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Abstract

We describeour experiencewith a new algorithm for the recon-
structionof surfacesfrom unorganizedsamplepointsin � ��� . Theal-
gorithmis the�rst for thisproblemwith provableguarantees.Given
a“goodsample”from asmoothsurface,theoutputis guaranteedto
be topologicallycorrectandconvergent to the original surfaceas
thesamplingdensityincreases.Thede�nition of a goodsampleis
itself interesting:therequiredsamplingdensityvarieslocally, rig-
orouslycapturingthe intuitive notion that featurelessareascanbe
reconstructedfrom fewer samples.The outputmeshinterpolates,
ratherthanapproximates,theinput points.

Our algorithm is basedon the three-dimensionalVoronoi dia-
gram. Givena goodprogramfor this fundamentalsubroutine,the
algorithmis quiteeasyto implement.

Keywords: Medial axis,Sampling,Delaunaytriangulation,Com-
putationalGeometry

1 Intr oduction

Theprocessof turningasetof samplepointsin � �
� into acomputer

graphicsmodelgenerallyinvolvesseveralsteps:thereconstruction
of an initial piecewise-linearmodel, cleanup,simpli�cation, and
perhaps�tting with curvedsurfacepatches.

We focuson the�rst step,andin particularon anabstractprob-
lem de�ned by Hoppe,DeRose,Duchamp,McDonald,andStuet-
zle[14]. In thisformulation,theinput is asetof pointsin � ��� , with-
out any additionalstructureor organization,andthedesiredoutput
is a polygonalmesh,possiblywith boundary. In practice,sample
setsfor surfacereconstructioncomefrom avarietyof sources:med-
ical imagery, laserrangescanners,contactprobedigitizers, radar
andseismicsurveys,andmathematicalmodelssuchasimplicit sur-
faces.While themosteffective reconstructionschemefor any one
of theseapplicationsshouldtake advantageof the specialproper-
ties of the data,an understandingof the abstractproblemshould
contributeto all of them.

Theproblemformulationabove is incomplete,sincepresumably
weshouldrequiresomerelationshipbetweentheinputandtheout-
put. In thisanda companionpaper[2], we describea simple,com-
binatorialalgorithmfor which we canprove sucha relationship.A
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Figure1. The�st meshwasreconstructedfrom theverticesalone.Noticethatthesam-
pling densityvaries.Our algorithmrequiresdensesamplingonly nearsmall features;

givensuchaninput, theoutputmeshis provably correct.

nontrivial partof thiswork is the�tting of precisede�nitions to the
intuitivenotionsof a“goodsample”anda“correctreconstruction”.
Although the actualde�nition of a good sampleis rathertechni-
cal, involving themedialaxisof theoriginalsurface,Figure1 gives
the generalidea: densein detailedareasand(possibly)sparsein
featurelessones.

The algorithm is basedon the three-dimensionalVoronoi dia-
gramandDelaunaytriangulation;it producesa setof trianglesthat
wecall thecrustof thesamplepoints.All verticesof crusttriangles
aresamplepoints;in fact,all crusttrianglesappearin theDelaunay
triangulationof thesamplepoints.

Thecompanionpaper[2] presentsour theoreticalresults.In that
paper, we prove that given a goodsamplefrom a smoothsurface,
theoutputof our reconstructionalgorithmis topologicallyequiva-
lent to the surface,andthatasthesamplingdensityincreases,the
outputconvergesto thesurface,bothpointwiseandin surfacenor-
mal.

Theoreticalguarantees,however, do not imply thatanalgorithm
is usefulin practice.Surfacesarenot everywheresmooth,samples
do not everywheremeetthesamplingdensityconditions,andsam-
ple pointscontainnoise. Even on goodinputs,an algorithmmay
fail to be robust, and the constantson the running time might be
prohibitively large. In this paper, we reporton our implementation
of thealgorithm,its ef�ciency andthequalityof theoutput.

Overall,we werepleased.Theprogramgave intuitively reason-
ableoutputson inputsfor which the theoreticalresultsdo not ap-
ply. The implementation,usinga freely availableexact-arithmetic
Voronoidiagramcode,wasquiteeasy, andreasonablyef�cient: it
canhandle10,000points in a matterof minutes. The main dif�-
culty, both in theoryandin practice,is thereconstructionof sharp
edges.



2 Related work

The idea of usingVoronoi diagramsandDelaunaytriangulations
in surfacereconstructionis not new. Thewell–known � -shapeof
Edelsbrunneret al. [9, 10] is a parameterizedconstructionthatas-
sociatesa polyhedralshapewith an unorganizedsetof points. A
simplex (edge,triangle,or tetrahedron)is includedin the � -shape
if it hassomecircumspherewith interior emptyof samplepoints,
of radiusat most � (a circumsphereof a simplex hasthe vertices
of thesimplex on its boundary).Thespectrumof � -shapes,thatis,
the � -shapesfor all possiblevaluesof � , givesanideaof theover-
all shapeandnaturaldimensionalityof thepoint set.Edelsbrunner
andMücke experimentedwith using � -shapesfor surfacerecon-
struction[10], andBajaj,Bernardini,andXu [4] haverecentlyused

� -shapesasa �rst stepin theentirereconstructionpipeline.
An earlyDelaunay-basedalgorithm,similar in spirit to ourown,

is the “Delaunay sculpting” heuristic of Boissonnat[6], which
progressively eliminatestetrahedrafrom the Delaunaytriangula-
tion basedon their circumspheres.In two dimensions,thereare
a numberof recenttheoreticalresultson variousDelaunay-based
approachesto reconstructingsmoothcurves. Attali [3], Bernar-
dini andBajaj [5], FigueiredoandMirandaGomes[11] andour-
selves[1] have all givenguaranteesfor differentalgorithms.

A fundamentallydifferentapproachto reconstructionis to use
the input points to de�ne a signeddistancefunction on � � � , and
thenpolygonalizeits zero-setto createtheoutputmesh.Suchzero-
set algorithmsproduceapproximating,rather than interpolating,
meshes.Thisapproachwastakenby Hoppeetal. [14, 13] andmore
recentlyby CurlessandLevoy [8]. Hoppeet al. determinean ap-
proximatetangentplaneateachsamplepointusingleastsquareson

�

nearestneighbors,andthentakethesigneddistanceto thenearest
point's tangentplaneasthedistancefunctionon � �

� . Thedistance
function is then interpolatedand polygonalizedby the marching
cubesalgorithm. Thealgorithmof CurlessandLevoy is tunedfor
laserrangedata,from which they derive error and tangentplane
information.They combinethesamplesinto acontinuousvolumet-
ric function, computedandstoredon a voxel grid. A subsequent
hole-�lling stepalsousesproblem-speci�cinformation. Their im-
plementationis especiallyfastandrobust,capableof handlingvery
largedatasets.

Functionallyour crustalgorithmdiffers from both the � -shape
and the zero-setalgorithms. It overcomesthe main drawbackof

� -shapesasappliedto surfacereconstruction,which is thatthepa-
rameter� mustbechosenexperimentally, andin many casesthere
is no ideal value of � due to variationsin the samplingdensity.
The crustalgorithmrequiresno suchparameter;it in effect auto-
matically computesthe parameterlocally. Allowing the sampling
densityto vary locally enablesdetailedreconstructionsfrom much
smallerinputsets.

Like the � -shape,the crustcanbe consideredan intrinsic con-
structionon thepoint set.But unlike the � -shape,thecrustis natu-
rally two-dimensional.Thispropertymakesthecrustmoresuitable
for surfacereconstruction,althoughlesssuitablefor determining
thenaturaldimensionalityof a point set.

The crust algorithm is simpler and more direct than the zero-
setapproach.Zero-setalgorithms,which produceapproximating
ratherthaninterpolatingsurfaces,inherentlydo somelow-pass�l-
tering of the data. This is desirablein the presenceof noise,but
causessomeloss of information. We believe that someof our
ideas,particularlythesamplingcriterionandthenormalestimation
method,canbeappliedto zero-setalgorithmsaswell, andmightbe
usefulin proving somezero-setalgorithmcorrect.

With its explicit samplingcriterion, our algorithm should be
mostuseful in applicationsin which the samplingdensityis easy
to control. Two examplesare digitizing an object with a hand-
held contact probe, where the operator can “eyeball” the re-

quireddensity, andpolygonalizinganimplicit surfaceusingsample
points[12], wherethedistributioncanbecontrolledanalytically.

3 Sampling Criterion

Ourtheoreticalresultsassumeasmoothsurface, by whichwemean
a twice-differentiablemanifold embeddedin � ��� . Notice that this
allows all orientablemanifolds,includingthosewith multiple con-
nectedcomponents.

3.1 Geometr y

We start by reviewing some standardgeometric constructions.
Given a discreteset � of samplepoints in � ��� , the Voronoi cell
of a samplepoint is that part of � �

�

closerto it thanto any other
sample.TheVoronoi diagramis thedecompositionof � �

�

induced
by theVoronoi cells. EachVoronoi cell is a convex polytope,and
its verticesaretheVoronoivertices; when � is nondegenerate,each
Voronoivertex is equidistantfrom exactly ���
	 pointsof � . These

����	 pointsarethe verticesof the Delaunaysimplex, dual to the
Voronoi vertex. A Delaunaysimplex, andhenceeachof its faces,
hasa circumsphereemptyof otherpointsof � . Thesetof Delau-
nay simplicesform the Delaunaytriangulation of � . Computing
the Delaunaytriangulationessentiallycomputesthe Voronoi dia-
gramaswell. SeeFigure5 for two-dimensionalexamples.

Figure2. Theredcurvesarethemedialaxisof theblackcurves. Notice thatcompo-
nentsof themedialaxislie oneithersideof theblackcurves.

Figure 3. In three dimensions,the medial axis of a surface is generallya two-
dimensionalsurface. Here,the squareis the medialaxis of the roundedtransparent
surface. A nonconvex surfacewould have componentsof themedialaxison theout-
sideaswell, asin the2D exampleof Figure2.

Themedialaxisof a 
�����	�� -dimensionalsurfacein � �
�

is (the
closureof) the setof points with more thanoneclosestpoint on
thesurface.An examplein � ��� is shown in Figure2, andin � � � in
Figure3. This de�nition of the medialaxis includescomponents
ontheexteriorof aclosedsurface.Themedialaxisis theextension
to continuoussurfacesof theVoronoidiagram,in thesensethatthe



Voronoidiagramof � canbede�ned asthesetof pointswith more
thanoneclosestpoint in � .

In two dimensions,the Voronoi verticesof a densesetof sam-
ple points on a curve approximatethe medial axis of the curve.
Somewhatsurprisingly—anumberof authorshave beenmisled—
this nicepropertydoesnotextendto threedimensions.

3.2 De�nition

Wecannow describeoursamplingcriterion.A goodsampleis one
in which the samplingdensityis (at least) inverselyproportional
to the distanceto the medialaxis. Speci�cally, a sample� is an

� -samplefrom a surface
�

whentheEuclideandistancefrom any
point ���

�

to the nearestsamplepoint is at most � times the
distancefrom � to thenearestpointof themedialaxisof

�

.
The constantof proportionality � is generallylessthanone. In

the companionpaper[2], we prove our theoremsfor small values
of � suchas ����� 	�
 , but the boundsare not tight. Hencethe
theoreticalresultsapplyonly whenthesamplingis verydense.

We observe that in practice�
��� � generallysuf�ces. Figure4
shows a reconstructionfrom a densesample,and from a sample
thinnedto roughly ����� � . We did not computethe medialaxis,
which canbe quite a chore. Instead,we usedthe distanceto the
nearest“pole” (seeSection4.2) asa reasonable,andeasilycom-
puted,estimateof thedistanceto themedialaxis.

Figure4. Thesamplingspacingrequiredto correctlyreconstructa surfaceis propor-
tional to the distanceto the medialaxis. On the left is a surfacereconstructedfrom
a densesample. The color representsestimateddistanceto medialaxis—redmeans
close. On the right, we usethe estimateddistanceto thin the data to a � � -sample
(meaningthatthedistanceto thenearestsamplefor any pointon thesurfaceis atmost
half the distanceto the medial axis), and then reconstruct. Therewere about12K
sampleson theleft andabout3K on theright.

Notice that our samplingcriterion placesno constraintson the
distribution of points,so long asthey aresuf�ciently dense.It in-
herentlytakesinto accountboth the curvatureof the surface—the
medialaxis is closeto the surfacewherethe curvatureis high—
andalsothe proximity of otherpartsof the surface. For instance,
althoughthe middle of a thin platehaslow curvature,it mustbe
sampleddenselyto resolve the two sidesasseparatesurfaces. In
this situationan � -samplediffers from the distribution of vertices
typically producedby meshsimpli�cation algorithms,which only
needto considercurvature.

At sharpedgesandcorners,themedialaxisactuallytouchesthe
surface. Accordingly, our criterion requiresin�nitely densesam-
pling to guaranteereconstruction.Sharpedgesareindeeda prob-

Figure5. Thetwo-dimensionalalgorithm.On theleft, theVoronoidiagramof a point
set � sampledfrom acurve. Justas � approximatesthecurve, theVoronoivertices�

approximatethemedialaxisof thecurve. On theright, thetheDelaunaytriangulation
of ����� , with thecrustedgesin black.Theorem1 statesthatwhen � is an � -sample,
for suf�ciently small � , thecrustedgesconnectonly adjacentvertices.

lem in practiceaswell, althoughthe reconstructionerrorsarenot
noticeablewhenthesamplingis very dense.We discussa heuris-
tic approachto resolvingsharpedgesin Section6, andproposea
strongertheoreticalapproachin Section7.

4 The crust algorithm

4.1 Two Dimensions

We begin with a two-dimensionalversionof thealgorithm[1]. In
this case,the crustwill be a graphon the setof samplepoints � .
We de�ne the crustas follows: an edge � belongsto the crust if

� hasa circumcircleemptynot only of all othersamplepointsbut
also of all Voronoi verticesof � . The crust obeys the following
theorem[1].

Theorem1. Thecrustof an � -samplefrom a smoothcurve
�

, for
����� ��� , connectsonly adjacentsamplepointson

�

.

Themedialaxisprovidesthe intuition behindthis theorem.An
importantlemmais that for any sample � , an edgebetweentwo
nonadjacentsamplepointscannotbecircumscribedby a circle that
missesboth the medialaxis andall othersamples.When � is an

� -samplefor suf�ciently small � , theVoronoiverticesapproximate
the medialaxis, andany circumcircleof an edgebetweennonad-
jacentsamplescontainseitheranothersampleor a Voronoivertex.
An edgebetweentwo adjacentsamples,on the otherhand,is cir-
cumscribedby a small circle, far away from the medialaxis and
hencefrom all Voronoivertices.

Thede�nition of the two-dimensionalcrustleadsto the follow-
ing simple algorithm, illustrated in Figure 5. First computethe
Voronoi diagramof � , and let � be the set of Voronoi vertices.
ThencomputetheDelaunaytriangulationof � �!� . Thecrustcon-
sistsof the Delaunayedgesbetweenpoints of � , sincethoseare
theedgeswith circumcirclesemptyof pointsin �
�
� . Noticethat
thecrustis alsoa subsetof theDelaunaytriangulationof theinput
points;addingthe Voronoi vertices�lters out the unwantededges
from the Delaunaytriangulation. We call this techniqueVoronoi
�ltering .

4.2 Three Dimensions

This simple Voronoi �ltering algorithm runs into a snagin three
dimensions. The nice propertythat all the Voronoi verticesof a
suf�ciently densesamplelie nearthemedialaxisis no longertrue.
Figure6 shows an example. No matterhow denselywe sample,
Voronoiverticescanappeararbitrarilycloseto thesurface.



Figure6. In threedimensions,we canuseonly a subsetof theVoronoivertices,since
not all Voronoiverticescontributeto theapproximationof themedialaxis. Here,one
sampleon a curved surface is coloredblue, and the edgesof its three-dimensional
Voronoicell aredrawn in red.OneredVoronoivertex liesnearthesurface,equidistant
from the four samplesnearthe center. The otherslie nearthe medialaxis, nearthe
centerof curvatureon onesideandhalfway to anoppositepatchof thesurfaceon the
other.

On theotherhand,many of the three-dimensionalVoronoi ver-
ticesdo lie nearthe medialaxis. Considerthe Voronoi cell �

� of
a sample� , as in Figure6. The sample� is surroundedon

�

by
othersamples,and �

� is boundedby bisectingplanesseparating�

from its neighbors,eachplanenearlyperpendicularto
�

. So the
Voronoi cell �

� is long, thin androughlyperpendicularto
�

at � .
�

� extendsperpendicularlyout to themedialaxis.Nearthemedial
axis, othersampleson

�

becomecloserthan � , and �

� is cut off.
This guaranteesthat someverticesof �

� lie nearthe medialaxis.
We give a preciseandquantitative versionof this roughargument
in [2].

This leadsto thefollowing algorithm.Insteadof usingall of the
Voronoiverticesin theVoronoi�ltering step,for eachsample� we
useonly the two verticesof �

� farthestfrom � , oneon eitherside
of thesurface

�

. We call thesethepolesof � , anddenotethem�

�

and ��� . It is easyto �nd onepole, say �

�

: the farthestvertex of
�

� from � . Theobservationthat �

� is longandthin impliesthatthe
otherpole�

�
mustlie roughlyin theoppositedirection.Thusin the

basicalgorithmbelow, we simply choose��� to be farthestvertex
from s suchthat �

�
� and �

�

�

have negative dot-product.Hereis
thebasicalgorithm:

1. ComputetheVoronoidiagramof thesamplepoints �

2. For eachsamplepoint � do:

(a) If � doesnotlie ontheconvex hull, let �

�

bethefarthest
Voronoivertex of �

� from � . Let �

�

bethevector �

� � .

(b) If � lieson theconvex hull, let �

�

betheaverageof the
outernormalsof theadjacenttriangles.

(c) Let �
� be the Voronoi vertex of �

� with negative pro-
jectionon �

�

thatis farthestfrom � .

3. Let
�

bethesetof all poles�

�

and �
� . ComputetheDelau-

naytriangulationof � �

�

.

4. Keeponly thosetrianglesfor whichall threeverticesaresam-
plepointsin � .

Notice that onedoesnot needan estimateof � to usethe crust
algorithm; the basicalgorithm requiresno tunableparametersat
all. Theoutputof this algorithm,the three-dimensionalcrust, is a
setof trianglesthatresemblestheinputsurfacegeometrically. More
precisely, we prove thefollowing theorem[2].

Theorem2. Let � bean � -samplefrom a smoothsurface
�

, for
����� 	�
 . Then1) thecrustof � containsasetof trianglesforminga
meshtopologicallyequivalentto

�

, and2) every pointon thecrust
lies within distance� �	�

� 
 � � of somepoint � on
�

, where � 
 � � is
thedistancefrom � to themedialaxis.

The crust,however, is not necessarilya manifold; for example,it
oftencontainsall four trianglesof a very �at “sliver” tetrahedron.
It is, however, a visuallyacceptablemodel.

Figure7. Thecrustof a setof samplepointsandthepoles(white points)usedin its
reconstruction.Eachsampleselectsthetwo verticesof its Voronoicell thatarefarthest
away, oneon eithersideof thesurface,aspoles.Thepoleslie nearthemedialaxisof
the surface,sketchingplanesseparatingoppositesheetsof surfacethatdegenerateto

one-dimensionalcurveswherethecross-sectionof thesurfaceis circular.

4.3 Normal Estimation and Filtering

Additional �ltering is requiredto producea guaranteedpiecewise-
linearmanifoldhomeomorphicto

�

, andto ensurethat theoutput
convergesin surfacenormalasthesamplingdensityincreases.

In fact,whatever thesamplingdensity, thealgorithmabove may
output somevery thin crust trianglesnearly perpendicularto the
surface. We have an importantlemma[2], however, which states
thatthevectors�

�

�
�

�

�

and ���

���

��� from a samplepoint to
its polesareguaranteedto benearlyorthogonalto thesurfaceat � .
The angularerror is linear in � . The intuition (put nicely by Ken
Clarkson)is thatthesurfacenormalis easyto estimatefrom apoint
far away, suchasa pole � , sincethesurfacemustbenearlynormal
to thelargestemptyball centeredat � .

We canusethesevectorsin an additionalnormal �ltering step,
throwing outany triangleswhosenormalsdiffer toomuchfrom �

�

or ��� . Whennormal �ltering is used,the normalsof the output
trianglesapproachthesurfacenormalsasthesamplingdensityin-
creases.Weprove in [2] thattheremainingsetof trianglesstill con-
tainsa subsetforming a piecewise-linearsurfacehomeomorphicto

�

.



Figure8. Thecrustof pointsdistributedon an implicit surface(left). Theadditional
normal�ltering stepis neededto separatethetwo connectedcomponents(right),which
areundersampledat theirclosestpoint. Trianglesaredeletedif theirnormalsdiffer too
muchfrom thedirectionvectorsfrom thetriangleverticesto theirpoles.Thesevectors
areprovably closeto thesurfacenormals.

Normal �ltering canbe useful in practiceaswell, asshown in
Figure8. In the usualcasein which � is unknown the allowable
differencein anglemustbeselectedexperimentally. Normal �lter -
ing canbedangerous,however, atboundariesandsharpedges.The
directionsof �

�

and ��� arenotnearlynormalto all nearbytangent
planes,anddesirabletrianglesmightbedeleted.

We notethat �

�

and �
� , our Voronoi-basedestimatesof nor-

mal direction,couldbeusefulin thezero-setreconstructionmeth-
ods, which dependon accurateestimationof the tangentplanes.
For the algorithmof Hoppeet al. [14], a Voronoi-basedestimate
could replacethe estimatebasedon the

�

-nearestneighbors.The
Voronoi-basedestimatehastheadvantagethat it is not sensitive to
the distribution; whereas,for instance,on medicalimagedata,all

�

nearestneighborsmight lie in the sameslice, andso would the
estimatedtangentplane.In thealgorithmof CurlessandLevoy [8],
theVoronoi-basedestimatecouldbecheckedagainsttheboundson
normaldirectionderivedfrom thelaser-rangescanner.

4.4 Manif old Extraction

After the normal �ltering step, all the remaining triangles are
roughlyparallelto thesurface.We cande�ne a sharpedgeasone
whichisadjacentto trianglesonlyononesideof aplanethroughthe
edgeandroughlyperpendicularto thesurface.Noticethatanedge
of degreeonecountsasa sharpedge. If the surface

�

is indeed
a smoothmanifold without boundary, we areguaranteedthat the
normal-�ltered crustcontainsa piecewise-linearmanifold homeo-
morphicto

�

. Any triangleadjacentto a sharpedgecannotbelong
to this piecewise-linearmanifold, andcan be safelydeleted. We
continuerecursively until no suchtriangleremains.A piecewise-
linearmanifoldcanthenbeobtainedby a manifoldextractionstep
which takestheoutsidesurfaceof theremainingtriangleson each
connectedcomponent.This simpleapproach,however, cannotbe
appliedwhen

�

is notasmoothmanifoldwithoutboundary. In that
casewe do not know how to prove thatwe canextracta manifold
homeomorphicto

�

.

4.5 Comple xity

Theasymptoticcomplexity of thecrustalgorithmis
�


 � ��� where
�

���

�

� , sincethat is the worst-casetime requiredto computea
three-dimensionalDelaunaytriangulation.Notice that thenumber
of samplepointspluspolesis at most � � . As hasbeenfrequently
observed,theworst-casecomplexity for thethree-dimensionalDe-
launaytriangulationalmostnever arisesin practice.All othersteps
arelineartime.

5 Implementation

5.1 Numerical Issues

Robustnesshas traditionally beena concernwhen implementing
combinatorialalgorithmslike this one.Our straightforwardimple-
mentation,however, is very robust. This successis due in large
partto therapidly improving stateof theart in Delaunaytriangula-
tion programs.We usedClarkson's Hull program.Hull usesexact
integerarithmetic,andhenceis thoroughlyrobust,producesexact
output,andrequiresnoarithmetictolerancingparameters.Theper-
formancecost for the exact arithmetic is fairly modest,due to a
clever adaptive precisionscheme.We choseHull sothatwe could
be surethat numericalproblemsthat arosewereour own anddid
notoriginatein thetriangulation.FindingtheexactDelaunaytrian-
gulationis notessentialto ouralgorithm.

Hull outputsa list of Delaunaytetrahedra,but not the coordi-
natesof their circumcenters(the dual Voronoi vertices)which al-
wayscontainsomeroundoff error. Fortunately, theexactpositions
of thepolesarenot important,asthenumericalerroris tiny relative
to thedistancebetweenthepolesandthesurface.Wecomputedthe
locationof eachVoronoi vertex by solving a ����� linear system
with a solver from LAPACK. Thesolver alsoreturnsthecondition
numberof the coef�cient matrix, which we usedto rejectunreli-
ableVoronoi vertices. RejectedVoronoi verticeswerealmostal-
wayscircumcentersof “slivers” (nearlyplanartetrahedra)lying �at
on thesurface;for a goodsamplesuchverticescannotbepoles.It
is possiblethatthismethodalsorejectssomevalid polesinducedby
very �at tetrahedraspanningtwo patchesof surface.We have not,
however, observed any problemsin practice. Presumablythereis
alwaysanotherVoronoi vertex nearbythatmakesanequallygood
pole.

5.2 Ef�cienc y

Runningtimes for the reconstructionof somelarge datasetsare
givenin thetablebelow; thereconstructionsareshown in Figure9.
WeusedanSGIOnyx with 512Mof memory.

Model Time (min) Num. Pts.

Femur 2 939
Golf club 12 16864
Foot 15 20021
Bunny 23 35947

The running time is dominatedby the time requiredto com-
putethe Delaunaytriangulations.Hull usesan incrementalalgo-
rithm [7], so therunningtime is sensitive to the input orderof the
vertices.Thetriangulationalgorithmbuilds a searchstructurecon-
currentlywith the triangulationitself; the processis analogousto
sortingby incrementallybuilding abinarysearchtree.Whenpoints
areaddedin randomorder, the searchstructureis balanced(with
extremelyhigh probability)andtheexpectedrunningtime is opti-
mal. In practice,randominsertionsareslow on largeinputs,since
boththesearchstructureandtheDelaunaytriangulationbegin pag-
ing. We obtainedbetterperformanceby �rst insertinga random
subsetof a few thousandpointsto provide a balancedinitial search
structure,andtheninsertingtheremainingpointsbasedon a crude
spatialsubdivision to improve locality.

Most likely much greaterimprovementsin ef�ciency can be
achieved by switchingto a three-dimensionalDelaunaytriangula-
tion programthat, �rst, doesnot useexactarithmetic,andsecond,
usesanalgorithmwith morelocality of reference.



Figure9. Femur, golf club, foot andbunny reconstructions.Noticethesubtle“3” on thebottomof theclub (apparentlya 3-iron), showing thesensitivity of thealgorithm.Thefoot,
like all our reconstructions,is hollow. Thebunny wasreconstructedfrom theroughly36K verticesof thedensestof theStanfordbunny modelsin 23 minutes.

6 Heuristic Modi�cations

As we have noted,our algorithmdoesnot do well at sharpedges,
eitherin theoryor in practice.The reasonis that the Voronoi cell
of a sample� on a sharpedgeis not long andthin, so that theas-
sumptionsunderwhich we choosethe poles is not correct. For
example,theVoronoi cell of a sample� on a right-anglededgeis
roughly fan-shaped.Thevector �

�

directedtowardsthe �rst pole
of � might beperpendicularto onetangentplaneat � , but parallel
to theother. Thesecondpolewould thenbechosenvery nearthe
surface,punchinga holein theoutputmesh.

Figure10. We resolve the sharpedgeson this modelof a mechanicalpart by using
thetwo farthestVoronoiverticesaspoles,regardlessof direction.Thebasicalgorithm
forcesthe polesto lie in oppositedirections,but is only guaranteedto work properly
on asmoothsurface.Theredtrianglesdo not appearin thereconstructionwhenusing
thebasicalgorithm.

We experimentedwith other methodsfor choosingthe second
pole. We found that choosingas �

� the Voronoi vertex with the
greatestnegativeprojectionin thedirection �

�

gavesomewhatbet-
ter results.This modi�cation shouldretainthe theoreticalguaran-
teesof the original algorithm. The bestreconstructions,however,
wereproducedby a differentheuristic: choosingthe farthestand
thesecondfarthestVoronoivertices,regardlessof direction,asthe
two poles(seeFigure10). This heuristicis stronglybiasedagainst
choosingpolesnearthesurface,avoidinggapsnearsharpedgesbut
sometimesallowing excesstriangles�lling in sharpcorners. We
believe that pathologicalcasescould be constructedin which this
�ll causesa topologically incorrectreconstructionirrespective of
thesamplingdensity.

Boundariesposesimilar problemsin theory, but thereconstruc-
tionsproducedby thecrustalgorithmon surfaceswith boundaries
areusuallyacceptable.Figure7 andthe foot in Figure9 areex-
amplesof perfectlyreconstructedboundaries.Whentheboundary
formsa holein anotherwise�at surface,with no otherpartsof the
surfacenearby, thecrustalgorithm�lls in thehole.

Undersamplingalso causesholesin the outputmesh. For ex-
ample,considera samplein themiddleof a a �at plate. Although
its secondpole lies in the correctdirection, if thereare two few
samplepointson the oppositesideof the plate, the pole may fall
nearthesurfaceon theoppositesideandcausea hole. We experi-
mentedwith heuristicsto compensatefor thisundersamplingeffect,
and for similar reconstructionerrors in undersampledcylindrical
regions.We foundthatmoving all polescloserto their samplesby
someconstantfraction allowed thin platesandcylinders to be re-
constructedfrom fewersamples,while sometimesintroducingnew
holesonotherpartsof themodel.Weweresometimesableto geta
perfectreconstructionby takingtheunionof acrustmadewith this
modi�cation andonewithout.

7 Research Directions

Wehave identi�ed a numberof futureresearchdirections.

7.1 Noise

Small perturbationsof the input pointsdo not causeproblemsfor
thecrustalgorithm,nor do a few outliers.But whenthenoiselevel
is roughly the sameas the samplingdensity, the algorithm fails,
bothin theoryandin practice.We believe, however, that thereis a
Voronoi-basedalgorithm,perhapscombiningaspectsof crustsand

� -shapes,that reconstructsnoisy datainto a “thickenedsurface”
containingall theinputpoints,someof thempossiblyin theinterior.
SeeMelkemi [15] for somesuggestive experimentalwork in � �

� .

7.2 Sharp Edges and Boundaries

We would like to modify the crust algorithm to handlesurfaces
with sharpedgesandto provide theoreticalguaranteesfor the re-
constructionof both sharpedgesand boundaries. Interpolating
reconstructionalgorithmslike ourshave an advantagehere,since
approximatingreconstructionalgorithmssmoothout sharpedges.
Oneimportantgoal is to develop reliable techniquesfor identify-
ing samplesthat lie on sharpedgesor boundaries.As noted,the
Voronoicellsof suchsamplesarenot long andthin. This intuition



couldbemadeprecise,andperhapscombinedwith moretraditional
�ltering techniques.

7.3 Using Surface Normals

A variationon the problemis the reconstructionof surfacesfrom
unorganizedpointsthatareequippedwith normaldirections.This
problemarisesin two-dimensionalimageprocessingwhenconnect-
ing edgepixels into edges. In threedimensions,laserrangedata
comeswith somenormalinformation,andwe have exact normals
for pointsdistributedon implicit surfaces.It shouldbepossibleto
show that with this additionalinformation, reconstructionis pos-
sible from muchsparsersamples.In particular, whennormalsare
available,densesamplingshouldnot beneededto resolve the two
sidesof a thin plate,suggestingthata differentsamplingcriterion
thandistanceto medialaxisis required.

7.4 Compression

Oneintriguing potentialapplication(pointedoutby FrankBossen)
of interpolating,ratherthanapproximatingreconstruction,is thatit
canbeusedasalosslessmeshcompressiontechnique.A modelcre-
atedby interpolatingreconstructioncanberepresentedentirelyby
its vertices,andno connectivity informationat all mustbestored.
A modelwhich differsonly slightly from the reconstructionof its
verticescanberepresentedby theverticesandashortlist of differ-
ences.Thesedifferencesmight beencodedef�ciently usingsome
geometricallyde�ned measureof “lik elihood” on Delaunaytrian-
gles. Theverticesthemselvescould thenbe orderedso asto opti-
mizepropertiessuchascompressibilityor progressive reconstruc-
tion by an incrementalalgorithm. With thecurrentbestgeometry
compressionmethod[16], mostof thebits arealreadyusedto en-
codethevertex positions,ratherthanconnectivity, but theconnec-
tivity is encodedin theorderingof thevertices.Allowing arbitrary
vertex orderingscouldimprovecompression;weareexperimenting
with anoctreeencoding.

Our currentcrustalgorithmis not incremental,andour imple-
mentationis too slow for real-timedecompression,sothis applica-
tion motivateswork in bothdirections.

Figure11. Reconstructionsfrom subsetsof thesamplesresemblethe�nal reconstruc-
tions.Thecrustof the�rst 5 % of thepointsin anoctreeencodingof thebunny samples
is still quite recognizable(right); thecrustof 20 % of thepointsis on theleft. Rough
reconstructionslike thesecouldbeshown duringprogressive transmission.
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