface
0 anda ! smoothpiecewisepolynomial

function (surface-on-surface) onsomedo-
mainthatcontains suchthat,for 1 :

@
(b)
where and areuserde®ne@pproximatiorparameters.

Theusercanalsochoosehe degreeof the Bernstein-Bzier
polynomialpatchesisedin theapproximation.

Additionally, generatalifferentvisualizationsof the domain

surface  andthesurface-on-surface .
In this paperwe reconstructhe ! smoothdomain usinga
piecewisealgebraicsurface(the zero contourof a ! trivariate

piecewisepolynomial function). The surfaceis constitutedby



barycentricimplicit Bernstein-Hzier patcheswhich are guaran-
teedto be single-sheetewvithin eachtetrahedron.We havealso
developedmethodsimilarto theonedescribedere butbasedn
tensorproductBernstein-@zierpatcheg5].

Someresearcheriavefocusedon reconstructing piecewise-
linearrepresentatioof theunknownsurface [38, 25, 13,30, 43].
Thesepapersprovidea very nice surveyof boththe variednature
of applicationsandpastapproaches.

Relatedpriorwork[2, 6, 7, 15,16, 27, 28, 35, 33] of ®ttingwith
smoothimplicit surfacepatchesminimally all require an input
surfacetriangulationof the datapoints. The surface®ttingpaper
of [32] is similar to oursin that it only assumes suf®ciently
densesetof input datapointsbut differs from our approactin the
adaptivenatureof re®nementn time ef®ciencyandin thedegree
of the implicit surfacepatchesused. The authorsproposeeither
a ° reconstructionalgorithm basedon an adaptivetetrahedral
decomposition,or a schemethat usestri-quadratic (degreesix)
tensorproductimplicit surfacepatcheswith a Powell-Sabintype
splitto achieve * continuity.

Our schemeeffectively utilizes the incrementaDelaunaytri-
angulationfor a more adaptive®t; the dual Voronoi diagramfor
ef®cientpointlocationin sigheddistancecomputation@nddegree
threeimplicit surfacepatchesFurthermorein thesameimeit also
computesa ! smoothapproximation  of the sampledscalar
function.

A different, three-stegsolutionis describedn paperg30, 31,
29]. In the®rstphaseatriangularmeshthatapproximateshedata
pointsis created. In a secondphase the meshis optimizedwith
respectto the numberof trianglesandthe distancefrom the data
points. A third stepconstructsa smoothsurfacefrom themesh.

If thesurface isgiven,theproblemof constructinghescalar
function is known as surfaceinterpolationon a surface,and
arisedn severahpplicationarease.g. in modelingandvisualizing
therain fall on the earth,the pressureon the wing of an airplane
or the temperatureon the surfaceof a humanbody. Note that
the trivariate scalarfunction is a two dimensionalsurfacein

4 sinceits domainis the two dimensionakurface  (andnot
all of ®). Theproblemis relatively recentandwas posedasan
openquestionby Barnhill [9]. A numberof methodshavebeen
developedsincethenfor its solution(for surveyssee[10, 26, 37,
34]). Most of the proposedapproacheterpolatescatterediata
over planaror sphericaldomainsurfaces. In [12] and[35], the
domainsurfaces generalizedo aconvexsurfaceandatopological
genuszerosurface respectively Pottmanr39] presentsa method
whichdoesnotpossessimilarrestrictiononthedomainsufacebut
requirest to beatleast 2 differentiable.In[11] the 2 restriction
is dropped,howeverthe interpolationsurfaceis constructecby
trans®niteinterpolationusing non-polynomials. A similar non-
polynomialtrans®niténterpolantonstructions usedn [36], while
the interpolationschemein [41] requiresat least * continuity.
Anotherapproach pasedon interpolationwith cubic (for 1) or
quintic (for %) polynomialsjs describedn [8].

1 OVERVIEW OF THE ALGORITHM
Our algorithmconsistof thefollowing threephases:

1. Preprocesing: Preprocesthedatapointssothatasigned-
distancefunctionis de®nedndef®cientlycomputablel.e.,
givena querypoint , the function mustreturnthe approxi-
matedistanceof the pointfrom thedomainsurface , with
apositivesignif liesoutsidetheobject,andanegativesign
otherwise. We use -shaped21] to computea piecewise
linearapproximatiorof thedomain , from whichthe ap-
proximatedsigneddistancds computed Detailsonthis part
aregivenin Section2.

2. Approximation: Incrementallydecomposghe spaceinto
tetrahedra. For eachtetrahedron that containsa portion
of thedomain computeBernstein-@ziertrivariateim-
plicit approximants and  for boththedomain and
the®eld , basedn datapointsandon the signed-distance
function describedabove. Then computethe errorsof the
approximantdor the given datapoints,and repeatthe pro-
cessre®ningat eachstepthe decompositionuntil theerrors
meetthe speci®edequirementsTheuseof a globalsigned-
distancefunction in the computationof the coef®cientsof
eachpatchguarantees ° continuityof thereconstructedur
faces. We usean incremental3D Delaunaytriangulation
schemetogetherwith a suitablepoint-insertionschemeto
avoid badly-shapedetrahedran the spatialdecomposition.
This partof thealgorithmis furtherdetailedin Section3.

3. Smoothing: UseaClough-Tocherl2-waysplitto makethe
reconstructedurfaces ‘-smooth.SeeSectiord for details.

Ourdomainsurface  andsurface-on-surface reconstruc-
tion schemedoesnotimposeany convexityor differentiability re-
strictionson the original domainsurface or function , except
thatit assumeshatthereis a suf®cientsamplingof theinput point
datato unambiguouslyeconstructhedomainsurface . While it
is dif®cultto preciselyboundtherequiredsamplingdensity we ad-
dresghisissuein Section2.4and chaacterizeherecuiredsampling
densityin termsof an -shape(subgraplof a Delaunaytriangu-
lation of the points) which matchesthe topology of the original
(unknown)sampledsurface . Comparedo the abovemethods
our algorithmthushasthefollowing advantages:

1. It uni®eghereconstructiof thedomainsurface andthe
scalarfunction de®neanthedomainsurface;

2. It is adaptiveandapproximatesarge densedatasetswith a
relativelysmallnumberof ! smoothpatches.

Outline of the paper: Therestof our paperis asfollows. In
Section2, 3 and4 we present detaileddescriptiorof Phaseq, 2
and3 of thereconstructiomlgorithmasoutlinedalove In Sectiorb
we llustrateall the phase®f thealgorithmwith theaid of a simple
2D example.In Section6 we showsomeexample®of reconstructed
surfaceandsurface-on-surfaceanddiscusgossiblairectionsof
futureinvestigation.

More detailson the algorithmand additionalexamplesanbe
foundin [4].

2 PHASE1l: PREPROCESSINGAND THE
SIGNED-DISTANCE FUNCTION

Aswe mentionedn Sectionl, ouralgorithmreliesonthecomputa-
tion of thesigned-distance  of aquerypoint fromthedomain
surface . Theabsolutevalueof is de®nedisthe Euclidean
minimal distanceof the point  from the domainsurface , while
its signis arbitrarily de®nedo be positivewhen lies outsidethe
objectwhoseboundaryis , andnegativeotherwise.

In our implementationof the algorithm, we use -shapedo
computea piecewiselinear approximation  of the domain ,
and makeuseof the associatedlata-structure§3D Delaunaytri-
angulationand Voronoi diagram)to ef®cientlylocate w.r.t. the
objectandcomputethe associatedigned-distanceAn alternative
methodfor computingan approximatedsigned-distancéunction,
basedn propagatiorof normals,is describedn [30].

Before describingthe actualsigned-distanceomputationwe
brie'y reviewsomeconceptsandresultsirom ComputationalGe-
ometry usedin the algorithm. The style of this presentatioris
informal. The readercanreferto the papersin thereferencedor
moredetails.
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Figurel: A setof pointsin 3D (a), andthreedifferent -shapes.

2.1 DelaunayTriangulations

Givenaset of pointsin 2 onecanbuild atetrahedralizationf
theconvexhull of | thatis, apartitionof into tetrahedra,
in sucha way that the circumscribingsphereof eachtetrahedron
doesnot containany other point of  than the verticesof

Sucha tetrahedralizatiots calleda (3D) Delaunaytriangulation
and,undernondegeneracyassumptiongno threepointsonaline,
etc.) it is unique. Many differenttechniqueshavebeenproposed
for the computatiorof Delaunaytriangulationgsee[19, 40, 18)).
For our purposesan incrementalapproachis particularly well-
suited,asit canbe usedin both the preprocessinghaseandthe
incrementalre®ningof the adaptive approximatingtriangulation
(seeSection3).

Thealgorithmwe useis therandomizedincremental,ipping-
basedalgorithm proposedin [22], with heedpaid to robustness
issueslueto ®niteprecisioncalculationg18]. At thebeginningthe
triangulationis initialized asa singletetrahedronwith vertices?at
in®nity°, thatcontainsall pointsof . At eachstepapointfrom
is insertedasa new vertexin the triangulation,the tetrahedrorin
which liesis split andthe Delaunaypropertyis re-establishefy
2ipping® tetrahedra.

This algorithm usesa datastructure called the history DAG,
that maintainsthe collection of discardedetrahedra. The DAG
is usedto locatethe tetrahedrorin which the point to be inserted
lies. Whenatetrahedroris split or groupsof tetrahedrare ipped,
they becomeinternalnodesof the DAG while the newly created
tetrahedrdecomeheir childrenin theDAG. To locateapoint,one
startsat the root of the DAG (the singletetrahedrorof the initial
triangulation)andfollows links downto aleaf.

It is possibleto build the Delaunaytriangulationof a setof
pointsin in log 2 expectedime. The second
termin thisexpressiolis of thesameorderasthemaximumnumber
of possiblesimplices.In practicetherunningtime of thealgorithm
(for = 2, 3) is muchbetterthanthis theoreticbound(the actual
runningtime depend®n the distributionof points).

2.2 VoronoiDiagrams

Voronoidiagramsarewell knowntoolsin computationagjeometry
(see[3] for a survey). They provide an ef®cientsolutionto the
Post Of®ceProblem that is an answerto the query: what is the
closestpoint to a given point ? Voronoi diagramsare
relatedto Delaunaytriangulationsby duality. It is easyto build
a Voronoi diagramonceone hasthe correspondindriangulation,
andvice-versa.A Voronoidiagramis a partition of the spacento
convexcells. Thereis a cell for eachpoint of , andthe
cell of a point is the setof pointsthat are closerto thanto

anyotherpointof . So,all onehasto do to answerthe closest-
point queryis to locatethe cell the query point lies in. Ef®cient
point-locationdatastructurescan be built on top of the Voronoi
diagram. Using the randomizedapproachdescribedn [14], one
builds the point-locationdata-structurgcalled an RPO-tee for
RandomizedPost Of®cetree) on top of the Voronoi diagramin

2 expectedime, for any ®xed 0, andis thenableto
answetheclosest-poingueryin  log expectedime. Thedata
structurerequires 2 spacein the worst case. We usethe
RPO-teedatastructurefor our pointlocationandsigned-distance
computations.

2.3 -Shapes

Giventhe Delaunaytriangulation of apointset ,regardedisa
simplicialcomplex,onecanassigrto eachsimplex (vertices,
edgestrianglesandtetrahedraa sizede®nedh thefollowing way.
LetQ bethesmallesspheravhoseboundarycontainsall vertices
of . Thenthesizeof will bede®nedo beequalto thesquareof
theradiusof Q , and will besaidto beconict-freeif Q does
not containany point of P otherthanthe verticesof

ThesubcomplexS of simplices with eitheroneof the
following properties:

(a) Thesizeof islessthan and isconict-free

(b) isafaceof and S,

is calledthe -shapeof
-Shapesavebeenintroducedin the planein [20] andthen
extendedo thethree-dimensionapacen [21].
Onecanintuitively think of an -shapeasthesubcompleof

obtainedin the following way: imaginethat a ball-shapecderaser
whoseradiusis ", is movedin the space assumingall possible
positionssuchthat no point of  lies in the eraser The eraser
removesall simplicesit canpasghrough,but notthosewhosesize
is smallerthan . Theremainingsimplices(togethemwith all their
faces)form the -shapefor that value of the parameter . Two
extremecasesarethe 0-shapewhich reducego the collectionof
points , andthe -shape,that coincideswith the convex-hull
of . Notice that there existsonly a ®nite numberof different

-shapes.The collectionof all possible -shapef s called
thefamily of -shape®f (seeFigurel), andcanbecomputed
in time proportionalto the numberof simplicesin . We usethe

-shapecomputatiorfor our generatinganinitial piecewisdinear
approximation  of thedomainsurface (seeSection2.4).



2.4 Signed-DistanceComputation

Obviouslythedomainsurface is unknown,sowe needto build
somesuitableapproximatiorof it to classifypointsaseitherinternal
or externalto the object being reconstructedand to computea
distancdromit.

In thepreprocessinghasahe Delaunaytriangulationof theset
of input points  is computed andthenthe Voronoidiagramand
thefamily of -shape®f areconstructed.Duringthe process,
thehistoryDAG andthe RPO-treedatastructuresrebuilt to allow
a fastlocationof the tetrahedrorandVoronoicell a querypoint
liesin. Notethatall thesedatastructuresreintimatelyrelated.

Tetrahedran the Delaunaytriangulationareclassi®ea@seither
internalor external(andassigned correspondingign) basedon
aparticular -shapechoserasa2good® linearapproximation
to the surfaceto be reconstructedThe computatiorof the signed-
distanceis thenreducedto locatingthe querypoint in boththe
Delaunaytriangulation,to decideits sign 1, andin the
Voronoidiagramto ®ndtheclosespoint . Theapproximated
signed-distance is thenreturned.

A dif®culty in the processoutlined aboveis the choiceof a
suitablevaluefor . Weassumehattheinputdatais denseenough
sothatthereexistsan suchthatthe -shapeapproximateshe
object with the sametopology as the original unknown surface

In our currentschemea suitable is selectedinteractively
The boundaryof the selected -shapemustpossesshe following
properties:

(a) It doesnotcontainanysingular(i.e. isolated)vertex;

(b) Thereare no 2missing® edges,i.e. therecan be missing
trianglesin the boundary but if two adjacenttrianglesare
missing,theircommonedgemustbein the -shape.

Thesepropertiesmakea slightly weakerconditionthanrequiring
thatthereexistan -shapethat correctlyapproximateshe object
andthathasa completéboundary In ourexperiencét is sometime
dif®cultto ®ndan valuesuchthatthesestrongerconditionsare
satis®edevenfor 2reasonablydense®amplings.

Whenan -shapewith the abovepropertiesis determined;t
is easyto distinguishbetweeninternal and externaltetrahedran
theunderlyingtriangulation . Onedoesa breadth®rstsearchon
the dual graphof , startingwith atetrahedrorthatis knownto
be external(e.g. onethat hasa vertexat in®nity) and continuing
with adjacentetrahedra.Thesetetrahedrare markedasexternal
(positive sign) and put in a queuefor further processing. When
onehits a tetrahedron belongingto S , is markedasinternal
and not enqueued.The samehappensvhen, visiting an adjacent
tetrahedron of apositivetetrahedron , one®ndghatthecommon
face (or all threeedgesof the commonface)belongsto S . This
meansthat goingfrom to onecrosseghe boundaryso is
markedasinternal(negativesign)andnot enqueued.

Whenthe datapointsarenot very denseor uniform, the error
causeddy usingthe approximatedlistancecomputatiordescribed
abovecanbetoo large. In thesecasesit is possibleto improvethe
errorby returningthedistanceof thequerypointfrom | instead
of

3 PHASE 2: INCREMENTAL REFINEMENT
AND APPROXIMA TION

In Phase? of the algorithma 3D Delaunaytriangulation is ini-
tialized andincrementallyre®nedand  °-continuouspiecewise-
polynomialfunctions(approximants) and  aregenerated.
For eachtetrahedron that containsa portionof  we
computewo Bernstein-@ziertrivariatepolynomials  and ,to
approximatethe part of domainsurfaceandscalar®eldcontained

in , respectively The coef®cientsof the polynomialsare com-
putedusingdatapointswithin  andthe signed-distancénction
describedn Section2.4.

After computingthetwo polynomials the errorsof theapprox-
imantsare estimatedand, if one or both the errorsaretoo large,
thecurrenttriangulation is re®neduntil the errorsarewithin the
given bounds. The triangulationre®nemenis doneby addingat
eachstepa new point to split the tetrahedrorwith the maximum
error, andusingthe incrementaDelaunaytriangulationalgorithm
to updatethetriangulation.

Beforedescribingn further detailsthe computatiorof the ap-
proximatingfunctions werecallsomefactsandterminologyrelated
to Bernstein-Bziertrivariateforms.

3.1 Bernstein-Bazier (BB) Form

Let 1 2 3 4 % be af®neindependentThenthetetrahe-

dron with vertices 1 > 3, and g4, 1is 123 4. For
4

any , 1 2 3 4
1

coordinateof . Let , . Thenthe

barycentriccoordinateselateto the Cartesiarcoordinatewia the

following relation

is the barycentric

Pr e e
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Po ww
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1

Any polynomial of degree canbeexpressedsaBernstein-
Bézier(BB) form over as

where |
1l ool 3l gl

. . . 4 .
isaBernsteirpolynamial, . with 1 2 3 4 ,

1 2 3 a4 Isthebarycentriccoordinateof |,
1 2 3 (@sasubscipt,wesimplywrite 1 2 3 4for 1 2 3 4
are called Bézierordinatesand *# standsfor the setof all four

dimensionalectorswith nonnegativeéntegercomponents.
Thepoints

i
N
le
IS

arecalledthe regularpointsof . The points “Aare
calledB@ézierpointsandtheir piecewisdinearinterpolationBézier
net

Thefollowing lemmagivesnecessargndsuf®cientconditions
for continuity.

Lemma3.1 ([24]). Let and

be two polynomialsde®nedn two tetrahedra
1234 and ;2 3 4,respectivelyThen

() and are ° continuousatthecommorface » 3 4 if

andonlyif

for all 05234 2



Py

Py @ Positive

Layer 0 Layer 0

© Negative

______ Layer 1

___________ o Layer 2 _R_Layer2
Lo
——————————— O Layer 3 Z d— — — 0 Layer3
P, Noz---- Py P, P,

Figure2: The layersof Bézier ordinatesin a tetrahedron.(left)
Three-sidegbatch. (right) Foursidedpatch.
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Figure 3: The splitting of a tetrahedron(right) into four sub-
tetrahedrgleft). Only oneof theresultingsub-tetrahedr&s shown.

@iy and are ! continuousatthe commorface 3 4 if

andonlyif (2) holdsand,for all 02 3 a4 1,
1 1 1 2 2 3 3 4 4 3
v_vhele 1 2 3 a4 Iisde®nedythefollowingrela-
tion
1 11 22 33 4 4 1

Therelation(3) will be calledcoplanarcondition.
Thefollowing Lemmaggive suf®cientconditionsfor a patchto
besingle-sheetefsee[6] for proofsandfurtherdetails).

Lemma3.2 Let 1 2 3 4. Theregularpointsof canbe
thoughtof as organizedin triangular layers, that we can number

from0Oto goingfrom ; totheoppositeface , 3 4 (seeFig-

ure2). If the Bézierordinatesare all positive(negative)on layers

0 1 and all negative(positive)on layers 1

© ), thenthepatchis single-sheetefi.e.,anyline through
1 and 2 3 4 intersectghepatchonly once).

Lemma3.3 Let 1 2 3 4. Theregularpointsof canbe

thoughtof asorganizedn quadrilaterallayers thatwecannumber

from0to goingfromedge 1 » to the oppositeedge 3 4

(seeFigure?2). If theBézierordinatesareall positive(negative)on

layersO 1andall negativgpositive)onlayers 1

© ), thenthepatchis single-sheetefi.e.,anyline through
1 2 and 3 4 intersectghepatchonlyonce).

In the Lemmasabove the Bézierordinateson layer canhave
any sign. Patchesatisfyingthe conditionsof Lemma3.2 will be
called three-sided thosesatisfyingthe conditionsof Lemma3.3
will becalledfour-sided

3.2 Outline of Phase2 of the Algorithm

We arenowreadyto presentn detailsthestepsequiredto compute
theapproximanfunctions  and

1. Build aninitial boundingetrahedron , suchthat . Set
and =verticesof . Mark asnew

2. For eachnew tetrahedron , computethe signed-
distanceat all its regularpoints . If the valuesof ,

, donotsatisfyeitherLemma3.2or Lemma3.3,then

set . Otherwisecomputdocal approximants

4
®)

for thedomainsurface andscalar®eld asfollows:

For the domainapproximantthe coefdcients  are com-
putedby ®rstinterpolatinghecomputedraluesof thesigned-
distanceunction:

Thetetrahedron isthensplitintofoursub-tetrahec 1 4
(seeFigure3) by joining thebaricenteof with its four ver

tices( s the sub-tetrahedronppositeto vertex ). The
regulampointsonthefacesof thesub-tetrahedreoincidewith

thoseof the original tetrahedron . For thesepointswe use
thecoef®cientcomputedrom (6). Noticethatontheshared
face of two adjacentetrahedrahesecoef®cientswill coin-
cide,as , restrictedto that face,interpolateshe signed
distanceata numberof pointsequalto the numberof its co-

ef®cients. All interior coefdcientsof the sub-tetrahedrare
computedy solvingtheleastsquareproblem

0 1 4

wherewe usethe valuesof the signed-distanceat regular
points (of eachsub-tetrahedron ) in additionto the data
points containedin The signed-distancelata helpsin

avoidingmultiple sheetsn theapproximatingpatch.

For the scalar®eldapproximantve computea leastsquares
approximatiorof the®eldvaluesat datapointswithin

8

Notice thatthe ®eldapproximanis not globally continuous.
Continuity will be achievedby averagingandinterpolating
valuesof theapproximangtthevertices of inasubse-
guentphasedescribedn Sectior4.

3. If the coef®cientscomputedn the stepabovedo not satisfy
the conditionsof eitherLemma3.2 or Lemma3.3,set
. Otherwise computethe approximatiorerror for
bothfunctions:

Card

Card



(if , thenset Oand 0), andkeeptrack
of thefollowing two quantities:
max
and
max
4. If both and thenthe algorithm stops

the incrementare®nemenphaseandbeginsthe smoothing
phase.Otherwise either  or is selectedor furtherre-
®nementaccordingo auserde®nablstrategy E.g.: choose
always ®rstassigningriority to thesurfaceasvariations
of the scalar®eld generallycorrespondo variationsof
thesurface).Thecircumcenter of theselectedetrahedron
is computedand addedto the set  of verticesof the tri-
angulation, isinsertedin and is updatedwith splits
and ippings to accommodatéhenewvertexandrestorethe
Delaunayproperty(addingthe centerof the circumscribing
spheref isutilizing theemptysphereropertyof Delaunay
triangulationandin generalyieldsgoodaspectatiotetrahe-
drain the®natriangulatior{17]). Atthesamedimethesubset
of pointsthatlie within eachmodi®edetrahedron

is updated.This is doneby consideringhe pointsoriginally
within themodi®edsimplex,andreclassifyinghemwith re-
spectto the splitting/ ipping planes.

Thenmark all split/ ipped tetrahedraas old andall newly
createdbnesasnewandgo backto step2.

4 PHASE3: ACHIEVING !CONTINUITY VIA
A 3D CLOUGH-T OCHER SCHEME

Thefunctions and computedn phase? of thealgo-
rithm arenot * continuousTo achieve ! continuity, we applya
subdivisionrscheméo thetetrahedraf , andcompute L.smooth
Bernstein-Bzierpatchen there®nedriangulation.

We baseour trivariate schemeon the -dimensionalClough-
Tocherschemeaivenby WorseyandFarin[44, 23]. In thisscheme,
onecomputegor eachvertexin theoriginaltriangulatioranaveage
of thevaluesof thefunctions and  andtheirgradientsfor all
patcheghat sharethat vertex (the surfaceapproximants already

% soonly the gradientneedsto be averaged).In addition, the
averaggradientatthemiddlepointof eachedgds computed Each
tetrahedroris thensplit into twelve sub-tetrahedrhy insertingthe
incenterof eachtetrahedonandapointoneachface (thepointon the
facesharedby two adjacentetrahedramustbe collinearwith their
incenterd44]), andjoining thesepointswith the original vertices.
A cubictrivariatepolynomialis built on eachsub-tetrahedrorThe
coef®cientof thetwelveresultingpatchesarecomputedasedn
the value of the function at eachvertex, the averagegradientat
verticesand mid-edgepoints, and the continuity constraint. The
resultingpatchesare ! continuousand interpolatethe averaged
valuesandgradientof thefunctions.

Anothertrivariate Clough-Tocherschemg(see[1]) splitseach
tetrahedrorinto four sub-tetrahedraHoweverthe interpolantsin
eachsub-tetrahedrarenow of quintic degreeandfurthermorere-
quire 2 dataattheverticesof themaintetrahedronSinceourdata
attheverticesof thetetrahedrameshcomedsrom the averagingof
locally computedow degreenterpolantsthe higherorderderiva-
tivestendto be un-reliablein general. We thereforepreferto use
thelower degreecubicschemehatusesonly ®rstorderderivatives
atthevertices.

An alternativeapproachto build a ! interpolantwith cubic
patcheshasbeenpresentedh [8], andits applicationto our method
is describedn [4].

5 A SIMPLE 2D EXAMPLE

We presentin this sectionan exampleof the threephasef the
algorithm. For presentatiopurposesthe stepsareillustratedwith
the aid of a 2D example. The methodis in fact perfectly suited
for beingappliedin 2D reconstructionandwe choseto describe
it only for the 3D caseto keepthe notationsimple and because
the mostinterestingapplicationsarisefrom the study of ®eldson
thesurfaceof 3D objects.Restrictingourselvedo abi-dimensional
exampleallowsusto illustratethevariousstepswith pictureswhich
we believearemoreeasilyunderstood.The generalizatiorof the
techniquesnvolvedshouldbe clearfrom thetext.

In thefollowing we referto Figures4(a)+(n).Figure(a) shows
thesamplegpoints 2. Figure(b) showstheassociateflincion
values . ThecomputedDelaunaytriangulationand associated
Voronoidiagramaredepictedin Figure(c). Thesedatastructures
will beusedfor fastpointlocationin signed-distanceomputation.
The chosen -shapeis shownin Figure (d). Four stepsof the
approximatiorphaseareillustratedin Figurege) though(i). Notice
theadaptivesubdivisiorof theplane. Theimplicit Bernstein-Bzier
patchesareshownin red. Emptytrianglesarelight-blueandthose
containingapatcharegrey. Thesdriangledie onthezeroplane so
theirintersectiorwith the patchedorm theimplicit curve 0.
Figureg(l) and(m) showthe®nareconstructed  implicit patches,
afterClough-Tochersubdivisionfor boththedomainandthescalar
®eld.The zerocontourof is ®nallyshownin Figure(n).

6 EXAMPLES AND CONCLUSIONS

Some examplesof reconstructionof 3D objectsand associated
scalar®eldsarepresentedh this Section.

The datafor the humanfemurin Figure5, 9223points,comes
from contouringof a CT scan.Thealgorithmdoesnot usethefact
that the datais arrangedn slices. The reconstructed ® surface
is madeby 400 cubic patches.The reconstructioralgorithmtook
about10 minutesona SGI Indigo?.

Theenginein Figure6 hasbeenreconstructedrom a dataset
containing9800points. The numberof patchegyeneratedn the
approximatiorphases 382,with anerrorequatto 1/1000f thesize
of the object. Eachpatchis of degree3, andis thereforede®ned
by 20 coef®cients. At the sametime, an approximate ! scalar
®eld(pressurdorm a simulatedexperiment)over the surfacehas
alsobeencomputed. Severaltechniquesanbe usedto visualize
this surface-on-surfacdata. In Figure 6(c) we showiso-pressure
regions. With the normal projectionmethod,eachpoint on the
domainsurface s projectedn thedirectionnormalto ,toa
distanceproportionalto the value of the ®eldat that point.
Theprojectedsurfacds visiblein transparencin Figure6(d), with
iso-contourf thepressurgrojectedonit.

The datafor the headof Spockis a subsamplingabout10*
points have been used)of scandata obtainedwith a laser 3D
digitizer The reconstructedurfaceis constitutedby 1100 cubic
patches.
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