A New Voronoi-Based Surface Reconstruction Algorithm

Nina Amenta
UT - Austin

Abstract

We describeour experiencewith a new algorithmfor the recon-
structionof surlacefrom unoiganizedsamplepointsin -~ . Theal-
gorithmisthe rst for this problemwith provableguaranteesGiven
a“good sample"from asmoothsurface,theoutputis guaranteetb
be topologically correctand convergentto the original surfaceas
the samplingdensityincreasesThe de nition of a goodsampleis
itself interesting:the requiredsamplingdensityvarieslocally, rig-
orously capturingthe intuitive notion thatfeaturelessareascanbe
reconstructedrom fewer samples. The outputmeshinterpolates,
ratherthanapproximatestheinput points.

Our algorithmis basedon the three-dimensional/oronoi dia-
gram. Given a good programfor this fundamentakubroutine the
algorithmis quite easyto implement.

Keywords: Medial axis,Sampling,Delaunaytriangulation,Com-
putationalGeometry

1 Introduction

Theproces®f turninga setof samplepointsin into acomputer
graphicamodelgenerallyinvolvessereral steps:thereconstruction
of aninitial piecavise-linearmodel, cleanup,simpli cation, and
perhapstting with curved surfacepatches.

We focusonthe rst step,andin particularon anabstraciprob-
lem de ned by Hoppe,DeRose Duchamp,McDonald,and Stuet-
zle[14]. In thisformulation,theinputis asetof pointsin  , with-
outary additionalstructureor organizationandthe desiredoutput
is a polygonalmesh,possiblywith boundary In practice,sample
setsfor surfacereconstructiomomefrom avarietyof sourcesmed-
ical imagery laserrangescannerscontactprobedigitizers, radar
andseismicsuneys, andmathematicamodelssuchasimplicit sur
faces.While the mosteffective reconstructiorschemefor ary one
of theseapplicationsshouldtake adwantageof the specialproper
ties of the data,an understandingf the abstractproblemshould
contrituteto all of them.

Theproblemformulationabove is incomplete sincepresumably
we shouldrequiresomerelationshipbetweertheinputandtheout-
put. In thisanda companiorpaper{2], we describea simple,com-
binatorialalgorithmfor which we canprove sucharelationship.A
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Figurel. The st meshwasreconstructeffom theverticesalone.Noticethatthesam-
pling densityvaries. Our algorithmrequiresdensesamplingonly nearsmallfeatures;
givensuchaninput, theoutputmeshis provably correct.

nontrivial partof thiswork is the tting of precisede nitions to the
intuitive notionsof a“good sample”anda“correctreconstruction”.
Although the actualde nition of a good sampleis rathertechni-
cal,involving the medialaxisof theoriginal surface,Figure 1 gives
the generalidea: densein detailedareasand (possibly)sparsein

featurelessnes.

The algorithmis basedon the three-dimensional/oronoi dia-
gramandDelaunaytriangulation;it producesa setof trianglesthat
we call thecrustof thesamplepoints. All verticesof crusttriangles
aresamplepoints;in fact,all crusttrianglesappeain the Delaunay
triangulationof the samplepoints.

Thecompaniorpapen2] present®urtheoreticaresults.In that
paper we prove that given a good samplefrom a smoothsurface,
the outputof our reconstructioralgorithmis topologicallyequiva-
lent to the surface,andthat asthe samplingdensityincreasesthe
outputconvergesto the surface,both pointwiseandin surfacenor
mal.

Theoreticalguaranteeiowever, do notimply thatanalgorithm
is usefulin practice.Surfacesarenot everywheresmooth,samples
do not everywheremeetthe samplingdensityconditions,andsam-
ple points containnoise. Even on goodinputs,an algorithmmay
fail to be robust, andthe constantn the running time might be
prohibitively large. In this paper we reporton ourimplementation
of thealgorithmiits ef ciency andthe quality of the output.

Overall, we werepleased.The programgave intuitively reason-
able outputson inputsfor which the theoreticalresultsdo not ap-
ply. Theimplementationusinga freely available exact-arithmetic
Voronoi diagramcode,wasquite easy andreasonablyef cient: it
canhandle10,000pointsin a matterof minutes. The main dif -
culty, bothin theoryandin practice,is the reconstructiorof sharp
edges.



2 Related work

The idea of using Voronoi diagramsand Delaunaytriangulations
in surfacereconstructioris not new. The well-knovn -shapeof
Edelsbrunneetal. [9, 10] is a parameterizedonstructiorthatas-
sociatesa polyhedralshapewith an unoganizedsetof points. A
simplex (edge triangle,or tetrahedron)s includedin the -shape
if it hassomecircumspheravith interior empty of samplepoints,
of radiusat most  (a circumspheref a simplex hasthe vertices
of thesimplex onits boundary). The spectrunof -shapesthatis,
the -shapedor all possiblevaluesof |, givesanideaof theover
all shapeandnaturaldimensionalityof the point set. Edelsbrunner
and Miicke experimentedwith using -shapedor surfacerecon-
struction[10], andBajaj, Bernardini,andXu [4] have recentlyused
-shapessa rst stepin theentirereconstructiorpipeline.

An early Delaunay-basedlgorithm,similarin spirit to our own,
is the “Delaunay sculpting” heuristic of Boissonnat[6], which
progressiely eliminatestetrahedrafrom the Delaunaytriangula-
tion basedon their circumspheres.In two dimensionsthereare
a numberof recenttheoreticalresultson various Delaunay-based
approachego reconstructingsmoothcurves. Attali [3], Bernar
dini and Bajaj [5], Figueiredoand Miranda Gomes[11] and our
seles[1] have all givenguaranteefor differentalgorithms.

A fundamentallydifferentapproachto reconstructioris to use
the input pointsto de ne a signeddistancefunctionon , and
thenpolygonalizeits zero-seto createthe outputmesh.Suchzeio-
set algorithms produceapproximating,rather than interpolating,
meshesThisapproactwastakenby Hoppeetal. [14, 13] andmore
recentlyby CurlessandLevoy [8]. Hoppeet al. determinean ap-
proximatetangeniplaneateachsamplepointusingleastsquare®n

nearesheighborsandthentake thesigneddistanceo thenearest
point's tangentplaneasthedistancefunctionon . Thedistance
function is theninterpolatedand polygonalizedby the marching
cubesalgorithm. The algorithmof CurlessandLevoy is tunedfor
laserrangedata, from which they derive error andtangentplane
information. They combinethe samplesnto a continuoussolumet-
ric function, computedand storedon a voxel grid. A subsequent
hole- lling stepalsousesproblem-speci cinformation. Theirim-
plementations especiallyfastandrobust, capableof handlingvery
large datasets.

Functionallyour crustalgorithmdiffers from boththe -shape
andthe zero-setalgorithms. It overcomesthe main dravback of

-shapessappliedto surfacereconstructionwhich is thatthe pa-
rameter mustbechoserexperimentallyandin mary casegshere
is no ideal valueof  dueto variationsin the samplingdensity
The crustalgorithmrequiresno suchparameterijt in effect auto-
matically computeshe parametetocally. Allowing the sampling
densityto vary locally enablegetailedreconstructionfrom much
smallerinput sets.

Like the -shapethe crustcanbe consideredanintrinsic con-
structionon thepointset.But unlike the -shapethecrustis natu-
rally two-dimensional This propertymakesthecrustmoresuitable
for surfacereconstructionalthoughlesssuitablefor determining
the naturaldimensionalityof a point set.

The crustalgorithmis simpler and more direct than the zero-
setapproach. Zero-setalgorithms,which produceapproximating
ratherthaninterpolatingsurfaces jnherentlydo somelow-pass |-
tering of the data. This is desirablein the presenceof noise, but
causessomeloss of information. We believe that someof our
ideas particularlythe samplingcriterionandthe normalestimation
method canbeappliedto zero-setlgorithmsaswell, andmightbe
usefulin proving somezero-setlgorithmcorrect.

With its explicit samplingcriterion, our algorithm should be
mostusefulin applicationsin which the samplingdensityis easy
to control. Two examplesare digitizing an objectwith a hand-
held contact probe, where the operator can “eyeball” the re-

quireddensity andpolygonalizinganimplicit surfaceusingsample
points[12], wherethedistribution canbe controlledanalytically

3 Sampling Criterion

Ourtheoreticatesultsassume smoottsurface by whichwe mean
a twice-differentiablemanifold embeddedn . Notice thatthis
allows all orientablemanifolds,includingthosewith multiple con-
nectedcomponents.

3.1 Geometry

We start by reviewing some standardgeometric constructions.
Given a discreteset  of samplepointsin , the Voronoi cell
of a samplepoint is that part of closerto it thanto ary other
sample.The Voronoi diagramis the decompositiorof induced
by the Voronoi cells. EachVoronoicell is a corvex polytope,and
its verticesarethe \Voronoivertices when is nondgenerategach
Voronoivertex is equidistanfrom exactly pointsof . These
pointsarethe verticesof the Delaunaysimple, dualto the
Voronoivertex. A Delaunaysimplex, and henceeachof its faces,
hasa circumspheremptyof otherpointsof . Thesetof Delau-
nay simplicesform the Delaunaytriangulation of . Computing
the Delaunaytriangulationessentiallycomputesthe Voronoi dia-
gramaswell. SeeFigure5 for two-dimensionakxamples.

Figure2. Thered curvesarethe medialaxis of the black curves. Notice thatcompo-
nentsof themedialaxislie on eithersideof the blackcurves.

Figure 3. In three dimensions,the medial axis of a surface is generallya two-
dimensionalsurface. Here, the squareis the medial axis of the roundedtransparent
surface. A noncowex surfacewould have component®f the medialaxis on the out-
sideaswell, asin the 2D exampleof Figure2.

The medialaxis of a -dimensionakurfacein is (the
closureof) the setof pointswith more than one closestpoint on
thesurface. An examplein is shavn in Figure2, andin in
Figure3. This de nition of the medialaxis includescomponents
ontheexterior of aclosedsurface. Themedialaxisis theextension
to continuoussurfacesof the Voronoidiagram,in the sensehatthe



Voronoidiagramof canbede ned asthe setof pointswith more
thanoneclosestpointin

In two dimensionsthe Voronoi verticesof a densesetof sam-
ple points on a curve approximatethe medial axis of the cune.
Somavhat surprisingly—anumberof authorshave beenmisled—
this nice propertydoesnot extendto threedimensions.

3.2 De nition

We cannow describeour samplingcriterion. A goodsampleis one
in which the samplingdensityis (at least)inversely proportional
to the distanceto the medial axis. Speci cally, a sample is an
-samplefrom asurface  whenthe Euclideandistancefrom ary

point to the nearestsamplepoint is at most timesthe
distancdrom to thenearespoint of the medialaxis of

The constantof proportionality is generallylessthanone. In
the companionpaper[2], we prove our theoremsor smallvalues
of suchas , but the boundsare not tight. Hencethe
theoreticakesultsapply only whenthe samplingis very dense.

We obsere thatin practice generallysufces. Figure4
shaws a reconstructiorfrom a densesample,and from a sample
thinnedto roughly . We did not computethe medial axis,

which canbe quite a chore. Instead,we usedthe distanceto the
nearestpole” (seeSection4.2) asa reasonableand easily com-
puted,estimateof the distanceto the medialaxis.

Figure4. The samplingspacingrequiredto correctlyreconstruct surfaceis propor
tional to the distanceto the medialaxis. On theleft is a surfacereconstructedrom
a densesample. The color represent@stimateddistanceto medial axis—redmeans
close. On the right, we usethe estimateddistanceto thin the datato a -sample
(meaningthatthedistanceto the nearessamplefor ary pointonthesurfaceis at most
half the distanceto the medial axis), and then reconstruct. Therewere about 12K
sampleontheleft andabout3K ontheright.

Notice that our samplingcriterion placesno constraintson the
distribution of points,solong asthey aresufciently dense.lt in-
herentlytakesinto accountboth the cunatureof the surface—the
medial axis is closeto the surfacewherethe curvatureis high—
andalsothe proximity of otherpartsof the surface. For instance,
althoughthe middle of a thin plate haslow cunature,it mustbe
sampleddenselyto resohe the two sidesas separatesurfaces. In
this situationan -samplediffers from the distribution of vertices
typically producedby meshsimpli cation algorithms,which only
needto considercurvature.

At sharpedgesandcornersthe medialaxisactuallytoucheghe
surface. Accordingly our criterion requiresin nitely densesam-
pling to guaranteeeconstruction.Sharpedgesare indeeda prob-

»e

Figure5. Thetwo-dimensionahlgorithm. On theleft, the Voronoidiagramof a point
set sampledromacurwe. Justas approximateshecurve, theVoronoivertices
approximatehe medialaxis of the curve. On theright, thethe Delaunaytriangulation
of , with thecrustedgesn black. Theoreml stateghatwhen isan -sample,
for sufciently small , thecrustedgesconnecbonly adjacenvertices.

lemin practiceaswell, althoughthe reconstructiorerrorsare not
noticeablewhenthe samplingis very dense.We discussa heuris-
tic approachto resolvingsharpedgesin Section6, and proposea
strongettheoreticabpproachn Section?.

4 The crust algorithm

4.1 Two Dimensions

We begin with a two-dimensionaklersionof the algorithm[1]. In
this case the crustwill be a graphon the setof samplepoints
We de ne the crustasfollows: anedge belongsto the crustif

hasa circumcircleemptynot only of all othersamplepointsbut
alsoof all Voronoi verticesof . The crustobeys the following
theorem1].

Theorem1. Thecrustof an -samplefrom asmoothcurve , for
, connectonly adjacensamplepointson

The medialaxis providesthe intuition behindthis theorem.An
importantlemmais that for ary sample , an edgebetweentwo
nonadjacensamplepointscannotbe circumscribedy a circle that
misseshoth the medialaxis andall othersamples.When is an

-samplefor sufciently small , the Voronoiverticesapproximate
the medial axis, andary circumcircleof an edgebetweennonad-
jacentsamplescontainseitheranothersampleor a Voronoivertex.
An edgebetweentwo adjacentsamplespn the otherhand,is cir-
cumscribedby a small circle, far awvay from the medial axis and
hencefrom all Voronoivertices.

Thede nition of the two-dimensionatrustleadsto the follow-
ing simple algorithm, illustratedin Figure5. First computethe
Voronoi diagramof , andlet be the setof Voronoi vertices.
Thencomputethe Delaunaytriangulationof . Thecrustcon-
sistsof the Delaunayedgesbetweenpointsof , sincethoseare
theedgeswith circumcirclesemptyof pointsin . Noticethat
thecrustis alsoa subsebf the Delaunaytriangulationof theinput
points; addingthe Voronoi vertices Iters out the unwantededges
from the Delaunaytriangulation. We call this techniqueVoronoi

Itering .

4.2 Three Dimensions

This simple Voronoi ltering algorithmrunsinto a snagin three
dimensions. The nice propertythat all the Voronoi verticesof a
sufciently densesamplelie nearthe medialaxisis no longertrue.
Figure 6 shavs an example. No matterhow denselywe sample,
\oronoiverticescanappeaiarbitrarily closeto the surface.



Figure6. In threedimensionswe canuseonly a subsebf the Voronoivertices,since
notall Voronoiverticescontritute to the approximatiorof the medialaxis. Here,one
sampleon a curved surfaceis coloredblue, and the edgesof its three-dimensional
Voronoicell aredravn in red. OneredVoronoivertex lies nearthe surface equidistant
from the four samplesnearthe center The otherslie nearthe medial axis, nearthe
centerof curvatureon onesideandhalfway to anoppositepatchof the surfaceonthe
other

On the otherhand,mary of the three-dimensionaloronoiver-
ticesdo lie nearthe medialaxis. Considerthe Voronoicell  of
asample , asin Figure6. The sample is surroundecbn by
othersamplesand is boundedby bisectingplanesseparating
from its neighborseachplanenearly perpendiculato . Sothe
Voronoicell s long, thin androughly perpendiculato  at .

extendsperpendicularlyout to the medialaxis. Nearthe medial
axis, othersampleson  becomecloserthan , and s cut off.
This guaranteeshat someverticesof  lie nearthe medial axis.
We give a preciseand quantitatve versionof this roughargument
in[2].

This leadsto thefollowing algorithm. Insteadof usingall of the
Voronoiverticesin the VVoronoi ltering step,for eachsample we
useonly thetwo verticesof  farthestfrom , oneon eitherside
of thesurface . We call thesethe polesof , anddenotethem
and . Itiseasyto nd onepole,say : thefarthestvertex of

from . Theobserationthat islongandthinimpliesthatthe
otherpole  mustlie roughlyin theoppositedirection. Thusin the
basicalgorithmbelow, we simply choose  to be farthestvertex
from s suchthat and have negative dot-product.Hereis
thebasicalgorithm:

1. Computethe Voronoidiagramof the samplepoints
2. Foreachsamplepoint do:

(a) If doesnotlie onthecorvex hull,let  bethefarthest
Voronoivertexof  from . Let  bethevector

(b) If liesontheconvex hull, let  betheaverageof the
outernormalsof theadjacentriangles.

(c) Let  bethe Voronoivertex of  with negative pro-
jectionon  thatis farthestfrom .
3. Let bethesetof all poles and . Computethe Delau-

naytriangulationof

4. Keeponly thosetrianglesfor which all threeverticesaresam-
ple pointsin

Notice thatonedoesnot needan estimateof to usethe crust
algorithm; the basic algorithm requiresno tunableparametersat
all. The outputof this algorithm,the three-dimensionatrust is a
setof trianglesthatresemblesheinputsurfacegeometrically More
preciselywe prove thefollowing theorem{2].

Theorem?2. Let bean -samplefrom a smoothsurface , for

. Thenl)thecrustof containsasetof trianglesforminga
meshtopologicallyequivalentto , and2) every pointonthecrust
lies within distance of somepoint on , where is
thedistancerom to themedialaxis.

The crust, however, is not necessarilya manifold; for example, it
often containsall four trianglesof a very at “sliver” tetrahedron.
It is, however, avisually acceptablenodel.

Figure7. The crustof a setof samplepointsandthe poles(white points)usedin its
reconstructionEachsampleselectghetwo verticesof its Voronoicell thatarefarthest
away, oneon eithersideof thesurface,aspoles. The poleslie nearthe medialaxis of
the surface, sketchingplanesseparatingoppositesheetf surfacethat degenerateo
one-dimensionaturveswherethe cross-sectionf the surfaceis circular

4.3 Normal Estimation and Filtering

Additional ltering is requiredto producea guaranteegiecavise-
linearmanifoldhomeomorphi¢o , andto ensurethatthe output
convergesin surfacenormalasthe samplingdensityincreases.

In fact,whatever the samplingdensity the algorithmabore may
output somevery thin crusttrianglesnearly perpendiculato the
surface. We have animportantlemma(2], however, which states
thatthe vectors and from a samplepoint to
its polesareguaranteedio be nearlyorthogonalto the surfaceat .
The angularerroris linearin . Theintuition (put nicely by Ken
Clarkson)is thatthe surfacenormalis easyto estimaterom apoint
faraway, suchasapole , sincethe surfacemustbe nearlynormal
to thelargestemptyball centeredht .

We canusethesevectorsin an additionalnormal Itering step,
throwing outary triangleswhosenormalsdiffer too muchfrom
or . Whennormal ltering is used,the normalsof the output
trianglesapproachthe surfacenormalsasthe samplingdensityin-
creasesWe provein [2] thattheremainingsetof trianglesstill con-
tainsa subseforming a piecavise-linearsurfacehomeomorphito



Figure8. The crustof pointsdistributedon animplicit surface(left). The additional
normal ltering stepis neededo separatéhetwo connectedomponentgright), which
areundersampledttheir closespoint. Trianglesaredeletedf theirnormalsdiffer too
muchfrom thedirectionvectorsfrom thetriangleverticesto their poles.Thesevectors
areprovably closeto the surfacenormals.

Normal Itering canbe usefulin practiceaswell, asshavn in
Figure 8. In the usualcasein which is unknavn the allowable
differencein anglemustbe selectedxperimentally Normal Iter -
ing canbedangeroushowever, atboundarieandsharpedges.The
directionsof and arenotnearlynormalto all nearbytangent
planesanddesirablégrianglesmight be deleted.

We notethat and , our Voronoi-basedestimatesof nor-
mal direction, could be usefulin the zero-setreconstructioometh-
ods, which dependon accurateestimationof the tangentplanes.
For the algorithm of Hoppeet al. [14], a Voronoi-basedestimate
couldreplacethe estimatebasedon the -nearesnheighbors.The
Voronoi-baseastimatehasthe adantagethatit is not sensitve to
the distribution; whereasfor instance on medicalimagedata,all

nearesneighborsmight lie in the sameslice, andso would the
estimatedangentplane.ln thealgorithmof CurlessandLevoy [8],
theVoronoi-base@stimatecouldbe checledagainstheboundson
normaldirectionderivedfrom thelaserrangescanner

4.4 Manifold Extraction

After the normal ltering step, all the remaining triangles are
roughly parallelto the surface. We cande ne a sharpedgeasone
whichis adjacento trianglesonly ononesideof aplanethroughthe
edgeandroughly perpendiculato the surface.Noticethatanedge
of degreeone countsasa sharpedge. If the surface is indeed
a smoothmanifold without boundary we are guaranteedhat the
normal- Itered crustcontainsa piecavise-linearmanifold homeo-
morphicto . Any triangleadjacento a sharpedgecannotbelong
to this piecavise-linearmanifold, and can be safely deleted. We
continuerecursvely until no suchtriangleremains. A piecavise-
linear manifold canthenbe obtainedby a manifoldextraction step
which takesthe outsidesurfaceof the remainingtriangleson each
connecteccomponent.This simple approachhowever, cannotbe
appliedwhen is notasmoothmanifoldwithoutboundaryIn that
casewe do not know how to prove thatwe canextracta manifold
homeomorphito

4.5 Comple xity

The asymptoticcompleity of the crustalgorithmis where

, sincethatis the worst-casdime requiredto computea
three-dimensiondDelaunaytriangulation. Notice that the number
of samplepointsplus polesis atmost . As hasbeenfrequently
obsered,theworst-caseeomplity for thethree-dimensiondDe-
launaytriangulationalmostnever arisesin practice.All othersteps
arelineartime.

5 Implementation

5.1 Numerical Issues

Rolustnesshastraditionally beena concernwhen implementing
combinatoriaklgorithmslik e this one. Our straightforvard imple-

mentation,however, is very robust. This successs duein large
partto therapidly improving stateof theartin Delaunaytriangula-
tion programs.We usedClarksons Hull program.Hull usesexact
integer arithmetic,and henceis thoroughlyrobust, producesxact
output,andrequiresno arithmetictolerancingoarametersThe per

formancecostfor the exact arithmeticis fairly modest,dueto a
clever adaptve precisionscheme We choseHull sothatwe could
be surethat numericalproblemsthat arosewere our own anddid

notoriginatein thetriangulation.Findingthe exactDelaunaytrian-

gulationis not essentiato our algorithm.

Hull outputsa list of Delaunaytetrahedrabut not the coordi-
natesof their circumcentergthe dual VVoronoi vertices)which al-
wayscontainsomeroundof error. Fortunately the exactpositions
of the polesarenotimportant,asthenumericalerroris tiny relatve
to thedistancebetweerthe polesandthesuriace.We computedhe
location of eachVoronoivertex by solving a linear system
with a solver from LAPACK. The solver alsoreturnsthe condition
numberof the coefcient matrix, which we usedto rejectunreli-
able Voronoi vertices. RejectedVoronoi verticeswere almostal-
wayscircumcentersf “slivers” (nearlyplanartetrahedralying at
onthesurface;for a goodsamplesuchverticescannotbe poles. It
is possiblethatthis methodalsorejectssomevalid polesinducedby
very at tetrahedraspanningwo patchesof surface. We have not,
however, obsered ary problemsin practice. Presumablythereis
alwaysanotheVoronoi vertex nearbythat makesan equallygood
pole.

5.2 Efcienc y

Runningtimes for the reconstructiorof somelarge datasetsare
givenin thetablebelaw; thereconstructionareshavn in Figure9.
We usedan SGI Onyx with 512M of memory

| Model | Time(min) | Num.Pts. |
Femur 2 939
Golfclub | 12 16864
Foot 15 20021
Bunry 23 35947

The running time is dominatedby the time requiredto com-
pute the Delaunaytriangulations. Hull usesan incrementalalgo-
rithm [7], sothe runningtime is sensitve to the input orderof the
vertices.Thetriangulationalgorithmbuilds a searchstructurecon-
currentlywith the triangulationitself; the processs analogougo
sortingby incrementallybuilding abinarysearchree.Whenpoints
areaddedin randomorder the searchstructureis balancedwith
extremelyhigh probability) andthe expectedrunningtime is opti-
mal. In practice,randominsertionsareslow on largeinputs,since
boththe searchstructureandthe Delaunaytriangulationbegin pag-
ing. We obtainedbetterperformanceby rst insertinga random
subsebf afew thousandointsto provide a balancednitial search
structure andtheninsertingthe remainingpointsbasecdon a crude
spatialsubdvision to improve locality.

Most likely much greaterimprovementsin efciency can be
achieved by switchingto a three-dimensiondDelaunaytriangula-
tion programthat, rst, doesnot useexactarithmetic,andsecond,
usesanalgorithmwith morelocality of reference.



Figure9. Femur golf club, foot andbunry reconstructionsNoticethe subtle“3” onthe bottomof the club (apparentlya 3-iron), shaving the sensitvity of the algorithm. Thefoot,
like all ourreconstructionss hollow. The bunry wasreconstructedrom theroughly 36K verticesof the densesof the Stanfordbunry modelsin 23 minutes.

6 Heuristic Modi cations

As we have noted,our algorithmdoesnot do well at sharpedges,
eitherin theoryor in practice. The reasonis thatthe Voronoi cell

of asample on asharpedgeis not long andthin, sothatthe as-
sumptionsunderwhich we choosethe polesis not correct. For

example,the Voronoi cell of asample on aright-anglededgeis

roughly fan-shapedThevector  directedtowardsthe rst pole
of might be perpendiculato onetangentplaneat , but parallel
to the other The secondpole would thenbe choservery nearthe
surface,punchinga holein theoutputmesh.

Figure 10. We resole the sharpedgeson this model of a mechanicapart by using
thetwo farthestVoronoiverticesaspoles,regardlesof direction. Thebasicalgorithm
forcesthe polesto lie in oppositedirections,but is only guaranteedo work properly
onasmoothsurface. Theredtrianglesdo notappeain the reconstructiowhenusing
thebasicalgorithm.

We experimentedwith other methodsfor choosingthe second
pole. We found that choosingas  the Voronoi vertex with the
greateshegative projectionin thedirection  gave someavhatbet-
ter results. This modi cation shouldretainthe theoreticalguaran-
teesof the original algorithm. The bestreconstructionshowever,
were producedby a differentheuristic: choosingthe farthestand
the secondrarthestVoronoivertices,regardlessf direction,asthe
two poles(seeFigure10). This heuristicis stronglybiasedagainst
choosingpolesnearthe surface avoiding gapsnearsharpedgeshut
sometimesallowing excesstriangles lling in sharpcorners. We
believe that pathologicalcasescould be constructedn which this

Il causesa topologically incorrectreconstructionirrespectve of
thesamplingdensity

Boundariegposesimilar problemsin theory but the reconstruc-
tions producedby the crustalgorithmon surfaceswith boundaries
are usually acceptable.Figure 7 andthe foot in Figure 9 are ex-
amplesof perfectlyreconstructedhoundaries Whenthe boundary
formsaholein anotherwise at surface,with no otherpartsof the
surfacenearbythecrustalgorithm lls in thehole.

Undersamplingalso causesholesin the outputmesh. For ex-
ample,considera samplein the middle of aa at plate. Although
its secondpole lies in the correctdirection, if thereare two few
samplepoints on the oppositeside of the plate, the pole may fall
nearthe surfaceon the oppositesideandcausea hole. We experi-
mentedwith heuristicto compensatéor thisundersamplingffect,
and for similar reconstructiorerrorsin undersampledylindrical
regions. We foundthatmoving all polescloserto their samplesy
someconstantfraction allowed thin platesand cylindersto be re-
constructedrom fewer samplesyvhile sometimesntroducingnew
holeson otherpartsof themodel. We weresometimesbleto geta
perfectreconstructiorby takingthe unionof a crustmadewith this
modi cation andonewithout.

7 Research Directions

We have identi ed anumberof futureresearchlirections.

7.1 Noise

Small perturbationf the input pointsdo not causeproblemsfor
thecrustalgorithm,nor do a few outliers. But whenthe noiselevel
is roughly the sameas the samplingdensity the algorithm fails,
bothin theoryandin practice.We believe, however, thatthereis a
Voronoi-basealgorithm,perhapsombiningaspect®f crustsand
-shapesthat reconstructanoisy datainto a “thickenedsurface”
containingall theinputpoints,someof thempossiblyin theinterior.
SeeMelkemi[15] for somesuggestie experimentalwork in

7.2 Sharp Edges and Boundaries

We would like to modify the crustalgorithm to handlesurfaces
with sharpedgesandto provide theoreticalguaranteesor the re-
constructionof both sharpedgesand boundaries. Interpolating
reconstructioralgorithmslike ours have an adwvantagehere,since
approximatingreconstructioralgorithmssmoothout sharpedges.
Oneimportantgoal is to develop reliable techniquedor identify-

ing sampleghatlie on sharpedgesor boundaries.As noted,the
Voronoi cellsof suchsamplesarenotlong andthin. This intuition



couldbemadeprecise andperhapsombinedwith moretraditional
ltering techniques.

7.3 Using Surface Normals

A variationon the problemis the reconstructiorof surfacesfrom
unoiganizedpointsthat are equippedwith normaldirections. This
problemarisesn two-dimensionalmageprocessingvhenconnect-
ing edgepixels into edges. In threedimensions]aserrangedata
comeswith somenormalinformation,andwe have exactnormals
for pointsdistributedon implicit surfaces.It shouldbe possibleto
shaw that with this additionalinformation, reconstructioris pos-
sible from muchsparsesamples.In particular whennormalsare
available,densesamplingshouldnot be neededo resohe the two
sidesof a thin plate,suggestinghat a differentsamplingcriterion
thandistanceto medialaxisis required.

7.4 Compression

Oneintriguing potentialapplication(pointedout by FrankBossen)
of interpolating ratherthanapproximatingreconstructionis thatit
canbeusedasalosslessneshcompressiotechnique A modelcre-
atedby interpolatingreconstructiorcanbe representeéntirely by
its vertices,andno connectiity informationat all mustbe stored.
A modelwhich differs only slightly from the reconstructiorof its
verticescanberepresentetly theverticesanda shortlist of differ-
ences.Thesedifferenceanight be encodedef ciently usingsome
geometricallyde ned measureof “lik elihood” on Delaunaytrian-
gles. The verticesthemselescould thenbe orderedso asto opti-
mize propertiessuchas compressibilityor progressie reconstruc-
tion by anincrementaklgorithm. With the currentbestgeometry
compressiommethod[16], mostof the bits are alreadyusedto en-
codethe vertex positions,ratherthanconnectiity, but the connec-
tivity is encodedn the orderingof thevertices.Allowing arbitrary
vertex orderingscouldimprove compressionywe areexperimenting
with anoctreeencoding.

Our currentcrustalgorithmis not incremental,and our imple-
mentationis too slow for real-timedecompressiorsothis applica-
tion motivateswork in bothdirections.

Figure11. Reconstructionfrom subset®f the samplesesemblehe nal reconstruc-
tions. Thecrustof the rst 5% of thepointsin anoctreeencodingof thebunry samples
is still quite recognizabldright); the crustof 20 % of the pointsis on theleft. Rough
reconstructionsike thesecouldbe shovn during progressie transmission.
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